
Section 12.2: Functions of Several Variables

Problems 1-20:State the largest possible domain of de¯nition of the given
function f .

f (x; y) = log( x2 ¡ y)

The log(x) function is de¯ned wheneverx ¸ 0. Therefore this function
is de¯ned wheneverx2 ¡ y ¸ 0.

f (x; y) = 1
4x¡ 3y

This function is de¯ned whenever the denominator is nonzero,that is, for
all points (x; y) such that 4x 6= 3y.

f (x; y) = 1

1+
p

x2+ y2

The denominator is always nonzero, so this function is de¯ned for all
points in the plane.

Problems 21-30:Describe the graph of the functionf .

f (x; y) = ¼

This is a horizontal plane¼units above thexy-plane.

f (x; y) = 3 x ¡ 2y

This is a plane. Sincez = 3x ¡ 2y, or 3x ¡ 2y ¡ z = 0, this plane has
normal vector h3; ¡ 2; ¡ 1i .

f (x; y) = x2 + y2

This is the same asz = x2 + y2, which we know is a circular paraboloid
centered at thez-axis.
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f (x; y) = sin( x)

Sincez = sin( x), in the xz-plane, this looks like the ordinary sine curve.
Sincey can be anything, this sine curve projects in¯nitely far in the direction
of the y-axis.

Problems 31-40:Describe the typical level curves of the functionf .

f (x; y) = 10x ¡ y

Fix k 2 R. The curve k = 10x ¡ y is a line parallel toh10; ¡ 1i .

f (x; y) = 2 x2 + y2

Fix k 2 R. The curve k = 2x2 + y2 is an ellipse ifk ¸ 0 and is empty if
k < 0.

f (x; y) = exy

Fix k 2 R. If k > 0, the curvek = exy is the same asxy = ln( k), which
is a hyperbola. Ifk · 0, the curve is empty.

Problems 41-46:Describe the level surfaces of the functionf .

f (x; y; z) = z +
p

x2 + y2

Fix k 2 R. If k = z +
p

x2 + y2, then
p

x2 + y2 = k ¡ z. If k < z , this
set of points is empty. Ifk ¸ z, then x2 + y2 = ( k ¡ z)2, which represents a
cone.

f (x; y; z) = sin( x; y; z)

Fix k 2 R. If k = sin( x + y + z), then ¡ 1 · k · 1. The set of points for
which sin(x + y + z) = k is x + y + z = sin ¡ 1(k), which consists of in¯nitely
many planes with normal vectorsh1; 1; 1i .
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Section 12.3: Limits and Continuity

Problems 1-16:Evaluate the following limits.

lim (x;y )! (1;0) x17 ¡ 83y60p x

Since all positive powers of a variable constitute continuousfunction,
lim (x;y )! (1;0) x17 ¡ 83y60p x = 1 ¡ 83¢0 ¢1 = 1.

lim (x;y )! (5;2) xy

Since exponentiation is continuous, lim(x;y )! (5;2) xy = 52 = 25.

lim (x;y;x )! (3;4;5) cos
¡ xyz¼

180

¢
3
p

x3 + y3 + z3

Since polynomials are continuous, lim(x;y;x )! (3;4;5) cos
¡ xyz¼

180

¢
3
p

x3 + y3 + z3

equals

cos
µ

2¼
3

¶
3
p

27 + 64 + 125 =
µ

¡ 1
2

¶
6 = ¡ 3

.

Problems 17-20:Evaluate the limits

lim
h! 0

f (x + h; y) ¡ f (x; y)
h

lim
k! 0

f (x; y + k) ¡ f (x; y)
k

f (x; y) = xy

By de¯nitions,

lim
h! 0

f (x + h; y) ¡ f (x; y)
h

= lim
h! 0

(x + h)y ¡ xy
h

= lim
h! 0

y = y:

Similarly,

lim
k! 0

f (x; y + k) ¡ f (x; y)
k

= lim
k! 0

x(y + k) ¡ xy
k

lim
k! 0

x = x:
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Problems 21-30:Find the limit or show that it does not exist.

lim (x;y )! (1;1)
1¡ xy
1+ xy

Since the limit of the denominator is not 0, the limit of the quotient is
the quotient of the limits. The numerator has limit 0, so our limit is also 0.

lim (x;y )! (0;0) ln(1 + x2 + y2)

Since 1 +x2 + y2 and ln(¢) are continuous, their composition is as well, so
the limit of the composition is the composition of the limits. Since 1+x2 + y2

has limit 1, our limit is ln(1), or 0.

lim (x;y )! (3;¡ 3)
xy ¡ 9
xy +9

We rewrite this limit as

lim
(x;y )! (3;¡ 3)

1 ¡
18

xy + 9
:

Now, the limit of the second term is clearly1 since the numerator is constant
and the denominator gets arbitrarily small. Hence our limit is1¡ 1 = ¡1 .

lim (x;y )! (0;0)
tan( x2+ y2 )

x2+ y2

We will rewrite this limit as

lim
(x;y )! (0;0)

sin(x2 + y2)
cos(x2 + y2)(x2 + y2)

= lim
(x;y )! (0;0)

sin(x2 + y2)
x2 + y2

¢
1

cos(x2 + y2)
:

We know from Calculus 1 that the limit of the ¯rst factor is 1, and since
the limit of the denominator of the second term is 1, we get thatthe limit is
1 ¢(1=1) = 1.

lim (x;y )! (0;0)
x+ y
x2+ y

We make the substitutiony = mx for m 6= 0:

lim
(x;y )! (0;0)

(1 + m)x
x(x + m)

= lim
(x;y )! (0;0)

1 + x
m + x

=
1
m

;
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and since this depends onm, no matter how closex and y are to 0, this
function will not approach a limit.

