Section 12.2: Functions of Several Variables

Problems 1-20:State the largest possible domain of de nition of the given
function f .

f(x;y) =log(x*j vy)

The log(x) function is de ned wheneverx , 0. Therefore this function
is de ned wheneverx?i y, O.

FOCY) = gy

This function is de ned whenever the denominator is nonzerthat is, for
all points (x;y) such that 4x 6 3y.

fay)= —P—

1+ x2+y2

The denominator is always nonzero, so this function is de nedif all
points in the plane.

Problems 21-30Describe the graph of the functiorf .

f(xy)= Y
This is a horizontal plane¥zunits above thexy-plane.

fxy)=3xi 2

This is a plane. Sincez = 3xj 2y, or 3xj 2yj z =0, this plane has
normal vector3;j 2;i 1i.

fxy)=x*+y?

This is the same ag = x? + y?, which we know is a circular paraboloid
centered at thez-axis.



f (x;y) = sin(x)

Sincez = sin(x), in the xz-plane, this looks like the ordinary sine curve.
Sincey can be anything, this sine curve projects in nitely far in the dection
of the y-axis.

Problems 31-40Describe the typical level curves of the functioffi .

f(x;y)=10xj y

Fix k 2 R. The curvek =10x i y is a line parallel tohlG; 1i.

f(x;y)=2x2+y?

Fix k 2 R. The curvek = 2x?+ y? is an ellipse ifk , 0 and is empty if
k< 0.

f(xy)=¢ev

Fix k2 R. If k> 0, the curvek = €V is the same axy = In( k), which
is a hyperbola. Ifk - 0, the curve is empty.

Problems 41-46Describe the level surfaces of the functioh.

f(cyi2)= 2+ XTH Y2

Fix k2 R. Ifk=12z+ px2+y2,thenpx2+y2: ki z. If k<z, this
set of points is empty. Ifk | z, then x?+ y? = (kj z)?, which represents a
cone.

f(x;y;2) =sin(x;y; z)

Fix k2 R. If k=sin(x+y+ z),thenj 1- k- 1. The set of points for
which sinx + y + z) = kisx + y + z = sin }(k), which consists of innitely
many planes with normal vectordil; 1; 1i.



Section 12.3: Limits and Continuity

Problems 1-16:Evaluate the following limits.

imeyy o) X 833/60|Oi

Since all positive %owers of a variable constitute continuoutinction,

limeyy o)Xt i 83y X =1 83¢0¢1 =1.

lim ey (5:2) X7

Since exponentiation is continuous, ligyy (s:2) XY =52 = 25.

. RV 7 o —
liM (xvx )t (3:2:5) COS X223 3 4+ y3 + 73
(xy:x)! (3;4,5) 180

Xyz¥a

. . . . |
Since polynomials are continuous, li@y.x): (3:4;5 COS ~g5

equals
Hodg  w T
cos 3 27 +64+125= 3 6=;3

Problems 17-20Evaluate the limits
f(x+hy)i f(xy)

r|1|!m0 h
im fxy+ k)i f(xy)
kI 0 k
f(X;y)= xy
By de nitions,
im LY i TO6y) _ L (X Ry xy
hi 0 h ht' 0 h
Similarly,

P
3X3+ y3+ Z3

=iy =y

im LYK i TOGyY) o XK Xy

kI 0O k kl' 0 k kl' 0
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Problems 21-30Find the limit or show that it does not exist.

: 1j xy
My @) Ty

Since the limit of the denominator is not 0O, the limit of the qwtient is
the quotient of the limits. The numerator has limit O, so our limt is also O.

liMxyy 0 INL+ X2+ y?)

Since 1+x2+ y? and In(¢ are continuous, their composition is as well, so
the limit of the composition is the composition of the limits. Sice 1+x2+ y?
has limit 1, our limit is In(1), or O.

R Xyi 9
My @i 3) ve

We rewrite this limit as
. 18
lim 1i :
(xy)! (3 3) Xy +9
Now, the limit of the second term is clearlyl since the numerator is constant
and the denominator gets arbitrarily small. Hence our limitislj1 = jl1

; tan(x2+y?
limMeyy: 00 g7

We will rewrite this limit as
iim sin(x2 + y?) _ sin(x2 + y?) 1 :
(y)! (0,00 COSK2 + y2)(X2+ y2)  (xy)! (0,00 X2+ y2 cosi2 + y2)
We know from Calculus 1 that the limit of the rst factor is 1, and since
the limit of the denominator of the second term is 1, we get thathe limit is
1¢(1=1) =1.

