
RECONFIGURABLE SYSTEMS AND INTRACTABILITY

GREGORY PULEO

Abstract. Ghrist and Peterson [4] have investigated the properties of a cer-

tain general class of reconfigurable systems, with an eye to practical appli-
cation. We show that in the general case, these reconfigurable systems are

powerful enough to represent the rewriting rules of finitely presented groups,

and therefore fall prey to the existence of finitely presented groups with un-
solvable word problem.

1. Introduction

In [4], Ghrist and Peterson give a graph-theoretic definition of a reconfigurable
system, a system in which transitions between global states are described in local
terms. Such a system could be used to represent, e.g., a robotic arm in a factory.
In industrial applications, it is easy to conceive of such a system being able to get
itself into trouble: for example, a robotic arm with a welding torch on the end
might be able to bend back and turn the torch on itself, with unpleasant results.

We might therefore wish to know, given a reconfigurable system and an initial
configuration of that system, whether it would be possible for the system to move
into a certain set of “forbidden” states. Perhaps we wish to write a computer
program which will analyze proposed machine designs to determine whether or not
the machine can behave badly in such a fashion. In general, however, this is not
possible: as we shall show in this paper, reconfigurable systems are powerful enough
to represent finitely presented groups, and the ability to detect such potential for
misbehavior would confer the ability to solve the word problem for arbitrary finitely
presented groups.

On the other hand, it is clear that only a system with infinitely many states is
capable of simulating a Turing machine. In real-world applications, we may only
be concerned with reconfigurable systems which have both finitely many vertices
and finitely many labels, so that there are only finitely many states in total. In this
case, while undecidability is off the table, we are still in trouble: as we shall prove,
the corresponding decision problem in the finite case is PSPACE-complete.

2. Definitions

We will work with the following definition of a reconfigurable system.

Definition 1. A reconfigurable system is a tuple R = (G,A,Φ), where
• G is a graph,
• A, the set of labels, is an arbitrary set,
• Φ is a set of generators of R, where generators are as defined below.

Definition 2. A state of a reconfigurable system R is a function u : V (G) → A.
The set of states of a reconfigurable system is the set of all such functions.
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Definition 3. A generator of a reconfigurable systemR is a tuple φ = (supφ,trφ,L),
where

• supφ, the support of φ, is a subgraph of G
• trφ, the trace of φ, is a subgraph of supφ,
• L is an unordered pair of two functions uloc0 ,uloc1 : V (supφ)→ A such that

uloc0 = uloc1 on V (supφ) \ V (trφ). The functions uloc0 and uloc1 are called
the local states of φ.

A generator φ is said to be admissible at a state u if u|supφ = uloc0 . If φ is admissible
at u, the action of φ on u is defined to be the state

(φ(u))(v) =

{
u(v) if v /∈ trφ

uloc1 (v) if v ∈ trφ.

Since the pair is unordered, either of the local states can be taken to be uloc0 in the
above definition, and the other is taken to be uloc1 .

Our definition of a reconfigurable system differs slightly from the original defini-
tion in [4]: in their formulation, the set of states can be any collection of labelings
which is closed under all admissible generators, while we take the set of states to
simply be the set of all possible labelings. Since we are only interested in the ques-
tion of whether one configuration can reach another and the definition in [4] requires
closure under admissible generators, throwing in these extra inacessible states will
not change the answers to any of the decision problems under consideration.

3. The Decision Problems

We wish to formalize the question, discussed in the introduction, of whether a
given reconfigurable system can move from a certain initial state into a set of “for-
bidden” states. We must be a bit careful in how we phrase the problem, however,
and restrict ourselves to reconfigurable systems which could sensibly be described
to a Turing machine in the first place. We formalize this idea as follows:

Definition 4. A reconfigurable system R is recursive if:
• A is finite,
• V (supφ) is finite for all φ ∈ Φ,
• G is recursive, in the sense that its set of vertices is finite or countable and

there exists a Turing machine which halts on all inputs and accepts only
those inputs which correspond to an edge of G, and

• The set Φ is recursive, in the same sense.
This is not the broadest possible definition of “recursivity” for reconfigurable sys-
tem, but it will do for our purposes. We note that the condition that V (supφ) be
finite is required for the last condition to make sense. We may assume that the
edges and generators are encoded in any reasonable fashion when they are given to
their corresponding Turing machines.

