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Abstract

Let D(H) be the minimum d such that every graph G with average degreed
has anH-minor. Myers and Thomason found good bounds orD(H) for almost
all graphs H and proved that for "balanced' H random graphs provide extremal
examples and determine the extremal function. Examples ofunbalanced graphs'
are complete bipartite graphs K. for a xed s and larget. Myers proved upper
bounds onD (K:t) and made a conjecture on the order of magnitude oD (K ;) for
a xed sandt!1 . He also found exact values foD (K 2.) for an in nite series
of t. In this paper, we con rm the conjecture of Myers and nd asymptotically (in
s) exact bounds onD (K ;) for a xed s and larget.

Keywords: Graph minors, average degree, complete bipartite graphs.

1 Introduction

Recall that a graphH is aminor of a graphG if one can obtainH from G by a sequence
of edge contractions and vertex and edge deletions. In otheprds, H is a minor of G
if there is Vg %2 V(G) and a mappingf : (V(G)i W) ! V(H) such that for every
v 2 V(H), the setfil(v) induces a nonempty connected subgraph i@ and for every
uv 2 E(H), there is an edge inG connectingf i 1(u) with fi 1(v).

Mader [4] proved that for each positive integet, there exists aD (t) such that every
graph with average degree at leadD (t) has aK;-minor. Kostochka [1, 2] and Thoma-
son [11] determined the order of magnitude dd(t), and recently Thomason [12] found
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Foundation for Basic Research.



the asymptotics of D (t). Furthermore, Myers and Thomason [9, 6], for a general graph
H, studied the minimum numberD (H) such that every graphG with average degree at
leastD(H) has anH -minor, i.e., a minor isomorphic toH. They showed that for almost
all graphs H, random graphs are bricks for constructions of extremal grap. On the
other hand, they observed that for xeds and very larget, the union of many K.y 1
with sj 1 common vertices does not have ars..-minor and has a higher average degree
than a construction obtained as a union of random subgraphs.

In view of this, Myers [8, 7] considered® (Ks:) for xed s and larget. The above
example of the union of manyKs,; 1 with sj 1 common vertices shows thab (Ks.) ,
t+2sj 3. Myers proved

Theorem 1 ([8]) Let t > 10?° be a positive integer. Then every grapt = (V;E) with
more than %(jVj i 1) edges has & ,.;-minor.

This bound is tight for jVj ~ 1 (modt). Myers noted that probably the average
degree that provides the existence of K -minor, provides also the existence of K¢, -
minor, whereK g, = K+ K is the graph obtained fromKs; by adding all edges between
vertices in the smaller partite set. In other wordsK ¢, is the graph obtained fromK,
by deleting all edges of a subgraph onvertices. Myers also conjectured that for every
positive integers, there existsC = C(s) such that for each positive integet, every graph
with average degree at leasC t has aK..-minor.

Preparing this paper, we have learned that K&hn and Osthus][Broved the following
re nement of Myers' conjecture.

Theorem 2 ([3]) For every 2 > 0 and every positive integers there exists a number
to = to(S;?) such that for all integerst , to every graph of average degree at leggt+ 2)t
contains K¢, as a minor.

In this paper, we prove a stronger statement but under strongesaumptions: We nd
asymptotically (in s) exact bounds onD (K.) for t much larger thans. Our main result
is

Theorem 3 Let s andt be positive integers witht > (180slog, s)1*¢5'°925, Then every
graphG = (V; E) with jE]j , t+Z?S(jVji s+1) has aKg-minor. In particular, D(Kg,) -
t+3s. On the other hand, for arbitraBIy largen, there exist graphs with at least vertices

and average degree at least- 3sj 5 s that do not have aK..-minor.

This con rms the insight of Myers that D(K ¢,) and D(Ks,) are essentially the same
for xed s and larget. It follows from our theorem that the above described constrtion
giving D(Kst), t+2sj 3is not optimal for s > 100.

In the next section we describe a construction giving the lowerlbind for D (K.). In
Section 3 we handle graphs with few vertices. Then in Sectionwe derive a couple of
technical statements on contractions and in Section 5 we nisthé proof of Theorem 3.