. +
My ©:0) xzay

We make the substitutiony = mx for m 6 O:
1+ m)x _ i 1+x
(xy)! (00 X(X+ M) (xy)! (0;0) M+ X

1,
m’
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and since this depends om, no matter how closex and y are to O, this
function will not approach a limit.

Problems 31-36Determine the largest set of points in thexy-plane on which
the given formula de nes a continuous function.

foay)= PEr e

This function is de ned as long as the part under the square rods
nonnegative. Sincee to any power is always nonnegative, and hence so also
is a sum of powers o, the largest domain of de nition is the whole plandR?.

f (x;y) = arcsin(xy)

The function is de ned as long ag 1- xy - 1. The region ofx andy
which satisfy this are bound by a hyperbola in each quadrant.

FOGY) = sy

This function is de ned as long as the denominator is nonzerd@herefore,
the largest domain of de nition is all the points &;y) wherey 6 j 4x2. This
is just the complement of the parabolay = | 4x2.

Problems 37-40Evaluate the limit by making the polar coordinate substi-
tution

(x;y) = (r cos);r sin(w)
and using the fact thatr ! 0 as &;y) ! (0;0).

. i v2
My ©0) sy

Making the indicated substitution,

- X% y? i r2cog(W i r2sin(y)
(xy)! (0;0) X2+ Y2 r1 0 r2co(W) + r2sin’(p)

_ i FPCOS (W) i sim(W)

T o r2

= lim cog(l) i Sin?(p):



However, no matter how close to @ is, cog(p) j sin’(1) does not approach
any one value. Therefore the limit does not exist.

. 4, ,,4
I'm(X:y)! (0;0) W?LW

Again, making the indicated substitution,

fim x*+yt r*cos(y) + rsin*(p)
o)t ©0) (X2 + ¥2)32 110 (r2cog(p) + r2sin(p)3=2
_ o rcosi() +sint(y) _ , :
= lim_ (1952 = Irl!mor(cos“(p) +sin*(W):

Now, since we know
0- cod(W+sin?(y - 1+1=2;

we know
0¢r - r(cos(p) +sin*(y) - 2r

and so

limO¢r - limr(cos(p) + sin*(y) - lim 2r:

rt 0 rt 0 rt 0
We know the limits on the left and right are both 0, so our middldimit is O
by the Sandwich Rule.

Problems 43-44 Investigate the existence of the given limit by making the
substitution y = mx.

. X2- 2
My ©0) sy

Making the indicated substitution, we see

X2i y2 _ “m X2i m2x2 _ Im 1| mZI
(xy)! (0:0) X2+ Y2 (xy)! (0:0) X2+ M2X2Z  (xy)! (0,00 1+ m2’

No matter how closex is to 0, this quotient does not approach any one value,
so the limit does not exist.

Problems 45-46 Show that the given limit does not exist by considering
points of the form (x; 0;0), (0;y;0), or (0;0;z) that approach the origin
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along one of the coordinate axes.

i X+y+z
lim (xy;z)! (0;0:0) xZ4y2+ 22

We will consider only points of the form §; 0;0). As we move through
such points, that is, moving along thex axis, we have

X+y+2z X

X2+ y2+ 22 X2

X |

From the left, 1=x approachesjl , but from the right, it approaches 1 .
Therefore the limit does not exist.



12.4: Partial Derivatives

Problems 1-20:Compute the rst-order partial derivatives of each function.

fxy)=x%i 3%y +xy

We di®erentiate with respect to one variable, acting as if thetloer were
constant:
fx(Gy)=3x%i bxy +y

fy(xy) =i 3x*+ x

f(x;y) = ytan(x)

fx(Xy) = yseé(x)
fy(x;y) = tan( x):

fy) =5y
By the ordinary quotient rule,

Xiy)i xX+y)_ i2

fx(xy) =

xiy?2  (xiy)?
o iy Gxiy o2&
WY = 0y T G e

f(x;y)=x

Using the ordinary polynomial rules,f,(x;y) = yx¥i 1. On the other
hand, we must use the exponential rules to di®erentiate with resgt to y:

fy(X;y) = In( x) x":
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f(xy) = In(x*+ y?)

