Section 6.1: Review of Formulas and Techniques

Substitution is fundamental to finding antiderivatives. The idea behind sub-
stitution is to rewrite the integrand, initially in terms of x, in terms of a new
variable u. We then integrate with respect to «, and substitute back in for x.

Example: Find [3(3z + 7)%dz.

Solution: If we let uw = 3z + 7, then du = 3dx, so our integral becomes

9 9
/ugdu=%+c=@+0.

O

The key to integration by substitution is to recognize forms of integrals we
can do. To this end, the fourteen integrals on page 510 should be memorized,
along with [ sec(z)dz = In|sec(z) + tan(z)| + C.

Example: Find [ dz.

2+2 +2
Solution: If we set u = z? + 2z + 2, then du = (2z + 2)dz, and our inte-

gral becomes

d
Y =nju|+C=Inja?+22+ 2|+ C.

Example: Find [ dz.

12+2z+2
Solution: This dilerk from the last example in that we can’t simply sub-
stitute for the denominator; if we did, we wouldn’t be able to find du in the
integrand. Instead, we recognize that this integrand resembles one from page
510. If we let u = = + 1, then du = dz and our integral becomes

/1_'_1 sdu=tan"'(u) +C =tan"'(z +1) + C.
O
This last integral suggests a general technique: when faced with a quadratic,
complete the square. Noticing that the integrand above was m made it
obvious which substitution to make. We will get a lot of mileage out of this

method.

Example: (Page 513 #29) Find f\/ﬁ dz.



Solution: Completing the square under the square root gives 4 — (z + 1)2,
which suggests letting « + 1 = 2u. Then 2du = dz, so we have

/ 1 q _/ 2du _/ du
V322 JVica2 ) Vi-a
=sin~t(u) + C =sin"!((z +1)/2) + C.
O

After a while, some integrals seem to need a substitution but actually do
not. It is important to not make these integrals harder than they are.

Example: (Page 513 #27) [(2? + 4)? du.

Solution: Any reasonable substitution will fail here because the integrand
will not contain du. Instead, expand the integrand as z* + 8z + 16 and inte-
grate; the answer is z°/5 + 823 /3 + 16z + C. O
Example: (Page 513 #33) f__; @ +1) gy

Solution: The obvious substitution to try is v = In(z? + 1), although then

there is no du. Instead, realize the integral is simply f__; 22 + 1dz using the
definition of the natural logarithm. We then just integrate using the power rule

to get
-1 -1 3
/ @+ g = / 22+ 1dz = (:5 + a?)
_9 _9 3

Suggested Problems: Page 513: 1-45 odd

-1

10
=3

-2

Selected Problems and Hints

(8) [ iy da

This one is not at all clear what to substitute for. Clearly we cannot simply
substitute for the denominator, but the denominator is the ugliest part of the
integrand, so we focus on it. We can rewrite the denominator as z!/4(1 + z3/4).
This suggests the substitution u = 1 + 23/4. Then du = 2z~1/4dz. Then our
integral becomes

8 _ 8 _8 3/4
/3udu—3|n|u|+C—3|n\1+x |+ C.



Let u = z/4.

(31) [ % da.

1422

Split up the numerator.

(39) [, £l dz

Don’t make this too hard.

Section 6.2: Integration by Parts

Integration by parts is a simple formula: [ udv = uv — [ vdu. The strength
of integration by parts is its wide applicability.

Example: Find [ zcos(z)dz.

Solution: If we let v = x and dv = cos(z)dzx, then du = dz and v = sin(x).
Integration by parts then tells us

/:L'COS(x) dx = zsin(x) — /Sin(x)dx = xsin(x) + cos(x) + C.
O

The key to integration by parts is to split up the integrand into » and dv so
that « is easy to dilerkntiate and dv is easy to integrate. Beyond that, there
are a few guidelines which generally help. Consider the last example. There, we
set u = z, so that du = dx. When we then did our integral [ vdu, the integrand
was “simpler” than the original in that the power of = was smaller. This gives
our first guideline: try to put powers of x in u.