Throughout the paper,N(x) = fv2 V : xv 2 Eg is the open neighborhood of the
vertex x,Sand N[x] = N(X)[f xg is éhe closed neighborhood okx. If X p V, then
N(X)= ,ox N(X)j X andN[X]= ,,x N[x]. We denote the minimum degree o6

by +HG).



2 Lower bound

We will need the following old result of Sauer [10]:

Lemma 1 [10]Letg, S5andm , 4. Then for every evem , 2(mi 1)% 2, there exists
an n-vertex m-regular graph of girth at least.

If2 - s- 18, then 3j 5p s < 2sj 3 and the construction above described by Myers
and Thomason gives the lower bound. Let, 19.

First, we describedrﬁ complsm_enG(s;t) of a brick G(s;t) for the construction. Let
g be the number infd" 3se;1+ d 3segsuch thattj qis even. Observe that fors, 18,

2:5p§, 2+dp§e, q+1; 1)
andqg,d p3_se, 8.
By Lemma 1, if 3+tj q> (qj 3)* !, then there exists a i 2)-regular graph
F (s;t) of girth at least 2s+ 1 with 2s+ t | qvertices. Since > (180slog, s)1*65/°9%25 and
2s > g, the condition 23+t q > (qi 3)*i ! holds. Let G(s;t) = F(s;t).

Claim 2.1 JE(G(s;1))j, 05(t+3si 2)(jV(G(s;t)ji s+1)+(si 1)>=4.

PROOF. SincejV (G(s;t))j=2s+tj gand F(s;t)is (qj 2)-regular, the statement
of the claim is equivalent to the inequality

(2s+tj Q@s+tj 2g+1) ., (t+3sj 20)(s+tj q+1)+(sj 1)*=2

Open the parentheses: all factors of cancel out and we get the inequalitys® i s ,
q(si 1)+(sj 1)>=2 which reduces tos+1 , 2g. The last inequality holds fors, 18. R

Claim 2.2 G(s;t) has noK.-minor.

PROOF. Suppose to the contrary that there exisiv, %2 V (G(s;t)) and a mappingf
(V(G(s;t) i Vo) ! V(Kgy) as in the de nition of a minor. Let X be the set of vertices
X 2 V(Kgy) with jfiY(x)j, 2andletV?= \,[ fil(X). SincejV(G(s;t))j=2s+tj q,
we havejVy - 2(si o).

Let S denote the partite set ofs vertices inK¢; and V%= fi}(Sj X)= fi}(S)j V@
Then jV% | q. Since everyv 2 V®is adjacent in G(s;t) to every vertex outside of
VO VO the subgraphF° of F(s;t) on V%[ VO contains all edges incident withV %
Since the girth of F(s;t) is at least X+ 1, F%has at mostjV% 1 edges insidev®
Therefore, F° has at least @i 2)jVYi (jV°fi 1) edges ofF (s;t) incident with V0 If
the subgraphF, of F%induced by these edges has a cycle, at least half of the vertices
of this cycle should be invV®and therefore, the length of this cycle should be at most
2V . 2s, a contradiction to the de nition of F(s;t). If Fy has no cycles, then, by the
above,jVY VY, 2+(qj 3)jVY. Recall thatjv°Y VI -j V9+2(sj q), and therefore
we have 26 ) , 2+(qip4_)jV°?, 2+(qj 4)q,i.e. 2, 2+09(qj 2). But this does
not hold if s, 18 andq, = 3s. [ |



Claim 2.3 F(s;t) has an independent set of sizej 1.

PROOF. We can construct such a set greedily, sinde(s;t) is (qj 2)-regular and the
number of vertices ofF (s;t) is greater than (s 1)(qj 1). [ |

Let | be a clique of sizesj 1 in G(s;t) that exists by Claim 2.3. De ne G(s;t;1) =

common vertex subset. In other words, we glue every vertex of in G(s;t;r j 1) with
its copy in G(s;1).

