
Section 9.1: Plane Curves and Parametric Equations

Rather than considering only functions y = f (x), it is sometimes convenient
to view both x and y as functions of an independent variablet, that is, the
x and y coordinates arex(t) and y(t), respectively. This de�nes a curve in
parametric equations (t is called the parameter). This is advantageous when
describing the motion of an object in terms of time. It also allows us to describe
more curves than just functions. For example, it is impossible to describe the
unit circle as y = f (x), but we can do it parametrically by letting x(t) = cos(t)
and y(t) = sin( t). Finally, sometimes, even though we can describe a curve as
y = f (x), the parametric equations are simpler and facilitate calculus.

If we are ever given a curvey = f (x), we can express it parametrically
by simply setting x(t) = t and y(t) = f (t). Going from parametric curves to
y = f (x) tends to be more di�cult.

Example: Write the curve given by x(t) = 2 t + 1 and y(t) = 4 t2 � 9 as
y = f (x).

Solution: Sincex = 2 t + 1, we have t = ( x � 1)=2. Therefore

y = 4 t2 � 9 = 4
(

x � 1
2

)2

� 9 = ( x � 1)2 � 9 = x2 � 2x � 8:

�

When describing y = f (x) parametrically, we must be careful about the
domain and range ofx(t) and y(t).

Example: Describe the graph ofx(t) = t2 and y(t) = t4.

Solution: It is easy to seey = x2. However, sincex must be the square
of a real number, it is nonnegative. Therefore the graph of the parametric equa-
tions is the right half of the parabola y = x2. �

Example: Describe the graph ofx(t) = sin 2(t) and y(t) = cos2(t).

Solution: Clearly x + y = 1, so the graph lies on the line y = 1 � x. How-
ever, x and y are both squares of real numbers, so they are both nonnegative.
Therefore the graph is only the portion of y = 1 � x where both coordinates are
at least 0. Hence the graph is the line segment from (0; 1) to (1; 0). �

We can always graph a set of parametric equations in thexy-plane by plot-
ting points. When doing calculus with parametric equations, it will be impor tant
to also know how the equations trace out the graph. For example,x(t) = cos(t)
and y(t) = sin( t) represents the unit circle. The parametric equationsx = cos(t)
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and y = � sin(t) trace out the unit circle as well, but it traces it clockwise where
the �rst set of equations traced it counterclockwise. Both of those sets of equa-
tions are at the point (1; 0) at t = 0. However, x(t) = sin( t) and y(t) = cos(t)
is a parametrization of the unit circle which is at (0; 1) when t = 0 and traces
the circle clockwise.

Example: Describe how the graphs of the parametric curvesx1(t) = t +1 and
y1(t) = ( t + 1) 2 and x2(t) = t sin(t) and y2(t) = t2 sin2(t) ( t � 0 for the second
curve) are drawn ast changes.

Solution: Both curves satisfy y = x2, and since x(t) achieves all real val-
ues, both curves draw the entire parabola. The �rst comes from the left and
as t increasesx consistently moves to the right. For the second curve, it starts
at (0; 0) when t = 0 and then starts moving right. At t = �= 2 at the point
(�= 2; (�= 2)2), it turns around and starts moving left until t = 3 �= 2 at the point
(� 3�= 2; 9� 2=4). It continues to alternate between moving left and right, switch-
ing whenevert = �= 2 + �k for some integerk. At every switch, jx(t)j and y(t)
are larger than they have been for any smaller values oft. �

Calculating points of intersection of parametric curves is similar to calculat-
ing them for y1(x) and y2(x). We just need to set both the x and y values equal
to each other simultaneously.

Example: Find the points of intersection of the parametric curvesx(t) = t2+3
and y(t) = t3 + t and x(s) = 2 + s and y(s) = 1 � s.

Solution: To see where thex-values coincide, we sett2 + 3 = 2 + s, so
s = t2 + 1. Similarly, the y-values coincide whens = 1 � t � t3. Setting
these equal, we havet2 + 1 = 1 � t � t3 or 0 = t3 + t2 + t = t(t2 + t + 1). The
quadratic has no real roots, so we havet = 0. The point corresponding to t = 0
is (3; 0), which does lie on both curves, so it is the unique point of intersection.�

Suggested Problems: Pages 722-723 1-19 odd, 25-30, 31, 35, 39, 41-43

Section 9.2: Calculus and Parametric Equations

Suppose we are given a set of parametric equationsx(t) and y(t) for which
we would like to compute a tangent line. This requires us �nding the derivative
dy=dx. We could try to convert the parametric equations into y = f (x) and
di�erentiate normally. There is a simpler way, though. We could simply dif-
ferentiate x(t) and y(t) separately and then divide, since the Chain Rule tells
us

dy
dx

=
dy=dt
dx=dt

:
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In general, if we want to di�erentiate any function f with respect to x, we have

df
dx

=
df=dt
dx=dt

:

When f = y, we have our �rst formula above. When f = dy
dx , we get

d2y
dx2 =

d
dx

(
dy
dx

)
=

d(dy=dx)=dt
dx=dt

:

Notice that in the formula above, in the numerator on the right, we are di� er-
entiating the derivative with respect to x with respect to t.

