Math 415 - Assignment 4 Solutions

Problems: 2.4.2, 2.4.3 (c), 2.4.6, 2.4.8 (a0, 2.4.8 (b), 2.4.11, 2.4.15, 2.5.3, 2.5.4, 2.5.21 (c), 2.5.23,
2.6.2, 2.6.12

Problem 2.4.2
(a) No. R? is 3 dimensional and so any basis of it needs exactly 3 vectors

0o -1 1 1 3 3 1 3 3
(b) Check linear independence: 1 3 3]—-10 -1 1 -1 0 -1 1
-5 0 0 0 15 15 0 0 30
Since there are 3 pivots, these vectors are linearly independent and so form a basis of R3.
0o -1 1 1 0 =2 1 0 =2
(¢) Check linear independence: 4 0 -8 |—=(0 -1 1 -1 0 -1 1
-1 1 1 0o 1 -1 0o 0 o0

Here there are only two pivots, so the vectors are linearly dependent, and so not a basis.
(d) No: more than 3 vectors cannot form a basis for a space of dimension 3

Problem 2.4.3 (c)
Look at the hyperplane equation = + 2y + z — w = 0 as a single linear equation to be solved. We

treat x as the basic variable and y, z,w as free and solve: © = —2y — z + w. Thus the most general
vector in the hyperplane is

T —2y—z+w —2 -1 1

y | Y _ 1 0 0

: |- P I O R N I I

w w 0 0 1

The three vectors on the right hand side are a basis for the hyperplane.

Problem 2.4.6
(a) as in the last problem, let us find a basis: solve z — 2y — 4z = 0 for z to give z = 2y + 4z and
then write the most general vector in the plane as

x 2y + 4z 2 4
Y = Y =y 1 +z 0
z z 0 1

We see that a basis consists of two vectors (i.e. the plane has dimension 2) and the basis here is one
of the one’s listed. To handle the other one, the two vectors involved must be inearly independent
and their span must lie in the plane. For linear independence we check:

2 0 1 0 1 0
-1 2 — 0 2 — 0 2
1 -1 0 -1 0 0

Since there are two pivots, we have independence. Now we just have to check the span. The span

of these vectors consists of all vectors of the form
2 0 2a

al =1 | +b 2 =| —a+2b
1 -1 a—1b
Since (2a) — 2(—a + 2b) — 4(a — b) = 0, this vector satisfies z — 2y — 4z = 0 for all a and b, i.e. for
all vectors in the span.
(b) We need to find scalars ¢; and c¢s such that

4 2 4 2 2
a|l 0|+l 1]=(01 ( “ ) = -1
1 0 10 2 1
and scalars c3 and ¢4 such that
4 2 4 2 0
C3
C3 0 +c4 1 = 0 1 ( ) = 2
1 0 10 “ -1
We can do these two together through the following double elimination:



4 212 0 1 3|3 o0 1 3135 0
0 1 -1 2 — 0 1 -1 2 — 0 1 -1 2
10| 1 -1 0 -3 | 3 -1 0 0] 0 O
We conclude that ¢co = —1,c4 =2,¢1 = 2 — es = 1,63 = 0 — 2cq = —1. Here is a check:
4 2 2 4 2 0
o =1 )= 1 ],={o0o|+2f1])=]( 2
1 0 1 1 0 -1

(c) If v1 and vo are the vectors in the first basis, then we can form new bases in many ways. For
example, 2v; and 3vs constitute a new basis. So are vy and v; — v2. Any two linear combinations of
v1 and vy that are linearly independent will make up a new basis.

Problem 2.4.8 (a)
First solve Az = 0:

12—11_}12—11
3 0 2 -1 0 -6 5 -4

S0y = %z — %w and x = —2(%2 - %w) +z—w= —%z + %w and therefore the solutions are given by
" _2, 4 1, _2 1
55 93 53 3
Yy 67 3Y |, 6 |+w| 3
z z 1 0
w w 0 1

The latter two vectors form a basis for the subspace and so the subspace has dimension 2

Problem 2.4.8 (b)
We proceed as in the last problem. Since p(z) = ax? +bx + ¢, the condition p(1) = 0is a+b+c = 0.
This is a linear equation in abc space. Let’s solve it. Treat a as a basic variable and b and ¢ as free
variables. Thus a = —b — ¢. Hence the most general p(x) satisfying p(1) = 0 is
p(r) = (=b—c)x? + bz + ¢ = b(x — 22) + ¢(1 — 2?)
This shows that our space of p(x) functions is spanned by p;(z) = z — 22 and pa(z) = 1 — 2%, All
we need to do is to show that p; and py are linearly independent. If so, they form a basis for our
set of functions and so the set has dimension 2. For linear independence we consider what linear
combinations can equal the zero function:
b(z — 2%) +¢(1 —2%) = 0 = when x = 0 we get ¢ = 0 and when 7 = —1 we get —2b = 0. Thus the
only linear combination giving the zero function is the zero combination. We are done