Problems 31-36:Determine the largest set of points in thexy-plane on which
the given formula de¯nes a continuous function.

f (x; y) =
p

ex + ey

This function is de¯ned as long as the part under the square rootis
nonnegative. Sincee to any power is always nonnegative, and hence so also
is a sum of powers ofe, the largest domain of de¯nition is the whole planeR2.

f (x; y) = arcsin(xy)

The function is de¯ned as long as¡ 1 · xy · 1. The region ofx and y
which satisfy this are bound by a hyperbola in each quadrant.

f (x; y) = 1
4x2+ y

This function is de¯ned as long as the denominator is nonzero.Therefore,
the largest domain of de¯nition is all the points (x; y) wherey 6= ¡ 4x2. This
is just the complement of the parabolay = ¡ 4x2.

Problems 37-40:Evaluate the limit by making the polar coordinate substi-
tution

(x; y) = ( r cos(µ); r sin(µ))

and using the fact that r ! 0 as (x; y) ! (0; 0).

lim (x;y )! (0;0)
x ¡ y2

x2+ y2

Making the indicated substitution,

lim
(x;y )! (0;0)

x2 ¡ y2

x2 + y2
= lim

r ! 0

r 2 cos2(µ) ¡ r 2 sin2(µ)
r 2 cos2(µ) + r 2 sin2(µ)

= lim
r ! 0

r 2(cos2(µ) ¡ sin2(µ))
r 2

= lim
r ! 0

cos2(µ) ¡ sin2(µ):
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However, no matter how close to 0r is, cos2(µ) ¡ sin2(µ) does not approach
any one value. Therefore the limit does not exist.

lim (x;y )! (0;0)
x4+ y4

(x2+ y2 )3=2

Again, making the indicated substitution,

lim
(x;y )! (0;0)

x4 + y4

(x2 + y2)3=2
= lim

r ! 0

r 4 cos4(µ) + r 4 sin4(µ)
(r 2 cos2(µ) + r 2 sin2(µ))3=2

= lim
r ! 0

r 4(cos4(µ) + sin 4(µ))
(r 2)3=2

= lim
r ! 0

r (cos4(µ) + sin 4(µ)):

Now, since we know

0 · cos4(µ) + sin 2(µ) · 1 + 1 = 2 ;

we know
0 ¢r · r (cos4(µ) + sin 4(µ)) · 2r

and so
lim
r ! 0

0 ¢r · lim
r ! 0

r (cos4(µ) + sin 4(µ)) · lim
r ! 0

2r:

We know the limits on the left and right are both 0, so our middlelimit is 0
by the Sandwich Rule.

Problems 43-44: Investigate the existence of the given limit by making the
substitution y = mx.

lim (x;y )! (0;0)
x2 ¡ y2

x2+ y2

Making the indicated substitution, we see

lim
(x;y )! (0;0)

x2 ¡ y2

x2 + y2
= lim

(x;y )! (0;0)

x2 ¡ m2x2

x2 + m2x2
= lim

(x;y )! (0;0)

1 ¡ m2

1 + m2
:

No matter how closex is to 0, this quotient does not approach any one value,
so the limit does not exist.

Problems 45-46: Show that the given limit does not exist by considering
points of the form (x; 0; 0), (0; y;0), or (0; 0; z) that approach the origin
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along one of the coordinate axes.

lim (x;y;z )! (0;0;0)
x+ y+ z

x2+ y2+ z2

We will consider only points of the form (x; 0; 0). As we move through
such points, that is, moving along thex axis, we have

x + y + z
x2 + y2 + z2

=
x
x2

=
1
x

:

From the left, 1=x approaches¡1 , but from the right, it approaches 1 .
Therefore the limit does not exist.
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12.4: Partial Derivatives

Problems 1-20:Compute the ¯rst-order partial derivatives of each function.

f (x; y) = x3 ¡ 3x2y + xy

We di®erentiate with respect to one variable, acting as if the other were
constant:

f x (x; y) = 3 x2 ¡ 6xy + y

f y(x; y) = ¡ 3x2 + x:

f (x; y) = y tan(x)

f x (x; y) = y sec2(x)

f y(x; y) = tan( x):

f (x; y) = x+ y
x¡ y

By the ordinary quotient rule,

f x (x; y) =
(x ¡ y) ¡ (x + y)

(x ¡ y)2
=

¡ 2y
(x ¡ y)2

f y(x; y) =
(x ¡ y) ¡ (¡ x ¡ y)

(x ¡ y)2
=

2x
(x ¡ y)2

:

f (x; y) = xy

Using the ordinary polynomial rules, f x (x; y) = yxy¡ 1. On the other
hand, we must use the exponential rules to di®erentiate with respect to y:

f y(x; y) = ln( x) xy:
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f (x; y) = ln( x2 + y2)

Using the Chain Rule,

f x (x; y) =
2x

x2 + y2

f y(x; y) =
2y

x2 + y2
:

Problems 21-30:Verify that zxy = zyx .