Claim 2.4 For everyr , 1,

(@) jV(G(sitr)j=si 1+r(s+tj q+1); s -

(b) JE(G(s;t;r))j, O5(t+3si 20(V(G(sit;r)ji s+1)+ 5,5 i rs;
(c) G(s;t;r) has noKs.-minor.

PROOF. Statement (a) is immediate and we will prove (b) and (cby induction onr.
For r = 1, (b) is clear from Claim 2.1 and (c) is equivalent to Claim 2. Suppose that
the claim holds forr - rqj 1.

Suppose st that G(s;t;ro) contains a Kgi-minor G% Since the common part of
G(s;t;roi 1) and G(s;t) is a clique of sizesj 1 and neither of these graphs has K .-
minor, each ofG(s;t;roj 1)i | and G(s;t)j | must contain a branching vertex ofK ;.
But then there are nos internally disjoint paths between these vertices, a contradiion.

By construction, jV (G(s;t;ro))jij V(G(s;t;roi 1))j=s+tj g+1and by Claim 2.1,

A !

. - . . si 1l
IEG(sitro)iif E(G(sitroi 1) = JE(G(Si)ii
82
, O5(t+3sj 2g0)(s+tj g+1) Z:
This together with the induction assumption proves (b). [ |

Now, by part (b) of Claim 2.4, if jV(G(s;t;r))j , st+ 4s? (to be crude), then
JE(G(s;t;r))j > O5(t+si 2qi 2)jV(G(s;t;r))j. Since this happens whenever, s+1,
we conclude from (1) that for larger, G(s;t;r) has average degree greater than

t+3sj 29j 2, t+3s] 5p§:

This proves the lower bound.



3 Graphs with few vertices

In this section, we prove the upper bound of Theorem 3 for graphwith at most 1=9
vertices.

Lemma 2 Let m;s; and n be positive integers such that

n> 10s(30m)™: (2)
Let G = (V;E) be a graph withVj = n andjEj - 0:5mn such that
degfv) - 0:6n 8v2V: 3)

Then there exist anL 2V with jLj - mj 1 and s disjoint pairs (X;;y;) of vertices in

PROOF. For every two distinct verticesx;y in G, let Algx; y) denote the set of common
neighbors ofx andy and a(x;y) = jA(X;y)j. For a(G) =  ,y,v a(X;y), we have
A A !
deg(v) 0:6n mn

—— < 03n(nij 1)m: (4)

AG) - 2 2 0®6n

v2V
Let Vp = fv2 V : deg(v) , Oln=mgandV; = Vi V. For every two distinct
verticesx;y in G and i 5 0;1, let Ai(x;y) = A(x;y) \ Vi and a(x;y) = jAi(X;y)]. Also,
fori =01, leta(G) =, y2va(xy). Similarly to (4),
A I

A LA !
deg() - 0In=m mn

2(G) - 2 2 Odn=m

< 0:05(nj 1): (5)

v2Vi
3 -

Let W = f(x;y) 2 ‘g Xy 2 E;ai(x;y) = 0; and ag(x;y) - mij 1g. Then
jWj, % ij Eji a(G)i a(G)=m. Hence, by (5) and (4),

A

n mn n(nij 1 n nnj 1
P (2'0)iO:Sn(ni1):5(0:3(ni1)im)> (é )

Consider the auxiliary graphH with the vertex setV and edge seWW. By (6), H has
a matchigg M with jMj; n=9. Since the number of distinct subsets ofy of size at most
mi lis [Ji)t 1o|£n2 < 1°nT2 < (10em)™, there exists anL % V, with jLj- mj 1 such
that for the set M = fxy 2 M : Aqg(X;y) = Lg we have (remembering (2))

: n=9
Us Drammm
(10em)m

But then L and the pairs inM_ are what we need. (]

JWj

. (6)

M S:

A graph G is (s;t)-irreducible if
) v(G), s
(i) &G), O5(t+3s)(v(G)j s+1);
(iii) G has no minorG° possessing (i) and (ii).
For an edgee of a graphG, tg(e) denotes the number of triangles irG containing e.

