Chapter 1

Primary Decomposition and
Associated Primes

1.1 Primary Submodules and Ideals

1.1.1 Definitions and Comments

If N is a submodule of the R-module M, and a € R, let A\, : M/N — M/N be mul-
tiplication by a. We say that N is a primary submodule of M if N is proper and for
every a, A, is either injective or nilpotent. Injectivity means that for all z € M, we have
ax € N = x € N. Nilpotence means that for some positive integer n, a"M C N, that is,
a™ belongs to the annihilator of M /N, denoted by ann(M/N). Equivalently, a belongs to
the radical of the annihilator of M/N, denoted by 7y ().

Note that A, cannot be both injective and nilpotent. If so, nilpotence gives a"M =
a(a® M) C N, and injectivity gives a® 'M C N. Inductively, M C N, so M = N,
contradicting the assumption that N is proper. Thus if N is a primary submodule of M,
then 757 (V) is the set of all @ € R such that A, is not injective. Since rj; (V) is the radical
of an ideal, it is an ideal of R, and in fact it is a prime ideal. For if A\, and ) fail to be
injective, so does Ay = A\g © Ap. (Note that rp;(N) is proper because A; is injective.) If
P =ry(N), we say that N is P-primary.

If T is any ideal of R, then rz(I) = VI, because ann(R/I) = I. (Note that a €
ann(R/I)iff aRC T iff a=al € 1.)

Specializing to M = R and replacing a by y, we define a primary ideal in a ring R
as a proper ideal @) such that if xy € @, then either x € Q or y" € @ for some n > 1.
Equivalently, R/Q # 0 and every zero-divisor in R/Q is nilpotent.

A useful observation is that if P is a prime ideal, then v P"* = P for all n > 1. (The
radical of P" is the intersection of all prime ideals containing P", one of which is P. Thus
VP C P. Conversely, if « € P, then ™ € P", so x € vV P™.)
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1.1.2 Lemma

If VT is a maximal ideal M, then I is M-primary.

Proof. Suppose that ab € I and b does not belong to v/I = M. Then by maximality of
M, it follows that M + Rb = R, so for some m € M and r € R we have m+rb= 1. Now
m € M = +/I, hence mF € I for some k > 1. Thus 1 = 1¥ = (m + rb)* = m”* + sb for
some s € R. Multiply by a to get a = am” +sabec I. &

1.1.3 Corollary

If M is a maximal ideal, then M" is M-primary for every n > 1.
Proof. As we observed in (1.1.1), vV M™ = M, and the result follows from (1.1.2). &

1.2 Primary Decomposition

1.2.1 Definitions and Comments

A primary decomposition of the submodule N of M is given by N = N]_; N;, where the
N, are P;-primary submodules. The decomposition is reduced if the P; are distinct and
N cannot be expressed as the intersection of a proper subcollection of the N;.

We can always extract a reduced primary decomposition from an unreduced one, by
discarding those N; that contain M;-;NV; and intersecting those IV; that are P-primary
for the same P. The following result justifies this process.

1.2.2 Lemma

If Ni,..., Ny are P-primary, then ﬁé“:lNi is P-primary.

Proof. We may assume that &k = 2; an induction argument takes care of larger values.
Let N = N1N Ny and rpr(N1) = rp(Na2) = P. Assume for the moment that rp (N) = P.
Ifa€e R, x € M,ax € N, and a ¢ ry;(N), then since N; and Ny are P-primary, we have
x € Ny N Ny = N. It remains to show that rp;(N) = P. If a € P, then there are positive
integers n1 and ny such that a”*M C N; and a2 M C Ny. Therefore a™ "2 M C N, so
a € rpr(N). Conversely, if a € rpr(N) then a belongs to rps(IV;) for ¢ = 1,2, and therefore
acP. &

We now prepare to prove that every submodule of a Noetherian module has a primary
decomposition.

1.2.3 Definition

The proper submodule N of M is irreducible if N cannot be expressed as Ny N Ny with
N properly contained in the submodules N;, 7 = 1,2.
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1.2.4 Proposition

If N is an irreducible submodule of the Noetherian module M, then N is primary.

Proof. If not, then for some a € R, A\, : M/N — M/N is neither injective nor nilpotent.
The chain ker A\, C ker A2 C ker A2 C - - - terminates by the ascending chain condition, say
at ker \. Let ¢ = \.; then ker ¢ = ker p? and we claim that ker o Nim ¢ = 0. Suppose
x € kerp Nimep, and let z = p(y). Then 0 = p(x) = p?(y), so y € ker p? = ker g, so
z=p(y) =0 ,

Now )\, is not injective, so ker ¢ # 0, and A, is not nilpotent, so A}, can’t be 0 (because
a'M ¢ N). Consequently, im ¢ # 0.