f (x; y) = x3 ¡ 3x2y + xy

We calculated the ¯rst derivatives of this function above, so wedi®eren-
tiate these to get the second-order ones:

f xy (x; y) = ¡ 6x + 1

f yx (x; y) = ¡ 6x + 1;

which are clearly equal.

f (x; y) = ln( x + y)

First we use the Chain Rule to get the ¯rst-order partial derivatives:

f x (x; y) =
1

x + y

f y(x; y) =
1

x + y
:

Now we can easily compute the (equal) second-order derivatives:

f xy (x; y) =
¡ 1

(x + y)2

f yx (x; y) =
¡ 1

(x + y)2
:
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Problems 31-40:Find an equation of the plane tangent to the given surface
z = f (x; y) at the indicated point P.

f (x; y) = x3 ¡ 3x2y + xy P = (1 ; ¡ 1; 3)

We ¯rst recall the ¯rst-order partial derivatives: f x (x; y) = 3 x2 ¡ 6xy + y
and f y(x; y) = ¡ 3x2 + x. Then f x (1; ¡ 1) = 8 and f y(1; ¡ 1) = ¡ 4. Therefore
the equation of the tangent plane atP is

z ¡ 3 = 8(x ¡ 1) ¡ 4(y + 1) ;

or 8x ¡ 4y ¡ z = 9:

f (x; y) = ex2+ y2
P = (1 ; 2; e5)

We compute the ¯rst-order partial derivatives:

f x (x; y) = 2 xex2+ y2

f y(x; y) = 2 yex2+ y2
:

Then f x (1; 2) = 2e5 and f y(1; 2) = 4e5. Then the equation of the tangent
plane at P is

z ¡ e5 = 2e5(x ¡ 1) + 4e5(y ¡ 2);

or 2e5x + 4e5y ¡ z = 9e5.

Problems 41-44:Determine whether there exists a functionf (x; y) having
the given ¯rst-order partial derivatives. If so, try to determine a formula for
such a functionf (x; y).

f x (x; y) = cos2(xy) f y(xy) = sin 2(xy)

We compute the second-order partial derivatives:

f xy (x; y) = ¡ 2y cos(xy) sin(xy)

f yx (x; y) = 2 x cos(xy) sin(xy):
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Since these are continuous, if they were the second-order derivatives of a
function, they would be equal, which they clearly are not. Hence these are
not the ¯rst-order derivatives of a function.
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Section 12.6: Increments and Linear Approximation

Problems 1-16:Find the di®erential dw.

w = 7x2 ¡ 14xy + 6y

Recall dw = @w
@xdx + @w

@ydy. Di®erentiating, we see

@w
@x

= 14x ¡ 14y

@w
@y

= ¡ 14x + 6;

so
dw = (14x ¡ 14y)dx + ( ¡ 14x + 6)d y:

w = arctan
³

x
y

´

Again, dw = @w
@xdx + @w

@ydy; so using that

@w
@x

=
µ

1
y

¶
1

1 + ( x=y)2

@w
@y

=
µ

¡ x
y2

¶
1

1 + ( x=y)2
;

we see
dw =

1
y + x2=y

dx +
¡ x

y2 + x2
dy:

w = e¡ xyz

Sincew is a function of the three variablesx, y, and z,

dw =
@w
@x

dx +
@w
@y

dy +
@w
@z

dz:
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Di®erentiating w with respect to each variable gives

@w
@x

= ¡ yze¡ xyz

@w
@y

= ¡ xze¡ xyz

@w
@z

= ¡ xye¡ xyz ;

so
dw = ¡ yze¡ xyz dx ¡ xze¡ xyz dy ¡ xye¡ xyz dz:

w =
p

x2 + y2 + z2

As above,

dw =
@w
@x

dx +
@w
@y

dy +
@w
@z

dz

=
x

p
x2 + y2 + z2

dx +
y

p
x2 + y2 + z2

dy +
z

p
x2 + y2 + z2

dz:

Problems 17-24:Use the exact valuef (P) and the di®erential df to approx-
imate the valuef (Q).

f (x; y) =
p

x2 + y2 P(3; 4) Q(2:97; 4:04)

Note that f (P) = 5. Now, we calculate the di®erential

dw =
x

p
x2 + y2

dx +
y

p
x2 + y2

dy:

Now, we replace dw with f (Q) ¡ f (P), dx with 2:97 ¡ 3 = ¡ :03, dy with
4:04¡ 4 = :04, and evaluate the partial derivatives atP to get

f (Q) ¡ f (P) ¼
3
5

(¡ :03) +
4
5

(:04) = :14;

so f (Q) ¼ 5:14.
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f (x; y; z) = e¡ xyz P(1; 0; ¡ 2) Q(1:02; :03; ¡ 2:02)

Notice that f (P) = e0 = 1. We saw above that

dw = ¡ yze¡ xyz dx ¡ xze¡ xyz dy ¡ xye¡ xyz dz:

Making replacements as above, we get

f (Q) ¡ f (P) ¼ 0(:02) + 2(:03) ¡ 0(¡ :02) = :06;

so f (Q) ¼ 1:06.

Problems 25-32:Use di®erentials to approximate the given number.

