MODULI SPACES OF FRAMED SHEAVES ON CERTAIN RULED
SURFACES OVER ELLIPTIC CURVES

THOMAS A. NEVINS

ABSTRACT. Fix a ruled surface S obtained as the projective completion of a
line bundle L on a complex elliptic curve C; we study the moduli problem of
parametrizing certain pairs consisting of a sheaf £ on S and a map of £ to a
fixed reference sheaf on S. We prove that the full moduli stack for this problem
is representable by a scheme in some cases. Moreover, the moduli stack admits
an action by the group C*, and we determine its fixed-point set, which leads
to explicit formulas for the rational homology of the moduli space.

1. INTRODUCTION

Moduli spaces of “sheaves with additional structure” of various sorts have been
studied and used in many settings (see, for example, [Bra91], [Tha94], [KM99]),
and there is a good general theory of moduli spaces for stable or semistable framed
sheaves on complex projective surfaces thanks to work of Huybrechts—Lehn ([HL95b],
[HL95a]). Moduli stacks of framed sheaves, however, are more natural objects of
study than are the corresponding moduli spaces in some settings. For example, in
the study of the restriction map

(1.1) Bung — Bunp

from the moduli stack of vector bundles on a variety S to the moduli stack of
vector bundles on a divisor D in S, the stack-theoretic fibers turn out to be exactly
moduli stacks of vector bundles on S framed along D, and thus a natural first
step in the study of such a restriction map is the study of the corresponding moduli
stacks of framed bundles. Furthermore, in recent applications of algebraic geometry
to questions in representation theory and noncommutative geometry ([Nak94b],
[KKOO00]) it is the full moduli stacks of framed sheaves that have been the natural
objects of study.

In this paper we make a detailed study of the topology of one collection of moduli
stacks of framed torsion-free sheaves on complex projective surfaces. Fix a complex
elliptic curve C and a line bundle L of degree 0 on C. Let S = P(L® ) denote the
projectivization of the total space of the line bundle L; the surface S is constructed
from the total space of L by adding a curve consisting of points at infinity in the
fibers of L, and we denote this “curve at infinity” by D. Fix also a vector bundle
L1® Ly of rank two on D. We examine the moduli stack Mg(L;® Lo) parametrizing
pairs (€, ¢) consisting of

1. a rank two torsion-free sheaf £ on S, and

2. an isomorphism ¢ : €|D =~ 11 & Lo.
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Observe that C* acts on S, thereby inducing an action on Mg(L; @ Ls), and that
there is a further action of (C*)2 induced by scaling in the factors of L1 @ L. Of
course, this stack is defined for a curve C of any genus g (and indeed a line bundle
L of any degree on C, although the stack is most interesting when deg L = 2¢g — 2).
The case in which g = 0 is already well understood (see [Nak94b], [Nak98]) through
work of Nakajima; accordingly, the present work describes the stack and its topology
in the first unknown case.

Theorem 5.3. Suppose that C' is an elliptic curve, that L1 and Lo are line bundles
on C' both of the same arbitrary degree, and that L is a line bundle of degree zero
on C. Suppose further that L, Ly, and Lo satisfy the very general conditions:

1. L* is nontrivial for all k € Z\ {0}; and

2. LF @ (L7' ® Ly) is nontrivial for all k € Z.
Then if S = P(L®O), the moduli stack Mg(L1®Ls) is a smooth separated scheme.
Moreover Mg(Ly1 @ Lo) is exhausted by open subschemes that are equivariantly
quasiprojective with respect to the natural action of (C*)3 on Mg(Ly & Ly).

In Section 6 we go on to give an explicit homology basis for Mg(L; & Ls) (see
Theorem 6.1). One may stratify Mg(Ly & Ls) as

(1.2) Ms(Ly @ Ly) = [[Ms(L1 & La)(er, c2,1)

where ¢; = —l'c and ¢y are the Chern classes of the sheaf £ and [ describes the
“generic splitting type” of £ (see Sections 3 and 6 for more information). From
Theorem 6.1, the homology of Mg(Ly & Ls) is a direct sum of homology groups
Hy (', c2,1) “living on” the strata Mg(Ly @ L2)(c1,co,l) from (1.2) and, using this
decomposition, the homology assembles into a generating function:

Z dim (Hy (I, ¢2,1)) 2*ul v 0! =
Vol k

(1 +27%07)? 2=t | 4
A (1 —z%—%3)(1 — z%—207)

I (oo ) 11 (1o )
, (1 — 2% —47) (1 — 2% —204) , (1 — 2% =209 (1 — 2% v9)
LI \j>U'+21 1<5<l/421

(1+z4(l’+2l)73vl’+2l>2 v
N\ [ = A2 =102y (1 — a2 -zyrvary - Y +

(1 + x4(l’+2l)—1vl’+2l)2 o
(1 — AU+ =2yl +20) (1 — gat+an—zpr+any Y :

Although the techniques used here to obtain the homology formulas are standard,
it is only the rather unexpected conjunction of the results of Sections 4 and 5 that
makes possible the application of known techniques to compute the homology (and
the generating function) in Section 6. Indeed, as we have already mentioned the
stack Mg(L1 @ Lo) has a C* action coming from the action on S as well as a
(C*)2 action by scaling in the factors of L; & Ly, and one would like to use this
action to produce a homology basis for the stack. In order to apply the usual
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localization theorems, however, one generally needs to be working with either a
smooth projective algebraic manifold or a smooth Hausdorff Kahler manifold for
which limits )l\ir% A -m exist for all points m of the manifold (here A € C*). It turns

out that, although the stack Mg(L; @ Lo) is not even of finite type, Theorem 5.3,
in conjunction with the results of Section 4, provides just enough leverage to allow
the application of localization formulas in their usual form. The methods used to
prove Theorem 5.3 seem to be new, as do the applications of Langton’s ([Lan75])
ideas in Section 4.

While one is inclined to believe that, in general, moduli stacks are more cumber-
some and strange than the associated coarse moduli spaces, a remarkable story is
beginning to emerge that suggests that the moduli stacks of framed sheaves on com-
plex projective surfaces often behave quite reasonably (see also [Nev0Ob], [Nev00a]
for progress in this direction), and thus that a detailed study of the geometry of
these stacks might not be an unreasonable goal. Taken in this light, the present pa-
per both illuminates the kind of behavior one might reasonably expect to see from
these stacks in general and develops a picture of the topology in some special cases,
cases which, moreover, seem to have the potential for some striking applications.

One potential application of the story developed in this paper is to the geometric
Langlands program for surfaces. Given a curve C in a surface S, one wants to com-
pute the algebra of Hecke operators arising from modification of sheaves on .S along
the curve C. If one allows only point modifications along C, then one knows the al-
gebra completely, thanks to work of Nakajima ([Nak97]), Grojnowski ([Gro96]) and
Baranovsky ([Bar]). If, however, one allows modification along the entire curve C,
the computation of the algebra appears to be extremely difficult, although progress
in a special case (one which generalizes the special case of our setting in which
the curve C is the projective line and the line bundle L is O(—2)) by Nakajima
([Nak94b], [Nak98]) and Ginzburg-Kapranov—Vasserot ([GKV95], [KV00]) suggests
that the picture should be a very rich one. It seems that the appropriate algebra is
unknown even when the curve is an elliptic curve—but see [GKV95] for a very inter-
esting conjecture—and thus the topological picture developed in this paper might
provide one input for the computation of a completely new class of geometrically
constructed representations of algebras.

Another direction for further investigation concerns the restriction morphism
(1.1). When S is a K3 surface and D is an elliptic curve, this morphism of stacks is
expected to have remarkable geometric properties, and it seems plausible that the
information obtained in this paper may provide a starting place for exploring that
morphism in detail.

The author is deeply indebted to his dissertation advisor, Kevin Corlette, with-
out whose help, guidance and encouragement this work could never have been com-
pleted. The author is also grateful to V. Baranovsky, S. Chang, V. Ginzburg, B.
Hassett, R. Lazarsfeld, M. Mandell, R. Narasimhan, S. Nevins, M. Nori, T. Pantev,
A. Prasad, and I. Robertson for helpful conversations. The author’s graduate work,
of which this paper is a result, was supported in part by an NDSEG fellowship from
the Office of Naval Research.
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2. THE MODULI STACK: DEFINITION AND GROUP ACTION

In this section, we define the moduli stacks in which we are interested and
describe some relevant properties of the group action.

2.1. Notation and Definition of the Moduli Stack. Fix a smooth complete
irreducible complex curve C, a line bundle L on C', and a rank two vector bundle

E on C; later we will specialize to the case in which C' has genus one and E splits
as B = Ll @LQ Let

S=P(L&0),

and let D denote the divisor at infinity in S. We will use the notation o for the curve
C embedded in S as the zero section of the bundle L. Since D = C' canonically via
the projection map 7 : S — C, we may think of F as a vector bundle on D or on
o. If R is a C-scheme, let Er denote the pullback of F to Dg = D x R.

Definition 2.1. Let Mg (F) denote the moduli stack of E-framed rank two torsion-
free sheaves on S; this stack has as its objects pairs (€g, ¢r) consisting of an R-flat
family of rank two torsion-free sheaves g on Si together with an isomorphism

¢R . £R|DR l) ER.