Let p: M — M/N be the canonical epimorphism, and set Ny = p~!(ker ¢), Ny =
p~1(imp). We will prove that N = Ny N Ny. If # € Ny N Ny, then p(z) belongs to
both ker ¢ and im ¢, so p(x) = 0, in other words, x € N. Conversely, if x € N, then
p(z) =0 € kerpNimey, so z € Ny N Na.

Finally, we will show that N is properly contained in both N7 and Ns, so IV is reducible,
a contradiction. Choose a nonzero element y € ker . Since p is surjective, there exists
x € M such that p(z) = y. Thus z € p~!(kerp) = Ny (because y = p(x) € ker ), but
x ¢ N (because p(z) =y # 0). Similarly, N C Ny (with 0 # y € im¢), and the result
follows. &

1.2.5 Theorem

If NV is a proper submodule of the Noetherian module M, then N has a primary decom-
position, hence a reduced primary decomposition.

Proof. We will show that N can be expressed as a finite intersection of irreducible sub-
modules of M, so that (1.2.4) applies. Let S be the collection of all submodules of M
that cannot be expressed in this form. If S is nonempty, then S has a maximal element
N (because M is Noetherian). By definition of S, N must be reducible, so we can write
N = Ny NNy, N C Ny, N C Ny. By maximality of N, N; and Ny can be expressed
as finite intersections of irreducible submodules, hence so can N, contradicting N € S.
Thus S is empty. &

1.3 Associated Primes

1.3.1 Definitions and Comments

Let M be an R-module, and P a prime ideal of R. We say that P is an associated prime
of M (or that P is associated to M) if P is the annihilator of some nonzero € M. The
set of associated primes of M is denoted by AP(M). (The standard notation is Ass(M).
Please do not use this regrettable terminology.)

Here is a useful characterization of associated primes.

1.3.2 Proposition

The prime ideal P is associated to M if and only if there is an injective R-module homo-
morphism from R/P to M. Therefore if N is a submodule of M, then AP(N) C AP(M).
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Proof. If P is the annihilator of x # 0, the desired homomorphism is given by r+ P — rz.
Conversely, if an injective R-homomorphism from R/P to M exists, let  be the image of
1+ P, which is nonzero in R/P. By injectivity,  # 0. We will show that P = anng(z),
the set of elements r € R such that rz = 0. If r € P, then r+ P = 0, so rz = 0, and
therefore r € anng(x). If rz = 0, then by injectivity, r+ P=0,s0r € P. &

Associated primes exist under wide conditions, and are sometimes unique.

1.3.3 Proposition

If M =0, then AP(M) is empty. The converse holds if R is a Noetherian ring.

Proof. There are no nonzero elements in the zero module, hence no associated primes.
Assuming that M # 0 and R is Noetherian, there is a maximal element I = anng x in
the collection of all annihilators of nonzero elements of M. The ideal I must be proper,
for if I = R, then z = 1z = 0, a contradiction. If we can show that I is prime, we have
I € AP(M), as desired. Let ab € I with a ¢ I. Then abx = 0 but azx # 0, so b € ann(azx).
But I = annz C ann(ax), and the maximality of I gives I = ann(ax). Consequently,
bel &

1.3.4 Proposition

For any prime ideal P, AP(R/P) = {P}.

Proof. By (1.3.2), P is an associated prime of R/P because there certainly is an R-
monomorphism from R/P to itself. If Q@ € AP(R/P), we must show that Q = P.
Suppose that @ = ann(r + P) with r ¢ P. Then s € Q iff sr € P iff s € P (because P is
prime). &

1.3.5 Remark

Proposition 1.3.4 shows that the annihilator of any nonzero element of R/P is P.

The next result gives us considerable information about the elements that belong to
associated primes.

1.3.6 Theorem

Let z(M) be the set of zero-divisors of M, that is, the set of all » € R such that rz = 0
for some nonzero x € M. Then U{P : P € AP(M)} C z(M), with equality if R is
Noetherian.