(
p

15 +
p

99)2

Consider the functionz = (
p

x +
p

y)2, so we are trying to approximate
f (15; 99). We will approximate this with f (16; 100) = 196. Let Q = (15; 99)
and P = (16; 100). Then

dw =
µ

1 +
p

y
p

x

¶
dx +

µ
1 +

p
x

p
y

¶
dy:

Making our replacements, we see

f (Q) ¡ f (P) ¼
14
4

(¡ 1) + 1:4(¡ 1) = ¡ 4:65;

so f (Q) ¼ 191:35.

e:4 = e1:12 ¡ :92

Consider the functionz = ex2 ¡ y2
, so we are trying to approximatez(Q)

whereQ = (1 :1; :9). Consider the pointP = (1 ; 1), so that f (P) = e0 = 1.
Now, we know the di®erential

dw = 2xex2 ¡ y2
dx ¡ 2yex2 ¡ y2

dy;

so we make our standard replacements to get

f (Q) ¡ f (P) ¼ 2(:1) ¡ 2(¡ :1) = :04;
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so f (Q) ¼ 1:04.

Problem 33:The base and height of a rectangle are measured as 10cm and
15cm, respectively, with a possible error of as much as:1cm in each measure-
ment. Use di®erentials to estimate the maximum resulting error incomputing
the area of a rectangle.

We know the areaA is given bybh. The partial derivatives of A are

@A
@b

= h

@A
@h

= b;

so dA = bdh + h db. When b = 10 and h = 15, since jbj and jhj are at most
:1, jdAj · 10(:1) + 15(:1) = 2:5. Hence the volume cannot change by more
than about 2:5cm2.
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Section 12.7: The Multivariable Chain Rule

Problems 1-4:Find dw=dt both by using the chain rule and by expressingw
explicitly as a function of t before di®erentiating.

w = e¡ x2 ¡ y2
x = t x

p
t

Using the Chain Rule,

dw
dt

=
@w
@x

dx
dt

+
@w
@y

dy
dt

= ¡ 2xe¡ x2 ¡ y2
¡ ye¡ x2 ¡ y2 1

p
t

= ( ¡ 2t ¡ 1)e¡ t2 ¡ t :

On the other hand, noticing that w = e¡ t2 ¡ t , we can immediately see that

dw=dt = ( ¡ 2t ¡ 1)e¡ t2 ¡ t :

Problems 5-8:Find @w
@s and @w

@t.

w = ln( x2 + y2 + z2) x = s ¡ t y = s + t z = 2
p

st

By the multivariable Chain Rule,

@w
@s

=
@w
@x

dx
ds

+
@w
@y

dy
ds

+
@w
@z

dz
ds

=
2x

x2 + y2 + z2
+

2y
x2 + y2 + z2

+
2z

x2 + y2 + z2

p
t

p
s

and
@w
@t

=
@w
@x

dx
dt

+
@w
@y

dy
dt

+
@w
@z

dz
dt

=
¡ 2x

x2 + y2 + z2
+

2y
x2 + y2 + z2

+
2z

x2 + y2 + z2

p
s

p
t
:
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Problems 9-12:Find @r
@x,

@r
@y, and @r

@z.

r = eu+ v+ w u = yz v = xz w = xy

Applying the Chain Rule,

dr
dx

=
@r
@u

du
dx

+
@r
@v

dv
dx

+
@r
@w

dw
dx

= eu+ v+ w ¢0 + eu+ v+ wz + eu+ v+ wy = eu+ v+ w(y + z):

Similarly, dr
dy = eu+ v+ w(x + z) and dr

dz = eu+ v+ w(x + y).

Problems 13-18:Write the chain rule formulas giving the partial derivative
of the dependent variablep with respect to each independent variable.

p = f (x; y) x = x(u; v; w) y = y(u; v; w)

Applying the known Chain Rule formulas,

@f
@u

=
@f
@x

@x
@u

+
@f
@y

@y
@u

@f
@v

=
@f
@x

@x
@v

+
@f
@y

@y
@v

@f
@w

=
@f
@x

@x
@w

+
@f
@y

@y
@w

:

Problems 19-24:Find @z
@x and @z

@y as functions ofx, y, and z, assuming that
z = f (x; y) satis¯es the given equation.

x2=3 + y2=3 + z2=3 = 1

We know by the Implicit Di®erentiation formula that @z
@x = ¡ Fx

Fz
, where

Fx and Fz are the derivatives of the given expression with respect to the
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indicated variable. Similarly, @z
@y = ¡ Fy

Fz
. We compute that Fx = 2

3x¡ 1=3,
Fy = 2

3y¡ 1=3, and Fz = 2
3z¡ 1=3. Therefore

@z
@x

=
¡ x¡ 1=3

z¡ 1=3
=

¡ z1=3

x1=3

@z
@y

=
¡ y¡ 1=3

z¡ 1=3
=

¡ z1=3

y1=3
:

Problems 25-28:Use the method of Example 6 to ¯nd@w
@x and @w

@y as functions
of x and y.

w = u2 + v2 + x2 + y2 u = x ¡ y v = x + y

The method of Example 6 is to write

@w
@x

=
@w
@u

@u
@x

+
@w
@v

@v
@x

+
@w
@x

@x
@x

+
@w
@y

@y
@x

=
@w
@u

@u
@x

+
@w
@v

@v
@x

+
@w
@x

= 2u + 2v + 2x = 6x:

Notice that, if we expandw in terms of x and y alone, we getw = 3x2 + 3y2,
so the answer we got above is the same as we would get by di®erentiating
this simpli¯ed form.