Our second guideline involves natural logarithms. We can integrate In(x)
(using integration by parts), but it is much easier to di[erkntiate. In addition,
its derivative is simply a power of = (z—!), whereas its integral still involves
In(z) (f In(z)dz = zIn(z) — = + C). Therefore, we would like to put In(z) in
the u so we can dilerkentiate it rather than in the dv where we would have to



integrate it. In doing this, the second integral | vdu will be easier to calculate.
Thus our second guideline is: try to put In(x) in wu.

Example: Find fh’;—;’)dx

Solution: Following our second guideline, let v = In(z) and dv = dz /2.
Then du = dz/z and v = —1/x. Integration by parts then tells us

/In(:c) B 11Co WO o ) 1YCo B S
22 x ’

2 x T

O

Our first two guidelines sometimes come into competition with one another.
In these situations, the second should be given priority, that is, first put In(x)
into the u.

Sometimes there is an integral which does not seem like it can be split into
u and dv. Nonetheless, we can still integrate by parts.

Example: Find [arctan(z)dz.
Solution: Although it looks as though the integrand cannot be split, we can

let u = arctan(x) and dv = dx. Then d(u) = 1/(1 + 22) and v = 2. Then we
have

' 1
arctan(x) dz = z arctan(z) — Y = rarctan(z) — = In|1+ 22| + C,
1+ 2 2
where the second integral was done by substituting w = 1 + z2. O

What happens when [ vdu is not a known integral?
Example: Find [ e3* cos(z) d.
Solution: This seems like a reasonable integration by parts problem. Both

e3* and cos(z) are easy to di[erkntiate and integrate, so let us just set v = e3¢
and dv = cos(z)dz. Then du = 3e3*dz and v = sin(z), so we have

/63“' cos(z) dz = €3 sin(z) — /3633” sin(x) dx.

Now, this second integral also seems like a reasonable candidate for integration
by parts.

What would happen if we changed the roles of v and v for this second
integral? Let u, = sin(z) and dvy, = 3e3?dz, so that du, = cos(z)dz and
vy = €3%. Then we would have

/363”” sin(z) dz = €3 sin(z) — /63”3 cos(z) dz,

4



S0 putting this into our equation above, we have

/63"” cos(z) dz = €3 sin(z) — (e3* sin(z) — /63”” cos(x) dx) = /631 cos(x) dx,

which is not very informative. Therefore, we must stay consistent with our
choices of v and v.

Staying consistent, let uy = 3¢3* and dv, = sin(x)dz, so that duy = 9e3*dx
and v, = —cos(z). Then we have

/3@3“C sin(z) dz = —3e* cos(z) + /9631C cos(x) dx

= —3¢e3" cos(z) + 9 / e3® cos(z) dz.

However, we don’t know how to find the integral on the right. Indeed, that was
the original integral we started with! Rather than give up, let’s call this integral
1. Then, combining what we have from the first paragraph, we have

I = %" sin(z) + 3e3* cos(z) + 91.

Subtracting 97 from both sides and dividing by —8, we get

—e**sin(z) 3% cos(x) N

I =
8 8

C.

O

Integration by parts is a very powerful technique, but it can sometimes re-
quire a lot of work. If we are clever, though, we can save a lot of e [adt. Consider
what happens, for example, when we try to find [ z”sin(z) dz. This seems like a
perfect integration by parts problem. Following our earlier guideline, let v = z7
and dv = sin(z)dz. We get

/x7 sin(z) d(z) = z” cos(x) — 7 / 2% sin(z) dz.

Now we have to find [ zsin(z) dz. We can do that with integration by parts,
but that would require finding [ 2° sin(z) dz, which in turn would require finding
[ x*sin(z) dz, and so on. Rather than applying integration by parts over and
over, we can use it once to derive a reduction formula. To do this, we start with
a general form of the integral we are looking for. In this case, we would use
[ z™sin(z) dz. We then use integration by parts with « = 2™ and dv = sin(z)dz
to get our reduction formula:

/x" sin(z) dx = 2" cos(x) — n/ar:"‘1 sin(z) dzx.

Now all we have to do is plug n = 7 into the reduction formula to get

/x7 sin(z) dz = 2" cos(z) — 7 / 2% sin(z) dz.



To find [ z%sin(z) dz, we plug » = 6 into the reduction formula to get
x5 cos(z) — 6/25 sin(z) dx.

We will ultimately need to plug in n = 5,4,3,2,1, and 0 before we get the
integral we are looking for. However, we only use calculus once and then simply
plug values into a formula. Without the reduction formula, we would have
needed to use integration by parts seven times!