Example: Given the parametric equations x = cos(2t) and y = sin(3 t) for
t 2 [0; �= 2), �nd all points where the tangent line is horizontal or vertical. De-
termine if the curve is concave up or concave down at those points.

Solution: Sincex0(t) = � 2 sin(2t) and y0(t) = 3 cos(3t), we have

dy
dx

=
� 3 cos(3t)
2 sin(2t)

:

The tangent line is horizontal when this is zero, which happens whent = �= 6.
The point corresponding to the t = �= 6 is (1=2; 1). The tangent is vertical
when the denominator is 0, which happens whent = 0, which corresponds to
the point (1; 0).

The second derivative is

d2y
dx2 =

d (dy=dx) =dt
dx=dt

=

� 18 sin(3t) sin(2t) � 12 cos(2t) cos(3t)
4 sin2(2t)
2 sin(2t)

=
� 9 sin(3t) sin(2t) � 6 cos(2t) cos(3t)

4 sin3(2t)
:

This is negative for both t = 0 and t = �= 6.
Therefore the tangent is horizontal at (1=2; 1), where the curve is concave

down, and the tangent is vertical at (� 1; 1), where the curve is also concave
down. �

One physical concept related to derivatives is velocity. Recall thatx0(t) and
y0(t) are the horizontal and vertical components of velocity, respectively. The
speed is then given by

s(t) =
√

x0(t)2 + y0(t)2:

Notice that speed is the magnitude of velocity only; it does not incorporate
direction.

Example: Find all points of the parametric curve x(t) = cos2(t) and y(t) =
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sin(2t)=2, t 2 [0; 2� ), where the horizontal or vertical component of velocity is
0 or where the speed is 0.

Solution: The horizontal component of velocity is x0(t) = � 2 cos(t) sin(t),
which is 0 when t = 0 ; �= 2 or � . The vertical component of velocity is y0(t) =
cos(2t), which is 0 when t = �= 4; 3�= 4; 5�= 4, or 7�= 4. The speed is

s(t) =
√

x0(t)2 + y0(t)2 =
√

4 cos2(t) sin2(t) � cos2(2t)

=
√

4 cos2(t) sin2(t) � (cos2(t) � sin2(t))2 =
√

(cos2(t) + sin 2(t))2 = 1 ;

which is quite obviously never 0. �

Now that we have seen how to di�erentiate parametric curves, how do we
integrate them? Once we set up the integral, the mechanics of integration with
respect to t are the same as those we have already learned. The key is to set up
the integral to give what we want.

Recall that to �nd the volume under y = f (x), we calculate
∫

ydx. To �nd
volume in parametric equations, we again calculate

∫
ydx, but here y is y(t) and

dx = x0(t) dt. Therefore the formula is
∫

y(t)x0(t) dt. The bounds of integration,
though, are a little di�erent: we must always integrate in the direction that x
is increasing. So if x(t) is increasing for t 2 [a; b], we integrate from a to b,
whereas ifx(t) in decreasing fort 2 [a; b], we integrate from b to a.

Example: Find the area under the parametric curvex(t) = 3 =t and y(t) = t2

for t 2 [1; 2].

Solution: First o�, clearly x0(t) = � 3=t2. Since x0(t) < 0, x(t) is decreas-
ing so we integrate from 2 to 1. Therefore the area is

∫ 1

2
y(t)x0(t) dt =

∫ 1

2
� 3 dt = � 3t

∣∣∣∣∣

1

2

= � 3 � (� 6) = 3 :

�

We must be careful with �nding area under certain parametric curves, namely
when they intersect themselves. In these cases, we must be very careful to make
sure the integral we are computing really gives the area we want.

Example: Find the area bound by the curvex(t) = cos(2t) and y(t) = sin(2 t)
for t 2 [0; 2� ].

Solution: We have x0(t) = � 2 sin(2t), so the integrand will be � 2 sin2(2t).
The antiderivative of this is � t + sin(2 t)=2.

