
Section 11.1: Vectors in the Plane

Page 779

Suggested Problems: 1, 5, 9, 17, 23, 25-37, 40, 42, 44, 45, 47, 50

Determine whether the following vectorsa and b are perpendicular.

25) a = h6; 0i , b = h0; ¡ 7i

Recall a and b are perpendicular if and only if

ja + bj2 = jaj2 + jbj2:

Now jaj2 =
p

36
2

= 36 and jbj2 = 49. Since ja + bj2 =
p

36 + 49
2

= 85, we
have

jaj2 + jbj2 = 85 = ja + bj2;

so a ? b.

27) a = 2i ¡ j , b = 4j + 8i

Again, sincejaj = 3 and jbj =
p

10, andja + bj =
p

13, we have

jaj2 + jbj2 = 19 6= 13 = ja + bj2;

so a and b are not perpendicular.

Expressi and j in terms of a and b.

29) a = 2i + 3j , b = 3i + 4j

We want to ¯nd r , s, p, and q such that i = ra + sb and j = pa + qb.
But then

1i + 0j = i = ra + sb = (2 r + 3s)i + (3 r + 4s)j

0i + 1 j = j = pa + qb = (2 p + 3q)i + (3 p + 4q)j :
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By equating coe±cients, we get (1) 1 = 2r +3s (2) 0 = 3r +4s (3) 0 = 2p+3q
(4) 1 = 3p + 4q. Subtracting (1) from (2), we get ¡ 1 = r + s. Combining
that with (1), we get s = 3, and so r = ¡ 4. Similarly, we get p = 3 and
q = ¡ 2. Hence

i = ¡ 4a + 3b j = 3a ¡ 2b:

Write c in the form ra + sb wherer and s are scalars.

31) a = i + j , b = i ¡ j , c = 2i ¡ 3j

If c = ra+ sb = ( r + s)i +( r ¡ s)j , then equating coe±cients gives us that
r + s = 2 and r ¡ s = ¡ 3. Thereforer = ¡ 1=2 and s = 5=2. We conclude
that

c =
¡ 1
2

a +
5
2

b:

35) Find a vector of length 5 with (a) the same direction as 7i ¡ 3j (b) the
direction opposite that of 8i + 5 j .

(a) Notice that j7i ¡ 3j j =
p

58, so the vector

5
p

58
(7i ¡ 3j )

is what we want.
(b) Since j8i + 5 j j =

p
89, the vector

¡ 5
p

89
(8i + 5 j )

is the desired vector.

36) For what numbersc are the vectorshc;2i and hc;¡ 8i perpendicular?
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Notice that jhc;2ij 2 = c2 + 4, jhc;¡ 8ij 2 = c2 + 64, and jhc;2i + hc;¡ 8ij 2 =
4c2 + 36. Thereforehc;2ij and hc;¡ 8i are perpendicular if and only if

4c2 + 36 = ( c2 + 4) + ( c2 + 64) = 2 c2 + 68:

This happens if and only ifc2 = 16, or c = § 4.

44) A 50-pound weight is suspended by two cablesC1 and C2. C1 makes a 45o

angle with the ceiling andC2 makes a 30o angle with the ceiling. Determine
the tension in each cable.

Our force vector from gravity is F = h0; ¡ 50i . If T1 and T2 are the
tensions in C1 and C2, respectively, andT 1 and T 2 are the tension force
vectors in the cables, then

T 1 = h¡ T1 cos(45o); T1 sin(45o)i =

*
¡

p
2

2
T1;

p
2

2
T1

+

T 2 = hT2 cos(30o); T2 sin(30o)i =

* p
3

2
Ts;

1
2

T2

+

:

We know the vectors sum to 0, so

¡
p

2
2

T1 +

p
3

2
T2 = 0

p
2

2
T1 +

1
2

T2 ¡ 50 = 0:

From the above equation we see thatT2 =
p

3p
2
T1. Substituting this into the

lower equation, we get
Ã p

2
2

+

p
3

2
p

2

!

T1 = 50;

so T1 ¼ 37:89. Then T2 = (
p

3=
p

2)T1 ¼ 46:4.
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Fun Problem) Show that the vectorsv1 = a1i + b1j and v2 = a2i + b2j are
perpendicular if and only if a1a2 + b1b2 = 0.

Since we knowjv1j2 = a2
1 + b2

1, jv2j2 = a2
2 + b2

2, and

jv1 + v2j2 = ( a1 + a2)2 + ( b1 + b2)2 = a2
1 + 2a1a2 + a2

2 + b2
1 + 2b1b2 + b2

2;

we seev1 and v2 are perpendicular if and only if

a2
1 + b2

1 + a2
2 + b2

2 = a2
1 + 2a1a2 + a2

2 + b2
1 + 2b1b2 + b2

2:

By canceling and dividing by 2, we see the above equality holdsif and only
if

a1a2 + b1b2 = 0;

which is what we wanted to show.
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Section 11.2: Three-Dimensional Vectors

The following problems are similar to the indicated problemson pages
788-789.

Problems 1-6:Let a = h1; ¡ 2; 2i and b = h4; 7; ¡ 4i . Find (1) 3a + 6b (2)
ja ¡ bj (3) a ¢b (4) â = a=jaj.

(1) 3a + 6b = 3h1; ¡ 2; 2i + 6h4; 7; ¡ 4i = h3; ¡ 6; 6i + h24; 42; ¡ 24i =
h27; 36; ¡ 18i :

(2) Sincea ¡ b = h1 ¡ 4; ¡ 2 ¡ 7; 2 ¡ (¡ 4)i = h¡ 3; ¡ 9; 6i , we see

ja ¡ bj =
p

(¡ 3)2 + ( ¡ 9)2 + 62 =
p

126 = 3
p

14:

(3) a ¢b = 1 ¢4 + ( ¡ 2) ¢7 + 2 ¢(¡ 4) = 4 ¡ 14¡ 8 = ¡ 18.

(4) Sincejaj =
p

12 + ( ¡ 2)2 + 22 = 3, we have

â =
1
3

h1; ¡ 2; 2i =
¿

1
3

;
¡ 2
3

;
2
3

À
:

Problems 7-12:With a and b as above, ¯nd the angle betweena and b to
the nearest degree.