Proof. The inclusion follows from the definition of associated prime; see (1.3.1). Thus
assume a € z(M), with az =0, x € M, © # 0. Then Rz # 0, so by (1.3.3) [assuming R
Noetherian], Rz has an associated prime P = ann(bz). Since ax = 0 we have abx = 0, so
a € P. But P € AP(Rz) C AP(M) by (1.3.2). Therefore a € U{P : P € AP(M)}. &

Now we prove a companion result to (1.3.2).
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1.3.7 Proposition

If N is a submodule of M, then AP(M) C AP(N)UAP(M/N).

Proof. Let P € AP(M), and let h : R/P — M be a monomorphism. Set H = h(R/P)
and L=HNN.

Case 1: L = 0. Then the map from H to M/N given by h(r + P) — h(r + P) + N is
a monomorphism. (If A(r + P) belongs to N, it must belong to H N N = 0.) Thus H
is isomorphic to a submodule of M/N, so by definition of H, there is a monomorphism
from R/P to M/N. Thus P € AP(M/N).

Case 2: L # 0. If L has a nonzero element z, then  must belong to both H and N, and
H is isomorphic to R/P via h. Thus € N and the annihilator of = coincides with the
annihilator of some nonzero element of R/P. By (1.3.5), annz = P, so P € AP(N). &

1.3.8 Corollary

AP(EP M;) = | AP(M;).

JjeJ JjeJ

Proof. By (1.3.2), the right side is contained in the left side. The result follows from
(1.3.7) when the index set is finite. For example,

AP(M; & My @ M) C AP(M,;) U AP(M/M;)
= AP(M;) UAP(Ms & M;)
C AP(M;) U AP (M) U AP(Ms).

In general, if P is an associated prime of the direct sum, then there is a monomorphism
from R/P to @M;. The image of the monomorphism is contained in the direct sum of
finitely many components, as R/P is generated as an R-module by the single element
1+ P. This takes us back to the finite case. &

We now establish the connection between associated primes and primary decomposi-
tion, and show that under wide conditions, there are only finitely many associated primes.

1.3.9 Theorem

Let M be a nonzero finitely generated module over the Noetherian ring R, so that by
(1.2.5), every proper submodule of M has a reduced primary decomposition. In particular,
the zero module can be expressed as N]_; N;, where N; is P;-primary. Then AP(M) =
{Py,...,P.}, a finite set.

Proof. Let P be an associated prime of M, so that P = ann(z),  # 0, x € M. Renumber
the N; so that z ¢ N; for 1 <i<jand z € N; for j+1 <4 <r. Since N; is P;-primary,
we have P; = rpr(N;) (see (1.1.1)). Since P; is finitely generated, P"" M C N, for some
n; > 1. Therefore
7 r
(O Pre € (V=)
i=1

=1
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so ﬂ{zlpi"" C ann(x) = P. (By our renumbering, there is a j rather than an r on the left
side of the inclusion.) Since P is prime, P; C P for some i < j. We claim that P; = P,
so that every associated prime must be one of the P;. To verify this, let a € P. Then
ar =0 and x ¢ N;, so \, is not injective and therefore must be nilpotent. Consequently,
a € ry(N;) = Py, as claimed.

Conversely, we show that each P; is an associated prime. Without loss of generality, we
may take ¢ = 1. Since the decomposition is reduced, N7 does not contain the intersection
of the other N;’s, so we can choose € NoN---NN,. with ¢ N;. Now Nj is Pi-primary, so
as in the preceding paragraph, for some n > 1 we have P{*z C N; but Pfflx Z Np. (Take
PPz = Rz and recall that = ¢ N;.) If we choose y € P]" 'z \ N; (hence y # 0), the proof
will be complete upon showing that P; is the annihilator of y. We have Piy C P'x C N,
and z € NI_,N;, so Pl'a C NI_,N;. Thus Py C Ni_;N; = (0), so P, C anny. On the
other hand, if a € R and ay = 0, then ay € Ny but y ¢ Ny, s0 A, : M/Ny — M/Ny is not
injective and is therefore nilpotent. Thus a € rp (N1) = P;. &

We can now say something about uniqueness in primary decompositions.

1.3.10 First Uniqueness Theorem

Let M be a finitely generated module over the Noetherian ring R. If N = N{_;N; is a
reduced primary decomposition of the submodule N, and N; is P;-primary, i =1,... ,r,
then (regarding M and R as fixed) the P; are uniquely determined by N.

Proof. By the correspondence theorem, a reduced primary decomposition of (0) in M/N
is given by (0) = Ni_,; N;/N, and N;/N is P;-primary, 1 <4 < r. By (1.3.9),
AP(M/N)={P,... ,P.}.

