Homework #7 Due Wednesday April 12: Revision 2

Davenport: 6.02, 6.05, 6.08

N1:

N2:

N3:

N4:

N5:

N6:

N7:

Prove that an indefinite quadratic forfirepresent® (that is, there is afiz, y) # (0,0) with
f(z,y) = 0) if and only if the discriminant off is a square.

Let f = (a, b, c) be a binary quadratic form. Let; be its principle root. Prove thatif € SL,Z
then

wfzw where A= ( % b .
5WfoA+/7 ) Y

Let f(z,y) = ax® + bxy + cy? be a primitive quadratic form, and its discriminant. Prove
there is a one-to-one correspondence between automorphisfranof solutions (irZ) to the
equation

? — Ay? = 4.

Prove that the automorphism group definitequadratic form is finite (that is, there are only
finitely many automorphisms). Some of the most beautiful simple groups arise as automorphis-
m groups of quadratic forms in higher dimensions. What about the automorphism groups of
indefinite forms?

Suppose\ > 0 is the discriminant of an indefinate quadratic form. Use N3 to prove that the
eguation

z? — Ay? = 4.

has a solution ifN. Use this to give another proof that Pell’s equation
2 — Ay? = 1.

has a solution imN.

LetA > 0 be the discriminant of an indefinate quadratic form. Prove that the equation
22— Ay? = —4

has solutions if and only if there are reduced forfhg, ¢) and (—1, b, —c) which lie in the
same cycle. What does this result say about solutions to the equation

2 — Ay? = —17

Find the number of forms of discriminant 21.



