Math 415 Old Exam # 3 and Solutions

1. (10 points)

(a)

The Gram-Schmidt procedure takes a collection of vectors vy, v, v3 and
produces from them a set of orthogonal vectors wy, ws, w3. Give formulas
for the w;s in terms of the vs.

Solution: (3 points)

w1, = V1

W = Vg — <U27w;> 1
[[ws

W3 = U3 <U37w§> 1 <U3’w§> 2
[[ws [[ws

Given the polynomials p;(z) = 1,pe(z) = = — 1, p3(z) = 2 and the inner
product (p,q) = fOQp(x)q(x)dx, find the corresponding set of orthogonal
polynomials given by the Gram-Schmidt procedure.

Solution: (7 points) Set

a(z) =pi(z) =1

Since

2 2
HQ1H2=/ ldr = 2, <P27Q1>=/ (r—1)do==--2=0
0 0 2

we see that

Now we compute
2 2 2 2 2 2
g2 || :/(x—l) dx = (x —2x+1)dx:——2—+2:——2:§
0

>, 238 2, 8
<p376h>=/0ﬂﬂd%:g:ga(pz#m:/ox(x—l)dfczz—EZZL—g

So

4 4 2
qg(:c):x2—8—é31—2?—§(:c—l):x2—§—2x+2:x2—2x+§

2. (10 points) Find the closest point tob= (1 2 —1 3 )Tin the subspace W =
span{ (10 2 1)",(1 10 -1)"}

Solution: First we need to find an othogonal basis of the subspace. Since

1



(1

0 2 1)~(1 10 —1):1+0+0—1:O,Weseethatthebasisis

already orthogonal. Since

b-(1 02 1)=(12 -13)-(1021)=2
b-(1 10 -1)=(12 -13)-(1 10 -1)=0
2 2
(102 DF=6](1 10 -1)F=3
we see that the closest point is the projection
1 1 1
210 0 1 170
6l2 |3 0 |73]|2
1 —1 1

3. (8 points)

(a)

(b)

State Fredholm’s Criterion for solutions of Az = b
Solution: (2 points) In order for Ax = b to have a solution, b must be
orthogonal to the cokernel of A

Given the following information:

1 -1 2 =2 1 2
o 1 -2 1 -1 24
A= 1 3 _5 9 Jker A = 0 ,coker A = 7
5 -1 9 —6 1 1

find those restrictions on a vector b su%h that Az = b has a solution. Are
these satisfied for b = ( -1 1 4 6 ) ?

Solution: (3 points) We need b-( 2 24 -7 1 )T = 2b; +24by —Tbs+by =
0. Yes:—2+24—-28+6=0

For the matrix in part b), what additional restrictions on = are needed
in order for the solution of Az = b to be the solution of minimum norm.
Explain.

Solution: (3 points) The solution of minimum norm is the unique solution
orthogonal to the kernel, so just add the extra equation x( 1 -1 0 1 )T
T1 — X9+ Ty = 0



4. (10 points) For the electrical network shown here assume that an external cur-
rent of size 1 amp enters node 1 and is removed from node 4. If all the wires
have resistance 7 and node 2 is grounded, find the voltage potentials at each
node. Explain your work.

1 -1 0 0
1 0 -1 0
A=|11 0 0 -1
0 1 0 -1
0o 0 1 -1

Since node 2 is grounded, we eliminate column 2 of A and entry 2 of the external
current vector f to get

1 0 0
1 -1 0 1
A=1 0 -1 |,r=| o
0 0 -1 -1
0 1 -1

The conductance matrix here is C' = %] . Now we form

T

1 0 0 1 0 0
1o 1 =1 0 L 3 -1 -1
K=ATcA* == 1 0 -1 1 0 -1 == -1 2 -1
1o o -1 0 0 -1 T\ -1 21 3

0 1 -1 0 1 -1

Finally we need to solve K*u = f* for the voltage potentials. Multiply both
sides by 7 before proceeding;:

3 -1 -1 7

3
-1 2 -1 0 — 1 0
-1 -1 3 -7 0



Thus uy —5—/;’ = —Tus = 2(5+ 3(—7)) = 0,uz = 0 (since it is grounded)

3
5. (12 points)

(a) Explain why the function L : R® — R® given by

x 2v+y — 2
Lvl=L| vy |=| z+2y+22
z —x 4y + 2z

is linear. Be specific.

Solution: (4 points) It is enought to point out that the right-hand side
. o T . .

above is a matrix times the vector ( x Yy z ) since we showed in class

that linear functions from R?® to R? all have this form. Alternately you
must verify linearity directly:

2(axy + bxy) + (ay; + bys) — (azy + bzy)

Llavy + bvy] = | axy + bxs + 2(ayy + bya) + 2(az; + bzs)
—axy + bxy + (ayy + bya) + 2(az; + bzs)
2r1+y1 — 2 2r0 + Y2 — 22
=al| x1+2y +2% +b| o4 2ys + 229
—r1+y + 22 —T2 + Y2 + 229
= aL[vy] + bL[vy]

(b) For the linear function

_ x\ [ 4x+3y
L[U]_L<y)_(3x+2y)
find its matrix representation relative to the satndard basis.
Solution: (2 points) This is the matrix

4 3
1=(53)
(c) If the function L in part b) is invertible, find its inverse, expressing it in
the same form as L

Solution: (6 points) Since det A =8 —9 = —1 # 0, A has an inverse and
so L has an inverse. Its matrix representation is

()3 )
c-e () (3 ) ()-(2)



6. (10 points) Find all eigenvalues and eigenvectors of

0 0 0
A=| -3 6 -3
-3 6 -3
Solution:
-2 0 0
0=det(A—AX)=det| -3 6-X -3 = -\ (=3+))

-3 6 -3-A

so A =0 (double) and A =3

Case A =3 :
-3 0 0 a —3a 0
(A-3v=| -3 3 -3 b |=1| —-3a+3b—-3c | =10
-3 6 —6 c —3a + 6b — 6¢ 0
0
= a =0 and b = ¢ so choose v = 1
1
Case A=0:
0 0 0 a 0 0
(A-0lv=| -3 6 -3 b |= —3a+6b—3c | =10
-3 6 -3 c —3a + 6b — 3¢ 0
2b — ¢ 2 -1
=a=2b—candsov= b =b| 1 | +c¢
c 0 1

the last two vectors giving a basis for the A = 0 eigenspace.