Using the Chain Rule,

2X
fx(X,Y) = X2+ y2
P
fy(X,y) - X2 + y2

Problems 21-30Verify that z,, = zy.

f(;y)= x®i 3%+ xy

We calculated the rst derivatives of this function above, so wei®eren-
tiate these to get the second-order ones:

fry(Xy)=i6x+1
fyx(X;y) =i 6x+1;

which are clearly equal.

f(xy)=In(x+y)

First we use the Chain Rule to get the rst-order partial derivatves:

f(y) = y
fy(y) = o i %
Now we can easily compute the (equal) second-order derivatives:
fry (Xy) = ﬁ
fyx(X;y) = (Xi+1y)2-



Problems 31-40Find an equation of the plane tangent to the given surface
z = f (x;y) at the indicated point P.

f(x;y) = x3j 3x?%y+ xy P=(1:j L3)

We st recall the “rst-order partial derivatives: f,(x;y) =3x?j 6xy +Yy
andfy(x;y) = i 3x?+ x. Thenf,(1;i 1)=8and f,(1;i 1) = | 4. Therefore
the equation of the tangent plane atP is

zj 3=8(xj 1)j 4(y+1);
or8xij 4yj z=09:

f(x;y)= ety P =(1;2¢6)

We compute the rst-order partial derivatives:
f(x;y) = 2xe Y

fy(xy) = 2ye™Y":

Then f4(1;2) = 2¢e> and f,(1;2) = 4¢€>. Then the equation of the tangent
plane atP is
zi e€=2e(xj D+4€e(yi 2);

or 2e°x +4e’yj z=9e.
Problems 41-44:Determine whether there exists a functiorf (x;y) having

the given rst-order partial derivatives. If so, try to determine a formula for
such a functionf (x;y).

fo(x;y) = cos?(xy)  fy(xy)=sin?(xy)

We compute the second-order partial derivatives:
fxy (X y) = i 2y cosky)sin(xy)
fy(X;y) = 2 cosfy) sin(xy):
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Since these are continuous, if they were the second-order datives of a
function, they would be equal, which they clearly are not. Here these are
not the rst-order derivatives of a function.
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Section 12.6: Increments and Linear Approximation

Problems 1-16:Find the di®erential dw.

W =7x%j 1l4xy +6y

Recall dv = S%ix + %Vyvdy. Di®erentiating, we see

@w_ _
@X_ 14X | 14y
@w

— =14 +6
@y o

o)
dw = (14x | 14y)dx +(j 14x +6)dy:

3

W = arctan §

Again, dw = S%x + @?/dy; so using that

@
ouw *1' 1
@x y 1+(x=y)?
ow Mix' 1
@y y* l+(x=y)?
we see 1 .
- | .
w = v x2:de+ v dy:
W= e ¥z

Sincew is a function of the three variablesx, y, and z,

dw = @Véx+ Q\%y+ @\%z:

@x @y @z
12



Di®erentiating w with respect to each variable gives

G 1 vz
%\;v: xze' ¥
%Vzv: i xye' ©%;

SO
dw = j yzeé ¥*dx xze ¥*dy;i xye ¥ dz:

b
W = X2+y2+22

As above,
@w @w, @w
dw= —dx+ —dy+ —dz
@x @yy @z
=p X dx + p y dy+ p z dz:

B P———— 0+t pP—=————
X2+y2+22 X2+y2+22 X2+y2+22

Problems 17-24se the exact valud (P) and the di®erential d to approx-
imate the valuef (Q).

f(xy) = P X2 + y? P(3;4) Q(2:97;4:04)

Note that f (P) = 5. Now, we calculate the di®erential

dw= p— dx + p—

sz.,.yz r'Xz.,.yzdy:

Now, we replace @ with f (Q) j f (P), dx with 2:97; 3 = j :03, dy with
4:04; 4 = :04, and evaluate the partial derivatives atP to get

f(Q)i f(P) 1/42(; :03) + g(:04): 14
sof (Q) ¥4 5:14.
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f(x;y;z)= €2 P(L0;i 2) Q(1:02:03j 2:02)

Notice that f (P) = €° = 1. We saw above that
dw = j yze ¥?dxj xze' ¥ dy; xye ¥ dz:
Making replacements as above, we get
f(Q)i f(P)¥0(02)+2(:03); 0(j :02) =:06;
sof (Q) ¥ 1.06.

Problems 25-32Use di®erentials to approximate the given number.