But [see (1.3.1)] the associated primes of M /N are determined by N. &

1.3.11 Corollary

Let N be a submodule of M (finitely generated over the Noetherian ring R). Then N is
P-primary iff AP(M/N) = {P}.

Proof. The “only if” part follows from the displayed equation above. Conversely, if P is
the only associated prime of M/N, then N coincides with a P-primary submodule N’,
and hence N(= N’) is P-primary. &

1.3.12 Definitions and Comments

Let N = N]_; N; be a reduced primary decomposition, with associated primes P, ... , ;.
We say that N; is an isolated (or minimal) component if P; is minimal, that is P; does not
properly contain any P;, j # i. Otherwise, N; is an embedded component (see Exercise 5
for an example). Embedded components arise in algebraic geometry in situations where
one irreducible algebraic set is properly contained in another.
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1.4 Associated Primes and Localization

To get more information about uniqueness in primary decompositions, we need to look at
associated primes in localized rings and modules. In this section, S will be a multiplicative
subset of the Noetherian ring R, Rg the localization of R by S, and Mg the localization
of the R-module M by S. Recall that P — Ps = PRg is a bijection of C| the set of prime
ideals of R not meeting .S, and the set of all prime ideals of Rg.

The set of associated primes of the R-module M will be denoted by APr(M). We
need a subscript to distinguish this set from APg,(Mg), the set of associated primes of
the Rg-module Mg.

1.4.1 Lemma

Let P be a prime ideal not meeting S. If P € APr(M), then Ps = PRg € AP, (Mg).
(By the above discussion, the map P — Ps is the restriction of a bijection and therefore
must be injective.)

Proof. If P is the annihilator of the nonzero element x € M, then Pg is the annihilator
of the nonzero element z/1 € Mg. (By (1.3.6), no element of S can be a zero-divisor,
so x/1 is indeed nonzero.) For if a € P and a/s € Pg, then (a/s)(z/1) = ax/s = 0.
Conversely, if (a/s)(x/1) = 0, then there exists ¢ € S such that tax = 0, and it follows
that a/s = at/st € Ps. &

1.4.2 Lemma

The map of (1.4.1) is surjective, hence is a bijection of APr(M) N C and APg,(Ms).

Proof. Let P be generated by ai,...,a,. Suppose that Pg is the annihilator of the
nonzero element z/t € Mg. Then (a;/1)(z/t) =0, 1 < i < n. For each i there exists
s; € S such that s;a;xz = 0. If s is the product of the s;, then sa;x = 0 for all i, hence
sax =0 for all @ € P. Thus P C ann(sz). On the other hand, suppose b annihilates sz.
Then (b/1)(z/t) = bsxz/st = 0, so b/1 € Pg, and consequently b/1 = b'/s" for some b’ € P
and s’ € §. This means that for some u € S we have u(bs’ — b)) = 0. Now ¥, hence ub’,
belongs to P, and therefore so does ubs’. But us’ ¢ P (because SN P = (). We conclude
that b € P, so P = ann(sx). As in (1.4.1), s cannot be a zero-divisor, so sz # 0 and the
proof is complete. o

1.4.3 Lemma

Let M be a finitely generated module over the Noetherian ring R, and N a P-primary
submodule of M. Let P’ be any prime ideal of R, and set M’ = Mp:, N' = Np/. If
P & P', then N' = M’.

Proof. By (1.4.1) and (1.4.2), there is a bijection between APg,, (M/N)p: (which coin-
cides with APg,, (M’/N')) and the intersection APr(M/N) N C, where C is the set of
prime ideals contained in P’ (in other words, not meeting S = R\ P’). By (1.3.11), there
is only one associated prime of M/N over R, namely P, which is not contained in P’ by
hypothesis. Thus APgr(M/N) N C is empty, so by (1.3.3), M’/N’ = 0, and the result
follows. &
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At the beginning of the proof of (1.4.3), we have taken advantage of the isomorphism
between (M/N)p, and M’'/N’. The result comes from the exactness of the localization
functor. If this is unfamiliar, look ahead to the proof of (1.5.3), where the technique is
spelled out. See also TBGY, Section 8.5, Problem 5.