Similar to above,

@w
@y

=
@w
@u

@u
@y

+
@w
@v

@v
@y

+
@w
@x

@x
@y

+
@w
@y

@y
@y

=
@w
@u

@u
@y

+
@w
@v

@v
@y

+
@w
@y

= ¡ 2u + 2v + 2y = 6y:

Problems 29-32:Write an equation for the plane tangent at the pointP to
the surface with the given equation.

x2 + y2 + z2 = 9 P = (1 ; 2; 2)
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We use implicit di®erentiation to ¯nd the partial derivatives of z:

@z
@x

=
¡ Fx

Fz
=

¡ x
z

@z
@y

=
¡ Fy

Fz
=

¡ y
z

:

Then @z
@x(P) = ¡ 1

2 and @z
@y(P) = ¡ 1, so the equation of the tangent plane at

P is
(z ¡ 2) =

¡ 1
2

(x ¡ 1) ¡ (y ¡ 2)

or
x + 2y + 2z = 9:

Problem 34: A rectangular box has a square base. Find the rate at which
its volume and surface area are changing if its base edge is increasing at
2cm=min and its height is decreasing at 3cm=min at the instant when each
dimension is 1 meter.

Let b be the base edge andh be the height of the rectangular box. Then
the volume V is b2h. From this it is clear that

@V
@b

= 2bh

@V
@h

= b2:

We want to determine dV
dt . By the Chain Rule,

dV
dt

=
@V
@b

db
dt

+
@V
@h

dh
dt

= 2bh
db
dt

+ b2 dh
dt

= 2(100)2(2) + (100)2(¡ 3) = 10; 000:

Therefore, the volume is increasing at 10; 000cm3=min.
Now, the surface areaA is given by 2b2 + 4bh, so

@A
@b

= 4b+ 4h
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@A
@h

= 4b:

We want to ¯nd dA
dt , which, by the Chain Rule, is

@A
@b

db
dt

+
@A
@h

dh
dt

= (4 b+ 4h)
db
dt

+ 4b
dh
dt

:

Evaluating this with the given information gives

dA
dt

= 800(2) + 400(¡ 3) = 400;

so the surface area is increasing at 400cm2=min.
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Section 12.8: Directional Derivatives and the Gradient Vec tor

Problems 1-10:Find the gradient vector r f at the indicated point P.

f (x; y) = 6 x ¡ 17y P(1; 2)

Note the partial derivatives are@f
@x = 6 and @f

@y = ¡ 17, sor (f ) = h6; ¡ 17i ,
and hencer f (P) = h6; ¡ 17i .

f (x; y) = 3 x2 + xy ¡ y2

2 P(1; 2)

The partial derivatives of f are @f
@x = 6x + y and @f

@y = x ¡ y, and so
r f = h6x + y; x ¡ yi . Thereforer f (P) = h8; ¡ 1i .

f (x; y) = esin(xy 2 ) P(¼;1)

The partial derivatives of f are

@f
@x

= y2 cos(xy2)esin(xy 2 )

and
@f
@y

= 2xy cos(xy2)esin(xy 2 ) :

Evaluating each of these atP, we see

r f (P) = h¡ e0; ¡ 2¼e0i = h¡ 1; ¡ 2¼i :

f (x; y; z) =
p

x3 + y2 ¡ z4 P(2; 3; 2)

We calculate the partial derivatives off :

@f
@x

=
3x2

2
p

x3 + y2 ¡ z4

@f
@y

=
y

p
x3 + y2 ¡ z4
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@f
@z

=
¡ 2z3

p
x3 + y2 ¡ z4

:

Evaluating these at the given point, we have

r f (P) =
¿

12
2

;
3
1

;
¡ 16

1

À
= h6; 3; ¡ 16i :

Problems 11-20:Find the directional derivative of f at P in the direction of v.

f (x; y) = x2 ¡ xy + y2 P(1; 2) v = h1; 1i

We ¯nd that the partial derivatives of f are @f
@x = 2x¡ y and @f

@y = ¡ x+2y,
so r f (P) = h0; 3i . Note that v̂ = 1p

2
v, so

Dv f (P) = r f (P) ¢v̂ =
1

p
2

(0 + 3) =
3

p
2

:

f (x; y) = ex2
sin(y) P(0; ¼

4 ) v = h1; 2i

We calculate the partial derivatives off :

@f
@x

= 2x sin(y)ex2

@f
@y

= cos(y)ex2
:

Hencer f (P) = h0;
p

2=2i . Note that v̂ = 1p
5
v. Therefore,

Dv f (P) = r f (P) ¢v̂ =
1

p
5

(0 +
p

2) =

r
2
5

:

f (x; y; z) =
p

xyz P(1; 2; 2) v = h3; 4; 5i
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Again, we calculate the partial derivatives off :

@f
@x

=
yz

2
p

xyz

@f
@y

=
xz

2
p

xyz

@f
@z

=
xy

2
p

xyz
:

Using these, we seer f (P) = h1; 1=2; 1=2i . Sincev̂ = 1
5
p

2
v, we know

Dv f (P) = r f (P) ¢v̂ =
1

5
p

2
(3 + 2 + 5 =2) =

3

2
p

2
:

Problems 21-28:Find the maximum directional derivative of f at P and the
direction in which it occurs.

