Math 415 - Assignment 2 Solutions

Problems: 1.6.2, 1.6.7, 1.6.9, 1.6.17, 1.6.21, 1.6.25 (d), 1.8.2 (d), 1.8.2 (e), 1.8.5, 1.8.7 (g), 1.8.7
(h) 1.8.8 (g), 1.8.8 (h), 1.8.27 (b), 1.9.1 (f), 1.9.6

Problem 1.6.2

-1 2 T 3 1
A—<3_1 _1>B— 2 0 AT—<3_1 _1)— -1 2
1 2 1 ’ ’ 1 2 1
-3 4 -1 1
T
. L2 -1 2 -3
BY = 2 0 = . Therefore
5y 2 0 4
3 1
-1 2 -3 -2 0
T _ pT AT _ _ —
(AB)" =B" A —( 9 0 4 ) 71 ? ( 9 6>and
. _ 3 1 1 2 _3 -1 6 -5
(BA)* = A*B* = -1 2 5 0 4 = 5 =2 11
-1 1 3 -2 7

Problem 1.6.7 -
[ a b r [ a b a b _( a® 4V ac+bd
LetA_(c d).ThenAA _(c d)(c d) _<ac—|—bd A +d?
T 2, 2
O ) a b\ [ a"+c ab+cd L e
AT A= ( e d ) ( e d ) = ( abted B24d? ) The (1,1) positions are equal only if either
b= corif b = —c. In either case the (2,2) positions are equal. If b = ¢, then the (1,2) and (2,1)

positions are also equal. If b = —¢, then the (1,2) and (2,1) positions are equal if and only if
ac+bd = ac—cd = —ac+ cd = ab+ cd, that is, if a = d. Thus the matrices of interest have the form

(b a)ma (%)

Problem 1.6.9
We simply need to find matrices B and C such that B(AAT) = (AAT)B = I and C(ATA) =
(ATA)C =1. But B=A"TA"! and C = A=*A~T do the job. Both exist since A has an inverse.

Problem 1.6.17
(a) In this case we need 2a — 1 =a, and so a =1

b For this case we need a = —1,b=2and ¢ =3
(c) Hereweneeda+2b—26—6,—a+b+c——4,b—c:4
6 1 2 -2 6 1 2 -2 6
—1 1 4|l =103 -1 2]=]03 -1 2 |,=c=-5b=-1a=-2
1 4 01 -1 4 00 -2 1
Problem 1.6.21
(AB)T = BTAT = BA # AB. False!
Problem 1.6.25 (d)
1 -1 0 3 1 -1 0 3 1 -1 0 3 1 -1 0 3
-1 2 2 0 . 0 1 2 3 . 0 1 2 3 . 0 1 2 3
0 2 =10 0o 2 -1 0 0o 0 -5 -6 0o 0 -5 -6
3 0 0 1 0 3 0 -8 0O 0 -6 -17 0 O 0 —4?)9
1 0 0 0 1 0 0 0 1 -1 0 3
1 1 0 0 01 0 0 0o 1 2 3
T _
Therefore LDL* = 0 2 1 0 00 -5 0 0 0 1 g
3.3 81 00 o0 -% 0 0 0 1



Problem 1.8.2 (d)

2 -6 4

( -1 3 -2
xg as free variables:

(2 + 6z — 4333) 14+ 3z9 — 223

1+ 35(12 — 2.%'3
Check:( _21 = ( _21 >

Problem 1.8.2 (e)
2 2 3 1 2 2 3 2 2
0 1 2 3 — 0 1 2 3 — 01 2 3 .,50 the system is compatible
4 5 7|15 0 1 1 0 0

and has a unique soution.

I3 = 710,(1,’2 =3 - 21’3 = 23,1’1 =

_21 ) — < (2) _06 3 ‘ (2) >,so the system is compatible and we treat zs and

2 23 -2 1
Check:| 0 1 2 23 = 3
4 5 7 —10 15
Problem 1.8.5
1 1 b 1 1 1 b 1
A= b 3 -1 =2 | >0 3—-b —-1—-0>2 —2—-0b
3 4 1 c 0 1 1-3b c—3
1 1 3 1 1 1 3 1
Case 1: b = 3 In this case A — 0 0 —-10 -5 — 01 -8 ¢—3 which has a
01 -8 ¢-—3 0 0 —-10 -5

unique solution
Case 2: b # 3. In this case interchange rows 2 and 3 and continue the elimination:

11 b 1 11 b 1
A=|lo0o 1 1-3 ¢-3 |=[o01 1—3b c—3
0 3—b —1—-0> —2-1b 0 0 —4+10b—4b 7—4b— (3—1D)c

We will have no solution if —4 + 10b — 46> = 0 (i.e. b=2o0r b= 3) and 7—4b— (3 —b)c # 0, i.e.
b=2and c# —1, orb:% and ¢ # 2. If either b= 2 and ¢ = —1, orb:%andc:Zthenwehave
a zero row. This means there is a free variable and thus infinitely many solutions. If b is neither 2

nor %, then we have 3 pivots and hence a unique solution.

