Solutions to Problems

Lecture 1

1. Plmax(X,Y,Z) <t} = P{X <t and Y <t and Z <t} = P{X < t}3 by
independence. Thus the distribution function of the maximum is (t%)® = ¥, and the
density is 18t17, 0<t<I1.

2. See Figure S1.1. We have

P{ZSZ}=// fxy(w,y)dwdy=/ / e e Vdydx
y<zx =0 Jy=0

Fz(z)—/o e_”(l—e_zx)dle—lJrZ, >0
1
fz(Z): (Z+1)2, z2>0

Fz(z) = fz(2) =0 for z < 0.
3. P{Y =y} = P{g(X) =y} = P{X € g~*(y)}, which is the number of z;’s that map to
y, divided by n. In particular, if g is one-to-one, then py (g(x;)) =1/nfori=1,... ,n.
4. Since the area under the density function must be 1, we have ab®/3 = 1. Then (see
Figure S1.2) fy(y) = fx(y'/3)/|dy/dz| with y = 3 dy/dx = 32. In dy/dx we
substitute z = y'/3 to get

@) 3yt

fY(y)_ 3y2/3 _b_33y2/3 _b_3

for 0 < y'/3 < b, ie., 0 <y < b

5. Let Y = tan X where X is uniformly distributed between —7/2 and 7/2. Then (see
Figure S1.3)

Frly) = fx(tan=ty) _ 1/7

a |dy/dx|x:tan*1 y sec? x

with z = tan~ly, ie., y = tanx. But sec?’z = 1+ tan’z = 1 +y2, so fy(y) =
1/[m(1 + y?)], the Cauchy density.

Lecture 2

1. We have y; = 221,y2 = 22 — 1, 50 1 = y1/2, 22 = (y1/2) + y2, and

0(y1,y2) _ ‘ 2 0

w1, 22) |1 1‘ =2



/| yU3 X

Figure S1.2

Thus fyv,v, (y1,92) = (1/2)fx,x, (w1, 02) = €77 = exp[—(y1/2) — (y1/2) — y2] =
e Yte Y2, Asindicated in the comments, the range of the y’sis 0 < y; < 1,0 < yo < 1.
Therefore the joint density of Y7 and Y5 is the product of a function of y; alone and
a function of y, alone, which forces independence.

. We have y; = z1/22,y2 = %2, S0 &1 = Y1Y2, T2 = Yo and
_ Y2 U1

8(1‘1,33‘2)
|0 1

3(y1,yz) U

Thus fy,v, (1, y2) = fx, x5 (@1, 22)[0(21, 22) /0(y1, y2)] = Byry2) (y2)(y2) = 2u1(4y3).
Since 0 < 7 < x2 < 1 is equivalent to 0 < y1 < 1,0 < yo < 1, it follows just as in
Problem 1 that X; and X5 are independent.

. The Jacobian 9(x1, x2, x3)/0(y1,y2,y3) is given by

Y23 Y1Ys Y1Y2
—Y2Y3 Y3 —Y1Ys Y2 — Y1y2
0 —Y3 11—y

= (202 — Y19292) (1 — yo) + 11292 + Ys(y2 — v192)Y2y3 + (1 — y2)y1y2y?
which cancels down to yay3. Thus
Iyivavs (W1, Y2, y3) = exp[—(z1 + z2 + 963)]?;2?!:)2) = y2y§€_y3-

This can be expressed as (1)(2y2)(y3e~¥2/2), and since z1, z2, x5 > 0 is equivalent to
0<y1 <1,0<yy <1,y3 >0, it follows as before that Y7, Y5>, Y3 are independent.

Lecture 3

1. Mx,(t) = My (t)/Mx, (t) = (1 —2t)7"/2/(1 — 2t)""/2 = (1 — 2¢)~("=")/2 which is

X2(r —ry).



Figure S1.3

The moment-generating function of ¢; X7 + c2 X5 is
ElefrXite )] = et Ble!X2] = (1 — Breit) ™ (1 — Bacat) 2

If B1c1 = Baca, then X7 + X5 is gamma with a = a1 + a2 and 8 = B;¢;.

