Math 415 - Assignment 11 Solutions
Problems: 8.4.1 (d), 8.4.2, 9.1.12 (e), 9.1.18, 9.2.1

Problem 8.4.1 (d)

1 0 4 1—A 0 4
Set A= 0 1 3 |. Then 0=det(A— A)=det 0 1-Xx 3
4 3 1 4 3 1-A
=-244+2 432 - XN =-A-1)(A-6)(A+4)soA=1,A=6,\=—4
0 0 4 a 4c 0
Case \=1:. (A—-THv=| 0 0 3 b | = 3c =10 ]=
4 3 0 c 4a 4+ 3b 0
¢ = 0,3b = —4a and so v is a multiple of ( 3 -4 0 )T. The corresponding unit vector i
v=(3 4 o)
-5 0 4 a —b5a + 4c 0
Case A\ =6: (A—6)v= 0 -5 3 = —5b+ 3¢ =10 ]=
4 3 =5 ( c 4a + 3b — 5¢ 0
a = %c,b = %c and so v is a multiple of ( % % 1 ) . The corresponding unit vector is v
4 3 1\
( 52 5vV2 V2
5 0 4 a d5a + 4c 0
Case \=—4: (A+4v=|( 0 5 3 b | = 5b+ 3¢ =0 |=
4 3 5 4a + 3b+ 5¢ 0
a = —%qb = —%c and so v is a multiple of ( —% —% 1 )T. The corresponding unit vector i

_(_a 3 1\
v= 5v2 52 V2
Problem 8.4.2

(a) A= _22 _32 > = eigenvalues: 3 + 21/17, 2 — 1/17 = positive definite
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=
S
|
N
[N}

—2 2 ) = eigenvalues: 24/5 + 2,2 — 2v/5 = not definite
1 -1 0
(c) A= -1 2 —1 | = eigenvalues: 0,1,3 = positive semi-definite
0o -1 1
4 -1 =2
(d)A=] -1 4 —1 | = eigenvalues: 6,3+ /3,3 — v/3 = positive definite
-2 -1 4

Problem 9.1.12 (e)

3 -8 2
Here we should set A = -1 2 2 and do an eigenvalue analysis:
1 -4 2
3—X =8 2
0 = det(A — A\I) = det -1 2= 2
1 -4 2-A
=8 -1+ - =-A-1)(A=-2)(A—4)soA=1,A=2, =4
2 -8 2 a 2a — 8b+ 2c 0
Case \=1:. (A—THv=| -1 1 2 b | = —a+b+2¢c | = 0 | =
1 -4 1 c a—4b+c 0
1 -4 1 1 -4 1
(reversing the order of the equations) [ -1 1 2 | = 0 -3 3 | =
2 -8 2 0 0 O



b=c,a=4b—c=3cand so choose v to be ( 3 1 1)T
1 -8 2 a a—8b+2c 0
Case \=2: (A-2)v=| -1 0 2 b | = —a+ 2c =10 ]=
1 -4 0 c a —4b 0
b= ta,c=1a and so by setting a =4 we canlet v be ( 4 1 2 )T
-1 -8 2 a —a—8b+ 2c 0
Case \=4: (A—4l)jv=| -1 -2 2 b |=| -a—2b+2c | = 0 | =
1 -4 =2 c a—4b — 2c 0
1 -4 -2 1 -4 =2 1 —4 =2
(reversing the order of the equations) | —1 —2 2 =0 -6 0 =0 -6 0
-1 -8 2 0 —-12 0 0 0 O
sz,achandsowecansetv:(2 0 1)T
Therefore the general solution is
3 4 2 3ciel + 4cget + 2czett
ut)=cret [ 1 | +ce® | 1 | +eczet| 0 | = cret + coe?
1 2 1 cret + 2coe?t + czett
Problem 9.1.18
1 -1 0
(a) Set K= —1 2 —1 | and do an eigenvalue analysis:
0o -1 1
1-Xx -1 0
0 =det(K — AI) = det -1 2-X -1
0 -1 1-2A
=3 +4N2 - =-A(-1+A)(A=3)soA=0,A=1,1=3
1 -1 0 a a—1b 0
Case \=0: (K —0l)v=[ -1 2 -1 b |=| —a+2b—c | = 0 | =
0 -1 1 c —-b+c 0
b:c,a:b:candsochoosevtobe(1 1 l)T
0 -1 0 a —b 0
Case A\=1: (K—-T)v=| -1 1 -1 b |=| —a+b—c | =] 0 | =
0 -1 0 c —b 0
sz,a:—candsowecanletvbe(—1 0 1)T
-2 -1 0 a —2a—b 0
Case A\=3: (K -3I)jv=| -1 -1 -1 b |=| —a—b—c | =] 0 |=
0o -1 -2 c —b—2c 0
a:f%b,c:f%bandsowecansetv:( -1 2 -1 )
(b) Orthogonality is clear by inspection. And since all eigenvalues are positive, K is positive definite.
(¢c) The general solution is
1 -1 -1 C1 — Cget — 0363t
u(t) =cre® | 1 | + coet 0 + czedt 2 = c1 + 2cze®
1 1 -1 c1 + coet — cze®t
1 Cl1 —Cg — C3 1 -1 -1 C1
so we need to solve 2 =u(0) = c1 + 2c3 = 1 0 2 Co =
-1 c1+cy—c3 1 1 -1 Cc3
1 -1 -1 1 1 -1 -1 1 1 -1 -1 1
1 0 2 2 =10 1 3 1 =10 1 3 1 =
11 -1 -1 0 2 0 -2 0 0 -6 -4
2yt — %e?)t
cs = %,02 =1-3cs=—-1l,ci=14+co+c3= % Hence u(t) = %+ ge‘t
% Zet %eBt

Problem 9.2.1



-2 -1

(a) Asymptotically stable: A = < L 9

), eigenvalues: —2 + i, —2 — i (real part is negative)

(b) Unstable: A = < % :? ), eigenvalues: 1 + 1iv/11,1 — 1i\/11 (real part is positive)

(c) Asymptotically stable: A = ( _21 :? ), eigenvalues: —3, —3 (eigenvalues are negative)

(d) Stable: A = ( g _02 ), eigenvalues: 44, —4i (real parts are zero)
-2 -1 1
(e) Stable: A= —1 —2 1 |, eigenvalues: 0,—1,—1 (there is a 0 eigenvalue)
-3 -3 2
-1 -2 0
(f) Unstable: A = 6 3 —4 |, eigenvalues: 1,—1+ 2i,—1 — 2i (one eigenvalue is positive)
4 0 -3
2 -1 3
(g) Asymptotically stable: A = 1 -1 1 , eigenvalues: —2, —1, —1 (all negative eigenval-
-4 1 =5
ues)
1 1 -1
(h) Stable: A= —2 -3 3 |, eigenvalues: 0,0, —1 (there is a 0 eigenvalue)

0 -1 1