Looking at x0(t), we seex(t) is decreasing ift 2 [0; �= 2] or t 2 [�; 3�= 2] and
is increasing if t 2 [�= 2; � ] or t 2 [3�= 2; 2� ]. Therefore we integrate over the
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interval [0; 2� ], giving

∫ 0

π/2
� 2 sin2(2t) dt+

∫ π

π/2
� 2 sin2(2t) dt+

∫ π

3π/2
� 2 sin2(2t) dt+

∫ 2π

3π/2
� 2 sin2(2t) dt

=
(

� t +
sin(2t)

4

) ∣∣∣∣∣

0

π/2

+
(

� t +
sin(2t)

4

) ∣∣∣∣∣

π

π/2

+
(

� t +
sin(2t)

4

) ∣∣∣∣∣

π

3π/2

+
(

� t +
sin(2t)

4

) ∣∣∣∣∣

2π

3π/2

=
�
2

+
�
2

+
�
2

+
�
2

= 2 �:

Now, the parametric equations given de�ne a circle with radius 1, which en-
closes an area of� . What's wrong with our integral above. Nothing; everything
was done correctly. The problem is in interpreting that as the area bound by
those equations. Ast goes from 0 to 2� , this circle is drawn twice, so integrating
all the way from 0 to 4� covers the area twice. This is why the integral was
twice the area of the region bound inside the curve. To �x this, we should just
integrate from 0 to � so that we only cover our area once. This gives the area
(correctly) as � . �

Suggested Problems: Pages 732-733 1-19 odd, 21, 26, 27, 30

Section 9.3: Arc Length and Surface Area in Parametric Equations

Recall that to �nd the arc length of a curve y = f (x), we integrated√
1 + (d y=dx)2 dx. Just as with area under a curve, to �nd the arc length

of a parametric curve, we just have to convert this into an integral involving t.
To do this, notice that

√

1 +
(

dy
dx

)2

dx =

√(
dx=dt
dx=dt

)2

+
(

dy=dt
dx=dt

)2

dx

=
1

dx=dt

√
(dx=dt)2 + (d y=dt)2 dx =

√
(dx=dt)2 + (d y=dt)2 dt:

Therefore, to �nd the arc length, we �nd
∫ √

(dx=dt)2 + (d y=dt)2 dt.

Example: Find the length of the curve x(t) = 2 t3=3 andy(t) = t2 for t 2 [1; 2].

Solution: Clearly x0(t) = 2 t2 and y0(t) = 2 t. If L is the arc length, we
have

L =
∫ 2

1

√
(dx=dt)2 + (d y=dt)2 dt =

∫ 2

1

√
4t4 + 4 t2 dt
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=
∫ 2

1
2t

√
t2 + 1 d t =

2(t2 + 1) 3/2

3

∣∣∣∣∣

2

1

=
10

p
5 � 4

p
2

3
;

where the antiderivative was found using the substitution u = t2 + 1. �

Example: Find the length of the curve x(t) = 3 sin(2 t)� 6t and y(t) = 6 sin 2(t)
for t 2 [0; � ].

Solution: Notice that x0(t) = 6 cos(2t)� 6 = � 12 sin2(t) and y0(t) = 12 sin( t) cos(t).
Therefore the arc length is
∫ π

0

√
(� 12 sin2(t))2 + (12 sin( t) cos(t))2 dt =

∫ π

0
12

√
sin4(t) + sin 2(t) cos2(t) dt

=
∫ π

0
12

√
sin2(t)(sin2(t) + cos2(t)) d t =

∫ π

0
12 sin(t) dt = � 12 cos(t)

∣∣∣∣∣

π

0

= 24:

�

Related to arc length is surface area. For a functiony = f (x), to �nd the
surface area of the solid of revolution gotten by revolvingf (x) around the x-axis,
we compute

∫
2�y

√
1 + (d y=dx)2 dx. In general, to compute the surface area

of revolution around the line y = c, we compute
∫

2� jy � cj
√

1 + (d y=dx)2 dx.
This is easily expressed as a parametric integral:

∫
2� jy(t) � cj

√
(dx=dt)2 + (d y=dt)2; dt:

When we revolve x = f (y) around the line x = c, the integral we compute is∫
2� jx � cj

√
1 + (d x=dy)2 dy, which has the parametric form

∫
2� jx(t) � cj

√
(dx=dt)2 + (d y=dt)2; dt:

In general, we compute
∫

2� (distance from (x; y) to line of rotation)
√

(dx=dt)2 + (d y=dt)2 dt:

Example: Find the surface area obtained by revolvingx(t) = t2=2 and y(t) =
� t for t 2 [0; 2] around the x-axis.

Solution: Clearly x0(t) = t and y0(t) = � 1. The distance from the x-axis
to the point ( x; y) is jy � 0j = j � t � 0j = t. Thus the area A is given by

A =
∫ 2

0
2�t

√
t2 + 1 d t = 2 � (t2 + 1) 3/2=3

∣∣∣∣∣

2

0

= 2 � (5
p

5 � 2
p

2)=3;
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where the antiderivative was found using the substitution u = t2 + 1. �

Example: Find the surface area obtained by revolvingx(t) = sin(2 t) and
y(t) = cos(2t) for t 2 [0; � ] around the line x = 2.