3. M(t) = Elexp(3_i_, i X)) = [T, Elexp(te; X;)] = [T=; Mi(cit).
4. Apply Problem 3 with ¢; = 1 for all ¢. Thus

ay () = [ M, Hexp (e~ 1)) —exp[(zge_l}

i=1

which is Poisson (A + -+ 4+ Ap).

5. Since the coin is unbiased, X5 has the same distribution as the number of heads in the
second experiment. Thus X; + X5 has the same distribution as the number of heads
in ny 4 ng tosses, namely binomial with n = n; + ny and p = 1/2.
Lecture 4
1. Let ® be the normal (0,1) distribution function, and recall that ®(—z) = 1 — ®(z).
Then
X -
Plu—c<X<p+cy= P{—£< B \/ﬁ}
o/\n
= ®(cy/njo) — ®(—cy/njo) = 2®(cy/n/o) — 1 > .954.
Thus ®(cy/n/o) > 1.954/2 = .977. From tables, c\/n/o > 2, so n > 402 /c2.
2. If Z = X - Y, we want P{Z > 0}. But Z is normal with mean p = y; — g and

variance 02 = (03 /n1) + (03 /n2). Thus

P(z> 0} = PIZE > Ty d(pfo) = B(ufo).



. Since nS?/a? is x*(n — 1), we have
9 o na 9 nb

If F is the x?(n — 1) distribution function, the desired probability is F(nb/o?) —
F(na/o?), which can be found using chi-square tables.

. The moment-generating function is

E[e!"] = E(exp {”U—f %D = Elexp(to®X/n)]

where the random variable X is x?(n — 1), and therefore has moment-generating func-
tion M (t) = (1 — 2t)~(»=1/2_ Replacing t by to?/n we get

2t0.2 —(n—1)/2
")

Mg (t) = (1 -

so S? is gamma with a = (n —1)/2 and 3 = 202 /n.

Lecture 5

1. By definition of the beta density,

B(x) = Llath /Ooo 24(1 — )’ da

and the integral is 3(a + 1,0) = T'(a + DT'(b)/T(a + b+ 1). Thus E(X) = a/(a + b).
Now

B(X?%) = Dletd) /000 21— z) L da

and the integral is 3(a + 2,b) = I'(a + 2)['(b)/T'(a + b + 2). Thus

(a+1)a

B(X?) = (a+tb+1)(atb)

and

Var X = BE(X?) - [E(X)]?

ab
(a+b)2(a+b+1)

1 ) B
=iyt alatb) —alatbt 1) =

. P{—c < T < ¢} = Fr(c) = Fr(—c) = Fr(c) = (1 — Fr(c)) = 2Fp(c) — 1 = .95, so
Fr(c) =1.95/2 = .975. From the T table, ¢ = 2.131.

. W = (X1/m)/(Xs/n) where X; = x?(m) and Xy = x?(n). Consequently, 1/W =
(X2/n)/(X1/m), which is F(n,m).



4. Suppose we want P{WW < ¢} = .05. Equivalently, P{1/W > 1/c} = .05, hence
P{1/W < 1/c¢} = .95. By Problem 3, 1/W is F(n,m), so 1/c can be found from the
F table, and we can then compute c. The analysis is similar for .1,.025 and .01.

5. If N is normal (0,1), then T'(n) = N/(y/x2(n)/n). Thus T?(n) = N?/(x*(n)/n). But
N2 is x2(1), and the result follows.

6. If Y = 2X then fy(y) = fx(z)|dz/dy| = (1/2)e=* = (1/2)e~¥/2,y > 0, the chi-square
density with two degrees of freedom. If X; and X5 are independent exponential random
variables, then

Lecture 6

1. Apply the formula for the joint density of ¥; and Yy with j =1,k =3,n=3,F(z) =
z, f(x) = 1,0 < 2 < 1. The result is fy,y,(z,y) = 6(y —),0 < z <y < 1. Now let
Z =Y3—Y;,W = Y3. The Jacobian of the transformation has absolute value 1, so
fzw(z,w) = fyviva(W1,93) = 6(ys —y1) = 62,0 < 2z < w < 1. Thus

1

fZ(z):/ b6zdw=6z(1-2), 0<z<l.