Let’s summarize our guidelines:

Guidelines for Integration by Parts

1) Try to put powers of x in the w.
2) Try to put In(z) in the w.
3) Sometimes simply let dv = dz.
4) Sometimes you need to use integration by parts more than once.

4a) When using integration by parts more than once, stay consistent
with your choice of u and dv.

4b) When using integration by parts more than once, if the original
integral you are trying to find comes up, replace it with the variable I and
solve for I algebraically.
5) Use reduction formulas to save time and work.

Suggested Problems: Pages 519-20: 1-33 odd, 37, 39, 43, 45, 61

Selected Problems and Hints

(17) [ cos(z) In(sin(z)) dz.

Do Problem 25 first and use part of your answer.

(29) [sin(y/z)dz.

Use a substitution and Example 2.1 on Page 515.



Section 6.3: Trigonometric Techniques of Integration

Trigonometric functions are among the most important in both pure and
applied mathematics. It is no wonder, then, that we should want to integrate
them. We already know how to integrate several trigonometric functions, like
sin(x), cos(z), sec?(x), and sec(x) tan(x), since these are just derivatives of basic
trigonometric functions. How can we integrate more complex trig functions?

Example: Find [ sin?(z) cos®(z) dz.
Solution: Let u = sin(z), so du = cos(x) dz. Then we have

/Sil’lQ(x) cos®(x) dz = /sinQ(m)(l —sin?(z)) cos(z) dz = /u2(1 —uH)du

3 5 i3 (. 05
_ 2 Adu= Y, :S|n(z)_S|n(x)+ '
/u utdu = 5 C 3 5 C

O

We can use the method above in a wide variety of situations. Whenever we
are integrating sin™ (z) cos™(z), where m and n are positive integers, if n is odd,
substitute » = sin(xz). Then one power of cos(z) will go into the du, and the
remaining (even) powers of cos(z) can be put in terms of  using cos?(z) = 1—u?2.
By the same token, if m were odd, we could substitute v = cos(x) (if both m
and n are odd, either substitution will work).

What if m and n are both even?

Example: Find [ sin?(z) cos?(z) dz.

Solution: Here we make use of the double angle formulas sin®(z) = (1 —
cos(2x))/2 and cos?(z) = (1 + cos(2x))/2. Plugging these in, we get

. 1 1 1 cos(4x)
2 2 — = _ 2 - -
/sm () cos*(a) dw = 7 /1 cos*(22) = 7 /1 . , - de,

where we used the double angle formula again to get the second equality. We
can do the integral on the right (substitute v = 4x) to get

1/(z sin(4x) O = z sin(4x) .
4\ 2 8 8 32

C.

Combining what we learned in the last two examples, we have:
Integrating sin™(x) cos™(x)

1) If m is odd, substitute u« = cos(x).
2) If n is odd, substitute u = sin(x).
3) If m and n are both even, use double angle formulas.



That was easy enough. What about tangent and secant?
Example: Find [ tan®(z) sec?(z) dz.

Solution: There are two good ways to find this integral. The first is to simply
substitute v = tan(z) since du = sec?(x)dz. Then our integral is just

/u3 du =u*/4+ C =tan*(z)/4 + C.

A second way to do this is to substitute « = sec(x) so that du = sec(z) tan(x)dx.
Then our integral is

/ tan?(z) sec(z)(sec(x) tan(x) dz) = / 1 - vHudu

u? ot sec?(z)  sect(x)
= — — — + = — —+ X
2 4 ¢ 2 4 ¢
Although these two answers look di Lerent, they are really the same. O

How can we generalize the method above? If we are integrating tan” (x) sec™(x)
with n > 0 and n is even, we should substitute v = tan(z). Then two powers
of sec(z) will be placed in du, and all remaining powers of sec(z) can be put in
terms of u using sec?(z) = 1+ 2. If m is odd, substitute v = sec(z). Then one
power of sec(x) and one power of tan(z) will go into the du, and the remaining
powers of tangent can be handled using tan?(z) = 2 — 1. If m is even and n
is odd, simply convert all powers of tan(x) into sec(z) and use the reduction
formula

n—2 _
/ sec”(x) = S€¢ n(x_)Ian(x) + Z_ i / sec”*(z) dz,

which is a simple application of integration by parts.
To summarize:

Integrating tan™(z) sec™(x), n > 0

1) If m is odd, substitute u = sec(x).