Let ® be the angle betweena and b. We know that

cos(®) =
a ¢b
jajjbj

:

We have already sen above thata ¢b = ¡ 18 and jaj = 3. Now jbj =p
42 + 72 + ( ¡ 4)2 =

p
81 = 9, so cos(®) = ¡ 18=(3 ¢9) = ¡ 2=3. Therefore,

® = 131:81o.
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Problems 13-18:Find compba and compab for the vectorsa and b as above.

By the formula,

compba =
a ¢b
jbj

=
¡ 18

9
= ¡ 2

and

compab =
b ¢a
jaj

=
¡ 18

3
= ¡ 6:

Problems 19-24:Write the equation of the indicated spheres.

Center (¡ 6; 7; 4) and radius 3

We have
(x ¡ (¡ 6))2 + ( x ¡ 7)2 + ( x ¡ 4)2 = 32;

or
(x + 6) 2 + ( x ¡ 7)2 + ( x ¡ 4)2 = 9:

Center (1; 2; 2) and passing through the origin

If a sphere with center (1; 2; 2) passes through the origin, then the radius
is the distance between the center and (0; 0; 0), which is, in our case, 3.
Therefore our equation is

(x ¡ 1)2 + ( y ¡ 2)2 + ( z ¡ 2)2 = 9:

Problems 25-28:Find the center and radius of the sphere with equation
x2 + y2 + z2 ¡ 6x + 5y + 8z = 19=4.

Our method will be to complete the squares. By regrouping terms,our
equation is

(x2 ¡ 6x) + ( y2 + 5y) + ( z2 + 8z) = 19=4:
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Completing each square, we see

(x2 ¡ 6x + 9) + ( y2 + 5y + 25=4) + ( z2 + 8z + 16) = 19=4 + 9 + 25=4 + 16

or
(x ¡ 3)2 + ( y + 5=2)2 + ( z + 4) 2 = 36:

Therefore the center of this circle is (3; ¡ 5=2; ¡ 4) and its radius is 6.

Problems 29-38:Describe the graph of the given equations in geometric terms
using plain, clear language.

x2 + y2 = ¡ 1

The sum of squares of real numbers is always nonnegative, so thisequa-
tion has no solutions. The graph of it has no points.

x2 + y2 = 0

If the sum of two squares is 0, then both must be 0. The set of points
satisfying this equation are exactly those points withx- and y-coordinate 0.
Therefore the equation represents thez-axis.

x2 + y2 = 4

For a ¯xed value of z0, the set of points satisfying the equation withz-
coordinate z0 is a circle of radius 2 centered at (0; 0; z0). As z ranges over
all real numbers, this circle slides along thez-axis, forming an in¯nitely long
cylinder with radius 2.

Problems 39-42:Determine whether the following pairs of vectors are paral-
lel, perpendicular, or neither.

a1 = h1; ¡ 2; 2i b1h¡ 4; ¡ 1; 1i

Recall a and b are perpendicular if and only ifa ¢b = 0 and are parallel
if and only if a ¢b = jajjbj.

Now a1 ¢b1 = ¡ 4 + 2 + 2 = 0, so a1 is perpendicular tob1.
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a2 = h2; 4; 7i b2h1; 1; 1i

Sincea2 ¢b2 = 13 and ja2jjb2j =
p

69
p

3 6= 13, so a2 and b2 are neither
parallel nor perpendicular.

a3 = h12; 4; 16i b3h21; 7; 28i

Sincea3 ¢b3 = 728 and ja3jjb3j =
p

416
p

1274 = 728, this pair of vectors
is parallel.

Problems 43-44:Determine whether the following triples of points lie on a
straight line.

(3; 0; 6), (1; ¡ 1; 1), and (¡ 13; ¡ 8; ¡ 34)

A triple of points P, Q and R are on a straight line if and only if ~PQ is
parallel to ~QR.

The above triple lie on a straight line if and only ifh¡ 2; ¡ 1; ¡ 5i is paral-
lel to h¡ 14; ¡ 7; ¡ 35i . It is easy to see the second vector is 7 times the ¯rst,
so they are indeed parallel. We conclude the three points lie on a straight line.

(1; 2; ¡ 2), (2; 0; 9), and (4; ¡ 6; 7)

As above, these three lie on a straight line if and only if the vectors
v1 = h1; ¡ 2; 11i and v2h2; ¡ 6; ¡ 2i are parallel. Since the ¯rst coordinate of
v2 is twice the ¯rst coordinate of v1, these two vectors are parallel if and
only if v2 = 2v1, which is clearly false. Hence these points do not belong to
a straight line.

Problems 45-48:Find the three angles of the triangle with given vertices.

A = (1 ; 1; 1) B = (3 ; 4; 5) C = (4 ; 3; 2)

Let v1 = ~AB , v2 = ~BC, and v3 = ~CA. Let ®, ¯ , and ° be the angles at
the verticesA, B , and C, respectively.

We know
cos(®) =

v1 ¢ ¡ v3

jv1jj ¡ v3j
=

16
p

29
p

14
= :794
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cos(̄ ) =
¡ v1 ¢v2

j ¡ v1jj v2j
=

13
p

29
p

11
= :727

cos(° ) =
¡ v2 ¢v3

jv2jj v3j
=

¡ 2
p

14
p

11
= ¡ :161;

so ® = 37:4o, ¯ = 43:3o, and ° = 99:3o.

Problems 49-52:Find the direction angles of the vector represented by~PQ,
whereP = (1 ; 0; 1) and Q = (2 ; 4; 5).

Let ®, ¯ , and ° be the angles between~PQ and the x-, y-, and z-axes,
respectively. Notice that ~PQ = h1; 4; 4i .

We know that

cos(®) =
~PQ ¢i

j ~PQjj i j
=

1
p

33

cos(̄ ) =
~PQ ¢j

j ~PQjj j j
=

4
p

33

cos(° ) =
~PQ ¢k

j ~PQjjkj
=

4
p

33
;

so ® = 79:98o and ¯ = ° = 45:87o.