A morphism (Eg, ¢r) — (€, ¢%) consists of a morphism f : R — T together with
an isomorphism

En —— (15 % )°&}

for which
Erlp, o Er
wl id
(1s x f)*€x| p, 207 g,
commutes.

Proposition 2.2. ([Nev00a]) Mg(E) is an algebraic stack that is locally of finite
type over Spec C.

Sketch of Proof. Let TFg denote the moduli stack parametrizing torsion-free sheaves
on S, and let TFg(D) denote its open substack that parametrizes those sheaves that
are locally free along D (see [LMB92]). There is a restriction morphism

TFg(D) — Bun(D),

where Bun(D) denotes the moduli stack parametrizing vector bundles on D. The
vector bundle E on D determines a morphism Spec C — Bun(D), and Mg(E) is
the fiber product of the diagram

TFs(D)
Spec C —— Bun(D).

The proposition follows because Spec C — Bun(D) is an Aut(E)-torsor over a
locally closed substack of Bun(D). O
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2.2. The Group Action on the Surface S. Let L denote a line bundle on the
curve C. Let O denote the trivial bundle on C. Let S = ProjSym*®(L* & O*). An
action of C* on P! is given by a map C* x P* 2% P! and hence is determined by
the map of rings

Op1 — MmO xp1 = Op1 [)\, )\_1].
Globally on S, then, to define an action of C* on S we need a map
Sym®(L* @ 0*) 5 Sym® (L* & O*)[A, A1

to obtain the usual action on P! as the appropriate specialization at a fixed A € C*
in each fiber, we must take L* — L* and O* — \710*,

Remark 2.3. In our applications to Mg(FE), we will want to pull sheaves back along
the inverse action, i.e., the action by which A € C* acts on S via the usual action of
A~!on S. It is convenient in our discussion to compute everything for the standard
action on S and then later to simply reverse the weights of the C* action when we
are concerned with the inverse action.

Choose local generators [* of L* and s* of O*. We will translate between
Sym®(L* & O*) and C[I*,s*] and thus describe some of the usual structures on
S.

The zero section o of L C S is just the set along which the section [* vanishes,
hence O, = Sym*(L* @ O*)/(L*), where (L*) denotes the ideal generated by L*.
Now (L*) is exactly the image of L* ® Sym®(L* & O*) in Sym®(L* & O*) under
multiplication, so

O(—0) = [L*(-1) ® Sym*(L* & O*)]".

Here the notation L*(—1) indicates that the grading on L* is shifted so that it now
lies in graded degree 1; this makes the inclusion

L*(—1) ® Sym®*(L* @ O*) C Sym*(L* & O%)
compatible with the gradings and consequently gives a map of the associated co-
herent sheaves (indicated by the tilde) on Proj Sym®(L* & O%).

This description determines O(ko) for k € Z: the sheaf O(o) is the dual of
O(—0) or O(0) = [L(1) ® Sym*(L* & O*)]7, and O(ko) is therefore O(ko) =
[L*(k)®Sym®(L*@®O*)]™. In terms of the coordinate ring C[l*, s*] we get O(ko) =
(I*)~FCJI*, s*]”, where here (I*)~* lies, as expected, in graded degree —F.

A structure of C*-equivariant Og-module on M is given by an isomorphism
m*M L MM, 271 of Sym®(L* @ O*)[\, A~ 1]-modules with certain compatibility
conditions (see [Vie95]). The action of an element A € C* on sections of M is then
given by the composition

eval()
—_—T

M 25 M L My A M.

We want to use the equivariant structures on submodules of Og induced from the
canonical equivariant structure on Qg that comes from the group action on S.
Over S\ D, the sheaf O(ko) consists of elements of (I*)~*C[l*,s*] of degree

k
S*
zero; this module has generator (l*) , on which C* acts with weight —k owing to

the (s*)* term in the numerator: under the map Og — Og[A, A71], the generator
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w\ K w\ k
(%) of O(ko) (for k < 0) maps to A\™* (j—*) , 80 this element lies in the weight
—k subspace.

Remark 2.4. Note, again, that this implies that the generator lies in the weight
k subspace for the inverse action. We will summarize our results for the inverse
action in Proposition 2.6.

Over S\ o we find that O(ko) consists of elements of (I*)~*C[l*, s*];- of degree
zero, and this module has as its generator the unit of the ring C[s*/I*], on which
C* acts with trivial weight. Thus, C* acts with weight zero in the fibers of O(ko)
along D but with weight —k in the fibers of O(ko) along o.

It is convenient here to note also that, since the ring Og on S \ o comes from
C[s*/1*], the group C* acts on functions defined near D as follows: if f is a function
homogeneous in the variable s*/1*, then C* acts on f with weight equal to minus
the order of vanishing of f along D. Similarly, near o the group C* acts with weight
k on the functions homogeneous in the variable [*/s* vanishing to order exactly k
along o.

Recall that the space of global sections of a module O(n) = I'(O(n)) over P! is
just the space of degree zero elements of the graded module I', (O(n)) (see [Har77]
for this notation). The construction of our line bundles allows us to conclude that
the modules by means of which we defined these line bundles are already in the
image of the functor I',, and hence, if 7 : S — C'is the canonical projection, that
mO(ko) = (Lk ® Sym* (L* @ (9*)) Of course if k < 0 this is the zero sheaf;

however, if k > 0 one obtains

k k
mO(ko) = L' & (L) @ (07 =" L7 @ (0")".
3=0 7=0
If we identify this direct sum with 7,O(ko) = Z?:o LF=7 then our earlier descrip-

tion implies that C* acts on the factor L*~7 with weight j — k.
We want to include one further, similar calculation. Performing the same analysis
as above for

O(—D) = (0*) C Sym*(L* & O"),
one gets
O(—kD) = (0*)*(—k) ® Sym®*(L* @ O*).
In terms of the ring C[l*,s*], one then obtains (s*)¥(—k)C[l*,s*], and one may
describe this sheaf near D as the sheaf associated to the module of degree zero

elements of (s*)¥C[I*, s*];-. This module has generator (s*/I*)" and so C* acts on
its generator with weight —k.

Remark 2.5. The description in this section of weights of elements in various sheaves
easily allows computation of weights in, for example, C*-invariant finite-colength
ideal sheaves or their quotients as well, simply because these weights are induced
from those in the structure sheaf of S.

We now summarize our conclusions, but for the inverse action.

Proposition 2.6. For the inverse action m=1(\,s) = A71.s of C* on s € S and
the induced equivariant structures on sheaves coming from Og,
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1. the homogeneous generator of O(ko) along o lies in weight k, and the homo-
geneous generator along D lies in weight zero;

k
2. m.O(ko) =Y LF7
§=0

and C* acts on L*~7 with weight k — j;

C* acts on I% /5T = L* with weight k; and

4. C* acts on the homogeneous functions that vanish to order k along o with
weight —k.

e

2.3. The Group Action on Mg(E).

Construction 2.7. The stack Mg(E) admits a C* action as follows: A € C* acts
by pulling back along the map my-1 : S — S given by multiplication by A~! on
S fiberwise, which extends the action on the total space of the line bundle L by
scaling in the fibers.

Suppose that
0— M - My — M3z —0

is a short exact sequence of Og-modules and that M; and M3 are equipped with C*-
equivariant structures. Suppose M is defined by a Cech 1-cocycle § € Z* (S, Hom(Ms, Ml))
Then m}_, Mz occurs as a l-extension

0— mi_1 My — mi_1 My — m)_1 M3 — 0,
and, if
Il Zm§_1M1 —>M1 and Ig Zm§_1M3 —>M3

are the isomorphisms coming from the C*-equivariant structure, then m3_, 0 yields
the 1-cocycle

Liom}_00I;" € Z'(S, Hom(Ms, My))

that determines m}_, M> as an extension of M3 by M;. Hence m3_, M> is deter-
mined by the class

[A\™"- 6] € H'(S, Hom(Ms, My)).

In order to determine the invariant 1-extensions, then, we need only determine
the invariants in such cohomology (or, more generally, Ext) groups. The machinery
of the next section makes it possible to use this data to determine fixed points of

Ms(E).

3. THE FIXED-POINT SET

We begin by describing a technical device that allows concrete study of sheaves
on S by means of extensions.

3.1. The Canonical Short Exact Sequence. Let S = P(L@®O), L a line bundle
on the curve C. We will describe the canonical short exact sequence associated to
a rank two torsion-free sheaf on S.
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3.1.1. The Short Ezact Sequence for Sheaves of Type U. We first consider the case
of a rank two torsion-free sheaf on S of unequal generic splitting type, or type U,
by this we mean a sheaf £ whose restriction to a generic fiber f of S — C'is of the
form

S\f >~ O(dy) @ O(dz)
with dy # ds. Suppose £ is such a sheaf that is in addition locally free, and suppose

dy > ds. The canonical short exact sequence associated to £ is the sequence
0 — [7* (m&(=dy0))](d1o) = € = Q — 0.

This exact sequence has been used widely to study sheaves on rational and ruled
surfaces; we will use the papers of Brosius ([Bro83al, [Bro83b]) as our canonical
references for this sequence.