2) If n is even, substitute v = tan(x).

3) If m is even and n is odd, convert everything into powers of sec(x) and
use a reduction formula.

If the n above is actually equal to 0, then we are just integrating some
power of tan(z). We know [ tan(z)dz = In|cos(z)| + C. If n > 1, we reduce
the problem as follows:

/tan"(x) dz = /tan”‘2 tan®(z) dz = /tan”‘Q(seCQ(:p) —1)dz



n—1
- / tan"~2(z) sec?(x) dz — / tan"2(z) dz = mlil(x) _ / tan"2(z) da,
where the last equality is gotten by integrating using the substitution v =
tan(z).
There are some integrals which do not appear to have anything to do with
trigonometry but nonetheless are essentially trig. For example, 1+£2 does not
look like trig, but its integral tan—'(z) does. Why does this happen?

Example: Find fﬁdx

Solution: The secret here is the insight to make the substitution x = tan(0),
so dx = sec?(#)dd. Plugging these in, we get

1 _ 1 9
[ remte= T+tani() ¢ O

:/1d9:9+0=tan‘1(x)+0,

where we used the facts that 1 + tan?(9) = sec?(6) and that, if x = tan(9), then
0 = tan—1(x). O

The key to the integral above is the use of 1+tan?(#) = sec?(d). In that par-
ticular example, it reduced the integrand to 1. In general, though, we can use
this kind of substitution to get trigonometric integrands like those we learned
to do earlier this section; simply follow the table below.

Form  Substitution Identity
a’®+u?> u=atan(d) 1+ tan?(9) = sec?(h)
a?—u? w=uasin(@) 1—sin?(9) = cos?(h)
uw?—a?> u=asec(d) sec?(d) —1=tan?(h)

In the table above, a is a constant and u always contains our variable of
integration (usually x).

Example: Find [ dzx.

1
221/16—x2
Solution: Following the table above, our integrand contains a® — u? where

= 4 and v = z. Therefore we make the substitution x = 4sin(d) and
dx = 4 cos(6)df to get
1 1
—————dz = 4 cos(6)do.
w216 — a2 16in2(0) /16 — 165sin2(6)

Now /16 — 165sin?(8) = /16 cos2(f) = 4 cos(d), so

/ 1 / 4 cos(6)
2 \/m 64sin%() cos()



csc2(6) — cot(h)
/ 16 do = 5 +C

We want our answer in terms of z, though. To figure out what cot(#) is in
terms of x, we make a reference triangle. Since sin(¢) = x/4, let the hypotenuse
of this triangle be 4 and the side opposite the angle of # have length z. The
Pythagorean Theorem tell us the length of the adjacent side is v/16 — z2, so

cos(f) = v/16 — x2/4. Therefore
cos(f) V16 —a%/4 /16 — a2

cot(h) =

sin(@)  z/4 oz
X
4
0
/16 — 22
Putting all this together, we get | ———; dz = A6t 4 . O

Example: Find [2®vz? —8dz.

Solution: Since we have the form u? — a® with v = z and a = /8, we make
the substitution z = v/8sec(d) and dz = /8 sec(d) tan(h) d¢; this gives

/ 23\/22 — 8dz = / 8v/8sec®(0)/8sec2(d) — 8 v/8sec(d) tan(v) dé.

Again, we have /8sec2(d) — 8 = /8tan(f) = v/8tan(), so our integral be-
comes [ 64+/8 sec*(#) tan?(6) df. We know that to do this integral we make the
substitution w = tan(9) and dw = sec?(6)déd (noting that sec?(d) = 1 + w?),
which leaves

648 / (1+w?)w? dw = 64/8 ( + 5>+C’ =128v2 (ta”;(e) + ta”;(e)) +C.

We make our reference triangle to get tan(f). Since sec(d) = x/+/8, let the
hypotenuse have length = and the adjacent side have length /8. Then the
opposite side has length /22 — 8, so tan(d) = V=2 — 8//8.