Problems 53-54:Find the work W done by the forceF in moving a particle
in a straight line from P to Q.

F = 2i ¡ j + k P = h0; 1; 2i Q = h3; 2; 3i

The book tells us thatW = F ¢ ~PQ. Since ~PQ = h3; 1; 1i , we seeW = 6
joules.
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Section 11.3: The Cross Product of Vectors

Problems 1-4:Find a £ b, wherea = h4; 6; ¡ 1i and b = h1; 2; ¡ 1i .

By Equation 5 on Page 791,

a £ b = det

0

@

2

4
i j k
4 6 ¡ 1
1 2 ¡ 1

3

5

1

A

= i(6(¡ 1) ¡ 2(¡ 1)) ¡ j (4(¡ 1) ¡ 1(¡ 1)) + k(4 ¢2 ¡ 6 ¢1;

so a £ b = ¡ 4i + 3 j + 2k = h¡ 4; 3; 2i .

Problems 5-6:Find the cross product of the given 2-dimensional vectors
a = ha1; a2i and b = hb1; b2i by ¯rst \extending" them to 3-dimensional
vectorsa0 = ha1; a2; 0i and b0 = hb1; b2; 0i .

a = h1; 4i b = h5; ¡ 2i

By de¯nition, a0 = h1; 4; 0i and b0 = h5; ¡ 2; 0i . Then

a0£ b0 = det

0

@

2

4
i j k
1 4 0
5 ¡ 2 0

3

5

1

A

= i(4 ¢0 ¡ (¡ 2)0) ¡ j (1 ¢0 ¡ 5 ¢0) + k(1(¡ 2) ¡ 5 ¢4) = ¡ 22k:

It is important to notice this vector has i and j coe±cients equal to 0.
This makes sense, sincea and b lie in the xy-plane, and sincea £ b must be
perpendicular to both vectors, it must be a multiple ofk.

Problems 7-8:Find two di®erent unit vectorsu and v both of which are per-
pendicular to both a = h5; 4; 1i and b = h2; 3; 6i .
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First we use the cross product to ¯nd a vector perpendicular to both a
and b:

a £ b = det

0

@

2

4
i j k
5 4 1
2 3 6

3

5

1

A = 21i ¡ 28j + 7k:

Now notice that ja £ bj =
p

1274. Thereforeu = a£ bp
1274

and v = ¡ u are unit
vectors, which are both perpendicular to botha and b sincea £ b is.

Problems 14-15:Find the area of the triangle with verticesP(0; 0; 1), Q(2; 3; 4),
and R(¡ 6; 4; 0).

Equation 10 on page 793 tells us the areaA of this triangle is

A =
1
2

j ~PQ £ ~PRj:

Now ~PQ = h2; 3; 3i and ~PR = h¡ 6; 4; ¡ 1i , so

~PQ £ ~PR = det

0

@

2

4
i j k
2 3 3

¡ 6 4 ¡ 1

3

5

1

A = ¡ 15i ¡ 16j + 26k:

Hencej ~PQ £ ~PRj =
p

1157, so

A =
1
2

p
1157:

Problems 16-17:Find the volumeV1 of the parallelepiped with adjacent edges
~OP, ~OQ, and ~OR, where P = (0 ; 0; 1), Q = (2 ; 3; 4), and R = ( ¡ 6; 4; 0).

Then ¯nd the volume V2 of the pyramid determined byO, P, Q, and R.

We know from Equations 17 and 18 on pages 794 and 795 that

V1 =

¯
¯
¯
¯ det

0

@

2

4
0 0 1
2 3 4

¡ 6 4 0

3

5

1

A
¯
¯
¯
¯ =
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= j0(3¢0 ¡ 4 ¢4) ¡ 0(2¢0 ¡ (¡ 6)4) + 1(2 ¢4 ¡ (¡ 6)3)j = j26j = 26:

Now, for the volume of the pyramid, Example 7 on page 795 tells us that

V2 =
1
6

V1 =
26
6

:

Problem 18: Find a unit vector n perpendicular to the plane through the
points P, Q, and R from above. Then ¯nd the distance from the origin to
this plane by computingn ¢ ~OP.

The vectors ~PQ and ~PR certainly lie in the plane throughP, Q, and R.
Recall ~PQ = h2; 3; 3i and ~PR = h¡ 6; 4; ¡ 1i .

The vector n = ^~PQ £ ~PR is a unit vector perpendicular to ~PQ and ~PR,
and so it is perpendicular to the plane containingP, Q, and R. Since we
have seen that ~PQ £ ~PR = ¡ 15i ¡ 16j + 26k and j ~PQ £ ~PRj =

p
1157, we

have
n =

1
p

1157
(¡ 15i ¡ 16j + 26k) :

Now, let C be the closest point to the originO on the plane containing
P, Q, and R. We want to ¯nd the distance from O to C, or j ~OCj. Thinking
geometrically, one can reason that since~OC is parallel to n, the length of
~OC is the length of ~OP in the direction of n, or compn ~OP. But then

j ~OCj = compn ~OP =
n ¢ ~OP

jnj
= n ¢ ~OP = 26:

Therefore the distance from the origin to the plane containing P, Q, and R
is 26.

Problems 19-22:Determine whether or not the four given pointsA, B , C,
and D are coplanar. If not, ¯nd the volume of the pyramid with these four
points as its vertices, given that its volume is one-sixth thatof the paral-
lelepiped spanned by ~AB , ~AC, and ~AD .

12



A(1; 4; ¡ 2) B(6; 8; 2) C(4; 7; ¡ 1) D(8; 12; ¡ 2)

First note that ~AB = h5; 4; 4i , ~AC = h3; 3; 1i , and ~AD = h7; 8; 0i . Now

~AB £ ~AC = det

0

@

2

4
i j k
5 4 4
3 3 1

3

5

1

A = ¡ 8i + 7 j + 3k;

so ~AD ¢( ~AB £ ~AC) = ¡ 56 + 56 + 0 = 0, so the four points are coplanar.