Proposition 3.1. (Brosius) If £ is locally free of type U, then @ is a rank one
torsion-free sheaf on S; hence the exact sequence is a 1-extension of the form

0—-L1 —-E—=Ly®Iy—0

where Ly and Lo are line bundles on S and I is an ideal of finite colength. If Er is a
T-flat family of rank two vector bundles on S where T is some integral Noetherian
base scheme and the generic splitting type é}’f = O(dy) @ O(ds) is constant as

t € T wvaries, then the canonical subsheaf (L1)r for the family specializes properly:
(L)1), = (Ly):-

There is a similar short exact sequence of the form
O—>L1®Il—>5—>L2®IQ—>O

when & fails to be locally free; here L1 and Lo are line bundles and I; and I are
finite colength ideals. This short exact sequence has two useful descriptions.

1. Given & torsion-free of generic splitting type 5’f = 0(d1) © O(da), let
L= [r" (m.E(—dy0))] (dio).

Then Ly ® I; C & is the saturation of £ in &£, and by definition the quotient
E/(L1 ® I) is thus a torsion-free sheaf of rank one.
2. Apply the construction of Brosius to £**; one gets a diagram

0 Ly e Ly®I,—=0

T

0—=LINE——=E——>Ly®L,—=0

for which the vertical arrows are inclusions. Then L; ® I = L} N & is exactly
as in description 1.

Remark 3.2. Notice that if £ is C*-equivariant, then by construction both (7* [1.£(—d10)])(d10)
and (as then follows from the first description) L; ® I} are C*-invariant subsheaves
of £.

One may show, using techniques similar to those employed by Brosius, that the
canonical exact sequence specializes properly when £ varies in families of torsion-
free sheaves, provided one fixes the proper invariants; however, we will not need
this fact.
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3.1.2. The Short Ezxact Sequence for Sheaves of Type E. Suppose now that £ is of
equal generic splitting type or type E: this means that the restriction of £ to the
generic fiber f is of the form 8|f >~ O(d) ® O(d). We will assume that £ is locally
free, since this will suffice for our intended application later in the section. In this
case, one obtains a canonical short exact sequence
0— (7*E') ® O(do) — € — Izcx ® O(do) — 0,
where
(m*E") @ O(do) = 7*(m.E(—do)) (do)

and Zzcx is the ideal associated to the inclusion of an l.c.i. (that is, local complete
intersection) zero-cycle Z C S in the scheme X = 7! (n(Z)) C S. In fact, if 7* E’
is the vector bundle above, then Z is exactly the zero-cycle along which the map
7*E' — &(—do) of rank two vector bundles fails to be a rank two linear map of the
fibers.

3.2. The Fixed Points for the Action. We proceed to study the fixed points
of C* in Mg(FE). We begin by proving that any simple fixed point admits a C*-
equivariant structure.

In what follows, let m : C* x S — S denote the (inverse) multiplication map
given by m(\,s) = A~ - s. We also let m, denote the map m(}),-) : S — S given
by multiplication by A~!.

Lemma 3.3. Let R denote any C-scheme. Suppose Eg is an R-flat family of R-
simple torsion-free rank two coherent sheaves on S that is equipped with a framing

SR’DR RN Er. Suppose furthermore that for each A € C*, one has m}(Er, dr) =
(Er, dRr). Then Er admits a C*-equivariant structure for which ¢ is C*-equivariant.

Proof. Let p: C*xS — S denote the projection on the second factor, let ¢ : SxR —
R denote the projection to R, and, by abuse of notation, let ¢ : D x R — R also
denote the projection to R.

By assumption, we have mi€Er = € for each A € C*. Since £g is R-simple, we
find that Extgp\ (m3Er, (p"ER)A) is a line bundle on R for each A\ € C*; therefore,
we get a line bundle Ext(()id «q) (M Er,p*Er) on C* x R. There is a restriction map

Ext?id wq) (M ER,p*ER) — Ext?id «q) (m*€R|DR,p*ER|DR);
since
m*Er|, = Ec-xr and p*Er|, = Ec-xr
canonically via ¢r, we find that
EXt[()id xq) (m*€R|DR7p*8R|DR) = EXt((]id Xq) (EC* X R EC* XR)
= Oc+xr

canonically. Because each m}(Er, ¢r) is isomorphic to (Eg, #r), the induced map
of line bundles

Ext{iq xg) (M*Er,p*ER) — Oc+xr

is surjective and therefore is an isomorphism (see Theorem 2.4 of [Mat89]). The in-
verse image of the identity section 1 € Og+x g now gives a section of Ext?id wq)(M*ER, P*ER);
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moreover, the unicity of our construction guarantees commutativity of the nec-
essary diagram (see Section 3.2 of [Vie95]) to make the pulled-back morphism
m*Er — p*Er an equivariant structure on £x. This completes the proof. O

Remark 3.4. In the concrete cases in which we will be interested in Sections 5
and 6, all F-framed sheaves that are invariant under each A € C* will admit C*-
equivariant structures. In fact, the proper notion of a C*-fixed point in our stack
is a C*-equivariant framed sheaf in general; however, because we will not need this
level of generality in this work, we will omit a detailed explanation of the reasons
that this is the appropriate “fixed-point substack.”

3.2.1. Fized Points: The Unequal Case. Now suppose that (£, ¢) defines a C*-
invariant point of Mg(F)(Spec C) and that £ is of type U. Replacing &£ by its
double dual, we assume for the moment that £ is a locally free and C*-equivariant
rank two coherent sheaf on S. The short exact sequence

0*>I1®L1*>64>12®L24)0

is then, by construction, also C*-equivariant. Since £ is locally free, we must have
I, = Og.

Lemma 3.5. The support of O/Is has empty intersection with D.

Proof. Because 5| p = E by a C*-equivariant map, we may find, locally along D,
some C*-invariant sections s; and sy of £ that generate £. These sections induce
a C*-invariant isomorphism £ = ©2. Thus, locally along D we get a C*-invariant
map L; — O2%. Choosing a local C*-invariant generator of L gives an expression
of this map as v : O — 02, say with ¥(s) = (f1 -5, f2 - s). Because ¢ is C*-
equivariant, we find that both f; and f; are C*-invariant. But now if the image of
(f1, f2) vanishes in a fiber &, of £ at a point p € D, then (f1, f2) vanishes along
7 1(m(p)), hence £/(I1 ® L1) has torsion supported along 7~ (7 (p)). However, this
quotient is torsion-free by construction, and we may conclude that (f1, f2) fails to
vanish at any point p € D. Therefore £/(I; ® Ly) is locally free at every point
p € D, completing the proof. O

Next, assume, without loss of generality, that €|f = O(lo) & O((—1 — 1)o)
along a general fiber f, where [ > 0. Write L; = Og(lo) ® n*B; and Ly =
Os((—=1—1)0) ® 7 Bs.

Lemma 3.6. I, = Og.
Proof. We have an exact sequence
Ext' (0/15) ® Ly, L)€ — Ext'(L,, L1)C —
Ext'(Iy ® Ly, L) — Ext? ((0/I5) ® L, L) .

Now Ext! ((O/I;) ® Ly, L1) = 0, since it is (after applying Serre duality) isomor-
phic to H' of a sheaf supported on a finite collection of points. Consequently, it is
enough to show that Ext? ((0/I,) ® Lo, Ll)c* = 0: then any equivariant extension
pulls back from an extension of Ly by L;, which can only be lo*cally free if already

Ly = I, ® Ly. So, we must compute Ext> ((O/IQ), Lgl ® Ll)c . Since
Ly'® Ly = O((1 4 2l)0) @ 7*(By ' @ By)
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and O/I, has discrete support, we may replace Ly ' @ Ly by O((1 + 2I)o) for this
computation. Now, locally along o the quotient O/I> has generators of the form
zF1(1* /s*)*2 with 2z a uniformizer in the o direction and [*/s* a parameter in the
fiber direction. Here C* acts by

A (R0 7)) = Ak )
hence, using short exact sequences in the first variable of Ext, we may reduce

to considering Ext? (C,, O((1 + 21)0))0*, where C* acts on C, with nonpositive
weight x. If we resolve C, locally by

O(*f—o)%cx — [O(—=f) ® O(—0)] %)CX — O((Xj)CX — C,,
we find that Ext® (C,, O((1 + 21)0))0* is an invariant quotient of

o
H° (O((2 +20)0) @ O(f) & CX> :

But any C*-invariant section of O((2 + 2{)o) ® C_, vanishes to order at least
C
2 + 21 — deg x along o and thus maps to zero in Ext? (C,, O((1 + 21)0)). O

Consequently, a C*-equivariant locally free sheaf is a C*-invariant extension of
the form 0 — L; — & — Ly — 0.

Lemma 3.7. The map
Ext' (L, L1)C" — Ext'(La, L1] )¢
is an isomorphism.
Proof. We have
Ext'(Ly, L) = H'(S,Ly' ® L) = H' (S,0((1 + 2l)o) ® n*(B; ' ® By)).
The Leray spectral sequence shows that this is just
H' (D, m.0((142l)0) ® By ' ® B1) ;
furthermore, the restriction map is evidently just the map
H'" (D, 7.0((1+2l)0) ® By' ® B1) — H' (D,0p ® By ' ® By),

which is given fiberwise by the map H® (P, O((1+ 2) - p)) — C (where p is the
zero point in P1) arising from evaluation at infinity. Since the unique C*-invariant
section of Op1((1 + 2I) - p) under our normalization of the C* action is the one
that vanishes to order 1 4 2I at p (and hence is nonzero at infinity), the map

[ Os((1+ 2l)a)]C* — Op is an isomorphism, and the conclusion follows. O

Finally, then, returning to the case in which £ is not locally free, we see that
E** /€ is a finite-length C*-invariant quotient of £**. We may summarize as follows.