f (x; y) = 2 x2 + 3xy + 4y2 P(4; 4)

Using that the partial derivatives of f are @f
@x = 4x +3y and @f

@y = 3x +8y,
we seer f (P) = h28; 44i . The direction in which the directional derivative
is maximized is

\r f (P) =
1

p
2720

h28; 44i =
1

p
170

h7; 11i :

The maximum directional derivative then is

D r f (P ) f (P) = r f (P) ¢ \r f (P) =
680

p
170

= 4
p

170:

f (x; y; z) =
p

xy2z3 P(2; 2; 2)

The partial derivatives of f are

@f
@x

=
y2z3

2
p

xy2z3
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@f
@y

=
xyz3

p
xy2z3

@f
@z

=
3xy2z2

2
p

xy2z3
:

Therefore r f (P) = h2; 4; 6i and \r f (P) = 1p
56

r f (P), so the maximum
directional derivative of f at P is

D r f (P ) f (P) =
r f (P) ¢ r f (P)

p
56

=
56

p
56

=
p

56:

Problems 29-34:Use the normal gradient vector to write an equation of the
line (or plane) tangent to the given curve (or surface) at the given point P.

8x2 + y2 = 113 P(2; 3)

We use implicit di®erentiation to get 16x + 2y dy
dx = 0, so dy

dx = ¡ 8x
y , and

dy
dx (P) = ¡ 16

3 . Since the equation of the tangent line is

(y ¡ y0) =
dy
dx

(x0; y0)(x ¡ x0);

our tangent line is

(y ¡ 3) =
¡ 16

3
(x ¡ 2):

6x2 ¡ 9y2 + 14z2 = 44 P(2; 2; 2)

We use the formulas for implicit di®erentiation to see that@z
@x = ¡ 12x

28z and
@z
@y= 18y

28z , so @z
@x(P) = ¡ 3

7 and @z
@y= 9

14. Since the formula for a tangent plane
is

(z ¡ z0) =
@z
@x

(P)(x ¡ x0) +
@z
@y

(y ¡ y0);

we have that our tangent plane is

(z ¡ 2) =
¡ 3
7

(x ¡ 2) +
9
14

(y ¡ 2):
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Problems 35-38:Verify the following properties ofr wherea and b are con-
stants andu and v are di®erentiable functions ofx and y.

r (au + bv) = ar u + br v

Notice that

d
dx

(au + bv) =
d

dx
au +

d
dx

bv = a
d
dx

u + b
d
dx

v

and, similarly, that

d
dy

(au + bv) = a
d
dy

u + b
d
dy

v:

Hence

r (au + bv) =
¿

a
du
dx

+ b
dv
dx

; a
du
dy

+ b
dv
dy

À

=
¿

a
du
dx

; a
du
dy

À
+

¿
b
dv
dx

; b
dv
dy

À
= ar u + br v:
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Section 12.5: Multivariable Optimization Problems

Problems 1-12:Find every point on the given surfacez = f (x; y) at which
the tangent plane is horizontal.

z = 2x ¡ 4y + 6

The tangent plane is horizontal exactly when both partial derivatives are
0. Now @z

@x = 2 and @z
@y = ¡ 4. Neither of these are ever 0, so the tangent

plane is never horizontal.

z = x2 + 5y2 ¡ 10y + 4

Again, we start by computing partial derivatives: @z
@x = 2x and @z

@y =
10y ¡ 10. These are simultaneously 0 only at the point (0; 1).

z = ( x2 + y2)e¡ x2 ¡ y2

We use the product rule to compute the partial derivatives:

@z
@x

= 2xe¡ x2 ¡ y2
+ ( x2 + y2)(¡ 2x)e¡ x2 ¡ y2

= (2 x ¡ 2x3 ¡ 2xy2)e¡ x2 ¡ y2
;

and, similarly,
@z
@y

= (2 y ¡ 2y3 ¡ 2x2y)e¡ x2 ¡ y2
:

These are 0 exactly when the term in parentheses is 0. Therefore@z
@x is 0

exactly when x = 0 or x2 + y2 = 1, and @z
@y is 0 exactly wheny = 0 or

x2 + y2 = 1. Therefore the tangent plane is horizontal at (0; 0) and at any
point on the circle x2 + y2 = 1.

Problems 13-22:Find the highest or lowest point on the surfacez = f (x; y).

z = x2 ¡ 2x + y2 ¡ 2y + 3

Since this surface opens upward (all partial second derivatives are non-
negative), any point where@z

@x = @z
@y= 0 is necessarily a minimum point. The
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partial derivatives are @z
@x = 2x ¡ 2 and @z

@y = 2y ¡ 2, so the minimum point
is (1; 1).

z = 2x ¡ x2 + 2y2 ¡ y4

The partial derivatives of z are

@z
@x

= 2 ¡ 2x

@z
@y

= 4y ¡ 4y3:

Now @z
@x is 0 only whenx = 1 and @z

@y is 0 only wheny = 0; § 1. Since this
surface opens downward, we are looking for maximum points. Plugging in
values forx and y, we see the maxima occur at (1; ¡ 1) and (1; 1).

Problems 23-28:Find the maximum and minimum values attained by the
function f (x; y) on the given plane regionR.

f (x; y) = 2 xy x2 + y2 · 1

First, we will use ¯rst derivatives to see where the extrema on the interior
of R lie. Noticing that @f

@x = 2y and @f
@y = 2x, we see these are both 0 only

when (x; y) = (0 ; 0). Sincef is di®erentiable everywhere on the interior of
R, (0; 0) is the only candidate in the interior.