A(1; 4; ¡ 2) B(6; 8; 2) C(4; 7; ¡ 1) D(14; 10; 0)

Again, we start by noticing that ~AB = h5; 4; 4; i , ~AC = h3; 3; 1i , and
~AD = h13; 6; 2i . Then

~AD ¢( ~AB £ ~AC) = ~AD ¢ h¡8; 7; 3i = ¡ 42;

so the volume of the pyramid is1
6 j ¡ 42j = 7.
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Section 11.4: Vectors, Curves, and Surfaces in Space

Problems 1-4:Write parametric equations of the straight lineL that passes
through the point P = (1 ; ¡ 4; 3) and is parallel to the vectorv = 6i +4j ¡ k.

L is the set of vectors

~OP + tv = h1; ¡ 4; 3i + th6; 4; ¡ 1i = h6t + 1; 4t ¡ 4; 3 ¡ ti

wheret is any real number. Therefore the parametric equations forL are

x = 6t + 1

y = 4t ¡ 4

z = 3 ¡ t:

Problems 5-8:Write parametric equations of the straight lineL that passes
through the points P1 and P2.

L is given parametricly in vector form by

~OP1 + t ~P1P2 = h1; 0; 0i + th¡ 6; 7; 2i = h1 ¡ 6t; 7t; 2ti ;

so the parametric equations forL are

x = 1 ¡ 6t

y = 7t

z = 2t:

Problems 9-14:Write both parametric and symmetric equations for the in-
dicated straight line L.

Through P = (2 ; 3; 7) and Q = ( ¡ 2; 6; 9)
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L is the set of points

~OP + t ~PQ = h¡ 2t + 2; 3t + 3; 2t + 7i :

Parametricly, L is the set of points satisfying

x = ¡ 2t + 2

y = 3t + 3

z = 2t + 7:

Solving these fort gives the symmetric equations

t =
x ¡ 2
¡ 2

=
y ¡ 3

3
=

z ¡ 7
2

:

Problems 15-20:Determine whether the line

L1 =
x + 2

3
=

y + 6
4

=
z ¡ 5
¡ 2

is parallel to, skew to, or intersectingL2. If they intersect, ¯nd the point of
intersection.

L2 = x¡ 9
¡ 2 = y + 5 = z+4

2

L2 is parallel to the vector h¡ 2; 1; 2i and L1 is parallel to h3; 4; ¡ 2i , so
the two lines are not parallel. IfL1 and L2 intersect at a point (x0; y0; z0),
then we know

x0 = 3t1 ¡ 2 = ¡ 2t2 + 9

y0 = 4t1 ¡ 6 = t2 ¡ 5

z0 = ¡ 2t1 + 5 = 2 t2 + 4:

Adding the ¯rst and third of these, we seet1 = 10. Substituting this in the
expression forx0, we seet2 = ¡ 19=2. But these values contradict the other
equations fory0, so L1 and L2 do not intersect.

L2 = x¡ 10
¡ 2 = y + 5 = z+5

2
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Just as above,L2 is not parallel to L1. If L1 and L2 intersect in a point
(x0; y0; z0), then

x0 = ¡ 2t1 + 10 = 3 t2 ¡ 2

y0 = t1 ¡ 5 = 4t2 ¡ 6

z0 = 2t1 ¡ 5 = ¡ 2t2 + 5:

Adding the ¯rst and third of these, we seet2 = 2. But then t1 = 3. The
points corresponding to these values oft are both (4; 2; 1), soL1 and L2 in-
tersect in the point (4; 2; 1).

L2 = x¡ 6
3 = y¡ 7

4 = z+4
¡ 2

Reading the denominators from the symmetric equations, we see that
both L1 and L2 are parallel to the vectorh3; 4; ¡ 2i , soL1 and L2 are parallel.

Problems 21-24:Write an equation of the planeP with normal vector n =
h1; 1; 1i that passes through the pointQ = (5 ; ¡ 3; 4).

P is the set of pointsR = ( x; y; z) such that ~QR ? n, or ~QR ¢n = 0.
That means that

0 = ~QR ¢n = hx ¡ 5; y + 3; z ¡ 4i ¢ h1; 1; 1i = x + y + z ¡ 7:

ThereforeP is the set of points

x + y + z = 7;

which is the desired equation.

Problems 25-32:Write an equation of the indicated planeP.

Through Q = (1 ; ¡ 4; 3), R = ( ¡ 2; 0; 2), and S = (5 ; 3; 0)

Let n = ~QR £ ~QS, so that n is normal to P. Then

n = h¡ 3; 4; ¡ 1i £ h 4; 7; ¡ 3i = h¡ 5; ¡ 13; ¡ 37i :

Now, P is exactly the set of pointsT = ( x; y; z) such that n ¢ ~QT = 0, or

hx ¡ 1; y + 4; z ¡ 3i ¢ h¡ 5; ¡ 13; ¡ 37i = 0;
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or
¡ 5(x ¡ 1) ¡ 13(y + 4) ¡ 37(z ¡ 3) = 0:

Expanding this, we see our plane is given by the equation

5x + 13y + 37z = 74:

Problems 33-34:Write an equation of the planeP that contains both the
point Q = (2 ; 4; 6) and the line L given by

x + 3
7

=
y ¡ 3

4
=

z ¡ 2
5

:

L is parallel to vectorh7; 4; 5i and contains the pointR = ( ¡ 3; 3; 2) (cor-
responding tot = 0). Therefore P contains the vectors ~QR = h¡ 5; ¡ 1; ¡ 4i
and v = h7; 4; 5i . Then the vector n = ~QR £ v is normal to P. Note
that n = h11; 3; ¡ 13i . Then P is the set of pointsS = ( x; y; z) such that
~QS ¢n = 0, or

11x + 3y ¡ 13z = ¡ 42:

Problems 35-38:Determine whether the lineL and the planeP intersect or
ar parallel. If they intersect, ¯nd the point of intersection.

P is x + 4y ¡ 3z = ¡ 1, L is fh2t; t; 2ti : t 2 Rg

Our strategy will be to ¯nd the normal vector to P and decide whether
it is perpendicular to a vector parallel toL.