Solution: We have that x0(t) = 2 cos(2t) and y0(t) = � 2 sin(2t). The dis-
tance from the line x = 2 to the point ( x; y) is jx � 2j = 2 � x = 2 � sin(2t)
(since x < 2). Therefore the surface area is

A =
∫ π

0
2� (2 � sin(2t))

√
(2 cos(2t))2 + ( � 2 sin(2t))2 dt =

∫ π

0
4� (2 � sin(2t)) d t

=
∫ π

0
8� � 4� sin(2t) dt = (8 �t + 2 � cos(2t))

∣∣∣∣∣

π

0

= 8 � 2:

�

Suggested Problems: Page 741 1, 5, 8 and the problem below

Problem: Find the surface area obtained by revolving the curvex(t) =
p

2t
and y(t) = et + e� t for t 2 [0; 1] around

(a) the x-axis (b) the y-axis (c) the line x = 5

Section 9.4: Polar Coordinates

We have seen that parametric equations can be a more convenient way to
express certain curves and can facilitate calculus by giving a cleaner presentation
of some functions. Polar coordinates are a special kind of parametric equations,
where we describe our curve in terms of a parameter� .

A point P in polar coordinates is given by (r; � ), where r is the distance from
P to the origin and � is the angle made by the line fromP to the origin and the
positive x-axis. One important feature of polar coordinates is that a point does
not have a unique polar representation. For example, (r; � ) is the same point as
(r; � + 2 � ) and (� r; � + � ).

We can �gure out from trigonometry that the point ( r; � ) in polar form is
equivalent to the point ( x; y) in rectangular form if x = r cos(� ) and y = r sin(� ).
Therefore, converting from polar to rectangular is quite easy. Converting from
rectangular to polar is also not di�cult. The distance from the point to the or i-
gin in polar is r , whereas it is

√
x2 + y2 in rectangular. Thereforer =

√
x2 + y2.

After that, we can �nd � by noting that cos(� ) = x=r and sin(� ) = y=r (essen-
tially, we take cos� 1(x=r ) and then use the signs ofx and y to determine which
quadrant � is in).
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To convert a rectangular equation into a polar one, we simply make use of
the identities x = r cos(� ) and y = r sin(� ).

Example: Find a polar representation of the curvey = x2.

Solution: Plug in our equations for x and y: r sin(� ) = r 2 cos2(� ). Divid-
ing by r cos2(� ) gives r = sin( � )=cos2(� ) = tan( � ) sec(� ). �

To convert polar equations into rectangular takes a bit more work, but the
general idea is to �nd r 2, r cos(� ), or r sin(� ) in the equation and then substitute
x2 + y2, x and y, respectively.

Example: Convert the polar equation r = 3 into rectangular form.

Solution: There are no sines or cosines, so we will try to �ndr 2. We have
r 2 = 9, and substituting we get x2 + y2 = 9, which is in rectangular form. �

Example: Convert the polar equation � = �= 4 into rectangular form.

Solution: We know y=x = r sin(� )=r cos(� ) = tan( � ), so y=x = tan( �= 4) = 1.
Thus the rectangular form is y = x. �

Example: Convert the polar equation r = 2 sin( � ) into rectangular form.

Solution: Our equation involves sin(� ) so we will multiply by r so that we
can substitute y in. This gives r 2 = r sin(� ), which translates into rectangular
form as x2 + y2 = y or x2 + ( y � 1=2)2 = 1=4. �

Certain curves are associated with polar coordinates because they have a
simple polar description. For example, the lima�con (French for snail) is the
graph of r = a + bsin(� ) or r = a + bcos(� ), where jaj 6= jbj. If jaj < jbj, the
lima�con will have a \loop", but if jaj > jbj there is no loop. If jaj = jbj, then
r = a+ bsin(� ) and r = a+ bcos(� ) describe cardioids, named for their heart-like
shape. A third class of polar curves are roses,r = sin( n� ) or r = cos(n� ) where
n is a positive integer. If n is odd, notice that

r (� + � ) = sin( n(� + � )) = sin( n� + n� ) = � sin(n� ) = � r (� );

so the point corresponding to� + � is the same as the point corresponding to� .
Therefore the values of� between � and 2� trace out the same curve as the�
values between 0 and� . Therefore this rose hasn \leaves", since a leaf occurs
between consecutive occurrences ofr = 0, of which there are n between 0 and
� . If n is even, though, we need all values of� between 0 and 2� to draw the
entire curve, so these roses have 2n leaves.
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It is important to recognize the � values which are su�cient to draw a polar
curve. Otherwise, we will overcount the area of a polar curve in the next section.
One way to tell if the values of � from 0 to � are enough to draw the whole
graph is to see ifr (� + � ) = � r (� ) for all � . If so, we only need the values of�
between 0 and� . If not, we will need more. Another way to check is to sim-
ply sketch the graph and see if the values between 0 and� gave the entire curve.

Suggested Problems: Page 753 1-6, 7-11 odd, 12-18, 19-49 odd, 51, 57-61 odd

Section 9.5: Calculus and Polar Coordinates

Now that we know polar coordinates, our next task, of course, is to do calcu-
lus with them. Luckily, we essentially already know how, since polar coordinates
can be viewed as parametric equations with parameter� . That is, if r = f (� ),
then x(� ) = f (� ) cos(� ) and y(� ) = f (� ) sin(� ).