Proposition 3.8. Fvery C*-equivariant £ is the kernel of a finite-length C*-equivariant

quotient of a locally free C*-equivariant coherent sheaf F. The sheaf F is uniquely
determined by the sheaf Ly in its canonical short exact sequence

(3.1) 0—-Li —F—Ly—0

together with the inclusion Li| . C E.

b
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Proof. Given &, let F = £**. Then the extension in Equation 3.1 determines data
of Ly and the inclusion L1|D C F, and Lemma 3.7 shows that this data in turn
determines F as a framed bundle. Now the inclusion £ C F is C*-equivariant,
hence the quotient F /€ is also C*-equivariant, as desired. O

3.2.2. Fized Points: The Equal Case. Suppose now that £ is locally free of type E.
Let

0— (n*E')(do) = €& = Izcy(do) — 0

denote the canonical exact sequence. The same argument as we used in Lemma 3.5
for the type U case shows that, if £ is C*-invariant, then supp Z C o.
Consider the boundary map

Ext' (Zzcy (do), (m*E')(do)) — Ext*(Oz(do), (m*E')(do))
coming from the short exact sequence in the first variable
0_>IZCY —>Oy —>OZ — 0.

As in the case of type U, any class in Ext! (Zzcy (do), (7" E')(do)) whose image in
Ext*(O(do), (7*E’)(do)) is zero must define a 1-extension that is not locally free,
unless Z = (). But

o

Ext?(O(do), (v* E')(do))C = [Ext?(0z,0)]C =0

because all weights in ExtQ(OZ, O) are greater than or equal to one. So any C*-
invariant 1-extension has singularities unless Z = ().
This analysis gives the following proposition.

Proposition 3.9. Every C*-invariant E-framed sheaf of type E is the kernel of a
C*-equivariant morphism (7*E)(do) — Q where Q is a finite-length C*-equivariant
Og-module supported along o.

4. THE EXTENSION LEMMA AND ITS RELATIVES

We first introduce some notation for this section. We fix a line bundle B on
a smooth complete curve C, and let A denote the quasicoherent O¢-algebra A4 =
Symg,. B.

We introduce also several variations on this notation: we let I C A denote the
ideal ®,>1 Symg,, B, A denote the completion of A with respect to I (note that

A is no longer a quasicoherent sheaf!), and A° denote the localization of A with

—

respect to I. If T is a C-scheme, we let (Ar) denote the completion of the pullback
of A to T and A% denote the pullback of A° to T. Most often in this context we
will let R denote a DVR with uniformizing element 7 and field of fractions K, and
then we will use either Spec R or Spec K as our scheme T'; in these cases, we will
abbreviate to Ag, etc.

The following fundamental lemma, which is a simplified version of a result of
Langton from [Lan75], is essential in establishing separatedness of some moduli
stacks and “orbit completion” properties.

Extension Lemma. ([Nev00a]) Suppose Ex is a torsion-free coherent A-module
on Ck of rank two, £% is an R-flat family of torsion-free coherent A°-modules on
Cr, and ¢ : Ex Ru, A — Ep Ray Al is an isomorphism of A°-modules on
Cyk. Then there is a unique Agr-submodule Er C Ex of Ex for which
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L. Er|., =&k,
2. ER®uay, AOR|SpecA° = EHSPGCAO compatibly with 1, and

3. Er is an R-flat family of torsion-free A-modules on Cg.

The proof of this result uses the equivalence of the categories of quasicoherent
A-modules and quasicoherent sheaves on SpecA to translate between commutative
algebra and geometry. -

The Extension Lemma has the following important corollary.

Corollary 4.1. ([Nev00a]) Let S = P(L & O). Let m : C* x S — S denote the
multiplication map given by m(\,s) = A\~1-s. Fiz a rank two torsion-free coherent
sheaf € on S, with restriction to the divisor at infinity 5|D = FE a rank two vector
bundle E on D. Then m*& extends to a rank two flat family of torsion-free coherent
sheaves € on S parametrized by C, so that

E|C><D 2 F®0Oc.

We include the proof of this fact, because the proof arises again, in conjunction
with the C* action on Mg(F), in Section 6.3.

Proof. The map m : C* x S — S when restricted to C* x (S \ o) extends to a
map 7 : C x (S\ 0) — S\ o. One gets a sheaf £ := m*E, whose restriction
to C* x (S'\ o) is canonically isomorphic to m*E. One clearly gets a framing
E™% Ew Oc from the framing & 2 B Restricting £ to C x (S'\ (0 U D)) and
m*E to C* x (S\ D) gives exactly the input data for the Extension Lemma, and
so determines a unique extension of £ to C x (S \ D). Finally Zariski gluing now
pieces together £ from & and its extension across o. [

A slightly more conceptual restatement of this corollary is the following.

Corollary 4.2. Suppose (£,¢) is an element of Mg(E)(SpecC). Then a limit
)1\11%)\ - (€, ¢) exists in Mg(E)(SpecC).

One has also a completeness property for the fixed-point set (MS(E))C*.
Proposition 4.3. ([Nev00a]) Suppose R is a DVR, K is its field of fractions, and
(£, ¢r) € (Ms(E))C (Spec K). Then (Ex,bx) is the restriction of some family
(€r, 0r) € (Ms(E)) (Spec R).

‘We end this section with a tool that allows us to prove separatedness of the stack
Mg (E) in some cases. We continue to use the notation of the earlier parts of this
section without further comment.

Uniqueness Lemma. Suppose that Eg and E, are R-flat families of torsion-free
rank two Ar-modules and that, for the associated families of torsion-free sheaves
on Spec Sym® B, there is some neighborhood of Cr in SpecSym® B on restriction
to which the associated families of sheaves are locally free. Suppose furthermore
that there are given isomorphisms

Er®K —-ER®K and
SR®A\R—>5;3®¢ZR
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that yield a commutative diagram

(4.1) Er® K
\
ERK
Er® Ag ER@AR® K
\ \
& @ Ag Er@Ap@ K .

Then the given morphism Er @ K — £ @ K induces an isomorphism Eg = £}, via
the natural inclusions.

Proof. We will show that the images of £ and £} in € ® K and £, ® K, respec-
tively, are identified under the given isomorphism.

Locally along C' we may trivialize B, and then over an open set Up C Cr we
may replace Ag, Agr by Tglt], Tr[[t] respectively. Choose f € Tx[t] \ (t) so that
(Er) s and (ER) are free modules over Tg([t]s; we may choose such an f (assuming
we have chosen Uy sufficiently small) because £ and £}, are locally free near Cg.

Claim 4.4
a. (Eg)y is the intersection of (€r); ® K and (€r)y ® Tg[[t]] in
Trlt]y
& ® Tg|t]® K.
(E)s & Telll)g
b. () is the intersection of () ® K and (£3); ® Tr[[t] in
Trlt]y
&} ® Tgrllt] ® K.
ER)r 8 Tell)g

Proof. By the choice of f it is enough to show that
Tr[t]y = (Trt]y ® K) N Tr[t]]-
So, write an element of the intersection as

9

i s, where g € Tg[t] and s € Tg[[t]].

Then g = 7/ f*s € ©Tg][t]]. Therefore, all coefficients of g are divisible by 77,

and % € Tglt] after all; consequently, jifk € Tgr[t]; as desired. This proves the
s s

claim. O
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Claim 4.4, together with the commutative diagram (4.1), gives an isomorphism
(Er)f — (ER)s so that the diagram

(4.2) Er® K
\5;% ® K

(€r)y (Er)s® K
\(%H \(}fz)f ® K

commutes. Then by Proposition 6 of [Lan75], the inclusions £ — £r @ K and
Er — & ® K induce an isomorphism of the Agr-modules £ and £} over the
open set Ug of C'g. The isomorphisms so obtained locally along Cr arise from the
restrictions of a single diagram

En e

.

ER®K—>5;.3®K

over CR, so they are compatible on intersections of the open sets of the form Ug
and consequently induce an isomorphism Eg — £}, over all of Cg. O

5. REPRESENTABILITY OF THE STACK

Starting again in this section, we restrict to the case in which C is an elliptic
curve and L has degree zero. Some related representability results may be found
in [Leh93] and [Nev00b].

We begin by reviewing the description of polarizations of the surface S = C,
since we will use this description below. First, recall that Pic S & PicC & Z, where
the factor Z C Pic .S may be generated by a section of the projection 7. Suppose
T is a section of 7 whose self-intersection 72 is minimal among self-intersections of
sections of 7; note that 72 is then the same as

—max{2deg B — deg L|B is a subbundle of L & O}.

If deg L > 0, then this is just — deg L, and the divisor at infinity D is such a section.
In this setting, one has (see [Fri98]) that H = aD + bf (where f is the numerical
class of a fiber) is ample if and only if a > 0 and b > § deg L.