1.4.4 Lemma

In (1.4.3), if P C P, then N = f~!(N’), where f is the natural map from M to M.
Proof. As in (1.4.3), APr(M/N) = {P}. Since P C P’, we have R\ P’ C R\ P. By
(1.3.6), R\ P’ contains no zero-divisors of M /N, because all such zero-divisors belong to
P. Thus the natural map g : © — /1 of M/N to (M/N)p = M'/N' is injective. (If
x/1 =0, then sx = 0 for some s € S = R\ P’, and since s is not a zero-divisor, we have
x=0.)

If z € N, then f(x) € N’ by definition of f, so assume x € f~*(N’). Then f(x) € N’,
so f(z)+ N’ is 0 in M'/N’. By injectivity of the natural map M/N — (M/N)p/, x + N
is 0 in M/N, in other words, z € N, and the result follows. &

1.4.5 Second Uniqueness Theorem

Let M be a finitely generated module over the Noetherian ring R. Suppose that N =
Ni_;N; is a reduced primary decomposition of the submodule N, and N; is P;-primary,
i=1,...,r. If P, is minimal, then (regarding M and R as fixed) N; is uniquely determined
by N.

Proof. Suppose that P; is minimal, so that P, 2 P;, i« > 1. By (1.4.3) with P =
P;,, P = Py, we have (N;)p, = Mp, for i > 1. By (1.4.4) with P = P’ = P;, we have
Ny = f7Y(N1)p,], where f is the natural map from M to Mp,. Now

Np, = (N1)p, NNi_o(Ni)p, = (N1)p, N Mp, = (N1)p, .

Thus Ny = f~[(N1)p,] = f~1(Np,) depends only on N and P;, and since P; depends
on the fixed ring R, it follows that N; depends only on N. &

1.5 The Support of a Module

The support of a module M is closely related to the set of associated primes of M. We
will need the following result in order to proceed.

1.5.1 Proposition

M is the zero module if and only if Mp = 0 for every prime ideal P, if and only if M = 0
for every maximal ideal M.

Proof. Tt suffices to show that if My = 0 for all maximal ideals M, then M = 0.
Choose a nonzero element z € M, and let I be the annihilator of . Then 1 ¢ I (because
lz =2 #0), so I is a proper ideal and is therefore contained in a maximal ideal M. By
hypothesis, 2/1 is 0 in M4, hence there exists a ¢ M (so a ¢ I) such that az = 0. But
then by definition of I we have a € I, a contradiction. &
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1.5.2 Definitions and Comments

The support of an R-module M (notation Supp M) is the set of prime ideals P of R such
that Mp # 0. Thus Supp M = 0 iff Mp = 0 for all prime ideals P. By (1.5.1), this is
equivalent to M = 0.

If T is any ideal of R, we define V(I) as the set of prime ideals containing I. In
algebraic geometry, the Zariski topology on Spec R has the sets V(I) as its closed sets.

1.5.3 Proposition

Supp R/I =V (I).

Proof. We apply the localization functor to the exact sequence 0 — I — R — R/I — 0 to
get the exact sequence 0 — Ip — Rp — (R/I)p — 0. Consequently, (R/I)p = Rp/Ip.
Thus P € Supp R/I iff Rp D Ip iff Ip is contained in a maximal ideal, necessarily PRp.
But this is equivalent to I C P. To see this, suppose a € I, with a/1 € Ip C PRp. Then
a/l =b/s for some b € P, s ¢ P. There exists ¢ ¢ P such that c¢(as —b) = 0. We have
cas = cb € P, a prime ideal, and cs ¢ P. We conclude that a € P. &

1.5.4 Proposition

Let 0 - M' — M — M" — 0 be exact, hence 0 — Mp — Mp — Mp — 0 is exact.
Then

Supp M = Supp M’ U Supp M".

Proof. Let P belong to Supp M \ Supp M’. Then Mp = 0, so the map Mp — MPp is
injective as well as surjective, hence is an isomorphism. But Mp # 0 by assumption, so
Mp # 0, and therefore P € Supp M"”. On the other hand, since M} is isomorphic to a
submodule of Mp, it follows that Supp M’ C Supp M. If Mp = 0, then M% = 0 (because
Mp — MY is surjective). Thus Supp M” C Supp M. &

Supports and annihilators are connected by the following basic result.

1.5.5 Theorem

If M is a finitely generated R-module, then Supp M = V(ann M).