Since we have a potentially infinite set of vertices to grapple with, we will also
need some way to only deal with those states which can be represented with a finite
amount of information. This need motivates the following definition.

Definition 5. A state u of a reconfigurable system R is finite if there exists some
label a0 ∈ A such that u−1(A \ {a0}) is finite.
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The appeal of finite states is that they can actually be written down in a finite
amount of space, by writing the “default element” a0 together with an explicit
listing of the (finitely many) elements of u−1(A \ {a0}) and the labels assigned
to them. Moreover, in a recursive reconfigurable system it is easy to see that the
finite states form a set which is closed under all admissible generators, since each
generator can only change the label of finitely many vertices.

Since we will often need to talk about chains of generators, we will formally
define the concept here:

Definition 6. Given a reconfigurable system R and an R-state u, a legal chain of
generators from u is a sequence φ1, . . . , φn of generators such that φ1 is admissible
in u and φi is admissible in φi−1(φi−2(· · ·φ1(u))).

We are now in a position to state the decision problem configurability:

Question (configurability). Given a recursive reconfigurable system R, a finite
initial state u, and a finite set S of R-states, is there a legal chain of generators
from u to an element of S?

In the case that such a sequence exists, we will say that u can reach a state in
S. When we say this, the system R from in which the transitions happen is taken
to be understood.

In Section 6, we will show that configurability is undecidable, by transfor-
mation from the word problem for finitely presented groups.

The other major case we must consider is the case where both the underlying
graph G and the set A of labels are finite. In practice, this is probably the most
realistic case. We will call the corresponding decision problem finite configura-
bility:

Question (finite configurability). Given a reconfigurable system R with a
finite underlying graph G and a finite set A of labels, an initial state u, and a finite
set S of R-states, is there a legal chain of generators from u to an element of S?

Here, we may assume that the encoding is as follows:
• The graph G is specified as an adjacency matrix,
• The set of labels is taken to be {1, . . . , a}, and specified by the binary

representation of a,
• Each state in u and S is specified as a list of binary numbers, representing

the label assigned to each vertex in G,
• Each generator is specified as follows:

– The support and trace are specified as adjacency matrices on the full
vertex set V (G), with the diagonal serving to indicate whether or not
the corresponding vertex is included in the subgraph at all,

– The local states are specified by a list of binary numbers corresponding
to the labels of the included vertices.

For sparse graphs or graphs with a lot of structure, this may be a very inefficient
encoding method, but we shall not explore the consequences of allowing various
compression methods here.

In section 4, we will prove that finite configurability lies in PSPACE, and
in Section 5 we will show that finite configurability is PSPACE-complete by
showing that it can represent and/or constraint graphs, as defined by Hearn and
Demaine in [5].
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4. Membership in PSPACE

In order to show that finite configurability lies in PSPACE, we will ex-
hibit a polynomial space-bounded nondeterministic algorithm for finite config-
urability. Since PSPACE=NPSPACE [3], this will suffice to show that finite
configurability is in PSPACE.

At a high level, the algorithm can be described as follows.
(1) Create a representation of the graph G with the labels of the vertices ini-

tialized to the labels in u.
(2) “Guess” a legal chain of generators from u to S. Instead of writing down

this entire chain (which could have length exponential in the input size),
we will retrieve the generators one at a time as the algorithm proceeds.