Now consider the boundary ofR, namely, the circlex2 + y2 = 1. We
can split up the boundary asy =

p
1 ¡ x2 and y = ¡

p
1 ¡ x2. Substituting

in these expressions fory in the expression forf (x; y), we get functions of
one variable, which are each optimized whenx = §

p
2=2. Solving for y in

each situation and evaluatingf , we see thatf is maximized at (
p

2=2;
p

2=2)
and (¡

p
2=2; ¡

p
2=2) and minimized at (¡

p
2=2;

p
2=2) and (

p
2=2; ¡

p
2=2).

Problems 29-38:Find the ¯rst-octant point P(x; y; z) on the surface closest
to the given ¯xed point Q.

12x + 4y ¡ 3z = 10
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We are trying to minimize the quantity x2 + y2 + z2 over all (x; y; z) on
our surface. For any pointP on our surface,

z =
10¡ 12x ¡ 4y

¡ 3
;

so

w(x; y; z) = x2 + y2 + z2 = x2 + y2 +
µ

10¡ 12x ¡ 4y
¡ 3

¶ 2

=
153
9

x2 +
25
9

y2 +
96
9

xy ¡ 80x ¡
80
3

y +
100
9

:

Now, the partial derivatives ofw are

@w
@x

=
306
9

x +
96
9

y ¡ 80

@w
@y

=
50
9

y +
96
9

x ¡
80
3

:

These are simultaneously 0 whenx ¼ 1:91111 andy ¼ :710059. These values
force z ¼ 5:25785, so the point we are looking for is

(1:91111; :710059; 5:25785):

Problems 39-42:Find the dimensions that minimize the total cost of material
needed to construct the rectangular box described: the box is to be open-
topped with a volume of 600in3. The material for its bottom costs 6 cents
per square inch and the material for its sides costs 5 cents per square inch.

Let x, y and z denote the length, width, and depth (in inches) of the box,
respectively. We know from the volume assumption thatxyz = 600. The
cost of materials for the box (in cents) is given by

c(x; y; z) = 6 xy + 10xz + 10yz:

Plugging in to the equation forc that z = 600
xy , we see

c(x; y; z) = 6 xy +
6000

x
+

6000
y

:
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Now @c
@x = 6y ¡ 6000

x2 and @c
@y = 6x ¡ 6000

y2 . These are both 0 exactly when
x = y = 10. When this happens,z = 6. Therefore, to minimize the cost of
the box, it should have length 10 inches, width 10 inches, and depth 6 inches.

Problems 43-63:What is the maximum possible volume of a rectangular box
inscribed in a hemisphere with radiusR? Assume that one face of the box
lies in the planar base of the hemisphere.

We know that any point on the hemisphere satis¯esx2 + y2 + z2 = R2 and
z ¸ 0. Therefore we can writez =

p
R2 ¡ x2 ¡ y2. We want to maximize

the volume
V(x; y; z) = xyz = xy

p
R2 ¡ x2 ¡ y2:

The partial derivatives of V are

@V
@x

= y
p

R2 ¡ x2 ¡ y2 ¡
x2y

p
R2 ¡ x2 ¡ y2

@V
@y

= x
p

R2 ¡ x2 ¡ y2 ¡
xy2

p
R2 ¡ x2 ¡ y2

:

These are both 0 exactly whenx = y = R=
p

3. These values forcez = R=
p

3,
so the maximum volume is (R=

p
3)3 = R3=3

p
3.
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Section 12.10: Critical Points of Functions of Two Variable s

Problems 1-22:Find and classify all critical points.

f (x; y) = 2 x2 + y2 + 4x ¡ 4y + 5

We calculate the derivatives:

f x = 4x + 4

f y = 2y ¡ 4

f xx = 4

f yy = 2

f xy = 0:

Now f x = f y = 0 only at ( ¡ 1; 2). At this point, ¢ = 8 > 0, so this point is
an extremum. Sincef xx > 0, (¡ 1; 2) is a (global) minimum.

f (x; y) = x2 + 4xy + 2y2 + 4x ¡ 8y + 3

Again, we start by calculating derivatives:

f x = 2x + 4y + 4

f y = 4x + 4y ¡ 8

f xx = 2

f yy = 4

f xy = 4:

Now f x = f y = 0 only at the point (6 ; ¡ 4). At this point, ¢ = 2 ¢4¡ 42 < 0,
so (6; ¡ 4) is a saddle point.

f (x; y) = x4 + y4 ¡ 4xy
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Calculating derivatives, we see:

f x = 4x3 ¡ 4y

f y = 4y3 ¡ 4x

f xx = 12x2

f yy = 12y2

f xy = ¡ 4:

Now, if f x = 0, then y = x3, and if f y = 0, then x = y3. Therefore, if
f x = f y = 0, x = y3 = ( x3)3 = x9, so x = § 1, and x = y. At the points
(¡ 1; ¡ 1) and (1; 1), ¢ = 144 ¡ 16 > 0, so these points are extrema. Since
f xx > 0 at both points, both points are minima.