5



Lemma 3 If G is an (s;t)-irreducible graph andt > s 2, then

(@) v(G), t+2s+1;

(b) tg(e), O:5(t+3sj 1) for everye2 E(G);

(c)if W¥»LV(G) andv(G) jj W], s, then W is incident with at leastO:5(t + 3s)jW|
edges; in particular,£G) , 0:5(t + 3s);

(d) G is s-connected,;

(e) &G) < O:5(t + 3s)v(G).

PROOF. The number n of vertices of G should satisfy the inequalityn(nj 1)=2 ,
0:5(t+3s)(nj s+1). The roots of the polynomialf (n) = n?j nj (t+3s)(nj s+1) are
lp- q 1

Nyp = > t+3s+18 (t+3s+1)2j 4(t+3s)(sij 1) :

Observe that ¢ +3s+1)% 4(t+3s)(sj 1)> (t+ s+1)2fort, s2 Therefore, either
n<s orn>t +2s+1. This together with (i) proves (a).

Let G be obtained fromG by contracting e. Then &(Ge) = (G) i ts(e)j 1. By (iii),
e(Ge) - O05(t+3s)(V(Ge)j s+1)j 05=0:5(t+3s)(v(G)j s)ij 0:5. This together with
(i) yields

tc(e) = e(G)j e(Ge)i 1, 05(t+3s)+0:5;] 1=0:5(+3sj 1)

i.e., (b) holds.

Observe that (c) follows from the fact thatG i W does not satisfy (ii).

Assume that there is a partition (V;; Vo; V) of V(G) such that jVoj - sj 1 andG has
no edges connectiny; with V,. By (c), jV4j;jV2j, 05t +3s)j (si 1). Let G; be the
subgraph ofG induced by Vo [ Vi, nj = v(Gj), and g = G;), i =1;2. SinceG; and G,
are minors ofG, (iii) yields e < 0:5(t + 3s)(n; j s+ 1) for i =1;2. But then

M 1
eG) - e+ e2<%(t+35) (nyj s+1)+(nyj s+1) :

Sincen;+ nyj s+1=v(G)+ jVoji s+1 - v(G), this contradicts (ii).
If (e) does not hold forG, then for anye 2 E(G), G e satis es (ii), a contradiction
to (iii). [

Lemma 4 Suppose that > (180slog, s)**6s°%25_ If H satis es (i) and (ii) and v(H) -
t+6slog,s+2s, then H has aKg,-minor.

PROOF. Let Hq be an (s; t)-irreducible minor ofH. Hg also has at most+6slog, s+2s
vertices. Suppose thatv(Hg) = n = t+2s+ m. By Lemma 3(a) and conditions of our
lemma, 1- m - 6slog,s. Let G be the complement oH,. By (i), we have

Al
n

)

i %(t+35)(ni s+1)= %(nzi ni (n+sj m)y(nj s+1)=

6



= —«m. 2n+(si 1(si m)) < %

By (c) of Lemma 3, the degree of every vertex iG is at mostnj 1 O0:5(t +3s) =
0:5(t+s)+ mj 1< 0:6n. Applying Lemma2toGwe ndanlL % V(G)with jLj- mj 1

and s d|510|nt pairs of vertices i;y;), i = 1;:::;s such that distg; L (Xi;yi) > 2 for
alli =1;:::; ;S. Then contracting the edgesx,y. in the graph HY = Hp i L we get a
Kenij Lii s mlnor n

Lemma 5 Let m;s;k; and n be positive integers such thét, 10, s, 3, m- 0:1n
n> 10sk* and (5=9)" ’m< 1: (7)
Let G = (V;E) be a graph withVj = n andjEj - 0:5mn such that

5
deg(v) - n 8v2V: (8)
Then there eX|sts palrW|se disjoint k-tuples X; = fX;.1;:::; Xk g of vertices in G such