Note that the points Q1 = ( ¡ 1; 0; 0), Q2 = (1 ; 1; 2), and Q3 = (2 ; 0; 1) all
lie on P. Therefore the normal vectorn to P is

n = ~Q1Q2 £ ~Q1Q3 = h2; 1; 2i £ h 3; 0; 1i = h1; 4; ¡ 3i :

Now, L is parallel to the vector v = h2; 1; 2i . Sincev ¢n = 0, n is per-
pendicular to v, so v lies in P. We conclude thatL is parallel to P.
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P is x ¡ 4y + 13z = 10, L is fh6t + 1; ¡ 2t + 1; ¡ 2t + 1 i : t 2 Rg

The normal vector toP is n = h1; ¡ 4; 13i . L is parallel tov = h6; ¡ 2; ¡ 2i .
Sincen ¢v = ¡ 12 6= 0, v and n are not perpendicular, sov does not lie in
P. ThereforeL and P are not parallel.

Now, let (x0; y0; z0) be the point of intersection ofL and P. Then we
know that, for somet,

x0 = 6t + 1

y0 = ¡ 2t + 1

z0 = ¡ 2t + 1

x0 ¡ 4y0 + 13z0 = 10:

Substituting the ¯rst three into the fourth, we see t = 0, which corresponds
to the point (1; 1; 1). We can check that (1; 1; 1) is indeed a point of inter-
section forP and L.

Problems 39-42:Find the angle between the planesP1 given by¡ x+2y+3z =
13 andP2 given by 2x + 3y ¡ 4x = 9.

The angle between two planes is the angle between their normal vectors.
Let n1 and n2 be the normal vectors toP1 and P2, respectively. Reading o®
coe±cients, we know thatn1 = h¡ 1; 2; 3i and n2 = h2; 3; ¡ 4i .

We will ¯nd the angle ® betweenn1 and n2 using the dot product. Now

¡ 8 = n1 ¢n2 = jn1jjn2j cos(®) =
p

406 cos(®);

so cos(®) = ¡ :397033, so® = cos¡ 1(¡ :397033) = 113:393o.
Hence the intersection ofP1 and P2 forms a 113:393o angle. However, we

always take the angle between planes to be at most 90o. Therefore, we use
the supplementary angle 66:607o as the angle betweenP1 and P2.
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Section 11.5: Curves and Motion in Space

Problems 5-10:Find the values ofr 0(t) and r 00(t) for the given value oft.

r (t) = et2
i + sin(6t)j , t = ¼=2

Since the derivative ofv(t) = x(t)i + y(t)j is v0(t) = x0(t)i + y0(t)j , we
have that

r 0(t) = ( et2
)0i + (sin(6 t))0j = 2tet2

i + 6 cos(6t)j :

Therefore,

r 00(t) = ( r 0(t))0 = (2 tet2
)0i + (6 cos(6t))0j = (2 et2

+ 4t2et2
)i ¡ 36 sin(6t)j :

Substituting in t = ¼=2, we have

r 0(¼=2) = ¼e¼
2=4i ¡ 6j

and
r 00(¼=2) = (2 + 2 ¼)epi2=4i :

Problems 11-16:Find the velocity and acceleration vectors and the speed at
time t = ¼=2 for the given position vector.

r (t) = ht; sin(t); et i

Let v(t) and a(t) be the velocity and acceleration vectors, so thatv(t) =
r 0(t) and a(t) = r 00(t). Then

v(t) = h1; cos(t); et i

and
a(t) = h0; ¡ sin(t); et i :

Substituting in t = ¼=2, we havev(¼=2) = h1; 0; e¼=2i anda(¼=2) = h0; ¡ 1; e¼=2i .
Also, the speed att = ¼=2 is

jv(¼=2)j =
p

12 + 02 + e¼ =
p

e¼ + 1:
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Problems 17-20:Calculate the following integral.

R¼=2
0 cos(t)i + ( t3 ¡ t2)jdt

Since we can integrate componentwise,

Z ¼=2

0
cos(t)i + ( t3 ¡ t2)jdt =

ÃZ ¼=2

0
cos(t) dt

!

i +

ÃZ ¼=2

0
t3 ¡ t2 dt

!

j

=
µ

sin(t)
¯
¯
¯
¼=2

0

¶
i +

µ
t4=4 ¡ t3=3

¯
¯
¯
¼=2

0

¶
j = i +

µ
¼4

64
¡

¼3

24

¶
j :

Problems 21-24:Apply Theorem 2 of Page 808 to compute the derivative
D t [u(t) ¢v(t)].

u(t) = 6 ti + t2j v (t) = e2i + 3 t j

Theorem 2 tells us that

D t [u(t) ¢v(t)] = u0(t) ¢v(t) + u(t) ¢v0(t):

Therefore, we have

D t [u(t) ¢v(t)] = (6 i + 2tj ) ¢(e2i + 3 t j ) + (6 ti + t2j ) ¢(ln(3)3t j )

= (6 e2i + t23t j ) + (ln(3) t23t j ) = 6 e2i + (1 + ln 3) t23t j :

Problems 25-34:For a particle moving inxyz-space, we know the acceleration
vector

a(t) = h14; 72t7 ¡ et ; 16e¡ 4t i ;

the initial position
r 0 = r (0) = h0; ¡ 1; 0i ;

and the initial velocity

v0 = v(0) = h1; ¡ 1; 0i
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Find its position vector r (t) at time t = 4.

The velocity vector v(t) =
R

a(t) dt, and so

v(t) = h14t + C1; 9t8 ¡ et + C2; ¡ 4e¡ 4t + C3i :

Using the initial velocity v(0), we can see thatC1 = 1 and C2 = C3 = 0, so
v(t) = h14t + 1; 9t8 ¡ et ¡ 4e¡ 4t i : Now, using that the position vectorr (t) isR

v(t) dt, we have

r (t) = h7t2 + t + D1; t9 ¡ et + D2; e¡ 4t + D3i

for some constantsD1; D2; D3. Using what we know aboutr (0), it is easy to
see thatD1 = D2 = D3 = 0. Hence

r (t) = h7t2 + t; t 9 ¡ et ; e¡ 4t i :

Problem 36:Use the equations of Theorem 2 to calculate

D t [u(t) ¢v(t)] and D t [u(t) £ v(t)]

if u(t) = ht; t 2; t3i and v(t) = h2t ; cos(t) sin(t); sin(t)i .