2. The probability that more than one random variable falls in [z, 2 + dz] need not be
negligible. For example, there can be a positive probability that two observations
coincide with x.

3. The density of Y} is

n!
0 — k—1 1 _ n—k 0 1
Pl =g -2 O<es
which is beta with « = k and 3 =n—k+1. (Note that T'(k) = (k— 1), T(n—k+1) =
m—k)LT(k+n—k+1)=T(n+1)=nl)
4. We have Y, > p if and only if at most k—1 observations are in [0, p]. But the probability
that a particular observation lies in [0, p] is p/1 = p. Thus we have n Bernoulli trials
with probability of success p on a given trial. Explicitly,

k—1

P{Vi>p}=> (?)pi(l —p)" "
=0
Lecture 7

1. Let W,, = (S, — E(Sy))/n; then E(W,,) = 0 for all n, and

Var W,, =

=— —0.
n

Var S i nM M

It follows that W, £o.



2. All X; and X have the same distribution (p(1) = p(0) = 1/2), so X, 0. But if
0 < € < 1then P{|X, — X| > ¢} = P{X,, # X}, which is 0 for n odd and 1 for n even.
Therefore P{|X,, — X| > €} oscillates and has no limit as n — oo.

3. By the weak law of large numbers, X,, converges in probability to s, hence converges
in distribution to p. Thus we can take X to have a distribution function F' that is
degenerate at p, in other words,

0, z<p

4. Let F,, be the distribution function of X,,. For all z, F,(x) = 0 for sufficiently large
n. Since the identically zero function cannot be a distribution function, there is no
limiting distribution.

Lecture 8

1. Note that Mx, = 1/(1—3t)™ where 1/(1— ft) is the moment-generating function of an
exponential random variable (which has mean ). By the weak law of large numbers,

Xn/n 2, 3, hence X,,/n 4, 8.
2. x*(n) = Y, X2, where the X; are iid, each normal (0,1). Thus the central limit

theorem applies.

3. We have n Bernoulli trials, with probability of success p = f: f(z)dx on a given trial.
Thus Y, is binomial (n,p). If n and p satisfy the sufficient condition given in the text,
the normal approximation with E(Y,,) = np and VarY,, = np(1 — p) should work well
in practice.

4. We have E(X;) =0 and
1/2

Var X; = E(X?) = /

1/2
m2dx22/ v dr =1/12.
~1/2 0

By the central limit theorem, Y,, is approximately normal with F(Y,,) = 0 and VarY,, =
n/12.

5. Let W,, = n(1 — F(Y,,)). Then
P{W, >w}=P{F(Y,) <1-(w/n)} = P{max F(X;) <1— (w/n)}
hence

P{anw}:(l—%)n, 0<w<n,

which approaches e™"

nential.

as n — oo. Therefore the limiting distribution of W, is expo-



Lecture 9
1. (a) We have

—nb

f0($1, . ,xn) _gntete, ¢
! xy!

With z = 27 + - - - + x,, take logarithms and differentiate to get

0 N
89(3011197719) gfnf() 0=X.

(b) f@(xlv s 737”) = 9”(1»1 o ~1'n)071,9 > 07 and

0 " N p n
%(nlnﬂ—i— (0 — 1)Zlnxi) =3 —l—;lnxi =0, 0= —Z—nlnxi.

i=1

Note that 0 < z; < 1, so Inz; < 0 for all i and 6> 0.
(¢) fo(z1,. . zn) = (1/0™) exp[—(> i, 2;)/0]. With z = """ | x; we have

xr n x ~ —
) =—ptpE=0 0=X

0

% (—nln9 —
(d) fo(z1,...,z,) = (1/2)"exp[— > |x; — 0]]. We must minimize Y -, |z; — 6],
and we must be careful when differentiating because of the absolute values. If the

order statistics of the z; are y;,t = 1,... ,n, and yx < 0 < yg41, then the sum to be
minimized is

O —y1)+-+ (0 —yr) + (Yrt1 = 0) + -+ (yn — 0).
The derivative of the sum is the number of y;’s less than 6 minus the number of y;’s

greater than #. Thus as 6 increases, Y ., |#; — 6] decreases until the number of y;’s

less than 6 equals the number of y;’s greater than . We conclude that 6 is the median
of the X;.