(91) no vertex is a common neighbor of all the vertices K; ;
(g2) G(X;) does not contain any complete bipartite grapK,;;, 1- j - k=2

having a common neighbor. ThIS numbegq, is at most

X Ad (\/)I A5 | An!
egl)  5n mn ‘i1 .
K K Bnzg O om

v2V
Thus by (7), op < 2 | .
Let Vo = fv2 V : deg;(v), n=3gandV; =V i V,. The number of k-tuples X

that contain a complete bipartite graphKj;j, 1- j - k=2 such that the partite set of
sizej contains a vertex |nV1 does not exceed
1A 1A !
X deg(v) n n n=3 mn_

oy, dse  bkci 1l bici 1 dse n=3’
Sincek , 10,m - 0:1n, andn> 10sk? , 30k, the last expression is at most
A ! AL K A
n - n _ o 1 n
31 k—23m . 3| 0:5k+1 m - T
ki1l k ni k+1 80 k

Similarly, the number ¢@°f k-tuples X that contain a complete bipartite graphK ; i,
1- j - k=2 such that the partite set of sizg contains only vertices inV, does not exceed

A 1A ! A I A 1 A
%° Vi §n jMoj+ gn 3m+5n=0 ““n
=1 Ki ] k n k



: VW
n
% K < 0:211 K
Hence the total numberq of k-tuples X not satisfying (q1) or (g2) is at most
Al Al
M 1 f

o N "5 1 2o N
o+ P+ « o' ggt02ll <078

3 -

Therefore, there are at least @2 | goodk-tuples, i.e., k-tuples satisfying (q1) and

o AL

(92). Now, we choose disjoint goo#t-tuples X ;:::; X5 one by one in a greedy manner
Let X; be any goodk-tupée. Suppose that we have chosen-1- - s 1 goodk-tuples
Xy;1:0;X;. The setX = ~!_; X; meets at most | ni ks D goodk-tuples. But by
(7). A1 A A0 & Ll
n : ni k(si 1) < n@1i ni sk A <
k k k ni k
A 1A A " Al
n sk? 1 n
< 1; i —— < — :
k nj k 10 k
Thus, we can choose a goddtuple X;.; disjoint from X. ]

Lemma 6 Suppose thats, 3, t> (180slog,s)'*®s'°9%s  |f H satis es (i) and (ii) and
V(H) - 10=9, then H has aKg,-minor.

PROOF. Let Hy be an (s; t)-irreducible minor ofH. Hg also has at most 169 vertices.

Let v(Ho) = n = t+ m. By Lemma 4 and conditions of our lemma,$log, s+2s- m -
t=9. Let G be the complement ofH,. We want to prove that G satis es the conditions
of Lemma 5 fork = maxf 10; 2 + dlogs_s meg Inequalitiesk , 10,s, 3, andm - 0:1n
follow from the de nitions under the conditions of our lemma.So does the second part
of (7). The inequality JE(G)j - 0:5mn follows from (ii) as in the proof of Lemma 4. By
(c) of Lemma 3, the degree of every vertex i@ is at most

ni 1j O5t+3s)=0:5(tj 3s)+ mj 1< 05n+(mj 3s)=2< 5n=9:

Thus, we need only to verify the st part of (7), namely,n > 10sk?. If k = 10, then this
is implied by n>t , (180slog, s)*65°%25 > 100Gs.
Suppose now thatk = 2 + dogy_; me. Sincem - t=9,

k =2+ dogy; me< 3+10gg-5(t=9) < loggst < 1:2l0g, t;
in order to verify n > 10sk?, it is suxcient to check that

t> 10s(1:2log, t)%: (9)



Observe that the derivative of the RHS of (9) with respect ta is equal to 26(1:2 log, t)t%"2
which is less than 1 fort > (180slog, s)**6°925. Therefore, it is enough to check (9) for

t = (180slog, s)1*6s"%25_ Since 188log, s > 10s ¢1:22, this would follow from
(180slog, 5)33 logy s log,(180s log, S)1+Gslog2 s

which is easy to verify. Thus we can apply Lemma 5 tG.

mean that everyX; is a connected dominating set irHo. Thus, Hq has aKg.,. g -minor.