(3) Retrieve the next generator φ from our guess, and:
(a) Check to see whether φ is admissible in the current state of G. If it is

not, halt and reject.
(b) If φ is admissible in the current state, modify the current state by

applying φ to it.
(4) If any generators remain in the guess, return to step 3, overwriting the old

generator (which is no longer useful to the algorithm) with the new one.
(5) If the current state matches a state in S, halt and accept. Otherwise, halt

and reject.
It should be apparent that there is a guess which will allow this algorithm to accept
the input if and only if there is a legal chain from u to an S-state. Furthermore, since
we only need enough additional storage to record a single generator, it is apparent
that this is a polynomial space-bounded algorithm. By our earlier discussion, we
have proven the following.

Theorem 7. finite configurability is in PSPACE. �

5. PSPACE-Completeness

5.1. Preliminaries. In order to show that finite configurability is PSPACE-
complete, we will need to recapitulate the definition of an and/or constraint graph,
as given in [5].

Definition 8. A constraint graph is an undirected graph together with an assign-
ment of nonnegative integers to the edges and vertices of the graph. The integers
assigned to the edges are called weights, while the integers assigned to the vertices
are the minimum inflow constraints.

Definition 9. A configuration of a constraint graph is an assignment of orientations
to its edges such that the sum of the weights of the incoming edges of each vertex is
at least its minimum inflow constraint. A move from one configuration to another
is a reversal of the orientation of one edge such that the minimum inflow constraints
are still satisfied.

Definition 10. An and vertex is a vertex which has minimum inflow constraint 2
and has three incident edges with weights 1, 1, 2. An or vertex is a vertex which
has minimum inflow constraint 2 and three incident edges with weights 2, 2, 2.

Definition 11. A constraint graph is an and/or constraint graph if it only con-
tains and and or vertices.
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It is natural to ask the following question about and/or constraint graphs.

Question (configuration-to-configuration). Given two configurationsA and
B of an and/or constraint graph N , is there a sequence of moves from A to B?

The following result (a rewording of Corollary 6 of [5]) will be the foundation of
our PSPACE-completness proof:

Theorem 12 (Hearn and Demaine). configuration-to-configuration is PSPACE-
complete.

In order to show that finite configurability is PSPACE-complete, we will
prove that any instance of configuration-to-configuration can be trans-
formed in polynomial time into an instance of finite configurability. So let N
be the and/or constraint graph and let A,B be the configurations under consider-
ation in any instance of configuration-to-configuration. By Theorem 12 of
[5], we may first transform N so that the underlying graph is simple (no multiedges
or self-loops). We then construct a reconfigurable system piece-by-piece as follows.

5.2. Graph and Labels. Each vertex and edge of N will be represented by a
vertex of G. So let V1 = {v1, . . . , vn} be the set of vertices of N and let V2 =
{w1, . . . , wm} be the set of edges of N ; then the vertex set of G will be given by

V (G) = V1 ∪ V2.

We will call the vertices in V1 node vertices, and the vertices in V2 wire vertices.
The edge set of G will be given by

E(G) = {(v, w) ∈ V1 × V2 | v is incident to w in N}.

Essentially, we have taken each edge of N and split it in half with a new vertex.
Since N is given without any compression, it is clear that the number of edges and
vertices created here is polynomial in the input size.

We will define our set A of labels as follows:

A = {2, 3, 4, 6} ∪ {↑, ↓}.

Since this is a constant set, clearly we will have no difficulty constructing it. The
intended interpretation of the labels is as follows. The labels ↑ and ↓ will be assigned
to the wire vertices of G, and represent orientations of the corresponding edges in
N : if w is adjacent to vk and vl with k < l, then w flows from vk to vl if its label
is ↑, and vice versa if its label is ↓. The numerical labels will be assigned to the
node vertices, and keep track of the total inflow to those nodes. Note that since
the only vertices we allow are and and or vertices, the values {2, 3, 4, 6} are the
only possible inflows which satisfy the minimum-inflow constraints.