10



V8

Putting this together, we have the integral we are looking for is

7 g° 7 g° 2 oy3/2 2 oy5/2
128+/2 VaZ—8 . Va2 —8 O = 8(z= — 8) N (x* —8) N
24+/8 3208 3 5

C

Suggested Problems: Page 529: 1-33 odd, 34, 35

Selected Problems and Hints

After the substitution, the integral you are left with is one you should have
memorized.

(21) Find [ —%— da.

Do Problem 34 first.

(25) Find [ —%— da.

Do Problem 34 first.

11



Section 6.4: Integration of Rational Functions Using Partial
Fractions

Partial fractions provide a method to easily find integrals of rational func-
tions, that is, polynomials divided by polynomials. The method of partial frac-
tions decomposes rational functions into pieces which are easy to integrate.

Given a rational function P(z)/Q(x) where Q(x) factors as Hf:l Qi)™
where
(1) Q;(x) is irreducible for each i
(2) m; is a positive integer for each i
(3) the degree of P(xz) is less than the degree of Q(x),
the method of partial fractions tells us we can write

P(z) _ x~x~ Pij(@)
Q) Z Z Qi(x)7”

where P; ;(z) is a polynomial of degree less than the degree of Q;(x).

What does that mean? It is best iIIustrated through examples.

Consider the rational function 27” The degree of the numerator is less
than the degree of the denommator so we can apply the method of partial
fractions to it. First we must factor the denominator; we get (x +2)(z — 1). We
can then write

1 1 __ A, B
2+r—-2 (@+(x-1) 2z2+2 z2-1

where A and B are constants (that is, polynomials of degree 0). Now how do
we find what A and B are? Multiply by z? + 2 — 2 to clear denominators; this
gives

l=Ax— A+ Bx+2B=(A+ B)x+(—A+2B).

The two polynomials on the left and right above are equal, so all their coe Lciehts
are equal. The coe [cieht of z! on the left is 0 and on the right s A + B, so we
conclude that 0 = A+ B or A = —B. The coe [cieht of 2° on the left is 1 and
on the rightis —A+2B,s0 1= —-A+2B. But we know A = —B, so 1 = 3B,
or B=1/3. Then we have A = —1/3. Hence -1— = 212 + 153

What does this have to do with integration?

Example: Find [ dz.

2+;E 2

Solution: We use the partial fractions decomposition:

/#de/_l/3+ 1/3 dxz_—lln\x+2|+%ln|x—1\+0.

22+x—2 z+2 x-1 3

That was easy. We could have done the integral another way. We could
have completed the square in the denominator as 2> +x —2 = (z +1/2)? —9/4.

12



Making the substitution = + 1/2 = ‘§sec(0) and dx = 3 sec(f) tan(0)dd, we get

/ 1 du = 2 / sec(f) tan(6)do

2+z—2 3 tan2(9)

3
We can make a reference triangle to find csc(6) and cot(6):

= 2 /csc(&) do = %2 In|csc(d) + cot(9)| + C.

Vazr2 +4x -8

20 +1
0
3
From this we see csc(f) = V% and cot(9) = Vﬁ' We conclude

that [ ot—dz = =2 In |2z +4) /42 + 4o — 8| + C.
These answers look quite di Lerknt, but using logarithm rules we see they are
equivalent:

-2 -2 2
?|n|(2x+4)/\/4x2+4x—8| = ?|n|2x+4|+§|n|\/4m2+4x—8|

-2 2 1 9
= — +2|—ZIn2+Z +4r —
3 Injz + 2| 3 In2 3 In|42® + 4z — 8|
-2 2 1
=?In\x+2|—§In2+g(ln|x+2|+ln|:c—1\+ln4)

-1 1 -2 1
= + 2|+ = 1+ —= + = .
3 Injz + 2| 3In|:c 1] ( 3 In2 3In4)
Since our two answers di[erl by a constant, they are equivalent. O

So why learn partial fractions when we could just use substitutions instead?
First, it was easier to use partial fractions. Second, the answer was nicer. Third,
we will see examples where other methods fail and partial fractions are our only
option (for example, when the degree of the denominator is greater than 2).

Let’s look at some more examples of partial fractions decompositions.

Example: Find the partial fractions decomposition of m and use the
decomposition to find its antiderivative.

Solution: The degree of the numerator is certainly less than the degree of

the denominator. The next step is to factor the denominator. The quadratic
22 — 1 factors as (z + 1)(z — 1), so the denominator is (x — 1)?(z + 1).