Example: Find the slope of the tangent line of the lima�con r = 3 + 2 sin( � )
at � = �= 4.

Solution: The slope is given by dy=dx = (d y=d� )=(dx=d� ). Since y(� ) =
(3 + 2 sin( � )) sin( � ), dy=d� = 3 cos(� ) + 4 sin( � ) cos(� ). Also, since x(� ) =
(3 + 2 sin( � )) cos(� ), we know dx=d� = � 3 sin(� ) � 2 sin2(� ) + 2 cos2(� ). At
� = �= 4, dy=d� and dx=d� are 3

p
2=2 + 2 and � 3

p
2=2, respectively. Therefore

dy=dx = (3
p

2 + 4)=(� 3
p

2) at � = �= 4. �

One important application of derivatives is to calculate extrema of functions.
In rectangular coordinates, we did this by �nding all x where the tangent line
was horizontal, that is, where dy=dx = 0. In polar coordinates, we are not
interested in horizontal tangent lines, since these will not tell us wherer is
largest or smallest. Instead, we determine where dr=d� = 0.

Example: Determine the largest value of the functionr = 8 cos2(� ) + sin 2(� ).

Solution: We have dr=d� = � 16 cos(� ) sin(� )+2 sin( � ) cos(� ) = � 14 sin(� ) cos(� ),
which is 0 when sin(� ) or cos(� ) is 0. If sin(� ) = 0, then cos2(� ) = 1 so r (� ) = 8.
If cos(� ) = 0, then sin 2(� ) = 1 so r (� ) = 1. Therefore the largest value of the
function is 8. �

When we compute integrals in polar coordinates, it is important to set up
the bounds of integration properly. This often requires computing where two
polar curves r 1(� ) and r 2(� ) intersect. Unlike in rectangular coordinates, we
cannot simply solver 1(� ) = r 2(� ). For example, if r 2(� + � ) = � r 1(� ), then the
points (r 1; � ) and (r 2; � ) will coincide. Also, if r 1(� ) = 0 and r 2(� ) = 0, then the
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points (r 1; � ) and (r 2; � ) will coincide. Ultimately, intersections of polar curves
come in three kinds:

1) At the origin: whenever r 1(� ) = 0 and r 2(� ) = 0

2) In the same direction: wheneverr 1(� ) = r 2(� + 2 �k ) for some integerk

3) In the opposite direction: wheneverr 1(� ) = � r 2(� + � +2 �k ) for some integer
k

Most often, we will only be concerned with values of� between 0 and 2� , so
the integer k in (2) and (3) will be 0.

Example: Find all points intersection of the curves r 1(� ) = cos(2� ) and
r 2(� ) = sin( � ) for � 2 [0; 2� ].

Solution: Both curves contain the origin, so it is a point of intersection. For
intersections of the second kind, we solve the equationr 1(� ) = r 2(� ) (using the
fact that cos(2� ) = 1 � 2 sin2(� )), getting � = 3 �= 2; �= 6; or 5�= 6, which cor-
respond to the points (1; 3�= 2), (1=2; �= 6), and (1=2; 5�= 6). For intersections
of the third kind, we solve r 1(� ) = � r 2(� + � ). But since � r 2(� + � ) = r 2(� ),
we again have� = 3 �= 2; �= 6 or � = 5 �= 6, none of which give us new points
of intersection. Therefore the points of intersection are the origin, (1; 3�= 2),
(1=2; �= 6), and (1=2; 5�= 6). �

Let us now turn our attention to calculating area. How could we compute
the area bound by a polar curver = f (� )? We could of course compute it as
we did with parametric curves treating � as the parameter. However, an easier
way is to use the formula

∫
1
2 r 2 d� .

Example: Find the area inside the four-leafed roser = cos(2� ).

Solution: The integrand will clearly be 1
2 cos2(2� ), so we need only to worry

about the bounds of integration. Now r (� ) = r (� + � ) for all � , so the values of
r between 0 and 2� trace the curve out once. Therefore our area is

∫ 2π

0

1
2

cos2(2� ) d� =
∫ 2π

0

1
4

+
cos(4� )

4
d�

=
(

�
4

+
sin(4� )

16

) ∣∣∣∣∣

2π

0

=
�
2

:

�

Example: Find the area inside the lima�con r = 3 � 6 cos(� ).

10



Solution: The lima�con is only traced out by the values of � between 0 and 2� .
However, this lima�con has a loop, so if we integrate from 0 to 2� we will count
the area of this loop twice. Instead, notice that the loop is traced out when�
is in [0; �= 3] or [5�= 3; 2� ]. Therefore we will integrate from �= 3 to 5�= 3. This
gives the area as

∫ 5π/3

π/3

1
2

(3 � 6 cos(� ))2 d� =
1
2

∫ 5π/3

π/3
9 � 36 cos(� ) + 36 cos2(� ) d�

=
1
2

∫ 5π/3

π/3
27� 36 cos(� ) + 18 cos(2� ) d� =

1
2

(27� � 36 sin(� ) + 9 sin(2 � ))

∣∣∣∣∣

5π/3

π/3

=
1
2

(
36� + 27

p
3
)

:

�

Example: Find the area inside both r = 2 cos(� ) and r = 2 sin( � ).