5.1. Elliptic Curves Equipped with Stable Bundles. It seems worth men-
tioning that it is not difficult to show that Mg(FE) is a variety when FE is a stable
bundle—indeed, one has the following.

Proposition 5.1. Suppose C is a curve of any genus, L has degree zero, E is
a rank two stable vector bundle on D, and (£,¢9) € Mg(E)(SpecC). Then & is
a stable sheaf (in the sense of Mumford-Takemoto) for an appropriate choice of
polarization H of S that depends only on the Chern classes of £.
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Proof. A straightforward computation shows that, when a is sufficiently large (de-
pending on ¢;€ and &) any such £ will be stable for the polarization H =
aD +bf. O

Proposition 5.1 has the following pleasant consequence.

Corollary 5.2. If C is an elliptic curve, E is stable, and deg L = 0, then Mg(FE)
is represented by a smooth quasiprojective variety.

Proof. This follows from the GIT construction and deformation theory of Huybrechts—
Lehn ([HL95b], [HL95a]). O

5.2. Elliptic Curves Equipped with Polystable Bundles. By contrast, the
case in which the bundle F splits as E = L1 @ Lo is not so straightforward, though
the stack is still reasonably well behaved.

Theorem 5.3. Suppose that C is an elliptic curve, that Ly and Lo are line bundles
on C' both of the same arbitrary degree, and that L is a line bundle of degree zero
on C. Suppose further that L, Ly, and Lo satisfy the very general conditions:

1. L* is nontrivial for all k € Z \ {0}; and

2. L* @ (L7' ® Ly) is nontrivial for all k € Z.
Then if S = P(L®O), the moduli stack Mg(L1®La) is a smooth separated scheme.
Moreover, Mg(L1 ® Ls) is exhausted by open subschemes that are equivariantly
quasiprojective with respect to the natural action of (C*)3 on Mg(Li & Ls).

Proof. We may assume that deg L; = deg Ly = 0, since if we begin with deg L; =
deg Lo = d then for any point p € C, L} = Li(—dp) and L, = Ly(—dp) will satisfy
the assumptions.

We begin by proving that, for any Spec C-valued point (&, ¢) of Mg(L1 @ L),
we have Ext%(£,E(—D)) = Ext(E,£(—D)) = 0. In this computation, we will use
repeatedly that Ext%(&,E(—D))* = Ext%(E,£(—0)).

Suppose first that, if f denotes the generic fiber of the projection 7 : S — C,
we have 5|f =~ O(l) ® O(l). Then any endomorphism of £|f that vanishes at
infinity is zero; hence any e € Ext2(E,£(—D)) is zero on the generic fiber of 7
and consequently is zero on all of S. Similarly, Ext$(£,(—0)) = 0 and hence
Ext%(E,£(—-D)) = 0.

Suppose next that S|f ~2O0)®O(l'c) with I > I'. Then, as in Section 3.1.1, we
get a canonical exact sequence

0—-1"B0(Ilo)®l; =& - 1"(B'®@ L ® L) @0('c)® I — 0.
Now
Ext? (yr*(B*1 ® L1 ®Ly)®@O('c) @ I, m*B® O(lo) ® Il)
CExt’ (7" (B ® L1 ® L) ® O(l'0), 7* B ® O(lo))
=H°(S,mB*® L' @ Ly' @ O((1 - 1')0))
-

=H'|CB’eLi'eLl,' @) L
j=0
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If deg B < 0, this group is zero, while if deg B = 0, then, since Li & Lo is
semistable of degree zero, we have either B = Ly or B = Lo, and in either case the
second assumption of the theorem implies that this group is zero.

Now if the canonical exact sequence is nonsplit, the above vanishing implies
that £ is simple, hence Extgv(é', E(—D)) = 0 as desired. If, on the other hand, the
canonical exact sequence splits, then B and L1 ® Ly ® B~! are line subbundles of
the polystable bundle L; & Lo, and so deg B = 0 and either B = Ly or B = Ls.
This implies the H® vanishing just as before. To prove that Ext%(£,£(—D)) = 0
in this case, we must compute also

Ext? (T&'*B ®O(o) @ I, 7 (B~ @ Ly ® Ly) ® O('0) 12)
CExt’ (m"B® O(lo),7*(B™' ® L1 ® Ls) ® O(I'0))
=H" (S, 7" (B ® L, ® Ly) @ m,O((I' = 1)0))
=0
since I’ < [. Consequently,

Ext’(£,€) = End(r*B® O(lo) ® I)
@End (7" (B™'® L1 @ Ly) ® O(I'c) ® 1)

in this case. But the two sheaves in this formula are of rank one, hence Ext"(&, &) =
C? and the restriction map along ¢ or along D is just the identity of C2. As a
result

Ext2(E,£(—-D)) = Ext3(£,£(-D)) =0

here as well.

As a consequence of the vanishing of Ext%(€,£(—D)) for every Spec C-point
(€, ¢) of Mg(L1 ® Ls), we find that every object of Mg(L1 & Ls) over SpecC is
rigid. But then by semicontinuity every object of Mg(Li @ L) is rigid as well,
and by Propositions 4.4 and 1.4.1.1 of [LMB92], the stack Mg(L; @ Ls) is in fact
represented by a locally finitely presented algebraic space.

The deformation theory arguments used in [HL95a] to obtain a smoothness cri-
terion for moduli spaces of stable framed sheaves are arguments purely about the
smoothness of the moduli functor, and hence carry over mutatis mutandis to our
setting; in particular, if Ext%(E,& 2, Ly @ Ly) = 0 for all pairs (€, ¢), then
Mg(Ly ® Loy) is smooth. But since ¢ induces an isomorphism 5|D =@ Lo, we

have that the complex & 2, Ly & Ly is quasi-isomorphic to £(—D) concentrated in
degree zero, and so

Ext3(E,€ 5 L1 @ Ly) = Ext3(€,6(-D)) =0

for all pairs (£, ). As a result, Mg(L; @ Ls) is smooth.

Next, we need to prove that Mg (L1 @ Lo) is separated; so, writing E = L1 @ Lo,
suppose that (£, ¢k ) is a family of E-framed torsion-free sheaves parametrized by
Spec K, where K is the field of fractions of a DVR R. We proceed in several steps.

Claim 5.4. Suppose A is an affine scheme and (€4, ¢ 4) is an E-framed family para-

metrized by A. Then SA}BA is isomorphic to Of)A ® FE4; furthermore, this iso-
Op,

morphism is completely determined by ¢ 4.
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Proof. Suppose we have shown that SA{DW is isomorphic to 0D<n) ® F4. By
A A

Proposition 1.4 of [Gri66], the obstruction to uniqueness of an extension of O ) ®
A

E4 to a bundle over DUV is a class in
H (End Ea® (I} /Ig+1)) ~ H' (End E® (Ip/15™) @ A
=[H'(LMYeH (L") e H' (LT'® L@ L") ® H'(Ly ' ® L1 ® L")| ® A,

which vanishes whenever n > 1 by the assumptions of the theorem. So &4 | pty =
A
Opm+n @ E4. Moreover, since
A

Hom(EA, Es® (I;/I;“)) - [HO(L") @ HO (L") & HO(LT' ® Ly ® L")

@HO(L51®L1®L")] ® A
—0

whenever n > 1, we see that the isomorphism &£ 4 ‘D(nﬂ) = OD(n+1) ® F 4 is uniquely
A A
determined by ¢ 4. O

The same computation as in the proof of this claim gives
(5.1) End(Op, ® Eg) = End(ER) = End(E) @ R, and
(5.2) End(K ® Op  ® Ex) = End(Ek) = End(E) ® K.

Suppose (g, ¢r) and (Ef, ¢;) are E-framed families parametrized by Spec R that
are equipped with isomorphisms (g, ¢R)|SK 2, (Ek, oK) and (Ex, ¢/R)’SK -,
(Ek,¢K). Restricting to Dy and identifying each of ER’BR’ ‘SHEJR uniquely with
Op, ®ER, we obtain an automorphism a = ((¢') ™" o ) |153®K of (Ko0p JQEK
whose restriction to Fx is the identity.

Claim 5.5. The automorphism a is the restriction of the identity automorphism of
OER ® Eg.

Proof. This follows from the description in Equations (5.1) and (5.2). O

Now, restrict to Sg \ og. We then have sheaves of Agr-modules £ and £}, where
A = Sym® L, together with embeddings £ — Op, ®&r and & — Op  ® Ep;
moreover, the isomorphisms Of)R ®ER — Of)R ® Er and Of)R RER — 0153 ® Egr
identify £g and £ with subsheaves of O Pr ® FEr, and in addition the restrictions
of their images to Dk coincide. By the Uniqueness Lemma, then, the inclusions
Er — &k and & — &k have the same image and thus induce an isomorphism of
Er and & over S \ or. Because this is compatible with the isomorphism given
over Sk, by the Extension Lemma we obtain an isomorphism (g, ¢r) = (E, ¢')-
This completes the proof that Mg(L; & L) is separated.

