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INTRODUCTION AND SUMMARY OF RESEARCH

I am interested in questions in elementary and analytic number theory, primarily in the ring of
rational integers, but also in other settings of arithmetic importance (such as rings of integers in
global fields). In my thesis, I study the arithmetic of polynomials over finite fields, focusing on
problems connected with the distribution of irreducible polynomials.

Many of the basic results in the subject of rational prime number theory can be translated fairly
routinely (though not necessarily easily) into the polynomial setting. The first such results are
the analogues of the prime number theorem (due essentially to Gauss — see [Fre07]), Dirichlet’s
theorem (due to Kornblum [Kor19]), and the prime number theorem for arithmetic progressions
(due to Artin [Art24]). Important techniques have also been generalized wholesale: e.g., sieve
methods here have been investigated by Cherly [Che78], Webb [Web83], Car [Car84a]-[Car84b],
and Hsu [Hsu96|, and the circle method in this setting has been developed and applied by Hayes
[Hay66] (see also his joint monograph with Effinger [EH91]). In many cases, though the broad
outline of the proofs are the same in both settings, the polynomial results are sharper than the
corresponding rational results, because the Riemann Hypothesis is a theorem in the function field
setting (due to Weil [Wei48]).

In my thesis, I focus on classical problems about prime patterns, translated into the setting of
polynomials over finite fields. In contrast to the authors mentioned above, I concentrate on methods
which appear special to polynomials and seemingly have no classical analogue.

Hall gave the prototypical result of this kind in his 2003 Ph.D. thesis ([Hal03]; see also [Hal06]).
There he successfully attacks a polynomial analogue of the twin prime conjecture, showing that
over any field with more than three elements, there are infinitely many monic prime pairs P(T")
and P(T) + 1. Results of this type had been previously conjectured (by Cherly, op. cit., as well as
Effinger, Hicks and Mullen [EHMO02]-[EHMO05]), but Hall’s theorem had seemed out of reach. Sur-
prisingly, Hall’s argument is entirely elementary; apart from simple and short counting arguments,
it requires only Capelli’s classification of irreducible binomials, a result which would not be out of
place in a first algebra course.

In [Polb], we show how Weil’s Riemann Hypothesis can be used in place of Hall’s counting
arguments to obtain more general results. By combining Capelli’s theorem with a modern estimate
for character sums due to Lenstra (and proved using Weil’s Riemann Hypothesis), we establish the
following theorem:

Theorem 1. Let fi(T),..., fr(T) be irreducible polynomials over k, where k is a finite field. If
|k| = q is large compared to the sum of the degrees of the f;, then there is a prime | dividing q — 1
and an element 3 € k for which every subsitution

T—T" -3 with m=0,1,2,...
leaves all of fi1,..., fr trreducible.

Selecting f1(T) = T and fo(T) = T + 1, we recover Hall’s result for large ¢. But the result of
Theorem 1 is far more general and may be viewed as progress towards one possible analogue of
Schinzel’s celebrated Hypothesis H.
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Classically, Schinzel’s Hypothesis H is quantitatively refined by conjectures of Bateman and
Horn [BH62]. These conjectures were first proposed in some special cases by Hardy and Littlewood
[HL23]. One can formulate analogous predictions in the polynomial context. The next conjecture
appears in the appendix to [Polb]. Another analogue of the Hardy-Littlewood conjectures, without
uniformity in ¢ but more general in other respects, appears in [CCGO6].

Conjecture 2. Let f1,..., f; be nonassociate irreducible one-variable polynomials over F 4 with the
degree of f1--- fr bounded by B. Suppose that there is no prime P of F4[T] for which the map

WMT) = fi(W(T)) - - fr(h(T)) mod P

is identically zero. Let N(n) denote the number of monic polynomials h(T') € Fy[T'] of degree n for
which all of fi(h(T)),..., fr(h(T)) are irreducible. Then

S(fir- f) 0"
H;:1 deg f; n"
Here the local factor S(fi,..., fr) is defined by

= 1—w(P)/q™
G(fb'"?f?“)::l_‘[ H mar
m=1 deg P=m (1 N 1/q )
P monic, prime

(1) N(n) = (1+o0p(1))

as q" — oo.

where

W(P) = #{Amod P: fi(A)-- f,(A) =0 (mod P)}.

Perhaps the most notable feature of Conjecture 2 is that the estimate is alleged to be uniformly
valid in a wide range of ¢ and n. There is no need to fix ¢, as a naive analogy with the integer case
might suggest.