Solution: Let us draw a picture to visualize the region.
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The region whose area we seek comes in two pieces, namely, the portions above
and below the diagonal line. The portion below follows the curver = 2 sin( � )
for � between 0 and�= 4, where the two curves intersect. The portion above
follows the curve r = 2 cos(� ) for � between �= 4 and �= 2, where that curve
reaches the origin. Therefore the area is

∫ π/4

0

1
2

(2 sin(� ))2 d� +
∫ π/2

π/4

1
2

(2 cos(� ))2 d�
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=
∫ π/4

0
1 � cos(2� ) d� +

∫ π/2

π/4
1 + cos(2� ) d�

= ( � � sin(2� )=2)

∣∣∣∣∣

π/4

0

+ ( � + sin(2 � )=2)

∣∣∣∣∣

π/2

π/4

=
�
2

� 1:

�

Example: Find the area inside r = 1 and outside r = 2 cos(� ).

Solution: Again, it would be helpful to draw a picture.
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The region whose area we seek is traced on the outside byr = 1 from � = �= 3
to � = 5 �= 3 but traced on the inside by r = 2 cos(� ) for � between �= 3 and
2�= 3. Therefore the area is

∫ 5π/3

π/3

1
2

12d� �
∫ 2π/3

π/3

1
2

(2 cos(� ))2 d� =
∫ 5π/3

π/3

1
2

d� �
∫ 2π/3

π/3
1 + cos(2� ) d�

=
�
2

∣∣∣∣∣

5π/3

π/3

� (� + sin(2 � )=2)

∣∣∣∣∣

2π/3

π/3

=
�
3

+

p
3

2
:

�

We end this section by reiterating that other quantities, such as arc length
and surface area and volume of revolution, can be found using parametric inte-
grals and treating � as the parameter.

Suggested Problems: Pages 762-763 1-25 odd, 31-34

Section 9.6: Conic Sections

In high school, we learned about conic sections, which are three types of
quadratic curves:

12



(1) Parabolas: y = ax2 + bx + c
(2) Ellipses: x2=a2 + y2=b2 = 1
(3) Hyperbolas: x2=a2 � y2=b2 = 1.

In this section we will study the geometric properties of conic sections.
A parabola is the set of all points equidistant from a line L and a point P,

where P is not on L . L is called the directrix and P is called the focus. The
closest point to L on the parabola is thevertex

Example: Find the equation of the parabola with focus F = (0 ; 1) and direc-
trix y = � 1.

Solution: The parabola is the set of points (x; y) which satisfy
√

x2 + ( y � 1)2 = jy + 1 j;

since the left-hand side is the distance fromF to (x; y) and the right-hand side
is the distance from (x; y) to the directrix. Squaring both sides gives

x2 + y2 � 2y + 1 = y2 + 2y + 1

x2 = 4y;

so the equation of the parabola isy = x2=4. �

When the directrix of the parabola is horizontal, the equation will involve
x2 but not y2, so it is quadratic in x by linear in y. If instead the directrix is
vertical, the equation will be quadratic in y and linear in x.

We can give formulas for the vertex, focus, and directrix of a parabola from
its equation.

Parabola y = a(x � b)2 + c x = a(y � b)2 + c
Focus (b; c+ 1=(4a)) ( c + 1=(4a); b)

Directrix y = c � 1=(4a) x = c � 1=(4a)
Vertex (b; c) (c; b)

13
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Example: Find the equation of a parabola with focus (2; 0) and directrix
x = � 2.

Solution: Since the directrix is vertical, our equation will be linear in x and
quadratic in y. The table above shows us that� 2 = c� 1=(4a). Looking at the
focus, we see 2 =c + 1=(4a) and 0 = b. Now,

4 = 2 � (� 2) = ( c + 1=(4a)) � (c � 1=(4a)) = 1 =(2a);

so a = 1=8. From this we see 2 =c + 1=(4 � 1=8), so c = 0. Thus the equation
is

x =
1
8

y2:

�

Example: Find the vertex, focus, and directrix of the parabola y = � 2x2 �
8x � 9.

Solution: We convert this equation into one �tting the form of the master
equations in the table: y = � 2(x + 2) 2 � 1. This shows that a = � 2, b = � 2,
and c = � 1. From the table, the vertex is (� 2; � 1), the focus is (� 2; � 9=8),
and the directrix is y = � 7=8. �

Example: Find the set of points equidistant from (� 1; 0) and the line y = 9.