13



We must treat the repeated linear factor dilerkntly. The method of partial
fractions tells us we can write

1 _ A, B _C
(z—1)2@x+1) z-1 (@-12 z+1

Clearing denominators, we get

1= A2> -~ A+Bax+B+Cz?-20z+C = (A+C)x*+(B—-20)x+(—A+B+C).

Equating coe Lciehts on the left and right, we get0 = A+ (C, 0= B —2C, and
1=—-A+ B+ (C. The first two tell us A = —C and B = 2C, and plugging
these into the third show that C = 1/4. Then B =1/2 and A = —1/4. Thus
the partial fractions decomposition is

1 _ YA 12 14
(z—1D@E2-1) z-1 (x—l)2 z+1

Integrating m is now very easy; the integral is = In |x—1\+72(;_11) +

1Injz +1|+C. O

Now, what would happen if the degree of the numerator were at least the
degree of the denominator? In this case, we can use long division.

Example: Find [ zﬂg_zﬁQ dz.

Solution: Use long division to write

S A o34 6x — 6
22+ 3x+2 22 +3x+2
Now, since the degree of the numerator on the right is less than that of the

denominator, we can find a partial fractions decomposition for it:

60—-6 _ 18 12
2+3z+2 x+2 z+1

Then we could integrate as

3 18 12
/de = /x—3+— do = —+3x+18|n |z+2|-121n |z+1|+C.
+2 z+1

O

In general, we can always factor a polynomial into linear and quadratic
terms. We have already seen what to do when our denominator factors into
linear terms. The diLerknce between quadratic and linear factors is simply that
above a quadratic factor in the partial fractions decomposition, we must put
Ax + B instead of just A:

x+3 _Ax+B+ C
(@2 +1)(xz—-3) 22+1 z+3

14



Other than that, the rest is the same. In particular, we treat repeated factors
the same, using one partial fraction for each power of the repeated factor:

22 —6x+4 _Ax+B+C:c+D+Ex+F+ G
(@2+1)3(x—3) a2+1 (22+1)2 (22+1)3 2+3

. PP
Example: Find f%dx.

Solution: Since the degree of the numerator is greater than that of the de-
nominator, we start with long division. We get

20t + 922+ — 4 2+ —4
=2z + —.
3 + 4z 3 + 4

We now find a partial fractions decomposition for the rational expression on
the right. The denominator factors as (z? + 4)z, so we get
?+z2—-4 _ Axr+B + C
B +4r  22+4  x

Clearing denominators gives
2?2+ —4= Az’ + Bx+ Cx? +4C = (A+ C)2* + Bx + 4C.

Equating coe [ciehts gives A+C =1, B=1, and 4C = —4. Thus C = -1 and
A=2.
We can now begin integrating:

20t + 922 + 2 — 4 2 1 1
/x 9"+ dm=/2x+7x+7 Zdz

3+ 4x 22+4 22+4

1
=22 +In|2? + 4|+ > tan~!(z/2) — In|z| + C,
where we used the substitution v = x/2 to integrate 1/(x? + 4). O

To recap what we have done, the method of integrating using partial fractions
is as follows:

Integrating Using Partial Fractions

1) Use long division until the degree of the numerator is less than that of
the denominator.
2) Factor the denominator into irreducible factors.
3) Find the partial fractions decomposition.

3a) Set up the decomposition with variables (A, B, C, etc.) for the
coe [ciehts.

3b) Clear denominators.

3c¢) Equate coe Lcients.

3d) Solve for the coe [ciehts.
4) Integrate the result.

15



WARNING: It is very important the factors in Step 2 above are irreducible.
Linear factors are always irreducible. To test if a quadratic is irreducible, apply
the quadratic formula to see if it has any roots. If it does not, it is irreducible.
If it has roots r; and r,, it factors like a(x — r1)(x — ).

NOTE: When integrating the result in Step 4, three common forms of integrals
come up a lot; comstant = _linear  “5pnq constant  Thg jntegrals of the first two

linear ' quadratic’ quadratic ®

kinds will involve In|denominator|. The integral of the third kind will involve
tan—1L.