We now indicate why Mg(Ly @ Ls) is in fact a scheme. Suppose (£, ¢) is a
Spec C-valued point of Mg(L; @ Ly). Let H denote a polarization of S, and, given
an Og-module F, write F(n) := F @ H". Choose n sufficiently large that £(n)
is globally generated and H'(£(n)) = H?*(£(n)) = 0; then the same will hold
for all F occurring in pairs (F,1) that lie in an open neighborhood of (£, ¢) in
Ms(Ll D Lg).
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We saw above that S|D(m) >~ Opwm) @F for any m > 1 and that the isomorphism
is uniquely determined by ¢. For m sufficiently large, this isomorphism determines
an injection H°(E(n)) — H°(Opwm ® E(n)); fix such an m.

We next construct a scheme representing a neighborhood of (£, ¢) in Mg(Ly ® Lo).
There is a Grassmannian G parametrizing subspaces of H° (OD<m) ® E(n)) that are
of dimension equal to the dimension of H° (5 (n)) Over S x G, in addition, there
is a canonical subbundle V of Ogxo ® H° (Op(m ® E(n)) Now the C* action
on S induces an action on D) and thereby on the space H° ((’)D(m) ® E(n))
and the Grassmannian G; furthermore the universal subbundle V is C*-invariant
when Ogxg @ H (OD(m> ® E(n)) is equipped with the C*-equivariant structure
that incorporates both these actions. From this family V on S x G/G, one ob-
tains a relative Quot-scheme Q together with a universal subsheaf U of p%, oV on
S x G x Q: this Quot-scheme parametrizes subsheaves of the bundles V, (g € G)
on S with Hilbert polynomials coinciding with that of

ker(@s ® H(E(n)) — g(n)).
By construction C* acts on the Quot-scheme Q as well. We have a surjective map
Os @ H" (OD(wz) & E(n)) — Opmm ® E(n),

and there is a C*-invariant locally closed subscheme Q! of Q parametrizing those
Ugxq C Vg on S for which
1. ker (Vg — E(n)) is contained in Uyxq,

2. Vy/Ugxq is torsion-free, and
3. the induced map (V/Uyxq) ’D — E(n) is an isomorphism.

Over Q! we have a universal diagram

V — Osxaxa, ©@ HY(Opm @ E(n))

| |

P
V/Z/{ E(n)GXQ/ .

Claim 5.6. The map Q) — Mg(L1 ® Lo) that is induced by the family
((V/L{)(fn),wb(fn)) C*-equivariantly represents a neighborhood of (£,¢) in
Mg (L1 & Lo).

Proof. Suppose (Fy,&y) is a U-flat family in Mg(L; & Lg) for which

1. the Hilbert polynomial of each Fy,, (u € U) coincides with that of &,

2. each Fy ., (n) is globally generated,

3. each H'(Fyu(n)) = H*(Fyu(n)) =0, and

4. each H° (fUu(n)) injects into HO((’)D<m) ® E(n)) under the canonical homo-
morphism.

Then the family of diagrams

(pU)*(pU)*]:U(n) —— Ogxu ® HY (OD(m) [ E(n))

l |

Fu(n) Opm @ E(n)u
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determines a map U — Q! . This functor gives exactly the inverse of the map
Q! — Mg(Ly & Ls), proving the claim. O

This proves that Mg(L; @ Lo) is exhausted by C*-invariant quasiprojective
schemes, and so is itself a scheme.

In fact, Q) is C* equivariantly quasiprojective, and its image in Mg(L; & Lo)
is C*-invariant: indeed, the usual construction of a relatively ample line bundle
on a Quot-scheme Q x G/G is given by first pushing forward to Q@ x G a twist
(V/U)(nH) of the universal quotient (V/U) on S x Q x G by a sufficiently high
power p of the pullback of an ample line bundle Og(H) on S, and then taking
the determinant bundle of this pushforward. Since this universal quotient is C*-
equivariant, we obtain a C*-equivariant relatively ample line bundle on Q x G/G,
hence, by restriction, on Q! x G/G. As a consequence, we have in particular (see
Section 4 of [BB73]) that Mg (L1 @& L2) may be covered by C*-invariant quasi-affine
open subschemes, and thus, by [BB73], Mg(L1 @ L2) admits a Bialynicki-Birula
decomposition. O

We will use this result in Section 6 when we compute a basis for the rational
homology of Mg(Ly & Ls).

6. A RaTioNAL HoMoOLOGY BASIS

In this section, we use localization to compute a rational homology basis for the
moduli space Mg(Li @ L2) in the case in which the line bundles L, L1, and Lo are
of degree zero and satisfy the assumptions of Theorem 5.3.

6.1. The Localization Formula. The localization theory that we use was orig-
inally developed by Frankel ([Fra59]), Bialynicki-Birula ([BB73|, [BB74], [BB76]),
and Carrell-Sommese ([CS79]); see also the work of Nakajima ([Nak99]), Carrell-
Goresky ([CG83]) and Kirwan ([Kir88]) for useful variations of the theory. The
theorem that we want to use here is the following: if M is a nonsingular algebraic
variety with C* action, one may compute the homology of M in terms of that of
the fixed-point set of the C* action. More precisely, write M c = H F,, a disjoint

¥
union of connected components, and let

Sy ={meM|lmX-m e F,}.

Let m., denote the complex codimension of S, in M (this is the same as the dimen-
sion of the negative weight space for the C* action in a fiber of the normal bundle
to Fy in M). Then

H;(M;Q) = @Hi—%n«, (F,; Q).
¥

Originally this formula was proven assuming that M is a projective variety or
compact Kéhler manifold. However, it has since been observed (see Chapter 5
of [Nak99]) that the same proof applies provided that M is a smooth, Hausdorff
Kihler manifold for which the flow lines {\ - m|X € (0,1] C C*} are contained in
compact subsets of M for all m € M, using a Morse-theoretic decomposition of
the manifold. In fact, the same proof also applies when one uses the (algebraically
defined) Bialynicki-Birula decomposition on a smooth separated scheme that is
covered by C*-invariant quasiaffine open subschemes, provided a certain additional
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condition on the strata is satisfied; in Section 6.3, we describe this condition and
prove that it is indeed satisfied by Mg(L; & Lo). This is the setting in which we
apply the localization formula to compute rational homology.

6.2. Rational Homology of Mg(L; ® L2). We will use the same technique used
by Nakajima in [Nak94a]: the bundle Ly & Ly has an action by C* x C* obtained by
scaling in the factors, and this induces an additional C* x C* action on Mg(L1®Lo)
by scaling the framing. By Proposition 4.3, the components of the fixed-point set
are complete, and hence we may use localization for this action to reduce the
computation to computation of the homology of the fixed-point set for the entire
C* x C* x C* action. Moreover, the coefficient giving the shift in homology grading,
that is, the rank of the negative normal bundle to a component of the fixed-point
set, will be the same whether one computes as though localization were iterated
(that is, first localizing along the C* fixed-point set and then localizing for the
additional C* x C* action inside here) or performed for C* x C* x C* all at once.
Thus, we compute formally as though we were applying localization to the (C*)3
action, although we will never consider any sort of completeness result for the entire
(C*)? action.

The decomposition of rational homology that we will obtain is the following. Let
Mg (L1 ® La)(e1, c2) denote the substack of Mg(Ly @ La) consisting of pairs (£, ¢)
for which ¢1&€ = ¢; and o€ = co. Then

Ms(Ly ® Ly) = [] Ms(Ly ® La)(cr, c2).

C1,C2

Theorem 6.1. Fizing ¢c; = —l'c and co > 0, one has
6.1) H, (Ms(Ll ® Ly)(c1, ca); Q) ~
@ @ Hk—Qd(a,ﬂ,l,l/) (Syma C x Symﬂ C; Q) .

leZ a,B
|| +[Bl=c2

Here d(«, 8,1,1"), which depends on partitions
a=(1%2%23% ) and 3= (1"2b23% ),

is given by
d(avﬁv l,l/) = [|a|—£(a) + Z aj(l - 6l’+2li1,0>:|
(6.2) 7120
His1 -0+ X 0,0 rsarsia)|

§>i>0
where |a] = Ziai and (o) = Zai.

i>1 i>1

6.3. Preliminaries. We begin by clarifying the nature of the fixed-point set and
then confirming that the localization formula does indeed apply to Mg (L1 & Ls).

Lemma 6.2. Let E denote Ly ® Lo. Suppose (€,¢) € Mg(E)(SpecC) satisfies
m3(E,¢) = (€,¢) for all X € C*. Then £ admits o C*-equivariant structure that
makes ¢ C*-equivariant for the trivial action on L1 & Lo.
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Proof. Let p: C* x S — S denote the projection to S, g : C* x § — C* denote the
projection to C* and, by abuse of notation, also the projection ¢ : C* x D — C*
to C*. We have mi€ = & for each A € C* by assumption, and so Extg(m*é',p*é')
is a vector bundle on C* with fiber over A € C* equal to Hom(m}€&,£).
There is a natural restriction map
Extg(m*g,p*g) — Extg(m*é"D,p*é"D).
Now
Exto(m*E|,.p*E| ) = Exto(Ec:, Ec-)
>~ Oc+- @ Hom(E, E)
via ¢, and, by assumption, the map
Ext)(m*&,p*€) — Oc+ ® Hom(E, E)
has in its image the identity element 1 ® id.
Furthermore, this map is injective: fiberwise we need only check the following.