f (x; y) = xye¡ x2 ¡ y2

Start by calculating derivatives:

f x = ( y ¡ 2x2y)e¡ x2 ¡ y2

f y = ( x ¡ 2y2x)e¡ x2 ¡ y2

f xx = ( ¡ 6xy + 4x3y)e¡ x2 ¡ y2

f yy = ( ¡ 6xy + 4y3x)e¡ x2 ¡ y2

f xy = (1 ¡ 2x2 ¡ 2y2 + 4x2y2)e¡ x2 ¡ y2
:

Now, f x = f y = 0 only if y(1 ¡ 2x2) = 0 = x(1 ¡ 2y2), which gives the ¯ve
points (0; 0) and (§

p
2=2; §

p
2=2). Now consider

¢ = (36 x2y2 + 16x4y4 ¡ 24x4y2 ¡ 24y4x2 ¡ (1 ¡ 2x2)2(1 ¡ 2y2)2)e¡ x2 ¡ y2
:

At (0 ; 0), ¢ = ¡ 1 < 0, so the origin is a saddle point. At the other four
points, ¢ = 4 > 0, so these four points are extrema. At (¡

p
2=2; ¡

p
2=2)

and (
p

2=2;
p

2=2), f xx < 0, so the points are maxima. At (¡
p

2=2;
p

2=2)
and (

p
2=2; ¡

p
2=2), f xx > 0, so the points are minima.

Problems 23-25:Show that ¢ = f xx f yy ¡ f 2
xy is 0 at the origin. Then classify

this critical point by visualizing the surfacez = f (x; y).
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f (x; y) = x4 + y4

We calculate the derivatives off :

f x = 4x3

f y = 4y3

f xx = 12x2

f yy = 12y2

f xy = 0:

Now, clearly ¢ = 144x2y2 is 0 at the origin. However,f (0; 0) = 0, and since
f (x; y) > 0 whenever (x; y) 6= (0 ; 0), the origin is a global minimum.
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Section 12.9: Lagrange Multipliers and Constrained Optimi zation

Problems 1-18:Find the maximum and minimum values of the given func-
tion f subject to the given constraint.

f (x; y) = 3 x + 2y x2 + y2 = 1

Let g(x) be the function de¯ning the constraint. Then, since@f
@x = 3,

@f
@y = 2, @g

@x = 2x, and @g
@y= 2y, the method of Lagrange multipliers tells us

3 = 2¸x 2 = 2¸y:

Therefore,x = 3
2¸ and y = 1

¸ , so the constraint tells us
µ

3
2¸

¶ 2

+
µ

1
¸

¶ 2

= 1;

so ¸ = §
p

13
4 . This tells us that x = § 6p

13
and y = § 4p

13
. Checking values,

we see
³

6p
13

; 4p
13

´
maximizesf and

³
¡ 6p

13
; ¡ 4p

13

´
minimizes f .

f (x; y) = xy 25x2 + 16y2 = 25

Again, call the constraint function g. Since @f
@x = y, @f

@y = x, @g
@x = 50x,

and @g
@y= 32y, the method of Lagrange multipliers tells us that

y = 50¸x x = 32¸y:

Thereforey = 50¸ (32̧ y ) = 1600¸ 2y, so ¸ = § 1
40. Hencex = 4

5y, and plug-

ging this into g, we gety = §
q

25
32. This tells us x = §

p
2

2 . Checking these

four points, we see
³ p

2
2 ; 5

p
2

8

´
and

³
¡

p
2

2 ; ¡ 5
p

2
8

´
maximizef and

³ p
2

2 ; ¡ 5
p

2
8

´

and
³

¡
p

2
2 ; 5

p
2

8

´
minimize f .

f (x; y; z) = xyz x2 + 4y2 + 9z2 = 27

Call the constraint function g. Since@f
@x = yz, @f

@y = xz, @f
@z = xy, @g

@x = 2x,
@g
@y= 8y, and @g

@z= 18z, the method of Lagrange multipliers tells us that

yz = 2¸x xz = 8¸y xy = 18¸z:
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Multiplying these all together gives us

x2y2z2 = 288¸ 3xyz

or xyz = 288¸ 3. Therefore,

288̧ 3 = xyz = 2¸x 2;

so 144̧ 2 = x2. Similarly, 36̧ 2 = y2 and 16̧ 2 = z2. Plugging these into the
constraint function tells us ¸ = § 1

4.
Now, f (x; y; z) = xyz = 288¸ 3 = 9

2. Since 9
2 = xyz = 2¸x 2 = x2=2, we

seex = § 3. Similarly, y = § 3
2 and z = § 1. When the product of these three

is positive, f is maximized, and when it is negative,f is minimized.

Problems 21-34:Use the method of Lagrange multipliers to solve the indi-
cated problems from Section 12.5.

12.5, 29) Find the ¯rst octant point on 12x + 4y + 3z = 169 closest to (0; 0; 0).

We will try to minimize the function f (x; y; z) = x2 + y2 + z2 subject
to the constraint g above. The partial derivatives off and g are @f

@x = 2x,
@f
@y = 2y, @f

@z = 2z, @g
@x = 12, @g

@y = 4, and @g
@z = 3. The method of Lagrange

multipliers tells us that

2x = 12¸ 2y = 4¸ 2z = 3¸:

Therefore, 169 = 12x + 4y + 3z = 72¸ + 8¸ + 9
2¸ = 84:5¸ , so¸ = 2. Plugging

this in, we seef is minimized at (12; 4; 3).
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