We need now only to check thatn j sk, t,i.e., sk- m. Observe rstthat m
6slog,s +2s , s(6log,3 +2) > 11s. This veries sk - m for k - 10. Letk =
2 + dlogg_s me. As above,k < 1:2log, m and it is enough to verify the inequality 12s <

m=log, m for m = 6slog,s. In this case, the last inequality reduces to k bgz(%'s%

which in turn reduces tos® > 6slog, s. This is true for s, 3. |

4 Auxiliary statements

Lemma 7 Let G be a connected graph. I#G) , k, jV(G)j = n, then there exists a
partition V(G) = Wi [ Wo[ ::: og V(G) such that for everyi,
(a) the subgraph ofG induced by ";_; W, is connected,
(b) jWij - 3, ]
(c) i A gt
. kil
ve)i | N n MEKEL (10)
=1 :

Furthermore, one can havgW,j = 1.

3 -

PROOF. Fori =1, n ”'T"'l = ni ki 1, sowe can takéV,; = fw,g, whessrewl can be
any vertex. Suppose that the lemma holds far= mj 1 andletX,, = V(G)j jm:illN[\Nj].
Then

INIVI, (K+ 1) jX )
V2Xm
and hence there exists somer, that belopgs to at least k + 1)jXnj=n sets N[v] for
v 2 X;,. We can choosew,, as close to J”zll W, as possible. Since every vertex on

dlstansce 3 from J"zll W, dominates at leastk + 1 vertices in V(G) j J"zll W;, the distance
from J"zll W; to wy, is at msost 3. Therefore, we can fornrW,, from w,, and the vertices
of a shortest pathP,, from J":ll W; to Wp,. n

Lemma 8 Let®, 2. If Gis a connected graphG) , k, andn - ®&k+1), then there
exists a dominating seA u V(G) such thatG[A] is connected and

JAj - 3logee, 1y N (11)

9



PROOF. Let V(G) = W, [SWZ[ ... be a partition guaranteed by Lemma 7. Let
m = bloge~e; 1) NC. Then A°= 1L, W; does not dominate at most

nlig T @1

3

vertices, wherex is the fractional part of loge_, 1) N. Since®, 2, we have % “< 2.
Thus, A° dominates all but at most one vertices inG. Suppose that the non-dominated
vertex (if exists) iswp. SinceG is connected, there is a common neighbgs of wy and A°.
Then A = A% vy, is a connected dominating set i andjAj = jAY+1 - 1+3(mj 1)+1 <

3loge=@; 1) N: ]

Lemma 9 Let s;k, and n be positive integers an®, 2. Suppose than - ®&k+1). Let
G be a(3sloge—, 1) N)-connected graph witm vertices andH{G) , k+3(si 1)l0ggq; 1) N-

(i) G[A|] is connected,
(i) A" 310Gse 1N
(i) Aj dominatesGi Ai;i :::i Aj 1.

PROOF. Apply Lemma 8 s times. [ |

A subsetX of vertices of a graphH is k-separablaf X [ N(X) 6 V(H) and JN(X) i
Xj- k.

Lemma 10 LetH be a graph ank be a positive integer. IfC is an inclusionwise minimal
k-separable set inH and S = N(C) j C, then the subgraph oH induced byC [ S is
(1 + dse)-connected.

PROOF. Assume that there isD p S[ C with jDj - d gethat separatesH[S [ C]
into H; and H,. Let H; be those of the two parts with fewer (or equal) vertices irs.
Then the setS; = D[ (S\ V(H,)) has at mostk vertices and is a separating set iii.
Moreover, a component oH | S; is a proper part of C, a contradiction. ]

Lemma 11 Let G be a10Gslog, t-connected graph. Suppose th& contains a vertex
subsetU with t + 100slog,t - j Uj - 3t such thatxG[U]) , 0:4t + 100slog,t. Then G
has aKg,-minor.

PROOF. Run the following procedure. LetS; be a smallest separating set iGG[U]. If
jS1j, 20slog,t, then stop. Otherwise, letU? UJ;::: be the components of5[U]| S;. If
some of these components has a separating Sewith jS,j < 20slog, t, then let UZ; U2;: ::
be the components of5[U]j S;i S, and so on. Consider the situation after four such
steps (if we did not stop earlier).

10



Claim 4.1 If we did not stop after Step 3, then at most two components GfU]j S; i
S;i Szi S, are not 20slog, t-connected.