Proof. Let M = Rxy+---+ Rz, so that Mp = (Rz1)p+ -+ (Rzy)p. Then Supp M =
U, Supp Rz;, and by the first isomorphism theorem, Rz; = R/annz;. By (1.5.3),
Supp Rz; = V(annx;). Therefore Supp M = Ul ;V(annz;) = V(annM). To justify
the last equality, note that if P € V(annx;), then P O annxz; O ann M. Conversely, if
P Dann M =N}, annz;, then P D annz; for some i. &

And now we connect associated primes and annihilators.
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1.5.6 Proposition
If M is a finitely generated module over the Noetherian ring R, then

ﬂ P =+vann M.

PEAP(M)

Proof. 1f M = 0, then by (1.3.3), AP(M) = ), and the result to be proved is R = R.
Thus assume M # 0, so that (0) is a proper submodule. By (1.2.5) and (1.3.9), there is
a reduced primary decomposition (0) = Ni_; N;, where for each 4, N; is P,-primary and
AP(M)={Py,... ,P.}.

If a € vann M, then for some n > 1 we have a™ M = 0. Thus for each i, A\, : M/N; —
M/Nj is nilpotent [see (1.1.1)]. Consequently, a € Ni_;rp (IV;) = NI_; P;. Conversely, if
a belongs to this intersection, then for all ¢ there exists n; > 1 such that ™M C N;. If
n = maxn;, then a®M =0,s0 a € Vann M. &

1.5.7 Corollary

If R is a Noetherian ring, then the nilradical of R is the intersection of all associated
primes of R.

Proof. Take M = R in (1.5.6). Since ann R = 0, vann R is the nilradical. &

And now, a connection between supports, associated primes and annihilators.

1.5.8 Proposition

Let M be a finitely generated module over the Noetherian ring R, and let P be any prime
ideal of R. The following conditions are equivalent:

(1) P € Supp M;

(2) P D P’ for some P’ € AP(M);

(3) PO ann M.

Proof. Conditions (1) and (3) are equivalent by (1.5.5). To prove that (1) implies (2),
let P € SuppM. If P does not contain any associated prime of M, then P does not
contain the intersection of all associated primes (because P is prime). By (1.5.6), P does
not contain vann M, hence P cannot contain the smaller ideal ann M. This contradicts
(1.5.5). To prove that (2) implies (3), let @ be the intersection of all associated primes.
Then P 2 P 2 Q = [by (1.5.6)] Vann M D ann M. &

Here is the most important connection between supports and associated primes.

1.5.9 Theorem

Let M be a finitely generated module over the Noetherian ring R. Then AP(M) C
Supp M, and the minimal elements of AP(M) and Supp M are the same.

Proof. 'We have AP(M) C Supp M by (2) implies (1) in (1.5.8), with P = P’. If P is
minimal in Supp M, then by (1) implies (2) in (1.5.8), P contains some P’ € AP(M) C
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Supp M. By minimality, P = P’. Thus P € AP(M), and in fact, P must be a minimal
associated prime. Otherwise, P D Q € AP(M) C Supp M, so that P is not minimal
in Supp M, a contradiction. Finally, let P be minimal among associated primes but not
minimal in Supp M. If P D @ € Supp M, then by (1) implies (2) in (1.5.8), @ 2 P’ €
AP(M). By minimality, P = P’, contradicting P D Q D P'. &

Here is another way to show that there are only finitely many associated primes.

1.5.10 Theorem

Let M be a nonzero finitely generated module over the Noetherian ring R. Then there is
a chain of submodules 0 = My < M7 < --- < M,, = M such that for each j =1,... | n,
M;/M;_1 = R/P;, where the P; are prime ideals of R. For any such chain, AP(M) C
{P1,...,P,}.

Proof. By (1.3.3), M has an associated prime P; = annx;, with ; a nonzero element
of M. Take My = Rxzqy = R/P; (apply the first isomorphism theorem). If M # M;,
then the quotient module M/M; is nonzero, hence [again by (1.3.3)] has an associated
prime Py = ann(zg + My), x2 ¢ M;. Let My = M; + Rxo. Now map R onto Ms/M; by
r — rxo + M. By the first isomorphism theorem, My /M; = R/P,. Continue inductively
to produce the desired chain. (Since M is Noetherian, the process terminates in a finite
number of steps.) For each j =1,... ,n, we have AP(M;) C AP(M;_1) U{P;} by (1.3.4)
and (1.3.7). Another inductive argument shows that AP(M) C {Py,...,P,}. &

1.5.11 Proposition

In (1.5.10), each P; belongs to Supp M. Thus (replacing AP(M) by {P1,...,P,} in the
proof of (1.5.9)), the minimal elements of all three sets AP(M), {Pi,...,P,} and Supp M
are the same.