Solution: We can do this is two ways. The �rst is essentially from the de�-
nition of a parabola. The distance from (x; y) to ( � 1; 0) is

√
(x + 1) 2 + y2 and

the distance from (x; y) to y = 9 is jy � 9j. Setting these equal gives
√

(x + 1) 2 + y2 = jy � 9j
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(x + 1) 2 + y2 = ( y � 9)2

y =
� 1
18

x2 �
1
9

x +
40
9

:

A second way would be to use the table above. From the directrix we see that
9 = c � 1=(4a) and from the y-coordinate of the focus we have 0 =c + 1=(4a).
Solving these givesa = � 1=18 andc = 9=2. The x-coordinate of the focus gives
b = � 1. Since the directrix is horizontal, the equation is

y =
� 1
18

(x + 1) 2 +
9
2

:

�

One important property of parabolas deals with re
ection. As it turns out,
if a particle is shot toward a parabola from its focus, it will bounce o� t he
parabola in a direction perpendicular to the directrix. So, no matter where on
the parabola the object hits, it will re
ect in the same direction. This is why
the re
ectors in headlights are shaped like a parabola with the lightbulb at the
focus; it directs all the re
ected light straight forward.

Our next conic section is an ellipse. Anellipse is the set of all points P
such that the sum of the distances fromP to F1 and P to F2 is a constant. F1

and F2 are called the foci (plural of focus) of the ellipse. The midpoint of the
line segment joiningF1 and F2 is the center of the ellipse. The segment joining
the two furthest points on the ellipse is called the major axis and it contains
both foci. The endpoints of the major axis are called the vertices. The segment
perpendicular to the major axis at the center whose endpoints lie on the ellipse
is called the minor axis.

The equation of an ellipse is quadratic in both x and y, with the leading
coe�cients of both x2 and y2 having the sign sign (that is, both are positive or
both are negative). In general, the equation is

(x � h)2

a2 +
(y � k)2

b2 = 1

or
(y � k)2

a2 +
(x � h)2

b2 = 1 ;

where in both equations we insist that a � b. From the equations, we can �nd
the features of the ellipse according to the table below.

Ellipse
(x � h)2

a2 +
(y � k)2

b2 = 1
(x � h)2

b2 +
(y � k)2

a2 = 1

Foci (h �
p

a2 � b2; k) (h; k �
p

a2 � b2)
Center (h; k) (h; k)

Major Axis ( h � a; k) to ( h + a; k) (h; k � a) to ( h; k + a)
Vertices (h � a; k) (h; k � a)

Minor Axis ( h; k � b) to ( h; k + b) (h � b; k) to ( h + b; k)
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Example: Find the equation of the ellipse with foci (0; 1) and (0; 5) and ver-
tices (0; � 1) and (0; 7).

Solution: Taking the midpoint of the foci shows the center is (0; 3), so h = 0
and k = 3. Then we see

p
a2 � b2 = 2, since

p
a2 � b2 is the distance from the

center to the foci. Since the vertices are at distancea from the center, we see
a = 4. But then b =

p
12 from the previous two sentences. Since the major axis

is vertical, our equation is

(y � 3)2

16
+

x2

12
= 1 :

�

Example: Find the vertices and foci of the ellipse 4x2 + ( y + 1) 2 = 16.

Solution: We divide by 16 to get the equation in a more familiar form:

x2

4
+

(y + 1) 2

16
= 1 :

Now it is clear that 16 = a2 and 4 = b2, so a = 4 and b = 2. Obviously h = 0
and k = � 1. Sincea is under the y term, the major axis is vertical. The table
then tells us that the vertices are (0; 3) and (0; � 5) and the foci are (0; 1) and
(0; � 3). �

Just like parabolas, ellipses have interesting an re
ective property: any par-
ticle emanating from one focus will bounce o� the ellipse directly toward the
other focus. This is the idea behind \whispering galleries". These rooms are
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shaped like ellipses, and a person standing at one focus can whisper across the
room to someone at the other focus and be heard clearly!

The �nal conic section is a hyperbola. A hyperbola is the set of all points
P such that the distance from F1 to P minus the distance from F2 to P is
a constant, where F1 and F2 are �xed points. F1 and F2 are the foci of the
hyperbola.

A hyperbola consists of two connected branches. The two points on di�erent
branches at minimum distance to each other are thevertices of the hyperbola.
The center is the midpoint of the segment connecting the vertices. Asx and
y tend to in�nity, the hyperbola will approach asymptotes which meet at the
center.

The equation of a hyperbola is

x2

a2 �
y2

b2 = 1

or
y2

a2 �
x2

b2 = 1 :

Notice that it is quadratic in both x and y, but the coe�cients of x2 and y2

have opposite signs. (Here we make no restriction thata � b).