Theorem 2 tells us that

D t [u(t) ¢v(t)] = u0(t) ¢v(t) + u(t) ¢v0(t)

= h1; 2t; 3t2i ¢ h2t ; cost sint; sinti + ht; t 2; t3i ¢ hln(2)2t ; cos2 t ¡ sin2 t; costi

= h2t ; 2t cost sint; 3t2 sinti + hln(2)t2t ; t2(cos2 t ¡ sin2 t); t3 costi

= h(1 + ln(2) t)2t ; 2t cost sint + t2(cos2 t ¡ sin2 t); 3t2 sint + t3 costi :

Also,
D t [u(t) £ v(t)] = u0(t) £ v(t) + u(t) £ u0(t)

=
¡
h1; 2t; 3t2i £ h 2t ; cost sint; sinti

¢
+

¡
ht; t 2; t3i £ h ln 22t ; cos2 t ¡ sin2 t; costi

¢

= h2t sint ¡ 3t22t ; 3t22t ¡ sint; cost sint ¡ 2t2t i

+ ht2 cost ¡ t3(cos2 t ¡ sin2 t); ln(2)t22t ¡ t cost; t (cos2 t ¡ sin2 t)¡ ln(2)t22t i :
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Problem 43:Let a projectile ¯red at an inclination of 30o have range (hor-
izontal distance traveled) 100 meters. What is the initial velocity v0 of the
projectile?

We will consider this problem in only two dimensions,x (horizontal) and
y (vertical). We know the acceleration vector of the projectile is h0; ¡ 9:8i .
Therefore the velocity vectorv(t) = hC1; ¡ 9:8t + C2i for constantsC1 and C2

by integration. But since v(0) = hv0 cos(30o); v0 sin(30o)i , C1 = v0 cos(30o)
and C2 = v0 sin(30o).

Integrating the velocity vector to get the position vectorr (t), we see

r (t) = hv0 cos(30o)t + D1; v0 sin(30o)t ¡ 4:9t2 + D2i :

If we call the initial position (0; 0), then we can setD1 = D2 = 0. We know
that, if t¤ is the time when the projectile lands, thatr (t¤) = h100; 0i . Solving
this in the y-coordinate, we have

v0 sin(30o)t¤ ¡ 4:9t¤2 = 0;

so t¤ = v0 sin(30o )
4:9 . But then, looking at the x-coordinate,

100 = v0 cos(30o)t¤ =
v2

0 cos(30o) sin(30o)
4:9

;

so we have thatv0 = 33:6394 meters per second.

Problem 44:What is the maximum height achieved by the projectile of the
last example?

As we have already seen, the height of the projectile at timet is v0 sin(30o)t¡
4:9t2 = 16:8197t ¡ 4:9t2. We know how to maximize this function; it is max-
imized whent = 16:8197

9:8 = 1:7163. At this time, the height is 14:4338 meters.
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Section 11.6: Curvature and Acceleration

Page 830

Problems 1-6:Find the arc length of the given curve.

x = 3
2t2, y = t3, z = t from t = 0 to t = 5

The arc length is the integral
Z 5

0

p
x02 + y02 + z02 dt =

Z 5

0

p
9t2 + 9t4 + 1 dt

=
Z 5

0
3t2 + 1 dt = ( t3 + t)

¯
¯
¯
¯

5

0

= 130:

x = t sint, y = t cost, z = 2
p

2
3 t3=2 from t = 0 to t = 1

The arc length is
Z 1

0

q
(t cost + sin t)2 + ( ¡ t sint + cost)2 + (

p
2t)2 dt

=
Z 1

0

p
t2 + 1 + 2 t dt =

Z 1

0
t + 1 dt =

µ
t2

2
+ t

¶ ¯
¯
¯
¯

1

0

=
3
2

:

Problems 7-12:Find the curvature of the given plane curve at the indicated
point.

y = x sinx at (¼;0)

Recall that · = jy00j
(1+ y02 )3=2 . Sincey0 = x cosx + sin x and y00= ¡ t sint +

2 cost, we have

· =
j2 cost ¡ t sintj

(1 + t2 cos2 t + sin2 t + 2t cost sint)3=2
:
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At the point ( ¼;0), · = 2
(1+ ¼2 )3=2 .

y = x4 at (3; 81)

Using the formula above and thaty0 = 4x3 and y00= 12x2, we have

· =
j12x2j

(1 + 16x6)3=2
;

which is 108
343 at the indicated point.

Problems 13-16:Find the point or points on the curvey = ex at which the
curvature is maximized.

Again, sincey0 = y00= ex , the formula gives that

· =
ex

(1 + e2x )3=2
:

To ¯nd when · is maximized, we di®erentiate:

· 0 =
ex (1 + e2x )3=2 ¡ 3ex

p
1 + e2x

(1 + e2x)3
:

Now, · 0 = 0 when the numerator is 0. Dividing the numerator through by
ex

p
1 + e2x , we see the numerator is 0 when 1 = 2e2x , or when x = ¡ ln 2

2 .

This givesy =
p

2
2 . Therefore the curvature is maximized at

³
¡ ln 2

2 ;
p

2
2

´
.

Problems 17-21:Find the unit tangent and normal vectors toy = x4 at the
point (1; 1).

We can parametrize this function asx = t, y = t4 so that our function is
the set of pointsht; t 4i . Di®erentiating with respect tot, we see the tangent
vector to this function is h1; 4t3i . Taking the unit vector in this direction, we
see

T =
h1; 4t3i

p
16t6 + 1

:

Now, by inspection, the vectorn = h4t3; ¡ 1i is normal to the curve. Since
y00= 12x2 > 0, we know the function is concave up, so

N = ¡ n̂ =
h¡ 4t3; 1i
p

16t6 + 1
:
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Evaluating each of these at the point (1; 1), we haveT (1) = 1p
17

h1; 4i and
N = 1p

17
h¡ 4; 1i .