Proof. By (1.3.4) and (1.5.9), P; € Supp R/P;, so by (1.5.10), P; € Supp M;/M;_,. By
(1.5.4), Supp M;/M;_1 C Supp M;, and finally Supp M; C Supp M because M; C M. &

1.6 Artinian Rings

1.6.1 Definitions and Comments

Recall that an R-module is Artinian if it satisfies the descending chain condition on
submodules. If the ring R is Artinian as a module over itself, in other words, R satisfies
the dcc on ideals, then R is said to be an Artinian ring. Note that Z is a Noetherian ring
that is not Artinian. Any finite ring, for example Z,, is both Noetherian and Artinian,
and in fact we will prove later in the section that an Artinian ring must be Noetherian.
The theory of associated primes and supports will help us to analyze Artinian rings.

1.6.2 Lemma

If I is an ideal in the Artinian ring R, then R/I is an Artinian ring.
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Proof. Since R/I is a quotient of an Artinian R-module, it is also an Artinian R-module.
In fact it is an R/I module via (r + I)(x + I) = ra + I, and the R-submodules are
identical to the R/I-submodules. Thus R/I is an Artinian R/I-module, in other words,
an Artinian ring. &

1.6.3 Lemma

An Artinian integral domain is a field.

Proof. Let a be a nonzero element of the Artinian domain R. We must produce a
multiplicative inverse of a. The chain of ideals (a) 2 (a?) 2 (a®) D --- stabilizes, so for
some t we have (a') = (a'™1). If a® = ba’*!, then since R is a domain, ba = 1. &

1.6.4 Proposition

If R is an Artinian ring, then every prime ideal of R is maximal. Therefore, the nilradical
N(R) coincides with the Jacobson radical J(R).

Proof. Let P be a prime ideal of R, so that R/P is an integral domain, Artinian by
(1.6.2). By (1.6.3), R/P is a field, hence P is maximal. &

One gets the impression that the Artinian property puts strong constraints on a ring.
The following two results reinforce this conclusion.

1.6.5 Proposition

An Artinian ring has only finitely many maximal ideals.

Proof. Let ¥ be the collection of all finite intersections of maximal ideals. Then X is
nonempty and has a minimal element I = M; N--- N M, (by the Artinian property). If
M is any maximal ideal, then M D M NI € ¥, so by minimality of I we have MNI = I.
But then M must contain one of the M, (because M is prime), hence M = M; (because
M and M; are maximal). &

1.6.6 Proposition

If R is Artinian, then the nilradical N(R) is nilpotent, hence by (1.6.4), the Jacobson
radical J(R) is nilpotent.

Proof. Let I = N(R). The chain I D I? D I® D ... stabilizes, so for some i we have
I' ="' = ... = L. If L = 0 we are finished, so assume L # 0. Let ¥ be the collection of
all ideals K of R such that KL # 0. Then ¥ is nonempty, since L (as well as R) belongs
to Y. Let Ky be a minimal element of 3, and choose a € K such that al. # 0. Then
Ra C Ky (because Ky is an ideal), and RaL = aL # 0, hence Ra € Y. By minimality of
Ky we have Ra = Kj.

We will show that the principal ideal (a) = Ra coincides with aL. We have aL C Ra =
Ko, and (aL)L = aL? = aL # 0, so aL € ¥. By minimality of K we have aL = Ko = Ra.

From (a) = aL we get a = ab for some b € L C N(R), so b™ = 0 for some n > 1.
Therefore a = ab = (ab)b = ab® = --- = ab™ = 0, contradicting our choice of a. Since the
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assumption L # 0 has led to a contradiction, we must have L = 0. But L is a power of
the nilradical I, and the result follows. o

We now prove a fundamental structure theorem for Artinian rings.

1.6.7 Theorem

Every Artinian ring R is isomorphic to a finite direct product of Artinian local rings R;.