P

" 15+ " qop

Consider the functionz = (p X + P ¥)?, so we are trying to approximate
f (15;99). We will approximate this with f (16;100) = 196. LetQ = (15;99)
and P = (16; 100). Then

Lo p_T Lo P
dw = 1+p§ dx + 1+19—37 dy:

Making our replacements, we see
14
f(Q)i f(P)% Z(i 1)+1:4(; 1) = | 4:65
sof (Q) % 19135.
g4 = glil?i ¥
Consider the functionz = € ¥*, so we are trying to approximatez(Q)

where Q = (1:1;:9). Consider the pointP = (1;1), so thatf (P) = € = 1.
Now, we know the di®erential

dw = 2xe*’ 1 Ydx | 2ye’i Vdy;
so we make our standard replacements to get

f(Q)i f(P)¥2:1)i 2(i :1) = :04

14



sof (Q) ¥ 1:.04.

Problem 33: The base and height of a rectangle are measured as 10cm and
15cm, respectively, with a possible error of as much asm in each measure-
ment. Use di®erentials to estimate the maximum resulting error komputing

the area of a rectangle.

We know the areaA is given bybh. The partial derivatives of A are

@A_

@b

@A _

@h
so dA = bdh + hdb. When b= 10 and h = 15, sincejb and jhj are at most
:1, jdAj - 10(1) + 15(:1) = 2:5. Hence the volume cannot change by more
than about 2:5cn?.

h

b;

15



Section 12.7: The Multivariable Chain Rule

Problems 1-4:Find dw=dt both by using the chain rule and by expressing/
explicitly as a function oft before di®erentiating.

w= @ X%y X =t xpf

Using the Chain Rule,

aw _ Qudx @vdy
dt @xdt @ydt

=i 2xe 1Y ye Xziyzpl_f:(i 2t e it
On the other hand, noticing thatw = e *’i t, we can immediately see that

dw=dt = (j 2t 1)e it

Problems 5-8:Find £¥and &

w=In(x?+y?+27%) x=sjt y=s+t zzzpﬁ

By the multivariable Chain Rule,

Qw_ @wix Qwly Qwdz
@s @xds @ys @as
2x 2y 27

= 2 2 2+ 2 2 2+ 2 2 29__
X2+ y2+ 72 x2+y2+ 72 x2+y2+ 272" s

P

and
@w_ @uix  @wly  Qvdz
@t @xdt @ydt @zt
i 2 2y 2z
= 2 2 2+ 2 2 2+ 2 2 Zp__:
X%+ y’+ z X%+ y2+ z X2+ y>+ z2°

P3

16



_12Fi @r a@ar @r
Problems 9-12:Find @; oy and o7

r= egirvew u=yz V= Xz W = Xy

Applying the Chain Rule,
dr _ @mdu N @rd_v+ @rdw

dx = @uix @wux @wdx
- U+ v+ w ¢0+ eU+V+WZ+ eU+V+Wy — U+V+W(y+ Z).
Similarly, g—; = e*VHW(x + z)and I = eTVHY(X + y).

Problems 13-18Write the chain rule formulas giving the partial derivative
of the dependent variablep with respect to each independent variable.

p=f(xy) x=x(uv,w) y=y(u;v,w)

Applying the known Chain Rule formulas,

@f_ @fex af@y
@u @@u @yQu
@f_ @f@x @fQy
@v @x@v @yav
ef_ @fex, @fay
@w @@w @yaw

Problems 19-24Find &% and %; as functions ofx, y, and z, assuming that
z = f (Xx;y) satis es the given equation.

X234 Y23 4 228 =1

We know by the Implicit Di®erentiation formula that 92 = LFx, where
Fx and F, are the derivatives of the given expression with respect to the

17



indicated variable. Similarly, & @Z = IFiy' We compute that F, = 2xi =2,

Fy=2yi 13 and F, = 221 %3, Therefore

@z_ i xi'?® _
@X_ Zi 1=3 X1=3

@z_jy B _ 73
@y Zi 1=3 yl=3 '

Problems 25-28Use the method of Example 6 to _nd%‘;"and %‘;Vas functions
of x andy.

W=U?+V2+X2+y2 U=Xjy V=X+y

The method of Example 6 is to write

@w_ @vwau Qwav, @wax, @wy

@x @U@X @W@x @@x @y@x
_ @V@u+ @V\@V+ @W_2u+2v+2x—6x

T @u@x @W@x @x
Notice that, if we expandw in terms of x and y alone, we getw = 3x? +3y?,
so the answer we got above is the same as we would get by di®ereimgat

this simpli ed form.
Similar to above,
@w_ @wQu Q@wWav, @wWax @way
@y @u@y @v@y @X@y @ya@y

@\A@u @V@V @w_ i 2u+2v+2y=06y:

@U@y @V@y @y

Problems 29-32Write an equation for the plane tangent at the pointP to
the surface with the given equation.