Problems 22-26:The position vector of a particle moving in the plane is given
by

r (t) = 3 sin(¼t)i + 3 cos(¼t)j :

Find the tangential and normal components of the acceleration vector.

Equation 22 on Page 824 tells us that

a =
dv
dt

T + ·v 2N ;

where the ¯rst term on the right is the tangential component andthe second
term is the normal component of acceleration.

Now, T = 1
3¼

p
2
h3¼cos(¼t); ¡ 3 sin(¼t)i . Also, we seev(t) = 3 ¼

p
2, so

dv
dt = 0. Hence the tangential component of acceleration is 0.

For the normal component, we notice that since there is no tangential
component of acceleration, the normal component is simplya(t) = ¡ ¼2r (t).

Problems 29-31:Find the equation of the osculating circle for the plane curve
y = 1 ¡ x2 at the point (0; 1).

To determine the osculating circle, we need to know the normalvector N
and the curvature · . Now

· (x) =
jy00j

(1 + y0)3=2
=

2
(1 + 4x)3=2

;

so · (0) = 2. Therefore the radius of curvature is 1=2. Now the vectorh1; 0i
is tangent to the curve at this given point by di®erentiating,and since the
curve is concave down, a normal vector at the point ish0; ¡ 1i . Hence the
center of the osculating circle is

h0; 1i +
1
2

h0; ¡ 1i = h0; 1=2i :

Combining all this, we get that the equation of the osculating circle is

x2 + ( y ¡ 1=2)2 = 1=4:
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Problems 32-41:Find the curvature · and the tangential and normal com-
ponents of acceleration of the space curve with position vector

r (t) = ht; t 2;
2
3

t3i :

First note the velocity and acceleration vectors are

v(t) = h1; 2t; 2t2i

a(t) = h0; 2; 4ti :

Now the tangential component of acceleration is

compva =
a ¢v
jvj

=
0 + 4t + 8t3

p
1 + 4t2 + 4t4

= 4t:

The normal component of acceleration is

a(t) ¡ projva = a(t) ¡ (compva)v = h0; 2; 4ti ¡ 4th1; 2t; 2t2i

= h¡ 4t; 2 ¡ 8t2; 4t ¡ 8t3i :

Problems 42-45:Find the unit vectors T and N for the curvehsin(t); cos(t); ti
at the point (0; 1; 2¼).

Taking derivatives, the tangent vector to the curve is given by

t (t) = hcos(t); ¡ sin(t); 1i

which has length
p

2. Hence the unit tangent vector is

T (t) =
1

p
2

hcos(t); ¡ sin(t); 1i ;

which is h0; 1; 1i at our point (which corresponds tot = 2¼).
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Taking a second derivative, the acceleration vector is givenby

a(t) = h¡ sin(t); ¡ cos(t); 0i :

The vector

orthT a = a ¡
a ¢T
jT j2

T = h¡ sin(t); ¡ cos(t); 0i ¡ 0T = a

is normal to the curve. Hence the unit normal vector is

N = â = a = h¡ sin(t); ¡ cos(t); 0i ;

which equalsh0; ¡ 1; 0i at our point.
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Section 11.7: Cylinders and Quadric Surfaces

Page 839

Problems 1-30:Describe the graphs of the given equations.

x2 + z2 = 13

This is a cylinder extending in¯nitely far in either direction with radiusp
13 centered around they-axis.

x2 + 4y2 = z

For any ¯xed nonnegative value ofz, say z0, the equation

x2 + 4y2 = z0

describes an ellipse in the planez = z0. Letting z grow, this ellipse gets
larger. This is an elliptical paraboloid.

3x ¡ 4y + 8z = ¼

This is a plane.

y = cos(x)

In two dimensions, this is something like a \wavy line". Since there is no
restriction on z, this equation represents a \wavy plane" in three dimensions.

Problems 31-40:The equation of a curve in one of the coordinate planes is
given. Write an equation for the surface generated by revolving this curve
around the indicated axis.

x = z2 x-axis

A point ( x; y; z) lies on this surface of revolution if and only if its dis-
tance to the x-axis, namely

p
y2 + z2, is equal to the z-coordinate of the
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plane curve. Therefore the equation of the surface is gotten by replacingz in
the equation of the plane curve with

p
y2 + z2. This gives usx =

p
y2 + z2

2
,

or x = y2 + z2, as the equation of the surface. This is a circular paraboloid.

y = sin( x) x-axis

A point ( x; y; z) lies on the surface of revolution if and only if its distance
to the x-axis, namely

p
y2 + z2, equals they-coordinate of the plane curve.

Therefore the equation of the surface is gotten by replacingy with
p

y2 + z2

in the equation of the curve. This gives us
p

y2 + z2 = sin( x) as the equation
of the surface.

Problems 41-48:Describe the traces of the given surfaces in planes of the
indicated type.

x2 + 3z2 = 8 in planes parallel to any coordinate plane

In planes parallel to thexy-plane,z is ¯xed, say z0. Then the equation is
x2 = 8 ¡ 3z2

0, which describes two parallel lines. Similarly, in planes parallel
to the yz-plane, the trace with be two parallel lines. In planes parallel to the
xz-plane, y is ¯xed but irrelevant; the equation x2 + 3z2 = 8 describes an
ellipse in that plane.

x = yz in planes parallel to theyz-plane and to thexy-plane

In planes parallel to the yz-plane, x is some ¯xed valuex0, and the
equation yz = x0 describes a hyperbola in that plane.

In planes parallel to thexy-plane,z is some ¯xed valuez0, so the equation
x = z0y describes a line through the origin with slopez0.

x = sin2(y)
p

(y ¡ 1)2 + z2 ¡ 1 in the xz-plane

In the xz-plane, y = 0, so the equation reduces tox =
p

z2 or x = jzj,
which is a \V" shape.
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Section 11.8: Cylinders and Spherical Surfaces

Page 845

Problems 1-6:Find the rectangular coordinates of the point with the given
cylindrical coordinates.