Problems 1.8.7 (g) and 1.8.8 (g)

0 -3 12 1 2 1 2
4 -1 4 -1 0 -9 0 -9
A=19 9 |71 0o 3|70 3|70 o |7V
1 -5 -1 -5 0 -3 0 0
100 0 1000 1 00 0 1 000
;_|lotroo] |oroo| | 4 1o00| |4 100]|_,
0010 00 1 0 0 010 0o 110
000 1 000 1 -1 0 0 1 —1201
1000 00 1 0 00 10
0100 010 0 0100
P=loo10| 10007 |1000]|~"
000 1 0001 000 1
We conclude that rank(A) = 2, i.e. 2 pivots. And here is a check that PA = LU
00 1 0 0 -3 12
010 0 4 -1 4 -1
PA=1| 1 4 0 0 1 2 |7 o -3
0001 -1 -5 -1 -5



1 0 0 0 1 2 1 2
4 1 00 0 -9 4 -1
=10 110 oo | | o -3
-1 % 0 1 0 0 -1 =5
Problems 1.8.7 (h) and 1.8.8 (h)
1 -1 2 1 1 -1 2 1 1 -1 2 1
2 1 -1 0 0 3 -5 -2 0 3 -5 -2
A= 1 2 -3 -1 — 0o 3 -5 -2 — 0 O 0 0 =U
4 -1 3 2 0 3 -5 =2 o 0 0 O
0 3 -5 =2 0 3 -5 =2 0 0 0 O
1 0 0 00 10 0 00 1 0 0 00
010 00 21 0 00 21 0 00
L=100100]—-l101O0O0]—=111O0°0]|=L
000 10 4 0 010 4 1 010
0 0 0 01 0 00 01 01 0 01
1 0 0 00
01000
P=]0 0 1 0 0 |. We conclude that rank(A) = 2, i.e. 2 pivots. And here is a check that
00010
0 00 01
PA=LU:
10 0 0O 1 -1 2 1 1 -1 2 1
01 0 00 2 1 -1 0 2 1 -1 0
PA=]10 0 1 0 O 1 2 -3 -1 ]|=11 2 =3 -1
000 1O 4 -1 3 2 4 -1 3 2
0 00 01 0 3 -5 =2 0 3 -5 =2
1 0 0 0 O 1 -1 2 1 1 -1 2 1
21 0 00 0 3 -5 =2 2 1 -1 0
LU=|1 11 0 0 0 0 0 O =11 -3 -1
4 1 010 0 0 0 O 4 -1 3 2
01 0 0 1 0 0 0 ©0 0 3 -5 =2
Problem 1.8.27 (b)
1 k 4 1 k 4
A=k 1 2 | = 0 1—-k% 2—4k |.If k=0, then the last row is zero and so there will
2 k 8 0 -k 0
be a non-trivial solution. If k # 0, then interchange rows 2 and 3 and reduce further:
1 k 4 1 k 4
A— 1 0 -k 0 -1 0 -k 0 . This shows that also when k = % we will
0 1-—k> 2—4k 0 0 2-4k
have non-trivial solutions
Problem 1.9.1 (f)
1 -2 1 4 1 -2 1 4 1 -2 1 4
A 2 -4 0 0 _ 0 0 -2 -8 _ 0o 2 -1 -7
3 -4 2 5 0o 2 -1 -7 0 0 -2 -8
0 2 -4 -9 0 2 -4 -9 0 2 -4 -9
1 -2 1 4 1 -2 1 4
0o 2 -1 -7 0 2 -1 -7 _
“lo o 2 s|7|o0o o0 2 s]|7Y
0 0 -3 -2 0 0 0 10

So —det A = 1(2)(—2)(10) or det A = 40



Problem 1.9.6

0 a b b —c¢ O b —c¢ 0
A=| —a O - —a 0 ¢ -1 0 =%
b —c¢ 0 0 a b 0 a —b

b —c 0
-1 0 =% ¢ ) = U. This shows that det A = b(—5°)0 = 0 and so A is NEVER invertible.
0 0 O