X2+y?+2z2=9 P =(1;22)

18



We use implicit di®erentiation to nd the partial derivatives o z:

@z_jFx _iXx
z

@x F,
@z iFy_iy
@y F, z

Then %ng) = 171 and %@P) = j 1, so the equation of the tangent plane at
Pis
il
(zi 2= 5 (xi Di (i 2
or
X+2y+2z2=9:

Problem 34: A rectangular box has a square base. Find the rate at which
its volume and surface area are changing if its base edge is @asing at
2cnemin and its height is decreasing at 3camin at the instant when each
dimension is 1 meter.

Let b be the base edge anl be the height of the rectangular box. Then
the volumeV is b?h. From this it is clear that

@V: 2bh

@b
@V_ .
an kP
We want to determine Cil_\t/ By the Chain Rule,
dv _ @ub @wh
dt @MWt @bhdt
= 2bh3—? + bz% = 2(100)?(2) + (100)?(j 3) = 10; 000

Therefore, the volume is increasing at 1000cn#=min.
Now, the surface area is given by 27 + 4bh, so

@A_ b+ an

@b
19



@A_
@h"
which, by the Chain Rule, is

4b:

dA

We want to nd S

@b @Adh _ db . dh,
ohit* @hdt = @b+ A g by

Evaluating this with the given information gives

%—? = 800(2) + 400(; 3) = 400;

so the surface area is increasing at 400&mmin.
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Section 12.8: Directional Derivatives and the Gradient Vec tor

Problems 1-10:Find the gradient vectorr f at the indicated point P.

f(x;y)=6xi 1%y  P(1,2)

Note the partial derivatives areg) = 6 and &' = i 17, sor (f) = t6;j 17,
and hencer f(P) = h6;j 17.

f(xy)=3x2+xyi %  P(L2)

The partial derivatives of f are &/ = 6x + y and &l = x i y, and so
rf="Hhx+y;xi yi. Thereforer f (P)= 18;j 1i.

f(xy)= e p(yy1)

The partial derivatives off are

@f_ 2 2\ ssin(xy 2)
_@x_ y“ cosky“)e

and af
= = 2xy cosfy?)esnv?):
@y y cosiy?)

Evaluating each of these aP, we see

r f(P)= hje’j 2v48i = hj1;; 2%:

f(x;y;2) = px3+yzi ¢ P(2,32)

We calculate the partial derivatives off :

af_ 3x?
@x 2 x3+y2 Z4
@f _ y

@y ' x3+ y2i z4
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@f_ iz _
@z " x3+y?; 4

Evaluating these at the given point, we have

: A
“12 3| 16

rf(P)= T h6;3;i 16 :

Problems 11-20Find the directional derivative off at P in the direction ofv.

f(x;y)= x2j xy+y? P(1;2) v = hi: 1i

We nd that the partial derivatives of f are $! = 2xj yand & = j x+2y,
sor f(P) = h0;3i. Note that ¢ = p%v, SO

Dvf(P)=r f(P) ¢¢ = pl—z(O+3): p‘%:

fy)=e’siny) P@0;% v=nh,2

We calculate the partial derivatives off :
of
@x

@f 2

— =cos(y)e":

ay v)
Hencer f (P) = H);p§=2i. Note that ¢ = pl—gv. Therefore,
r
1 P
Dvf(P)=r f(P)¢0 = p—§(0+ 2) =

= 2x sin(y)e*’

all N

foyiz)= Pxyz P(@L22)  v=t845i
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Again, we calculate the partial derivatives of :

@f_  yz
@x 2’ xyz
@f  xz
@y ’xvz
@f xy
@z Pxz

Using these, we see f (P) = hi;1=2;1=2i. Since¢ = v, we know

1 3
Dvf(P)=r f(P)¢¢ = p=(3+2+5=2)= p=:
vf(P) (P) 5 )= PS5

Problems 21-28Find the maximum directional derivative off at P and the
direction in which it occurs.

f(x;y) =2x2+3xy +4y? P(4;4)

Using that the partial derivatives off are & = 4x+3y and &/ = 3x+8y,
we seer f(P) = h28,44i. The direction in which the directional derivative
is maximized is