Claim 6.3. Hom(&,€) — Hom(&| ,,&|,) is injective.

But this follows from the conjunction of

1. Hom(&, &) — Hom(5,5|D(n>) is injective for m > 0, since & is torsion-free;
and

2. Hom (E,E ® (I}/I}5™)) = 0 for n > 1, and consequently

Hom(&, €| ,,.,) = Hom(E,&| ) foralln > 1.

So the inverse image of 1 ® id in Extg(m*g ,p*€) is uniquely determined. As in
the proof of Lemma 3.3, uniqueness also guarantees commutativity of the diagram
required for the map m*E — p*€ to define a C*-equivariant structure. O

Notation. We will continue to write E in place of L; @& Lo and Mg(E) in place
of Mg(L; & Ly) when it is convenient.

Lemma 6.4. Suppose (€,¢9) € Mg(E)(SpecC) is invariant under the action of
C* x C* by scaling in the factors Ly and Lo. Then £ splits as € =& ® & with

51|D ~J, andEQ‘D > [ via ¢.

Proof. By Claim 6.3, the map Hom(&,€&) — Hom(5,5|D) is injective, so, because
End(L; @ Ly) = C? and the image of Hom(&,€) in this group contains every
(A1, A2) € C* x C*, we must have
Hom(&,&) = Hom(E, £ ).

Consider the elements e; and ey in Hom(&, ) that are the inverse images of the
elements (1,0) and (0, 1), respectively, of End(L; @ Ls). The elements e; and ey are
idempotents whose images are subsheaves (necessarily torsion-free) of £; since their
composites e; 0 es and ey o e1 are zero, the image of neither can have rank greater
than 1, but also e; + ez = id and so e1(£), e2(£) must be rank one torsion-free
subsheaves of £ for which £ = e1(€) + e2(€). Letting & = e;(€) gives the desired
splitting. O

Suppose (&, ¢) is a fixed point for C* x C* x C*. Then & splits as
(6.3) £=(m"Li®0(o)® L) P (" Ly @ O(-1' — 1)o) ® L),
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where I; and Iy are C*-invariant finite-colength ideals of Og.
Observe that ¢1(£) = —I'c and

02(5) = (degL1 . f + lU) . (degL2 . f - (ll + Z)O') + CQIl + CQIQ
== CQIl +Cg[2.

Remark 6.5. In particular, neither ¢;€ nor c2€ depends on [, and hence even the
part of Mg(Ly @ Lo) with fixed ¢; and ¢y may have rational homology groups
of infinite rank (in fact, the formula of Theorem 6.1 makes it clear that it does).
Note, however, because our ultimate goal is the computation of the action of Hecke
operators, which will only move sheaves a bounded amount with respect to the
invariant [, and since, as we will see, the homology basis we produce is finite in
each value of the invariant [ (for fixed ¢; and c¢q), the homology basis will still allow
reasonable computations for Hecke operators.

We now describe the additional condition that Mg(L; & Lg) must satisfy in
order for the localization formula to apply to it, and confirm that the condition is
indeed satisfied.

In the Kéhler case, the components F, of the fixed-point set of C* on the man-
ifold M are the critical submanifolds for a Morse-Bott function. This allows one
to define a partial order on the index set {y} so that S, C U Ss; in particular,

5>
the partial order on the index set is the one generated by the Zelations: v <4 if
S, NS5 # 0. Atiyah and Bott ([AB83], pp. 536-537) describe how to use this
“stratification with appropriate ordering” to obtain the localization formula.

Remark 6.6. The proof of the localization formula in the algebraic setting given
by Bialynicki-Birula does not require this partial ordering on the strata, but as his
proof uses the Weil conjectures it is not so obvious to the author how one might
try to modify his proof to apply to our noncompact spaces.

The crucial property for the partial ordering used by Atiyah—Bott is the following;:
suppose I' is a subset of the index set for the strata that satisfies

ifyel and p <~y then p €T,

for which U S, is the corresponding open submanifold of M. If § is an index that

vyel’
is minimal among those indices that do not lie in I, then S5 is a closed submanifold

of (U 8,) Uss.
yer
Our scheme Mg(L; @ Lo) is the union of the increasing sequence {MS(Ll &)
Lg)m} of open subschemes that parametrize pairs (€, ¢) for which

(6.4) 5|f 20 0(-1'-1)

for some [ satisfying (—1'/2) <1 < m (here, as before, f denotes the generic fiber of
the projection 7 : § — (). We shall prove that if one of the Bialtynicki-Birula strata
of Mg(L1 @ Ls) for the action of C* has nonempty intersection with Mg (L1 L),
then that stratum is contained in Mg(L; & La),,. We will next show that each
Mg (L1 ® Ls),y, is quasiprojective (in particular, is Kéhler) and consequently admits
an ordering of its strata of the desired type; then, by semicontinuity of the “generic
fiber type” [ in Equation (6.4), no stratum in Mg(L; ® La)m+1 \Mg(L1® La), lies
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above any stratum in Mg(Lq @ La),, in the ordering of strata of Mg(L1 ® La)m+1,
and the localization argument applies to all Mg(L1 @ La)m

We proceed, then, to show that [ is constant on strata of the decomposition for
the action of C* on Mg(L; @ Ls).

Proposition 6.7.
1. Suppose that (€, ¢) € Mg(L1 @ L2)(Spec C), and that

£, =00 e o1 - 1).
Then, writing (&', ¢') = )l\in%))\ -(E,0), one also has
‘f ~01) e O(=l' —1).

2. If (£,9) and (&', ") lie in the same component of the fized-point set of C* in
Ms(Ll S5 LQ), then £|f = €/|f'

Proof of (1). Suppose U C C'is an open set and V = 7~1(U) C S, for which
&l, = 0(o)|, ®O(-I' =)o
Then by the construction of limits for orbits in Corollary 4.1, one has
~ 3 . I _
lim A+ (€],,) = lim A~ O(lo)|,, @ lim A- O((~1' =)o
= (9 lo)|, & O((=l' =)o)l

o)y
Jo)ly

as desired.

Proof of (2). Since the components of the fixed-point set of C* in Mg(Ly & L)
are smooth, the conclusion follows, provided any C*-equivariant deformation of
Op: (Z) D
Op1(—l' — 1) parametrized by an Artinian local C-algebra is trivial; this, in turn,
follows if

Exth: (O(1) & O(—I' — 1),0() & O(=1' = 1)) = 0.

This Ext' reduces to H! (P!, O(I' +21) ® O(-1' — 21))0*; however the Cech complex
computing H* (Pl, Dok O(k)) has no C*-invariants in H': this is a consequence of
the description in [Har77], Theorem II1.5.1. O

It remains just to show that each Mg(Ly & La),, is quasiprojective; but the
method of proof used in Theorem 5.3 to show that Mg(L; @ L) is a scheme will
give the desired result, provided we can show that the sheaves £ occurring in pairs
(€,¢) that lie in Mg(Ly & La),, (with fixed Chern classes ¢; and c¢p!) form a
bounded family.

Suppose first that £ is of type U. Then £ occurs in the canonical exact sequence

0—>M1®Il—>€—>M2®IQ—>O

Write My = m*£ @ O(lo) and M, = 7*(E/L) ® O(=l' —l)o) for some [ and some
line subbundle £ C F (recall that E = Ly & Ls). Then

(6.5) € = —(' +2l)deg L + coly + cals.
One has [ > —1'/2 and so
—(" +2l)deg £ > 0.
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Moreover, since £ is of type U, one obtains —(I' 4+ 2I) < 0, and consequently for
each [ satisfying (—1'/2) < | < m there are only finitely many possible values of
deg £ < 0 for which is it possible to satisfy Equation (6.5) with colq,colz > 0. But
now for each of the finitely many possible collections of fixed data I, deg L, coly
and cols, such 1-extensions are parametrized by a subscheme of a projective bundle
over Quot g ¢ (deg L) x Hilb2" x Hilb2" (here Quot g/ (deg £) denotes the Quot-
scheme parametrizing subsheaves of E of degree deg L), thus giving boundedness.

Finally, suppose € is of type E. After twisting with O(I'c), we may assume I’ = 0.
If € is not locally free, we have co€ = c2&** + length(cf e ); moreover the formula
of Section 4 of [Bro83a] shows that if £** has canonical exact sequence

(6.6) 0—=F — & -Tgcy — 0,

then co&** = deg Z, so c2€** > 0 and there are only finitely many possible choices
for c;€** and length(£**/£). Since a relative Quot-scheme for a bounded family
(here we have in mind the Quot-scheme that parametrizes the quotients £** —
E** /€ of the vector bundle £**) is itself a scheme of finite type, it will be enough
to show that for each fixed choice of c3€**, the family of such vector bundles £**
with the prescribed second Chern class is bounded.

Recall that 7' = 7*E’ for some rank two subsheaf E’ C E. Restricting the exact
sequence (6.6) to D gives

Flp=&7p = Tzev|, =0,

which must in fact be left exact as well (because F'|, — 8**| p 1s generically

b

injective and F'| , is torsion-free). There is a short exact sequence

b

0—=Zzcy =0y -0z =0

coming from the isomorphism Zz -y = Zz/Zy, so the length of IZCy|D satisfies

length<IZCy|D> < length(Oy|D> + leng‘ch(Tor1 ((’)D, Oz))
<2 1ength((92).
In particular,
deg E — 2length(Oz) < deg B’ < deg E.