5.3. Generators. For each vertex w ∈ V2, let vk and vl be the two vertices of V1

adjacent to w, taken so that k < l (since N is simple, k 6= l). We now split into
two cases: either w has weight 1 in N , or else w has weight 2 in N .
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v2 v1

v3

v4
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↓

Figure 1. Translating a configuration-to-configuration
vertex (left) into part of a finite configurability setup (right).
Dark edges have weight 2, while light edges have weight 1.

If w has weight 1 in N , then for each i ∈ {3, 4} and each j ∈ {2, 3} we will create
the generator φw,i,j as follows:

supφw,i,j = trφw,i,j = G[vk, w, vl]

uloc0 (vk) = i

uloc0 (w) =↓

uloc0 (vl) = j

uloc1 (vk) = i− 1

uloc1 (w) =↑

uloc1 (vl) = j + 1.

On the other hand, if w has weight 2 in N , then for each i ∈ {4, 6} and each
j ∈ {2, 4} we create the generator φw,i,j defined by

supφw,i,j = trφw,i,j = G[vk, w, vl]

uloc0 (vk) = i

uloc0 (w) =↓

uloc0 (vl) = j

uloc1 (vk) = i− 2

uloc1 (w) =↑

uloc1 (vl) = j + 2.

These generators correspond to switching the orientations on the edges of N . The
adjustments to the labels of vk and vl keep track of the changes of inflow. We
remark briefly that all of these generators can be created in polynomial time.

5.4. Initial and Final States. We translate the initial configurationA of configuration-
to-configuration into an initial state u of finite configurability as follows.
For each edge e of N , let w be the corresponding wire vertex in G, and suppose
that e flows from the vertex vk to the vertex vl. Then

u(w) =

{
↑ if k < l

↓ if k > l.
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We assign initial labels to the node vertices of G by letting the label of each node
vertex in G be the total inflow to the corresponding N -vertex under configuration
A. An example of this translation process is shown in Figure 1.

The final state s is constructed in the same fashion from the final configuration
B, and we take our target set to simply be the singleton S = {s}.

5.5. Correctness. We have now specified an instance of finite configurabil-
ity. We claim that it is equivalent to the original instance of configuration-to-
configuration, in the following sense.

Theorem 13. The state u can reach the state s if and only if there is a sequence
of moves from A to B.

Proof. Since each orientation flip available in N is represented by a generator in
the reconfigurable system, if there is a sequence of moves then u can reach s. On
the other hand, since all of the generators keep track of inflow and respect the
minimum inflow constraint, every generator in a chain from u to s corresponds to
a legal flip in N , so if u can reach s then there is a sequence from A to B. �

Corollary 14. finite configurability is PSPACE-complete. �

6. Undecidability

In order to show that configurability is undecidable, we will show that given
any finitely presented group G = 〈X|Y 〉 and any word w ∈ X∗, we can construct
an instance of configurability such that u can reach a state of S if and only if w
is equivalent to the identity in G. Since there exist finitely presented groups with
unsolvable word problem [6, 7, 1], this implies the undecidability of configura-
bility.

So let any such finitely presented groupG and word w be given. We will construct
our reconfigurable system R as follows.

6.1. Graph and Labels. The graph G is the positive integer lattice, as given by

V (G) = N
E(G) = {{n, n+ 1} | n ∈ N}.

It should be apparent that the graph given here is recursive, in the sense required
for this to be a valid instance of configurability.

The set A of labels is given by

A = X±1 ∪ {t}.
Since the graph we will be working on is infinitely long but we will always be
working with finite words, the blank is needed as padding.

6.2. Generators. For each relator y ∈ Y and each k ∈ N, we will create a generator
φy,n defined as follows.

supφy,n = trφy,n = G[k, k + 1, . . . , k + |y| − 1]

uloc0 (k + i− 1) = y[i]

uloc1 (k + i− 1) = t (i ∈ 1, . . . , |y|)
Here |y| is the length of the word y and y[i] refers to the ith generator in the word
y, counting from 1.
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Furthermore, for each generator x ∈ X±1 and each k ∈ N we create the generator
ψx,n defined by

supψx,n = trψx,n = G[k, k + 1]

uloc0 (k) = x

uloc0 (k + 1) = x̄

uloc1 (k) = t

uloc1 (k + 1) = t.