1 1
\ _ A 1
nf(P)= p=—=m28 44 = p—hr;11:
(P) 2720 170

The maximum directional derivative then is

D 1(p)f (P) = 1 f(P) e\ f (P) = p%:ﬂom

f(xy;z) = P Xy?z3 P(2;2;2)

The partial derivatives off are

@f_ y223
@x 2 xy2z3
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@f  xyz®

@y Xy?2z3
@f  3xy?z®
@z 2 xy2z8

Thereforer f(P) = h2;4;61 and r\f(P) = %r f (P), so the maximum
directional derivative off at P is

rf(PYerf(P) _ 56 _P_

D, f(p)f (P) = =6 = p—= b6

»

Problems 29-34Use the normal gradient vector to write an equation of the
line (or plane) tangent to the given curve (or surface) at theigen point P.

8%+ y?>=113 P(2;3)

We use implicit di®erentiation to get 16 +2y$ =0, so & = L& and

y
g—)y((P) = J%’ Since the equation of the tangent line is

(Vi Y0 = oYX Xo)

our tangent line is
i 16
(yi 3)= T(Xi 2).

6x2 | 9y?+14z2=44 P(2;2;2)

We use the formulas for implicit di®erentiation to see tha%f(: L2 and

@z — 18y @ - i3 @z— 9 i
Gy- 2 SO giP) = 7 and §7= 5;. Since the formula for a tangent plane
is

(zi 20)= %iP)(Xi Xo) + %3)” Yo);

we have that our tangent plane is
i 3 9
(zi = "=(xi D+ Vi 2
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Problems 35-38Verify the following properties ofr wherea and b are con-
stants andu and v are di®erentiable functions ok andy.

r(au+ bvyy=aru+brv

Notice that

d d d d d
&(au+ bv) = &au+ &bV— a&u+ b&v

and, similarly, that

d d
d—y(au bv) = ad—yu bd—v
Hence ¢y & d g A
u Y] u \Y;
r (au+ bv)‘— a&+ b&:a—y+b®
é A ¢
du du dv  dv
ad—x,ad—y bd_X,b@ —aru+brv
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Section 12.5: Multivariable Optimization Problems

Problems 1-12:Find every point on the given surfacez = f (x;y) at which
the tangent plane is horizontal.

Z=2Xj 4 +6

The tangent plane is horizontal exactly when both partial devatives are
0. Now %}f = 2 and %5: i 4. Neither of these are ever 0, so the tangent

plane is never horizontal.

z=x?>+5y?; 10y+4

Again, we start by computing partial derivatives: 22 = 2x and %; =

@x

10y i 10. These are simultaneously O only at the point (@Q).

7 = (X2 + yz)ei x2j y?

We use the product rule to compute the partial derivatives:

%i: 2xe 1Y+ (2 + yP)(i 20€ 1Y = 2x 2° | 2xy)e iV

and, similarly,

@Z 3 2 L2 2

— =(2y | i 2x°y)e iy

@y Qyi 2y°i 2x7y)
These are 0 exactly when the term in parentheses is 0. Therefc%é is O
exactly whenx = 0 or x>+ y*> = 1, and &is O exactly wheny = 0 or

x? + y2 = 1. Therefore the tangent plane is horizontal at (§0) and at any
point on the circle x? + y? = 1.

Problems 13-22Find the highest or lowest point on the surfaca = f (x;y).

Z=X%j 2X+vy?j 2y+3

Since this surface opens upward (all partial second derivaéig are non-

negative), any point where%f(: %5: 0 is necessarily a minimum point. The
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partial derivatives are $2= 2x j 2 and @Z— 2y i 2, so the minimum point
is (1;1).

z=2xi x*+2y?j y*

The partial derivatives of z are

@z
— =2
@x '
@z
— =4 4y°.
@y yi 4y°
Now 2is 0 only whenx = 1 and %; is 0 only wheny = 0;8 1. Since this

surface opens downward, we are looking for maximum points. Rging in
values forx andy, we see the maxima occur at (§ 1) and (1 1).

Problems 23-28:Find the maximum and minimum values attained by the
function f (x;y) on the given plane regiorR.

f(x;y)=2xy x2+y?. 1

First, we will use rst derivatives to see where the extrema on theierior
of R lie. Noticing that 2! = 2y and & = 2x, we see these are both 0 only
when (x;y) = (0;0). Slncef is di®erentiable everywhere on the interior of
R, (0;0) is the only candidate in the interior.