(e) fo(w1,... ,xn) = exp[— Y i, z;]e™ if all 2; > 6, and 0 elsewhere. Thus
fo(z1, ... ,xn) = exp[— Z:cl 1e™I[0 < min(zy,... ,x,)].
i=1

The indicator I prevents us from differentiating blindly. As 6 increases, so does e™?,

but if 6 > min; z;, the indicator drops to 0. Thus 6 = min(Xy, ..., X,).

2. fo(zy,...,xy) =11f0—(1/2) <x; <0+(1/2) for all 4, and 0 elsewhere. If Y7,...,Y,
are the order statistics of the X, then fo(z1,...,2z,) = Iy, —(1/2) <0 < y1+(1/2)],
where y; = min; and y,, = maxz;. Thus any function h(X7, ..., X,) such that

1
Sh(Xl,,Xn)§Y1+§



forall Xy,...,X,)isan MLE of §. Some solutions are h = Y1+ (1/2), h =Y, —(1/2),
h=Y14+Y,)/2, h=(2Y1 +4Y, —1)/6 and h = (4Y7 +2Y,, + 1)/6. In all cases, the
inequalities reduce to Y,, — Y7 < 1, which is true.

3. (a) X; is Poisson (6) so E(X;) = 0. The method of moments sets X = 6, so the
estimate of @ is #* = X, which is consistent by the weak law of large numbers.
(b) B(X;) = [, 62°d0 =6/(0+1) = X,0 = X + X, so

X p  0/(0+1)

9*:177*1—[9/(9“)]:

hence 6* is consistent.
(c) E(X;) =60 = X, so 0" = X, consistent by the weak law of large numbers.
(d) By symmetry, E(X;) =60 so 0* = X as in (a) and (c).
() B(X;) = [,  we” " dy = (withy =2 —0) [[“(y+0)e¥dy=1+6=X. Thus
0* = X — 1 which converges in probability to (1 + 6) — 1 = 0, proving consistency.

4. P{X <r} = [7(1/0)e "/ dz = [—e */%]; =1—e"/%. The MLE of 0 is § = X [see
Problem 1(c)], so the MLE of 1 — e~ /% is 1 — e "/X,

5. The MLE of 6 is X/n, the relative frequency of success. Since

Plas X<t} = i (Z) 0" (1 0)" ",

k=a
the MLE of P{a < X < b} is found by replacing 6 by X/n in the above summation.

Lecture 10

1. Set 2®(b) — 1 equal to the desired confidence level. This, along with the table of the
normal (0,1) distribution function, determines b. The length of the confidence interval

is 2bo /\/n.
2. Set 2Fp(b) — 1 equal to the desired confidence level. This, along with the table of the
T'(n — 1) distribution function, determines b. The length of the confidence interval is

265/v/n — 1.

3. In order to compute the expected length of the confidence interval, we must compute
E(S), and the key observation is

f\/i 2 =T

If f(z) is the chi-square density with » = n — 1 degrees of freedom [see (3.8)], then the
expected length is

TR, #

and an appropriate change of variable reduces the integral to a gamma function which
can be evaluated explicitly.



4. We have E(X;) = a3 and Var(X;) = af%. For large n,

X —ap B X —p
vaB/yn  p/vaen

is approximately normal (0,1) by the central limit theorem. With ¢ = 1/y/an we have

P{-b< X—n b} = d(b) — B(—b) = 2d(b) — 1

cp

and if we set this equal to the desired level of confidence, then b is determined. The
confidence interval is given by (1 — bc)u < X < (1 4+ be)u, or

X _ _ X
T+be P S 10

where ¢ — 0 as n — oo.

