Section 13.3: Area and Volume by Double Integration

Problems 1-10: Use double integration to find the area of the region in the
xy-plane bounded by the given curves.

These two curves intersect at x = 0 and x = 1. Thus, our integral is
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Problems 11-26: Find the volume of the solid that lies below the surface
z = f(x,y) and above the region in the zy-plane bounded by the given
curves.

z=y+e" r=0 z=1 y=0 y=2

Our integral is
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1 pl 1
/ / 22 dydzr = / ya?
-1 Jz2 -1

The curves y = x

integral as
=1

Y
dz
y=a?




! 4

1 3 5
:/_le—x4dx: (%—%)

o, 15
Alternatively, we could have set up the integral as
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The two bounding curves intersect at (0,0) and (1,1). Therefore our
integral is
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Problems 27-30: Find the volume of the given solid.

The solid bounded by the planes t =0, y =0, 2 =0, and 3x +2y + 2 =6

This region is simple in all directions, so we can integrate first in ei-
ther direction. Since all coordinates are nonnegative in this region, z < 2.
Therefore our integral is
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Problems 31-34: Set up an iterated integral that gives the volume of the given
solid.

The solid above the zy-plane and below z = 9 — 2% — 3%

The region of integration is where z is nonnegative, that is, on the disc
2% +y* < 9. Since x can range from —3 to 3 in this region, our integral is
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Problem 39: Find the volume of a sphere of radius a by double integration.

On a sphere of radius a, the x value can range from —a to a. With a
given value of z, y can only range from —v/a? — 22 to va? — x2. Having fixed
an = and y value, z can be anywhere in (—\/a2 — % — 92, \/a2 — 2% —y?)
Therefore the integral we want to evaluate is
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Using Integral 54 on page TA-2, we get this integral is
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Section 13.4: Double Integrals in Polar Coordinates

Problems 1-7: Find the indicated area by double integration in polar coordinates.

The area bounded by the circle r = 1.

Since 0 can range from 0 to 27 and r ranges from 0 to 1, the area is
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The area bounded by the cardioid r = 1 + cos(0).

Again, 6 ranges from 0 to 27, but r goes from 0 to 1 + cos(f). Therefore
the area is
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Problems 8-12: Use double integration in polar coordinates to find the volume
of the solid that lies below the given surface and above the given plane region.

2= a2 +q? r=3

In polar form, z = (rcos(#))? + (rsin(6))? = r?, so our integral is
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z2=10+2x+3y  r=sin(h)




In polar form, z = 10 + 2r cos(#) + 3rsin(d). Also, r = sin(f) is a circle
traced out completely by 6 between 0 and 7. Therefore, the volume is
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Problems 13-18: Evaluate the integral by first converting to polar coordinates.

fol fo o 1+x2+y dzdy

We can see from the bounds of integration that the region of integration
is the quarter of the circle 22 + 4% = 1 lying in the first quadrant Therefore
in polar form, we have 0 < § < 7/2 and 0 < r < 1. Also, 1+$2+y = HTQ
Therefore
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From the bounds of integration, we are integrating over the triangle
formed by the lines © = 0, y = 1 and y = z. The line y = 1 in polar
form is r = csc(f), and we only need 6 to range from /4 to 7/2 to cover the

region. Since 2% = r? cos®(f), we have
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Problems 19-22: Find the volume of the given solid.

z=1 z=3+z+vy r=1

We integrate r times the difference of the given functions over the region
r=1:
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Problem 23: Find the volume of a sphere of radius a by double integration.

We will integrate to get the area of a half-sphere. This is the volume
under the curve z = v/a? — r? over the circle r = a. Therefore the volume is
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Doubling this gives the familiar formula V' = “Fa”.



Section 13.5: Applications of Double Integrals

Problems 1-10: Find the centroid of the given plane region with constant density.

The centroid of a rectangle is its center, so the centroid of this region is
(2,3).
To use calculus, though, the mass of this region is its area, or 24. Then
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so the centroid is (2, 3).

z=0 y=20 r+y=3

We start by calculating the mass:
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so the centroid is (1,1).



Problems 11-30: Find the mass and centroid of the plane lamina

Triangle bounded by z =0,y =0 and z +y = 1, 0(z,y) = xy

We start by integrating J to get the mass:
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A similar calculation shows that 7 = %, although this also follows since the
region and the density function are symmetric in x and y. Hence the mass

of the region is 5; and its centroid is (2/5,2/5).

Region bounded by y = % and y = 2 — 22, §(x,y) =y

Note that these two curves intersect at + = —1 and x = 1. We start by
calculating the mass of the region.
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Therefore the centroid of the region is (0,43/35).

Region bounded by cardioid r = 1+ cos(6), o(r,0) =r




We integrate ¢ to find the mass of the region:
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Therefore the centroid of the cardioid is (3(1], 0)
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Problems 31-35: Find the polar moment of inertia I of the indicated lamina.

Disc bounded by r = a, 6(x,y) =" (n # —1)

We will integrate r2§(x,y) - r = r™3 in polar form:
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Right-hand leaf of lemniscate r* = cos(20), 6(z,y) = r?