(1; ¼=2; 3)

We know x = r cos(µ) = cos(¼=2) = 0 and y = r sin(µ) = 1. Therefore
this point is (0; 1; 3) in rectangular form.

(2; ¼=4; ¡ 1)

Again, x = r cos(µ) = 2
p

2
2 =

p
2 andy = r sin(µ) =

p
2. Hence this point

is (
p

2;
p

2; 1) in rectangular form.

Problems 7-12:Find the rectangular coordinates of the points with the given
spherical coordinates.

(3; ¼=2; 0)

We know

x = ½sin(Á) cos(µ) = 3 sin(¼=2) cos(0) = 3

y = ½sin(Á) sin(µ) = 3 sin(¼=2) sin(0) = 0

z = ½cos(µ) = 3 cos(¼=2) = 0;

so this point is (3; 0; 0) in rectangular form.

(6; ¼=3; ¼=4)

Again,

x = ½sin(Á) cos(µ) = 6 sin(¼=3) cos(¼=4) = 6

p
3

2

p
2

2
=

3
p

6
2
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y = ½sin(Á) sin(µ) = 6 sin(¼=3) sin(¼=4) = 6

p
3

2

p
2

2
=

3
p

6
2

z = ½cos(µ) = 6 cos(¼=3) = 6=2 = 3;

so this point is (3
p

6
2 ; 3

p
6

2 ; 3) in rectangular form.

Problems 13-22:Find both the cylindrical coordinates and the spherical co-
ordinates of the pointP with the given rectangular coordinates.

(3; 4; 5)

First we will ¯nd the cylindrical coordinates. We knowr =
p

32 + 42 = 5.
Since 3 = x = r cos(µ), we have cos(µ) = 3 =5. Sinceµ lies in the ¯rst
quadrant, µ ¼ :927. Hence this point is (5; :927; 5) in cylindrical form.

Now we ¯nd the spherical coordinates. We know½=
p

32 + 42 + 52 =
5
p

2. Since z = ½cos(Á), we have cos(Á) = 1p
2
, so Á = ¼=4. Then

3 = x = ½sin(Á) cos(µ) = 5 cos(µ). Sinceµ lies in the ¯rst quadrant, µ ¼ :927.
Therefore the spherical coordinates are (5

p
2; ¼

4 ; :927).

(¡ 2; 2; 1)

We again start with the cylindrical coordinates. We haver =
p

(¡ 2)2 + 22 =
2
p

2. Since¡ 2 = x = r cos(µ) and 2 = y = r sin(µ), we see thatµ = 3¼
4 .

Therefore the cylindrical coordinates are (2
p

2; 3¼
4 ; 1).

Now, for the spherical coordinates, note that½=
p

(¡ 2)2 + 22 + 12 = 3.
Then 1 = z = 3 cos(Á), so Á ¼ 1:231. Then

¡ 2 = x = 3 sin(Á) cos(µ) = 2
p

2 cos(µ)

2 = y = 3 sin(Á) sin(µ) = 2
p

2 sin(µ);

so µ = 3¼
4 . Therefore this point is (3; 1:231; 3¼

4 ) in spherical form.

Problems 23-38:Describe the graph of the given equation.

r = 6

In any plane z = z0, this is a circle of radius 6 centered at the origin.
Hence the whole curve is a cylinder of radius 6 centered about the z-axis.
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½= 6

Since½is the distance of a point from the origin, this is a sphere of radius
6 centered at the origin.

½= 3 cos(Á)

Multiplying by ½, we see½2 = 3½cos(Á) = 3 z. Since we know that
½2 = x2 + y2 + z2, we equate to get

x2 + y2 + z2 = 3z

or

x2 + y2 +
µ

z ¡
3
2

¶ 2

=
9
4

:

Hence the equation is a sphere centered at (0; 0; 3=2) with radius 3=2.

r 2 ¡ 5r + 6 · 0

Solving this quadratic tells us 2· r · 3. Since, for any ¯xedr0, the
equation r = r0 is a cylinder of radiusr0 centered at thez-axis, our equation
is a thick pipe, or, if you'd rather, a hollowed-out Combo.

Problems 39-44:Convert the given equation both to cylindrical and to spher-
ical coordinates.

x2 + y2 + z2 = 16

Using that x = r cos(µ) and y = r sin(µ), the equation becomes

16 = r 2 cos2(µ) + r 2 sin2(µ) + z2 = r 2 + z2;

so the equation isr 2 + z2 = 16 in cylindrical form.
For spherical form, we plug in the formulas forx, y, and z:

16 = ½2 sin2(Á) cos2(µ) + ½2 sin2(Á) sin2(µ) + ½2 cos2(Á)

= ½2 sin2(Á) + ½2 cos2(Á) = ½2;

32



so the equation is½2 = 16.

z = x2 ¡ y2

For cylindrical form, we have

z = r 2 cos2(µ) ¡ r 2 sin2(µ);

so the equation becomes

z
r 2

= cos2(µ) ¡ sin2(theta):

In spherical form, we again plug in the equations forx, y, and z to get

½cos(Á) = ½2 sin2(Á) cos2(µ) ¡ ½2 sin2(Á) sin2(Á):

Dividing through by ½2 sin2(Á), the equation of our curve becomes

cos(Á)
½sin2(Á)

= cos2(µ) ¡ sin2(µ):

Problems 45-52:Describe the surface or solid described by the given equa-
tions and/or inequalities.

0 · Á · ¼=4 ½· 5

This is an equation in spherical form. Since½measures the distance of
a point from the origin, all points in this solid have distance at most 5 from
the origin. Furthermore, sinceÁ · ¼=4, we havez = ½cos(Á) · 5 cos(¼=4) =
5
p

2
2 . Hence this solid is all points (x; y; z) whose distance from the origin is

at most 5 with z · 5
p

2
2 . This is a ball with the top and bottom \caps" cut o®.

r = 6 4 · z · 5

This equation is in cylindrical form. Nowr = 6 describes a circle in the
xy-plane of radius 6 centered at the origin. The condition onz tells us this
equation is a cylinder (with no bases) of height 1 with radius 6 centered at
the z-axis. Its shape is like a pipe.
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