Suggested Problems: 1-7 odd, 11-23 odd, 29, 31, 33

Section 6.6: Improper Integrals

The Fundamental Theorem of Calculus tells us if f(x) is a continuous func-
tion on an interval [a, b], the area under the curve f(z) on [a,b] is F(b) — F(a),
where F' is an antiderivative of f. What would happen if we wanted to inte-
grate f(x) on an interval in which it has a discontinuity? What if we wanted to
integrate over the region [a, c0)?

Technically, the Fundamental Theorem of Calculus tells us nothing about
these cases. For all we know, it is impossible. However, both are possible. We
call integrals of this sort improper integrals.

The trick to making improper integrals work is to write our problem in a
form acceptable to the Fundamental Theorem, and then take limits.

dz.

Example: Find fol\/ﬁ

Solution: This integral is improper because it has a discontinuity at « = 1.
Therefore, we take a limit as follows:

1
———dz = li = lim —2v1—
/Om v th‘f/ \/7dx Jm ””O

= Iirp —2V1—-t+2y/1-0=-2-0+2=2.
t—1—
O
Since this improper integral gives a real number answer, we say the integral
converges. If the limit in the last line had not existed, we would have said it

diverges.

Example: Does fo — dx converge or diverge?
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Solution: This integral is improper because of its discontinuity at 1, so we
write it as a limit:

! 1
/ dz = lim / dz = lim Injz — 1]
0o z—1 t—1-Jg z—1 t—1-

= qu] Injt—1] —In|0—1] = —occ.
t—1—

t

0

Since we do not get a real number value of the integral, it diverges. O

Notice that in both of the last two examples, we took the limit as ¢ ap-
proached 1 from below. This is crucial: we must take the limit inside our
original region of integration. If we simply took the limit as ¢ went to 1 in the
first example, the limit would not have existed.

Example: Determine if the integral f02 ﬁ dx converges or diverges.

Solution: Again, this integral is improper because it is discontinuous at 1.
Unlike the previous two examples, this point is in the interior of the region of
integration. To handle this, we must break up the region of integration first.

S| | S|
/0 (:c—l)Bd”“”‘/o (:c—l)gd“/l @1 &

t

= lim /tldx+lim /21dx— lim >
1 Jy (@ —1)3 o1t J, (=13 =1 2(x — 1)2

+lim ———
—1)2
, 1 2(x —1) ,

= li -t L1 + i -1y =-—oco+
= th[ <2(t —1)2 20— 1)2) t_l,qL <2(2 -2 2t - 1)2) = —o0 + o0.

This integral diverges. O

What do we do with infinite regions of integration? Almost the same thing:
we take a limit of finite regions.

Example: Determine if the integral f1°° ziz dx converges or diverges.

Solution: As mentioned above, first write in terms of limits and then compute
normally.

= lim _—1+1=0+1=1.

t—oo

The integral converges. O
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This next example explains how NOT to compute improper integrals.
Example: Determine if the integral f_OOOO sin(xz)dx converges or diverges.

Solution: It is tempting to try the following:

t

e} t
/ sin(z)dz = tlim / sin(z)dz = tlim —cos(x)
— 0o — 00 —t — 00 4

= tlim —cos(t) + cos(—t) = tlim 0=0.

However, this is wrong. The reason it was wrong is that we tried to compute
two limiting processes (one on each end of the region of integration) by taking a
single limit. To compute these kinds of improper integrals, we really must break
up our region of integration so that each contains only one limiting process. A
correct way to do the above improper integral would be

/OO sin(x)dz = /0 sin(x)dz + AOO sin(x)dx

— 00 — 00
0
+ lim — cos(z)
t—oo
t

" t

0
:flim /sin(x)dx+tlim / sin(a:)da::flim — cos(x)
t——o0 Jy —o0 Jo {——o0

0
= tﬂmoo(—l + cos(t)) + tllrgc(cos(t) +1).

Neither of the limits above exist, so this integral diverges. O

What the last example illustrated is worth repeating: when computing im-
proper integrals, we must break up the region of integration so that each subregion
contains only one limiting process. For very complicated integrals (like that of
the next example) we may need many subregions. Luckily, we will always only
need to take one antiderivative.

oo 1

Example: Determine if [~ —1-

dx converges or diverges.