Hyperbola
(x � h)2

a2 �
(y � k)2

b2 = 1
(y � k)2

a2 �
(x � h)2

b2 = 1

Foci (h �
p

a2 + b2; k) (h; k �
p

a2 + b2)
Vertices (h � a; k) (h; k � a)
Center (h; k) (h; k)

Asymptotes (y � k) = � b
a (x � h) (x � h) = � b

a (y � k)
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Example: Find the equation of a hyperbola with foci (� 2; 2) and (6; 2) and
vertices (0; 2) and (4; 2).
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Solution: The center, being the midpoint of the foci, is at (2; 2), soh = k = 2.
The distance from the center to the vertices isa on the one hand and 2 on the
other, so a = 2. Likewise, the distance from the center to the foci is bothp

a2 + b2 and 4, so 4 =
p

a2 + b2 =
p

4 + b2, so b =
p

12. The vertices are to
the left and right of the center, so the coe�cient of x will be positive. Putting
this together, the equation is

(x � 2)2

4
�

(y � 2)2

12
= 1 :

�

Example: Find the foci, vertices, center, and asymptotes of the hyperbola
y2=4 � (x + 2) 2=9 = 1.

Solution: Reading o� from the equation, h = � 2, k = 0, a = 2, and b = 3.
Then the table tells us the foci are (� 2; �

p
13) and (� 2;

p
13), the vertices are

(� 2; � 2) and (� 2; 2), the center is (� 2; 0), and the asymptotes arex = 3
2 y and

x = � 3
2 y. �

The re
ective property of hyperbolas is that, if a particle is shot toward t he
focus of one branch of the hyperbola from outside that branch, it will re
ect
directly toward the focus of the other branch. A combination of hyperbolas and
parabolas can be used to focus a large amount of light from a vast regioninto
a lens, for example, in telescopes.

Suggested Problems: Pages 773-774 1-31 odd, 35

Section 9.7: Conic Sections in Polar Coordinates

In the last section, we de�ned conic sections as the set of points satisfying
certain distance conditions. A more uniform condition exists that describes all
of them: a conic section is the set of all pointsP such that the distance from
P to F is e times the distance from P to L , where L is a line, P is a point not
on L , and e is a constant. HereL is called the directrix, F is the focus, ande
is the eccentricity. If e = 1, the conic section is a parabola. Ife < 1, the conic
section is an ellipse. Ife > 1, the conic section is a hyperbola.

Suppose a conic section has the origin as a focus andx = d > 0 as a
directrix. Then the distance from a point ( x; y) to the focus is

√
x2 + y2 and

the distance from (x; y) to the directrix is d � x. By the eccentricity de�nition
of a conic section, we have

√
x2 + y2 = e(d � x), which translates in polar form

18



to r = e(d � r cos(� )), or

r =
ed

ecos(� ) + 1
:

Had d been negative, then the distance from the directrix to (x; y) would be
x � d, which would change the polar form of the conic to

r =
ed

ecos(� ) � 1
:

If the directrix had instead been y = d > 0, the equation would have changed
to

r =
ed

esin(� ) + 1
;

and if it were y = d < 0 the equation would be

r =
ed

esin(� ) � 1
:

Example: Find the polar equation of the conic section with focus (0; 0), di-
rectrix x = 2, and eccentricity 2.

Solution: Since the directrix is vertical and x = d = 2 > 0 and e = 2,
the equation is

r =
ed

ecos(� ) + 1
=

4
2 cos(� ) + 1

:

�

Example: Find the polar equation of the conic section with focus (0; 0), di-
rectrix y = � 2, and eccentricity :9.

Solution: Since the directrix is horizontal and y = d = � 2 < 0 and e = :9,
the equation is

r =
ed

esin(� ) � 1
=

� 1:8
:9 sin(� ) � 1

:

�

When one focus is not at the origin, we can still �nd parametric equations of
the conic section, just not with parameter � . For a parabola, we can simply let
t equal whichever variable is squared; this gives a parametric equation for the
other variable. For an ellipse, we make use of the identity cos2(t) + sin 2(t) = 1.
For a hyperbola, we use hyperbolic trigonometry, using the identity cosh2(t) �
sinh2(t) = 1.

Example: Find parametric equations of the conic section (x � 2)2=9 � (y +
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1)2=16 = 1.

Solution: This is a hyperbola, so we let cosh(t) = ( x � 2)=3 and sinh(t) =
(y+1) =4. Now our equation is equivalent to the identity cosh2(t) � sinh2(t) = 1.
Our parametric equations, then, are

x(t) = 3 cosh(t) + 2 y(t) = 4 sinh( t) � 1:

�

Example: Find parametric equations of the conic sectionx2=4 + y2 = 1.

Solution: This is an ellipse, so we letx=2 = cos(t) and y = sin( t). Then
our equation is equivalent to the identity cos2(t) + sin 2(t) = 1. Our parametric
equations, then, become

x(t) = 2 cos(t) y(t) = sin( t):

�

Example: Find parametric equations of the conic sectionx � y2=4 = 1.

Solution: Since this is a parabola, lety = t and x = 1 + t2=4. This gives
the parametric equations

x(t) = 1 +
t2

4
y(t) = t:

�

Suggested Problems: Page 780 1-27 odd
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