Problem 2.4.11
(a) We know that P®) has dimension 4. Since we have been given 4 functions, they will form a basis
if they are linearly independent. To show this we must show that
61(1) + 62(1 - t) + (33(1 - t)2 + 64(1 — t)3 =0
implies that all of the ¢;’s are zero. Expanding and collecting terms, we obtain
c1tea(l—t)+e3(1—2t+1t2) +ea(1 -3t +3t2—13) =0
= (Cl +c2+c3+ 64) + (—CQ — 263 — 364)t + (Cg + 364)t2 — C4t3 =0
=c1+co+c3+cs=0,—co—2c3—3c4 =0,c3+3c4 =0,—c4 =0
The last step is a consequence of the fact that the functions 1,¢,¢2,t3 are linearly independent and
so the coefficients in this linear combination of them must vanish. We have reduced to problem to
that of solving 4 equations in 4 unknowns for the ¢;’s. A careful examination of these shows that all
the ¢;’s are zero.
(b) Here we want ¢;’s such that
c1t+ca(l—t)+es(1—2t+12) +ces(1 =3t +32 —t3) =1+ 13
& (Cl +c2 +c3+ 64) + (_CQ — 2c3 — 3C4)t + (03 + 304)t2 —ett =141
Sceitceotce3t+es=1,—co—2c3—3c4 =0,c3+3c4=0,—c4 =1
The solution of these equations (they are already in elimination form) is ¢4 = —1,¢c3 = 3,¢c2 =
—3,c1 = 2. Here is a check:
2-31—-t)+3(1—-2t+t3) - (1-3t+32-t3) =1+



Problem 2.4.15
First set a general linear combo of the vectors (here 2x2 matrices) to zero:
C1A1 + cgAg + c3As +c4As =0

‘:’01<(1) 01 >+62<lf 03>+C3( —1k g)+c4< —01 —kz):(g 8)

o ( 1+ keo+c3 —cp —3co + key > . ( 0 0
Coy — k‘C3 — C4 203 — 204 0 0

Syt keo+e3=0,—cy —3co+keyg =0,¢0 —kez —cqg =0,2c3 —2¢4 =0

This has reduced our problem to one of solving a linear system. Here is the elimination:

1 kK 1 0 1k 1 0 1k 1 0
-1 -3 0 k 0 k-3 1 k& 0 1 -k -1
0 1 -k -1 |71lo 1 -k -1 0 0 2 -2
0 0 2 -2 0o 0 2 -2 0 k-3 1 &k
1k 1 0 1k 1 0
0 1 —k -1 o1 -k -1
00 2 ) oo 2 -2
0 0 1+k(k—3) 2k—3 00 0 X

where X =2k —3+1+k(k—3)=k?> -k —2= (k—2)(k+1). For linear independence we need to
conclude that all the ¢;’s are zero. This will be true if and only if the reduced matrix above has 4
pivots. It clearly has atleast 3. It will have 4 if X # 0. Thus k£ cannot be either 2 or -1.

Problem 2.5.3
(a) First let us find the kernel:

1 -3 2 0 1 -3 2 0 1 -3 2 0
2 -6 0 2 -1 0 0 -4 2 -1 0 0 -4 2
0o 0o 1 -3 0 0 1 -3 0 0 0 —g
Sow =0,z =0,z = 3y, and therefore
x 3y 3
Y Yy 1
2|7 o | 7Y o
w 0 0

This shows that the kernel of A is the span of ( 3 1 00 )T. The range is the span of the

columns of A, or the most general vector of the form A ( T Yy z w )T. Thus

x—3y+ 2z
mg A = 2 ;Eygju 2w z,y, 2, and w are arbitrary real numbers
(b) In this case we do the elimination for the augmented matrix:
1 -3 2 0 a 1 -3 2 0 a 1 -3 2 0 a
2 -6 0 2 b |—-10 0 —4 2 b—2a | —-| 0 0 -4 2 b—2a
0 0 1 =3]c¢ 0o 0 1 -3 c 0 0 0 -3 |c+3i(b—20

We note that the reduced system has 3 pivots and one free variable. Therefore there is always a

solution of Az = ( a b c )T regardless of the values of a, b, and ¢. Thus there are NO restrictions.
In essence, the range of A is actually R3.