Proof. LetH = G[U]i S1i S2i Szi Ss4. By construction, H has at least 5 components
and
+#H), HG[U])i 4¢20slog,t, 0:4t+ 20slog,t: (12)

It follows that each component oH has more than ®4t+20slog, t vertices. Moreover, if a
componentH °of H has fewer than @8t vertices, then each two vertices il °have at least
40slog, t common neighbors, and thusi %is 4%slog, t-connected. Therefore, if some three
components oH are not 2Gslog, t-connected, thenUj ,j V(H)j, 300:8t+2d:4t = 3:2t,

a contradiction.

Claim 4.2 For somel - m - 3, there are m vertex disjoint subgraphdH,;:::;Hy, of
G[U] such that

) JV(H)j+ :::+ jJV(HR)j, t+ m20slog,t.

Proof. Note that we stopped immediately after Step 4 or earliefThis implies 2). If we
stopped before Step 4, then each component@fU]; S;j :::is 20slog, t-connected. By
Claim 4.1, if we stopped after Step 4, then at least three of theemponents are 26log, t-
connected. If we have at least three such components, then tolget they contain more
than 3(0:4t + 20slog,t) >t + 60slog,t vertices. If we have at most two components,
then we stopped before Step 2 and the total number of verticas them is at leastjUj j
20slog,t, t+80slog,t. This proves the claim.

To nish the proof of the lemma, we consider 3 cases according toetlsmallest value
of m for which Claim 4.2 holds.
CASE 1. m = 1. SincejV(H,.)j-j Uj- 3t, we havejV(H,)j=0:4t - 7:5 and

3Iog% 3t = Ii” log, 3t < 15log, 3t - 20log t
' 00 65

whenevert ;| 27. It follows that we can apply Lemma 9 toH;. By this lemma, there are

(i) G[A|] is connected;
(i) jAij - 3Iogg 3t- 20logt;
(i) Aj dominatesHyi A;i i1 Aj1.
SincejV(H1) i Aij :::i Asj, t+20slog,tj s¢20logt=t, H; has aKg,-minor.
CASE 2. m = 2. Since Case 1 does not hold, we know that Statement 3) of Qtai4.2
fails for both H;, sojV(H;)j - t+20slog,t - 1.2t fori =1;2. We can apply Lemma 9

everyj =1;2,
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(i) G[A!]is connected;
(ii) jAlj- 3log, 1:2t - 7log,t;

(i) Al dominatesH; i A}i_:::j Al ;.

Forj =1;2, let Aj = "5, Al andV; = V(H;) i Aj. Since the connectivity of
Gi Ai1i Ais at least 108log,t j 14slog,t, there ares vertex disjoint V;; V,-paths
Pi;::5;Psin G Ari A,. We may assume that everyP; has exactly one vertex inVv;

and one vertex inV,. Fori =1;:::;s, dene A? = Al[ AZ[ V(P). Lhen by (i), G[A?]
is connected for every. By (iii), each A? dominatesUy = (V1[ Vo) i ~ -, V(P;) and AR
for k >i. Note that

JUoj , ] Vi Voji 2s,j V(Hyj+ [V(H2)jij Adji] Adi 2s,
, t+40slog,tj 14logtj 2s>t:
HenceGIV (Hy) [ V(H2) [~ V(P))] has aK 2 -minor.
CASE 3. m = 3. Since Cases 1 and 2 do not hold, we can assume theiH;)j - 0:8t

fori =1;2;3. To see this, suppose without loss of generality thaV (H,)j, 0:8t. Then
JV(H2)j, HHy) > 0:4t, so

JV(H1)j+ jV(H)j, L2t>t +40slog,t;

and Case 2 would apply, a contradiction.
Now we can apply Lemma 9 to each dfl;, H,, and Hz with ® = 2. Hence, there exist

j =123,
(i) G[A!]is connected:;
(i) jAlj- 3log, 0:8t < 3log, t; _
(i) Al dominatesH; i Ali i A1
Forj =1;2;3,letU; = V(H;)i ~; AL. Then
JUL [ Uz[ Uz, 3(0:4t +20slog,t) i 3s(3log,t) =1:2t +51slog,t:

Forj =1;2;3, choos@g VzéJj with jX4j = 2s and jX;j = jX3j = s. The connectivity
of the graphHg = G j 13=1 i, Al is at least 108log,t i 9slog,t = 91slog,t. Hence

(@) Qa1 [ Qok M Paj 1 [ Pa;
(0) JV(Qa; 1[ Qa)\ (Ui U [ Us)j- 4,
(€) V(Qai 1 [ Qa)\ Uj & ; foreveryj =1;23.

