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 ExampLE222

Let us determine whether the vectors

1 3 1 .
V1= 21, va=10])], ws=|—-4], w=|2 (2.14)
-1 B 6 3

are linearly independent or linearly dependent. We combine them as column vectors
into a single matrix '

1 3 1 4
A=| 2 0 -4 2
-1 4 6 3

According to Theorem 2.21, we need to figure out whether there are any nontrivial
solutions to the homogeneous equation Ac = 0; this can be done by reducing A to
row echelon form

1 3 1 4
U=]|0 -6 -6 —-6]. (2.15)
0O 0 0 o0

The general solution to the homogeneous system Ac = 0 is

T
¢=(2¢c3—c4,—C3 —cC4,C3,C3)" ,



where c3, c4—the free variables—are arbitrary. Any nonzero choice-of C3, C4 Wi '_
produce a nontrivial linear combination

Qes—cvi+(—cs—ca)va+e3v3+c4vs =0

that adds up to the zero vector. Wé conclude that the vectors (2.14) are linearlé
dependent. Y

Let us now see which vectors b € R? lie in the span of the vectors (2.14). A
to Theorem 2.21, this will be the case if and only if the linear system Ac = b
a solution. Since the resulting row echelon form (2.15) has a row of all zeros; th
will be a compatibility condition on the entries of b, and hence not every vector]
in the span. To find the precise condition, we augment the coefficient matrix, a
apply the same row operations, leading to the reduced augmented matrix '

1 3 1 4| b
0 -6 —6 —6 | by—2b
0 0 0 O bs+1ib—131bh

Therefore, b = (b, b, b3)T lies in the span if and only if — %bl + %bz + b3 =_'
Thus, these four vectors only span a plane in R3.