Problem 2.5.4

1 -1 0 1 -1
(a)b=Ax*=[ -1 0 1 2 | = 2
0 1 -1 3 -1
(b) First find the kernel of A:
1 -1 0 1 -1 0 1 -1 0
-1 0 1 — 0 -1 1 — 0 -1 1
0 1 -1 0 1 -1 0 0 0O

Thus y = z and © = y = z and so the kernel consists of the vectors



T 1
zZ = Y =z| 1
z 1
The general solutlon of the 1n1t1al system is then
1+2
x=x"+z= = | 242 |. Here is a check:
3+z
1—|— z -1
Ax=| — 24z | = 2
0 1 —1 3+2z2 -1
Problems 2.5.21 (c)
11 2 1 1 1 2 1 1 1 2 1
A= 1 0 -1 3 |- 0 -1 -3 2 -1 0 -1 -3 2
23 7 0 0 1 3 -2 0 0 0 O

We conclude that the first two columns of A are a basis for the range of A since these are the columns
corresponding to the pivots. For the range we note that
y=-3z42w,2=—(-3z+2w) -2z —w =z — 3w and so

T z— 3w 1 -3
|y | | 8z+2w | -3 2
A P z =7 1 tw 0
w w 0 1
and the two vectors on the right are a basis for the kernel of A. Now we do the same thing with AT":
1 1 2 1 1 2 1 1 2
1 0 3 0 -1 1 0 -1 1
T _
A=l2 17|70 33|70 o0 o
1 3 0 0o 2 =2 0 0 0

We conclude that the first two columns of AT are a basis for the range of AT, i.e. the corange of A,
since these are the columns corresponding to the pivots. For the range we note that

=z,x = —y— 2z =—3z and so
z —3z -3
zZ = Y = z =z 1
z z 1

and so the vector ( =3 1 1 )T is a basis for the kernel of AT, i.e. the cokernel of A
Problem 2.5.23
First we do Gaussian elimination on

1 -3 0 1 -3 0 1 -3 0
A= 2 -6 4)]—-10 0 4])]—-10 0 4
-3 9 1 0 0 1 0 0 0

Since the pivots correspond to columns 1 and 3, a basis for the range of A consists of ( 1 2 -3 )

and ( 0 4 1 )T. To write the columns of A as linear combos of these, we just have to do this for
column 2, so we do the following reduction:

1 0] -3 1 0] -3 1 0| -3
2 4|-6 |—| 0 4 0 — | 0 4 0
-3 1 9 0 1 0 0 0 0
and this implies that ( -3 -6 9 ) 1 2 -3 )T. For the corange we do
1 2 -3 1 2 -3 1 2 -3
AT = -3 -6 9 -1 0 0 O - 0 4 1
0 4 1 0 4 1 00 0
so a basis of the corange consists of ( -3 0 ) and ( 2 —6 4 )T. To write the columns of

AT as linear combos of these, we just have to do this for column 3, so we do the following reduction:



1 2 -3 1 2| -3 1 2
-3 —6 9 — | 0 0 0 — | 0 4 1
0 4 1 0 4 1 0 0

and this implies that ( -3 9 1 )T = ( 1 -3 0 ) + cz( 2 —6 4 )Twhere 4cg = 1, iee.

co = i and ¢; = —3 — 2¢ce = f%. Check:

“I(1 -3 0) ' +1(2 -6 4)'=(-3 9 1)"

Problem 2.6.2

1 -1 0 0 O 0 0
o 1 -1 0 0 0 O
0o 0o 1 -1 0 0 O
(a) A= 0 0 0 1 —1 o 0 corresponds to the figure at the top of the page.
0o o 0o O 1 -1 0
o o 0 o0 o 1 -1
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(b) Since the graph is connected, the kernel is spanned by ( 1
For the cokernel we need to reduce

1 o 0 0 0 O 100 0 0O
-1 1 o 0 0 O 01 0000
0 -1 1 0o 0 O 001 00O
AT = 0o 0 -1 1 0 0 —...— | 0 0 0 1 0 0
o 0 0 -1 1 0 0 0001PO0
o o o o0 -1 1 0 00001
o o0 o o 0 -1 0 000 O0°FO

and by back substitution we find that cokernel A = {0}, i.e. no circuits (obvious from the figure).
(c) Nonel!

Problem 2.6.12
The incident matrix A for such a graph would be n x n. We know (Proposition 2.51) that if the
graph is connected, then the kernel of A is one dimensional and so A has rank n — 1. This means
that the rank of AT is n — 1 and so the cokernel of A is one dimensional, i.e. there is one circuit.
If the graph is not connected, focus on a connected part of it and use a part of this subgraph with
the same number of vertices and edges and apply the argument above.