(i) G[Fi] is connected for every;
(i) Fi-s are pairwise disjoint; s
(i) F; dominatesU; [ U24 Usi &, QcandF; forj>i .
SincejU; [ Uo[ Usj ~25, Qj, L2t+91slog,ti 4s, G has akK g-minor. [ |
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5 Final argument

Below, G = (V;E) is a minimum counterexample to Theorem 3. In particular,G is
(s;t)-irreducible.
CASE 1. G is 20Gslog, t-connected. IfG has a vertexv with t+100slog,t - deg() -

3ti 1, then G satis es Lemma 11 withU = N [v] and we are done. Thus, we can assume
that every vertex in G has either 'small' € t +100slog, t) or ‘large' (, 3t) degree. LetV,
be the set of vertices of “small' degree. j¥,j >t + 100slog, t, then there is somevPu Vj
such that [
t +100slog,t -] N[v]j- 3tj L

v2vy

: : S
In this case, we can apply Lemma 11 withJ = v2voN [V].
Now, let jVpj - t+100slog,t. By Lemma 3(e), the average degree @ is less than
t + 3s. Since every vertex outside oYy has degree at leastt3 we get

0:5tjVoj + 3t(njj Voj) < (t+3s)n
and hencen < 22.513\5/2 < 3t. If n>t +100slog, t, then we apply Lemma 11 withU = V (G).
If n- t+100slog,t, then we are done by Lemma 6.

CASE 2. G is not 20Gslog, t-connected. LetS be a separating set with less than
k = d20Gslog, te vertices andV(G) j S = Vi [ V. where vertices inV, are not adjacent
to vertices in V.. Then each ofV; and V; is ak-separable set. Foj =1;2, let W, be an
inclusion minimal k-separable set contained iv; and §; = N(W;) i W;. By Lemma 10,
the graph G; = G[W,; [ S;] is 10Glog, t-connected.

CASE 2.1. jW; [ §;j, t+100slog,t for somej 2 f1,29. Then we essentially
repeat the argument of Case 1 with the restriction that the vertesv are taken only
in W;. Since by the minimality of G, the number of edges incident tdV; is less than
0:5(t + 3s)jW;j + 200slog, tjW, j, the argument goes through.

CASE 2.2. jW, [ Sjj <t +100slog,t for both j 2 f 1;29. By Lemma 3(c), we need
jWJj , Ui 4003|ngt. Let Hj = G(WJ)

Claim 5.1 (a) #(H;), 05t 20Glog,t;
(b) H; is 400slog, t-connected.

PROOF. The rst statement follows from Lemma 3(c). If Sy is a separating set

in H; with jSoj < 40Gslog,t, then the smaller part, say,Ho, of H; i Sp has at most
0:5t + 50slog, t vertices andjSy[ Sjj- 600log,t. This contradicts Lemma 3(c). |

(i) AL} - 310gs, jWij < 6logy jW;j;
(i) Al dominatesW; i AL :::i Al ..
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Since G is s-connected,|S;j , s, j = 1;2, and there ares pairwise vertex disjoint

pj . By Lemma 3(b), eachp; has at least 05t | 2008 Iggzt neighbors inW;. Thus, we
can choose gdistinct vertices ¢; such thatg; 2 W, i ~§-; Al andp; g; 2 E(G).

() G[F;] is connected,;

(i) Fi-s are pairw'ge disjoint;

(i) Fi dominates™?; Wj i Fi:::j Fyj 1.
Since

2
j[ Wi Fiiiii Fijaj, 2(ti 40Glog,t) i 12slog, 2t 2s>t;
j=1

G has aK g;-minor. n
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