In polar form, we integrate r2§(x,y) - r = r°. The right-hand leaf of the

lemniscate is traced out by 6 between —% and 7, so our integral is

m/4  py/cos(20) /4 ogd
Iy = / / P drdf = / c0s°(0) 49
—7/4J0 /4 6

9



w/4 1

_ (sin(20)3%083(29) .\ sin1(820))

—7/4 9

Problems 41-56

Use Pappus’s Theorem to find the centroid of the first quadrant of z2 + y? < r?

We know the area of the first quadrant of this disc is A = %7“2. Also, if we
revolve this region around the y-axis, the resulting solid is a hemisphere with
volume V = %”7”3. The distance traveled by the centroid is 27z. Pappus’s
Theorem tells us

V =2nTA,
SO T = %r. By symmetry, ¥ = 7, so the centroid is (%7’, %T)-

Use Pappus’s Theorem to find the centroid of the first quadrant arc of 22 + 3% = r?

We know the length of the given arc is s = §r. Also, if we revolve this
arc around the y-axis, the resulting surface will be a hemisphere with surface
area S = 2mr?. The distance traveled by the centroid is 27Z. Pappus’s
Theorem tells us

S = 2n7Ts,

SO T = %r. By symmetry T = 7, so the centroid of the arc is (%r, %r)
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Section 13.6: Triple Integrals

Problems 1-10: Evaluate the given triple integrals.

Our integral is clearly

™ ™ ™ ™ T 2
/ / / xysin(z) dxdydz:/ / 7T—ysin(z) dydz
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f(x,y,2) = 2%, bounded by coordinates planes and z +y + z = 1
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We see that x can range from 0 to 1. Given an x between 0 and 1, y ranges

from 0 to 1 — z. Given admissible x and y, z ranges from 0 to 1 — z — y.
Therefore our integral is

1 1—x l—z—y 1 1—x
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1 2,2
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f(x,y,2) = z, region bounded by 2 =8 —y? and z = ¢? -1 <z <1

The curves 8 — y? and y? intersect at y = —2 and y = 2. Therefore our

integral is
1 2 p8—y2 1 1 2
/ / / zdzdydx:—/ / 64 — 16y* dydx
—1J—2Jy2 2)0J
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Problems 11-20: Find the volume of the given solids by triple integration.

Between z = 0 and 2z = 22 + y? over region bounded by 2 =0, y =0 and x +y = 1

Clearly x ranges from 0 to 1, y ranges from 0 to 1 — z, and z ranges from
0 to 22 + y?. Therefore the volume is

// / dzdydx—// 2 4y dyda

= [ty
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0 0 3
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Bounded by y = 2%, 2 =y*, o +y+2=2,2=0

The curves y = z? and z = 32 intersect at y = 0 and y = 1. Given an
admissible value of y, z ranges from y? to \/y. Clearly z ranges from 0 to
2 — y — z. Therefore the volume is
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Problems 21-32: Assume the indicated solid has constant density.

12



Find the centroid of the hemisphere 22 + y? + 22 < R?, 2 > 0

[\

We know the mass of the hemisphere is simply its volume V = 27R3.

Also, since the hemisphere is symmetric about the z- and y-axes, T =7 = 0.
Then

VRZ—x2 R2—x2 VR2—z2
= —/ / / zdzdydx = —/ / R*—2%—y? dydz
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w

R2712
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Therefore the centroid is (0,0,3R/8).

Problems 33-40: Assume the indicated solid has uniform density

For a cube with edge a, find the moment of inertia about an edge

Picture the cube lying with an edge each on the -, y-, and z-axis. We
find the moment of inertia about the edge on the z-axis. The distance from
a point (x,y,z) to this edge is \/y? + 22; we integrate the square of this
distance over the whole cube to get the moment of inertia I.

I—/ / / Y+ z dzdydx—//ya+a3/3dydx
/—dx—

Problems 41-44: Find the volume of the given solids.

Bounded by z = 222 4+ y? and 2z = 12 — 2% — 2¢/?
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The intersection of these two curves projects onto the zy-plane as the
circle % 4 y? = 4. To find the volume we just integrate:

Via—z? Vi—z2
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Section 13.7: Integration in Cylindrical and Spherical Coordinates

Problems 1-20: Solve the following problems using integration in cylindrical
coordinates.

Find the volume and centroid of solid bounded by 2z = 4 and z = r2.

There are no restrictions on 6, so # can range from 0 to 2. On our region,
r < 2,80 0 <r <2. Therefore the volume of this solid is

2 27 4 2 27
= / / / rdzdodr = / / 4r — r2 dédr
0o Jo r2 0 Jo

2
= / &rr — 27r? dr = 8.
0

Since this region is symmetric around the z-axis, we conclude that ¥ =y = 0.
We compute

:_// /rzdzd@dr——// 8r——d9dr

87r 167rr —ardr = §

Therefore the volume is 87 and the centroid is (0,0, 8/3).

Find volume and centroid of region bounded by z = 0 and z = 9 — 2% — ¢2.