Solution: The integral is improper not only because the region of integra-
tion is doubly infinite, but also because it is discontinuous at x = 4 and x = —4.
We break up our region as follows:

>~ 1 | | E |
/,oon—lde_/,oomQ—lﬁdx+/,5 9L‘2—16dx/,4302—16d:17

4 5 o)
1 1 1
+ ——dx + ——dx + d
/0952—16 . AxQ—lﬁ . /5 2216

51 o S|
= lim dz+ lim = dr+ lim [ ——da
e ), 2216 H_4—/5m2—16 . H_4+/t 2216
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t 1 5 l t 1
+ li = dx+ i dz + li — - d
tlT—/O 216" tlT+/t 216" tLTo/5 2_16"
1 - 1 !
= lim ZInj@@+4)/@—4)|| + lim ZIn|@+4)/(z —4)|
t——oo 8 t——4— 8

-5

t
0

+ lim 21 |(e+4)/ (e — 4)

t

+ lim Lin|Ge+4)/(r - )

0
5 1 t
+ Jim 2 In | +4)/( - 4)|

t

= (; In(1/9) - 0) " (—oo - ;In(l/sa)) +(0+00)

+ lim 2 In |G+ 4)/( — 4)

5

+ (00 — 0) + <;In(9) —oo> + (0—;In(9)> ,

where we used partial fractions to find [ 1 dz=LInjz+4|— LIn|z —4| =

z2—-16

% In|(z +4)/(x — 4)|. This integral diverges. O

Sometimes to decide if an integral converges or diverges, we do not need to
be able to find an antiderivative of our integrand. We only need to be able to
compare our integrand to one we can integrate:

Comparison Test for Integrals

Let f(x) and g(z) be positive functions which are continuous and satisfy f(x) <
g(z) for all = € [a,infty).

Q) If fa‘x’ g(x) dx converges, so does f:o f(x)dz.

(2) If [ f(x)dx diverges, so does [ g(z)dz.

The idea behind the comparison test is that for positive functions, the inte-
gral diverging is the same as having infinite area under the curve. Statement
(1) says if the bigger function has finite area, so does the smaller function, while
(2) says if the smaller function has infinite area, so must the larger function.

The comparison test allows us to test convergence and divergence for a much
wider range of functions.

Example: Determine the convergence or divergence of [ =) gz and

[ )

Solution: Notice first that we do not know an antiderivative for either of
these two functions. However, we can say that 2 < 3 —sin(z) < 4 for all z.
Then we see (3 — sin(z))/x > 2/ and (3 — sin(x))/z? < 4/22. Since
t
2 .
/ —dz = lim 2In(x)| =
1 x t—o0 )
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and

the Comparison Test tells us [ =) 4z diverges and [ #=*2(%) ¢z con-
verges. (]

Finally, let’s look at an example with a hard limit to compute.
Example: Determine if fol In(z) + 1dz converges or diverges.

Solution: This integral is improper because In(z) is not defined at x = 0. We

write it as lim,_ o+ ftl In(z) + 1dz. Integration by parts shows [In(z) +1dz =
zIn(x) + C, so

1
1
/ In(z) +1dz = lim zIn(x)| = lim 0—¢In(?).
0 t—0+ . t—0+

Now lim;_ o+t = 0 but lim;_+ In(t) = —oo. Therefore lim,_ o+ ¢In(t) is an
indeterminate form of type 0 - co. In order to solve this, we use L’Hopital’s
Rule. To use L’Hopital’s Rule, we need to convert this limit into 0/0 or co/co;
we do the second and write it as lim,_,q+ In(t)/(1/t). L’Hopital’s Rule then says
t _

lim ¢tIn(®) = lim In(®)/(1/t) = lim = lim —¢t=0.
t—0+ ( ) t—0t ( )/( / ) t—0+ —1/t2 t—0+

Plugging this into our formula for the integral, we get fol In(z) +1dx =0, so
the integral converges. O

Suggested Problems: Page 558: 1-17 odd, 21-27 odd, 33, 39-45 odd, 49

Selected Problems and Hints

(13) Determine if j;)l In(z) dz converges, and if it does, find what it converges to.
This is essentially the last example.

(21) and (23) Determine if [~ dz and [77 ﬁ dz, respectively, converge,
and if so, to what.

Do Problem 21 after 23, and don’t do any computations for 21.

20