The generators φy,n and ψx,n have a simple group-theoretic interpretation: they
simply say that we are allowed to freely insert and delete any relators or pairs of
inverses.

Finally, for each x ∈ X±1 and each k ∈ N we will create the generator βx,n

defined by

supβx,n = trβx,n = G[k, k + 1]

uloc0 (k) = x

uloc0 (k + 1) = t

uloc1 (k) = t

uloc1 (k + 1) = x.

These generators simply allow us to swap blank vertices with vertices containing
generators.

6.3. Initial and Final States. The initial state u is given by

u[i] =

{
w[i] if i ≤ |w|
t if i > |w|.

The set S is taken to be the singleton consisting of the state s given by

s[i] = t (i ∈ N).

Clearly, u and s are both finite, in the sense of Definition 5. We have now completely
specified an instance of configurability.

6.4. Proof of Correctness. We wish to prove that solving the instance of con-
figurability we have constructed is equivalent to solving the word problem in G,
in the following sense.

Theorem 15. The state u can reach s if and only if w is equal to the identity in
G.

Proof. Suppose that u can reach s via the chain φ1, φ2, . . . , φm. For each i < m,
let ti = φi · · ·φ1(u) (here t0 = u). Since u is finite and R is recursive, each state ti
is finite and contains only finitely many nonblank vertices. In particular, for each
state ti there exists some smallest nonnegative integer |bti| such that ti(n) = t for
all n > |bti|.
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Now, we can define a map ζi : {0, 1, . . . , |bti|} → G by

ζi(n) =


1G if n = 0
ζi(n− 1) if n > 0 and ti(n) = t
ζi(n− 1)ti(1) if n > 0 and ti(n) 6= t.

Intuitively, all we are doing here is writing out the first i entries of ti as group
elements (taking t to represent the identity) and multiplying them together.

Using these ζ functions, we can define a function ξ : {0, 1, . . . ,m} by

ξ(i) = ζi(|ti|).

In English, ξ(n) is just the element of G represented by tn when all of its (nonblank)
entries are written out and multiplied together. Now since s = tm is the all-blank
state, we have ξ(m) = 1G. Furthermore, none of the generators of the reconfigurable
system change which element of G is represented by the state it acts on:

• The φ generators turn relators into strings of blanks (and vice versa). Since
a relator is equivalent to the identity (which is equivalent to arbitrarily
many copies of the identity), this does not change the value of ξ;
• The ψ generators turn inverse pairs into pairs of blanks (and vice versa),

and inverse pairs were also equivalent to the identity;
• The β generators allow us to swap arbitrary generators with blanks. Since

the identity commutes with everything, this cannot change the value of ξ
either.

Since none of the generators change the value of ξ, we see that ξ is a constant
function so that ξ(0) = ξ(m) = 1G. By the construction of the initial state, ξ(0) is
the element of G represented by w, so we see that if u can reach s, then w is the
identity.

On the other hand, suppose that w is equivalent to the identity in G. Then we
know that, after translating w into the reconfigurable system and possibly undoing
some cancellation with the ψ and β generators, w can be written as a product of
conjugates of relators in the form

w = g1y1g
−1
1 g2y2g

−1
2 · · · gkykg

−1
k (gi ∈ G, yi ∈ Y ).

Next, we can use the φ and β generators to blank out the yi and then shuffle all
the blanks to the end, so that we obtain a string of the form

g1g
−1
1 g2g

−1
2 · · · gkg

−1
k .

Now the pairs of inverse generators in each gig−1
i may be canceled one-by-one using

the ψ generators, until we have blanked out all the vertices and reached the state
s (see Figure 2 for an illustration of this process). Therefore u can reach s if and
only if w is equivalent to the identity. �

As a direct result of the above, we have the desired result:

Corollary 16. configurability is undecidable. �
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