Over this region, 0 < r < 3, and € can range from 0 to 2w. Since
9 — 22 —y?> =9 —r?, the volume is

3 2 p9—r2 3 2o
= / / / rdzd@dr = / / 9r — 3 dodr
0o Jo 0 o Jo

3
81w
= / 187 — 23 dr = ——.

0 2

Since this region is symmetric around the z-axis, T =

9—r2
:—/ / / rzdzd@dr——/ / 81r — 1873 + r° dodr
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3
= 3.
0

o 2 [81r2 9rt 6
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Therefore the volume is 817/2 and the centroid is (0,0, 3).

Problems 21-40: Solve the following problems using integration in spherical
coordinates.

Find the centroid of a homogeneous solid hemisphere of radius a.

Consider the hemisphere to be p < a, ¢ < 7/2. We know the volume of
the hemisphere is V' = %71’(1,3. Since the hemisphere is symmetric around the
z-axis, T =y = 0. Therefore we must only calculate Z:

_ L / / / pcos(6))(p? sin(6)) dpdgdd

2w pm/2 a’ 1 2m at
= —/ / — sin(¢) cos(¢) dpdf = V/o (§ sin2(¢)>
1 T 4 4
— _/ 440 = 1ma® _ 3_a_
V), 8 V48

Therefore the centroid is (0,0, 3/8).

/2
dé

0

Find volume and centroid of solid inside p = a and above r = z.

The equation r = z is equivalent to psin(¢) = pcos(¢), or ¢ = 7/4.
Therefore our volume is

p?sin(¢) dpdpdd = W/4—35m ) dpdo
v [

:/O%wmdez/jr (1—?)?%:(2—\&)@;.

0
Now that we know the volume, we can compute the coordinates of the cen-

troid.
= —/ / / psin(¢) cos(6))p? sin(¢) dpdpdd
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2w pm/4 at 1 2w 4 102
- _/ / — sin?(¢) cos(6) dpdd = V/o az cos(0) (% — sm4(¢)

1 [a* (7 1 lLa* (7 1) . o
A similar computation shows that
_ la* (m 1 2
U=V (g — 1) (—cos(h)) o 0.
Finally,
= —/ / / pcos(¢))p?® sin(¢) dpdpdd
2r  pw/4 a’ 1 2r 4 2 /4
- —/ / —sm &) cos(¢) dpdf = —/ —acos (91 4
V' Jo 8 0
SR OV TR TR
Vo 16 8V 8(2—-+2) 16 ‘
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Therefore the volume is V = ’ and the centroid is

(0,0,3a(2 + V2)/16).
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Section 13.9: Change of Variables in Multiple Integrals

Problems 1-6: Solve for x and y in terms of u and v. Then compute the

3 a(zvy)
Jacobian Bun)”

uU=r+y V=T —Y

It is easy to see that z = (u + v)/2 and y = (u — v)/2. Therefore the
partial derivatives of x and y are z, = =, = y, = 1/2 and y, = —1/2.
Therefore the Jacobian is

Oz,y) _
O(u,v)

_‘1/2 1/2 ‘_—1 1 -1
= == -i=7

Iu x’U
12 —1/2 44

Yu Yo

u=xy v=y/x

It is easy to see that 22 = u/v and y? = uv, so x = \/u/v and y = \/uv.
L_ g, = —21}%, Yu = 2“\//%, and

Then the partial derivatives are r, = 5—,

Yo = % Then the Jacobian is

a(x7y): 2\}% _21\;/3?2 :i i:i
O(u,v) 2‘/\/% % v v 20

Problems 7-18: Find the area of the following regions by change of variables.

Rbounded by x +y=1,2+y=2,2r—3y=2,and 2xr — 3y =5

Let u=xz+yand v = 2x — 3y, so . = (Bu+v)/5 and y = (2u — v)/5.
Then the partial derivatives of z and y are z, = 3/5, z, = 1/5, y, = 2/5,

and y, = —1/5, so
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Because of the way we defined v and v, to get the area, we integrate the
absolute value of the Jacobian over 1 < u <2 and 2 < v < 5. Therefore the

area is
dvdu / / —dvdu =

R bounded by z =y, 2 =y, zy = 1, and xy = 2

Let u = zy and v = y/x, so that, as we have already seen, ggx, y)

) =
find the area of this region, we must integrate over 1 < u < 2 and 1 <
Therefore the area is

2
1
- / L gy =n2
1 2v

=

Problem 19: Change to spherical coordinates to show that, for £ > 0,

2
/ / / Varz+yr+z22 e M@ +y®+2%) dedydz = — T

k2

To
2.

1
2v
v <

Our region of integration is all of three-dimensional space, so if we in-
tegrate over this region in spherical coordinates, we will let 0 < 6 < 27,
0 < gb < m and 0 < p < oco. We already know from the book that

:c(g;;) — p?sin(¢). Also, the integrand above becomes pe " in spherical.
Tﬁﬁerefore the integral is

27 T 0
/ / / p* sin(¢)e ™ dpdpdd
0 0 0
/Qﬂ/ —(kp? + De~ke* |
SlIl 2]{:2

0

2 sin(¢ ™ 21
/ / 512 d¢d9—/0 Ed@—ﬁ.
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