As a result, the collection of bundles £** may be parametrized by subschemes
of projective bundles over finitely many products Quot x Hilb of a Quot-scheme
for subsheaves of E and a Hilbert scheme of points on S. This completes the
proof of boundedness of the collection of sheaves £ appearing in pairs (£,¢) €
Ms(E)m(Spec C) = Mg (L1 @ La)m (Spec C).

6.4. Proof of Theorem 6.1. The description of Equation 6.3 makes it clear what
the components of the fixed-point set of Mg(L1 @ L2) must be: they are isomorphic
to products Hilb§ x Hilb[Lj of C*-invariant sets of Hilbert schemes of points in the
total space of L; these may be described (see [Nak99]) by partitions «, 5. We
need therefore only compute the rank of the negative normal bundle along each
component Hilb} x Hilbg. We may compute this rank at the general point of the
component, that is, one for which supp(O/I1) Nsupp(O/Iz) = 0.
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Suppose (&, (b) is such a general point then the tangent space to Mg(L; @ Ls)
at (€, ¢) is BExt! ( ) Now Ext'(&, €) splits into four components,

Ext! ( L1 @ O(lo) @ I, 7" L1 @ O(lo) ® Il)
Ext! (7T L2®O(( U — ) )®12,7T L2®O((—l/—l)0‘)®12)7
EXt ( *L1®0(l()')®117 *L2®O((71’71)0)®12)7

and

Ext' (7" Ly ® O((—' =)o) ® I, 7" L1 ® O(lo) ® I1).

The first two factors are exactly the tangent spaces to the moduli spaces of rank
one sheaves at 7Ly @ O(lo) ® I; and 7* Ly ® O((I' — l)o) ® I, respectively, and
the first-order deformations of these sheaves that vanish along D are exactly the
tangent spaces to the Hilbert schemes Ty, Hilby and 77, Hilbﬁ, respectively. The
negative normal bundles of these schemes have ranks || — ¢(«) and |8] — £(5),
respectively (see Lemma 7.6 of [Nak99]).

It remains, then, to compute the negative weight spaces of the two remaining
direct factors. We will use the short exact sequences

0—->7"L1®@0(lo)®1 - 7L @ O(lo) - "Ly ® O(lo) @ O/I; — 0
and
071" Lo@O((—l' =)o) @I = Ly @ O((—1' =)o) —
7 Ly @ O((=' =)o) ® O/I3 — 0
to induce long exact sequences in the first variable. Now
Ext' (7"L1 ® O(lo) ® O/I1,7* Ly @ O((~I' =)o) ® I) =0
and
Ext' (7" Ly ® O((—!' =)o) ® O/ I, 7" L1 ® O(lo) ® I;) =0
because the cosupports of I; and I, are disjoint. Similarly, the Ext? term
Ext?*(7*L1 ® O(lo),m* Ly ® O((—1' =)o) ® I)
and its counterpart vanish because they sit in the exact sequence
Ext' (7*L1 ® O(lo), 7" Ly ® O((—1' =)o) ® O/I5) —
Ext*(7*L1 ® O(lo),m* Ly ® O((—' =)o) ® I5) —
Ext?(7*L1 ® O(lo),m* Ly ® O((—1' = 1)o))

and its counterpart, respectively, in which the left and right terms vanish: the
left vanishes because it computes H! of a skyscraper sheaf, the right because it
computes

H' (C,(L7" ® Ly)* @ R'm O(x(I' + 21)0))

which vanishes as in the proof of Theorem 5.3.
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Thus, to compute the remaining negative weight spaces of the tangent space to
Mg (L1 @ Ls), it is enough to compute the negative weight spaces of

(6.7) Ext' (7*L1 ® O(lo), 7" Ly ® O((—1' — )o) ® ),
(6.8) Ext' (7L, ® O((—' =)o), 7" L1 ® O(lo) ® I),
(6.9) Ext?(7*L1 ® O(lo) ® O/I1,7* Ly @ O((=1' — 1)0)),
and

(6.10) Ext? (7" Ly ® O((—1' =)o) ® O/ L, 7" Ly @ O(l0)).

Note that we may (as we have done) omit the ideals in the second variables of
the Ext? groups here because of the assumption that the cosupports of I; and I
are disjoint.

We have exact sequences for the Ext' groups of Equations 6.8 and 6.9 in the
second variable, but this time the vanishing of cohomology groups involving terms
(L7' ® Lo)* @ L7 implies that in fact

Ext' (L1 ® O(lo),m* Ly ® O((—1' =)o) ® I5) =

Ext’ (7L ® O(lo), 7" Ly ® O((—1' =)o) ® O/I>)
and

Ext' (7L, ® O((—' =)o), L1 ® O(lo) ® I;) =

Ext’ (7" Ly ® O((—1' = )o),7* L1 ® O(lo) ® O/I1).

We now choose a sequence of integers (wy,ws,w3) € Z3, satisfying ws > wy >
wy > 0, and adjust the weights of the (C*)? x C* action on Mg(L; @ L) ac-
cordingly by precomposing with the map (C*)? x C* — (C*)? x C* determined
by these three weights.

We have reduced our computation to the computation of the negative weight
spaces in the four groups

HY(O((-1 = 2D)7) © 0/15) @ C(ws — wn),

H(O((I' +2l)0) ® O/ 1) @ C(wy — wy),

Ext?(O/1,0((-1' - 21)0)) ® C(wy — w1),
and

Ext*(O/I,0((I' + 2)0)) 2 C(wy — wo).

Here C(x) denotes the one-dimensional representation of C* with weight x.
Moreover, we have

HO (O((—l/ — 2l)0') ® O/[Q) X C(w2 — wl) =
H°(0/1) ® C(ws — wy — w3(l' + 21))
and
HO (O((l/ + 2[)0’) X O/Il) ® C(w1 — w2) =
H°(0/I) ® C(w1 — ws + w3 (I' +21)).
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Now, as in Lemma 3.6, if we decompose O/I; by weight, say O/1; = P,,5, V (—nws),
with filtered pieces F'(—nws3) = €,,,>,, V(—mws), then C* acts in
Ext® (V(—nws), 0) := Ext? (F(—nws)/F(—(n+ 1)ws),O)
with weight (n + 1)ws: for, using the resolution
O(—c—f)—=O(-f)@O(-0) - O —=C
gives
Ext?(C, 0) = coker(O(J) & 0(f) = O(oc + f))

locally, and this latter group has local generator z=! (I*/ 5*)_1, where z is a local
parameter for the curve C and I*/s* is a local variable in the fiber direction; but
on this generator C* acts (under the inverse action!) with weight ws.
We may summarize the weight space decompositions, then, as follows. Write the
partitions a and 3 as o = 1%12%23% __ and @ = 1?1223 . Then
j—1
HO(O/IQ) X C(wg — Wy — ’LU3(l/ + 2[)) = @@ Cb (wQ — Wy — ’wg(l/ + 21 + Z)),
§>0 i=0

j—1
H°(O/I) @ C(wy — wy + ws(I' +21)) = P EP C¥ (w1 — wa + ws(I' + 21 — i),
j>0 i=0

EXtQ(O/Il, O) ® C(U}Q —wy — w3<l/ + 2[)) =
j—1

@@Caj (wg — w1 +UJ3(i+ 1-— (ll +2l))),

§>0 i=0

and

Ext?(0/I, 0) ® C(w; — ws +ws(l' +21)) =
j—1
P C¥ (w1 — wa +ws(i+ 1+ (I +21))).
§>0 i=0
Adding all terms, we get

j—1
PSP [ij (wa —wi —ws (' + 21+ 1)) & CY (w1 —wa +ws (' + 20 +i+1)) @
§>0 i=0

C% (wy — w1 +w3(i +1—1'—21)) & C¥ (w1 — wy + w3(l' + 21 —1))].

Now, under our assumption that ws > ws > wy, we find that

we —wy —ws(l' +21+14) <0 iff UV+204+i>1,
wy; —we +ws(l' +2l+i+1) <0 iff UV+2044< -1,
wy —wy +wg(=' —20l+i+1) <0 iff UV+20—i>1,

and

wl—w2+w3(l’+2l—z)<0 iff l’+2[—l§0
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In other words, for each choice of 7 and j, we obtain in the negative weight space
a copy of

C% @ Cb provided U'+20# —ii+1
C% provided ' +20=—i
Cbi provided U'+20=i+1.

This may be summarized as follows: we obtain C?, where d is given by

d= Y bi(l—0rymrio)+ Y aj(l—drp2—i-10)-

§>i>0 §>i>0
The total rank of the negative normal bundle (expressed in terms of the partitions
a and (3 and the degrees I’ and 1) is then

d(a, B, l,l’) _ [|a|—€(a) + Z a]—(l — 5l’+2li1,0):|

j>i>0

g6+ F b0 s,
§>i>0
which gives the expression for Equation 6.2. This completes the proof of Theorem
6.1. O

The generating function given in the introduction follows from this theorem by a
straightforward computation.
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