Given the difficulty classically associated with problems of this sort, it is perhaps surprising that
we can prove an asymptotic formula which partially confirms Conjecture 2. The following result
appears in [Polc]:

Theorem 3. Let n be a positive integer. Let f1(T),..., fr(T) be nonassociate irreducible polyno-
mials over Fq with the degree of the product fi--- f, bounded by B. Then with N(n) defined as
above,

(2) N(n) = Sl Jr) @ + O(Bnn!B¢"=1/2)

HZ:1 deg f; n”
provided ged(q,2n) = 1. Here the O-constant is absolute.

Remark. It is shown in the appendix to [Polb] that the factor preceding ¢"/n" in (2) is 14+ O(B/q).
(In fact, it is 1 4+ O(1/q) if the local condition of Conjecture 2 is satisfied, which is always the case
when ¢ > B.) It follows that we can equivalently phrase Theorem 3 with the simpler main term of
q"/n" (and the same error term). This is the approach taken in [Polc].

Theorem 3 confirms Conjecture 2 in the range when ¢ is much larger than n and prime to 2n.
Despite this restriction on ¢, it admits a number of applications. For example, it allows one to
show that (in a similar range of ¢ and n) the gaps between degree-n prime polynomials over F,
are Poisson-distributed in a certain precise sense (analogous to that investigated by Gallagher for
rational primes in [Gal76]). The proof of Theorem 3 builds on ideas introduced by Ree [Ree72] and
Cohen [Coh70] and utilizes an explicit form of the function field Chebotarev density theorem made
possible by Weil’s Riemann Hypothesis.

The ideas underlying the proofs of Theorem 1 and Theorem 3 can also be applied in each of the
following settings:
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e Perfect polynomials, the polynomial analogue of perfect numbers; see [Candl], [BOW77]
for background and [GPRO7] for applications of the above methods.

e Smooth values of polynomials; this depends on an extension of Theorem 3 to count poly-
nomial specializations with different factor types, which is the main result of [Pola]. This
allows one to confirm the polynomial analogue of a conjecture of Martin [Mar(02] in a certain
range.

e Independence results for the multiplicative structure of neighboring polynomials [Polal.
This allows one to confirm (for example) the polynomial analogue of a conjecture of Erdds
and Pomerance [EP78] on the independence of the largest prime factor of neighboring
integers, again in a restricted range of ¢ and n.

POSSIBILITIES FOR FUTURE WORK

The work discussed above can be extended in a number of ways. Here is one possible direction:
Consider the problem of studying F,[T]-points on algebraic sets defined over F,. In other words,
suppose that we have a system of equations

fi(le"'va) =0

where each f; belongs to F,[X1,..., Xn]|. Suppose that (A1(T),...,An(T)) € Fy[T]" is an ini-
tial solution. Then trivially, (Ai(hi(T)),...,An(h(T))) is also a solution for every polynomial
h(T). It follows that if there is a single F,[T]-valued point on this algebraic set, not having all
its coordinates constant, then there are infinitely many. The importance of Theorem 1 is that
it allows us to obtain results of the same kind when some of the coordinates X; are restricted to
irreducible values, provided that g is large compared to the sum of the degrees of the initial solution
(A(T), ..., An(T)).

Of course it is not always obvious how to obtain initial solutions (or even whether solutions
exist). In this context the method of proof of Theorem 3 is valuable; when it applies, one can
show that for large q, there are many ‘small’ solutions to the system. One application of this type
appears in [Polc|, where this strategy is employed to obtain a generalization of of Theorem 1. A
more subtle application of these ideas yields the following result (constituting work in progress):

Theorem 4 (tentative). If F, is a finite field with characteristic > 3, then infinitely many monic
primes P over ¥y have a representation in the form

P=A+B3+C3 where A, B,C are monic primes, and deg A > max{deg B, deg C'}.

Note that the statement corresponding to Theorem 4 for rational integers remains unsolved.
Indeed, it was only recently that Heath-Brown [HBO1] succeeded in showing that infinitely many
primes are the sum of three positive cubes (in accordance with Conjecture N of Hardy and Little-
wood [HL23]), as a consequence of his deep investigations in the area of sieve methods.

It would also be worth exploring what improvements result if the Riemann Hypothesis for curves
(the key technical tool in most of the theorems thus far) is replaced with the corresponding result
of Deligne for nonsingular algebraic varieties. Can one can widen the range of ¢ and n in which the
estimate of Theorem 3 can be shown to hold?

Finally, I plan to study elementary analytic number theory in the classical (rational) setting.
My interests in this area are rather broad; before withdrawing the manuscript to pursue graduate
studies at Dartmouth, I had a book-length treatment of these subjects under consideration by the
American Mathematical Society. I am particularly drawn to Erdds-type problems, whose solutions
often make use of tools from across the entire spectrum of modern elementary number theory.
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