Now consider the boundary BfR namely, the C|I5clex2 +y2 =1 We
can split up the boundary asy = 1j x2andy =i 1j x2 Substituting
in these expressions foy in the expression forf (x; ¥), we get functions of
one variable, which are each optimized whexn = § 2=2. So ing fBry in
each siguatlon gnd evaluating , we see thﬁnc is rBaX|m|zed :ﬁ 2—2,Io 2=2)
and (j  2=2;i 2=2)andminimizedat( 2=2; 2=2)and ( 2=2;i 2=2).

Problems 29-38Find the rst-octant point P(X;y;z) on the surface closest
to the given xed point Q.

12x+4yi 3z=10
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We are trying to minimize the quantity x? + y2 + z2 over all (x;y;z) on
our surface. For any pointP on our surface,

S = 10§ 1 4y

i 3 ’
SO
M 2
10 1% 4
Wixyiz)= X2+ yi e 2= eyt TS y
i
153, 25, 96 80 100
_ 2902, 202 YO . . oY, Y
9x 9y 9xy|80><. 3y 9
Now, the partial derivatives ofw are
306 96
@w_ 306 , 96 . g0

@x 9 9

@w_50 96 80

.~ oYt oXi 3¢

@y 9 9 3

These are simultaneously 0 whex %2 1:91111 andy % :710059. These values
forcez ¥4 5:25785, so the point we are looking for is

(1:9111%1:7100595:25785)

Problems 39-42Find the dimensions that minimize the total cost of material
needed to construct the rectangular box described: the box is be open-
topped with a volume of 600id. The material for its bottom costs 6 cents
per square inch and the material for its sides costs 5 cents per agelinch.

Let x, y and z denote the length, width, and depth (in inches) of the box,
respectively. We know from the volume assumption thakyz = 600. The
cost of materials for the box (in cents) is given by

c(x;y;z) = 6xy + 10xz + 10yz:
Plugging in to the equation forc that z = %’ we see

6000 6000
c(X;y;z) =6xy + 'S + T:
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Now %)f: 6y i 22 and %C: 6x | %% These are both 0 exactly when
x = y = 10. When this happens,z = 6. Therefore, to minimize the cost of
the box, it should have length 10 inches, width 10 inches, and dé&s inches.

Problems 43-63What is the maximum possible volume of a rectangular box
inscribed in a hemisphere with radiu®R? Assume that one face of the box
lies in the planar base of the hemisphere.

We know that any point on the hgisphere satis'ex’+ y?+ z> = R? and
z ., 0. Therefore we can writez = = R?2j x2j y2. We want to maximize
the volume D
V(Xy;z) = xyz=xy R?j x?j yx

The partial derivatives of V are

@v. Pb—0—— x2y
= = R2: x2; y2; p— 7%
@X y | IYI I"Rzixziyz
@V_ P ———— xy?
— =X R?Zj xX?j y?| p——:
@y [ i Yo PRZiXZiyZ

These are both 0 exactly whem = y = R:p % These values force = R:IO 3,
so the maximum volume is R= 3)® = R3=3" 3.
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Section 12.10: Critical Points of Functions of Two Variable

Problems 1-22:Find and classify all critical points.

f(X;y)=2x2+y?>+4xj 4y+5

We calculate the derivatives:

fy=4x+4

fy=2yi 4
fax =
fyy =
fxy =

Now fy = fy, =0 only at (i 1;2). At this point, ¢ =8 > 0, so this point is
an extremum. Sincef,« > 0, (i 1;2) is a (global) minimum.

f(xy)= x2+4xy +2y?+4xj 8y +3

Again, we start by calculating derivatives:

fy =2x+4y+4
fy=4x+4yi 8
fox =2
fyy =4
fry =4:

Now fy = f, =0 only at the point (6; 4). At this point, ¢ =2 ¢4 4°< 0,
so (6 4) is a saddle point.

f(x;y)= x*+y*j 4xy
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Calculating derivatives, we see:
fo=4x3; 4y
fy=4y*i 4x

fux = 12x°
fyy = 12y?
fXy =&

Now, if fx = 0, then y = x3, and if fy = 0, then x = y3. Therefore, if
fx =f, =0, x =y3=(x%3=x%sox =§1, andx = y. At the points

(i Lj1land (31), ¢ =144 16> 0, so these points are extrema. Since
fw > 0 at both points, both points are minima.