Proof. By (1.6.5), R has only finitely many maximal ideals My, ... , M,.. The intersection
of the M, is the Jacobson radical J(R), which is nilpotent by (1.6.6). By the Chinese
remainder theorem, the intersection of the M; coincides with their product. Thus for
some k > 1 we have ([]] M;)* = [[] M¥F = 0. Powers of the M, still satisfy the
hypothesis of the Chinese remainder theorem, so the natural map from R to [[} R/M¥
is an isomorphism. By (1.6.2), R/M¥ is Artinian, and we must show that it is local. A
maximal ideal of R/M¥ corresponds to a maximal ideal M of R with M O M¥, hence
M D M, (because M is prime). By maximality, M = M,. Thus the unique maximal
ideal of R/ MY is M;/ME. &

1.6.8 Remarks

A finite direct product of Artinian rings, in particular, a finite direct product of fields,
is Artinian. To see this, project a descending chain of ideals onto one of the coordinate
rings. At some point, all projections will stabilize, so the original chain will stabilize.
A sequence of exercises will establish the uniqueness of the Artinian local rings in the
decomposition (1.6.7).

It is a standard result that an R-module M has finite length {zr(M) if and only if M
is both Artinian and Noetherian. We can relate this condition to associated primes and
supports.

1.6.9 Proposition

Let M be a finitely generated module over the Noetherian ring R. The following conditions
are equivalent:

(1) Ir(M) < oo

(2) Every associated prime ideal of M is maximal;

(3) Every prime ideal in the support of M is maximal.

Proof.

(1) = (2): As in (1.5.10), there is a chain of submodules 0 = My < --- < M,, = M,
with M;/M;_1 =2 R/P;. Since M;/M;_1 is a submodule of a quotient M/M;_; of M, the
hypothesis (1) implies that R/P; has finite length for all 4. Thus R/P; is an Artinian
R-module, hence an Artinian R/P;-module (note that P; annihilates R/P;). In other
words, R/P; is an Artinian ring. But P; is prime, so R/P; is an integral domain, hence
a field by (1.6.3). Therefore each P; is a maximal ideal. Since every associated prime is
one of the P;’s [see (1.5.10)], the result follows.
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(2) = (3): If P € Supp M, then by (1.5.8), P contains some associated prime (. By
hypothesis, @ is maximal, hence so is P.

(3) = (1): By (1.5.11) and the hypothesis (3), every P; is maximal, so R/P; is a field.
Consequently, lr(M;/M;_1) = lgr(R/P;) = 1 for all <. But length is additive, that is, if
N is a submodule of M, then [(M) = I(N) +{(M/N). Summing on i from 1 to n, we get
IR(M)=n<oo. &

1.6.10 Corollary

Let M be finitely generated over the Noetherian ring R. If [gr(M) < oo, then AP(M) =
Supp M.

Proof. By (1.5.9), AP(M) C Supp M, so let P € Supp M. By (1.5.8), P O P’ for some
P’ € AP(M). By (1.6.9), P and P’ are both maximal, so P = P’ € AP(M). &

We can now characterize Artinian rings in several ways.

1.6.11 Theorem

Let R be a Noetherian ring. The following conditions are equivalent:

(1) R is Artinian;

(2) Every prime ideal of R is maximal;

(3) Every associated prime ideal of R is maximal.

Proof. (1) implies (2) by (1.6.4), and (2) implies (3) is immediate. To prove that (3)
implies (1), note that by (1.6.9), Igr(R) < oo, hence R is Artinian. &

1.6.12 Theorem

The ring R is Artinian if and only if Ig(R) < occ.
Proof. The “if” part follows because any module of finite length is Artinian and Noethe-

rian. Thus assume R Artinian. As in (1.6.7), the zero ideal is a finite product M - - - My,
of not necessarily distinct maximal ideals. Now consider the chain

R=MyDOM DMMy2D--- DMy - Mp_1 2My--- My =0.

Since any submodule or quotient module of an Artinian module is Artinian, it follows
that T; = My --- M;_1/Mj --- M, is an Artinian R-module, hence an Artinian R/M-
module. (Note that M; annihilates My --- M;_1/M;j --- M;.) Thus T; is a vector space
over the field R/M,;, and this vector space is finite-dimensional by the descending chain
condition. Thus T; has finite length as an R/M;-module, hence as an R-module. By
additivity of length [as in (3) implies (1) in (1.6.9)], we conclude that [g(R) < co. &

1.6.13 Theorem

The ring R is Artinian if and only if R is Noetherian and every prime ideal of R is
maximal.

Proof. The “if” part follows from (1.6.11). If R is Artinian, then [g(R) < co by (1.6.12),
hence R is Noetherian. By (1.6.4) or (1.6.11), every prime ideal of R is maximal. &
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1.6.14 Corollary

Let M be finitely generated over the Artinian ring R. Then Ip(M) < oo.

Proof. By (1.6.13), R is Noetherian, hence the module M is both Artinian and Noetherian.
Consequently, M has finite length. &