f(xy) = xye 1Y’

Start by calculating derivatives:
fx=(yi %y)e i
fy=(xi 2yP)e Y
fx = (i bxy +4x’y)e 17"
fyy = (i 6xy +4y*x)e ¥V’
o = (1] 23 2y +4xPy?)e X
Now, fx = f, =0 oBIy if y(E,. 2x2) =0 = x(1i 2y?), which gives the ve
points (0; 0) and (8 2=2;8 2=2). Now consider
¢ = (36 x°y* +16x"y* | 24x'y* | 24y (Li 20)%(Li 2y°))e 1V

At (0;0), ¢ = j 1< 0, so the origin is a saddle point. Atpthe otrbar four
p0|nt ¢ = 6 > 0, so these four points are extrema. Atj( 6—2 i p2 2=2)
and (p 2=2; l3—2) fw < 0, so the points are maxima. At ( 2=2; 2=2)
and (| 2=2;; 2=2),f« > 0, so the points are minima.

Problems 23-25Show that ¢ = f,fyy | fxzy is 0 at the origin. Then classify
this critical point by visualizing the surfacez = f (x;y).
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f(x;y)= x*+y*

We calculate the derivatives of :

fy = 4x3
fy =4y°
fax = 12x2
fyy =12y?
fyy =0:

Now, clearly ¢ = 144x2y? is O at the origin. However f (0;0) = 0, and since
f (x;y) > 0 whenever ;y) 6 (0;0), the origin is a global minimum.
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Section 12.9: Lagrange Multipliers and Constrained Optimi zation

Problems 1-18:Find the maximum and minimum values of the given func-
tion f subject to the given constraint.

f(x;y)=3x+2y x?+y?=1

Let g(x) be the function de ning the constraint. Then, smce =3,
&, =2, 39=2x, and 3= 2y, the method of Lagrange multipliers teIIs us
3=2X 2=2y:
Therefore,x = 2 andy = %, so the constraint tells us
H 3ﬂ2+ Hlﬂz_l.
25 5 B ,
P—
so, = 3§ 3. This tells us that x = 3 p% andy = § p35. Checking values,

4
we see p%pﬁ maximizesf and 96—_3;5 94—_3 m|n|m|zesf.

=
[N

f(x;y)=xy  25x%>+16y%2 =25

Again, call the constraint function g. Since2! =y, & = x, 29= 50x,

and %3= 32y, the method of Lagrange multipliers tells us that’ -

y = 50,x X =32)y:
Thereforey = 50, (32,y) = 1680 2y, s0, = § Hencsx = ‘g‘y, and plug-
ging this into g, we gety = 8 2. This tells usx = § 2. Checking these

¥
_ P, P P, P p. P
four points, we,see 2% and 23 22 maximizef and -2;i 252
p_ p_ . - -
and | ;22 minimizef.
f(x;y;z) = xyz X2 +4y?+972=27
= Q@rf — @f — @g—
Call the constraint function g. Slnce@x yz, @y XZ, 5= XY, @x= 2%,

@g— 8y, and @g— 18z, the method of Lagrange multipliers tells us that

yz=2X Xz =8y Xy =18,z:
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Multiplying these all together gives us
x2y?z? = 288, 3xyz
or xyz = 288, 3. Therefore,
288 3= xyz =2 x 2
so 1442 = x2. Similarly, 36,2 = y? and 16 2 = z2. Plugging these into the
constraint function tells us, = § 3.
Now, f (X;y;z) = xyz = 288, § - 2. Sinced = xyz = 2,x2 = x?=2, we

seex = §3. Similarly,y = § 3 andz = § 1. When the product of these three
is positive, f is maximized, and when it is negativef is minimized.

Problems 21-34:Use the method of Lagrange multipliers to solve the indi-
cated problems from Section 12.5.

12.5, 29) Find the rst octant point on 1 + 4y + 3z = 169 closest to (Q0; 0).

We will try to minimize the function f(x;y;z) = x2+ y? + 22 subject

to the constralnt g above. The partial derivatives off and g are = 2X,
=2y, 8,=22, 89=12, g9=4, and $J= 3. The method of Lagrange

@y
multlpllers teIIs us that
2x =12, 2y=4, 2z2=3.:

Therefore, 169 = 1X+4y+3z=72, +8, + g =845 , so, =2. Plugging
this in, we seef is minimized at (12 4; 3).
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