5. A confidence interval of length L corresponds to |(Y,,/n) — p| < L/2, an event with
probability

- (M) L
p(1 —p)

Setting this probability equal to the desired confidence level gives an inequality of the
form

Ly/n/2

p(1 —p)

> c.

As in the text, we can replace p(1—p) by its maximum value 1/4. We find the minimum
value of n by squaring both sides.

In the first example in (10.1), we have L = .02, L/2 = .01 and ¢ = 1.96. This problem
essentially reproduces the analysis in the text in a more abstract form. Specifying how
close to p we want our estimate to be (at the desired level of confidence) is equivalent
to specifying the length of the confidence interval.

Lecture 11
1. Proceed as in (11.1):

I _ 0.2 0.2
Z=X-Y — (1 —p2) divided by /=L + =2
n m

is normal (0,1), and W = (nS?/0%)+(mS3/03) is x?(n+m—2). Thus vn +m — 2Z/vVW
is T'(n 4+ m — 2), but the unknown variances cannot be eliminated.
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2. If 0% = co3, then

and

nS?  mS?  nS?+cmS?

2 2 2
o3 03 cos

Thus o3 can again be eliminated, and confidence intervals can be constructed, assuming

¢ known.

Lecture 12

1. The given test is an LRT and is completely determined by ¢, independent of 6 > 6.

2. The likelihood ratio is L(z) = fi(z)/fo(x) = (1/4)/(1/6) = 3/2 for x = 1,2, and
L(z) = (1/8)/(1/6) = 3/4 for x = 3,4,5,6. If 0 < A < 3/4, we reject for all x, and
a=1,=0.If3/4 < X < 3/2, we reject for x = 1,2 and accept for x = 3,4, 5,6, with
a=1/3 and §=1/2. If 3/2 < XA < oo, we accept for all z, with « = 0,5 = 1.

For o = .1, set A = 3/2, accept when x = 3,4,5,6, reject with probability a when
x=1,2. Then a = (1/3)a=.1,a= .3 and = (1/2) + (1/2)(1 — a) = .85.

3. Since (220-200)/10=2, it follows that when ¢ reaches 2, the null hypothesis is accepted.
The associated type 1 error probability is « = 1 — ®(2) = 1 — .977 = .023. Thus the
given result is significant even at the significance level .023. If we were to take additional
observations, enough to drive the probability of a type 1 error down to .023, we would
still reject Hy. Thus the p-value is a concise way of conveying a lot of information
about the test.

Lecture 13

1. We sum (X; —np;)?/np;,i = 1,2,3, where the X; are the observed frequencies and the
np; = 50,30, 20 are the expected frequencies. The chi-square statistic is

(40 — 50)2 N (33 — 30)2 N (27 — 20)2

50 30 20 =2+4+.34+245=4.75

Since P{x?(2) > 5.99} = .05 and 4.75 < 5.99, we accept Hy.
2. The expected frequencies are given by
A B C

1 49 147 98
2 51 153 102

For example, to find the entry in the 2C position, we can multiply the row 2 sum by
the column 3 sum and divide by the total number of observations (namely 600) to get
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(306)(200)/600=102. Alternatively, we can compute P(C) = (98 + 102)/600 = 1/3.
We multiply this by the row 2 sum 306 to get 306/3=102. The chi-square statistic is

(33 -49) (1471477  (114-98)> (6751 (153 —153)° (86— 102)°
49 147 98 51 153 102

which is 5.22440+2.61245.02+0+2.510 = 15.366. There are (h—1)(k—1) = 1x2 = 2
degrees of freedom, and P{x?(2) > 5.99} = .05. Since 15.366 > 5.94, we reject Hy.

3. The observed frequencies minus the expected frequencies are

~(a+d)(atc)  ad—be ~(a+d)(b+d)  bc—ad
a+b+c+d a+b+ec+d a+b+c+d a+b+c+d

~(a+c)(c+d)  be—ad d_(c—l—d)(b—i—d)_ ad — be
a+b+c+d a+btc+d a+b+c+d a+b+tc+d

The chi-square statistic is

(ad — be)? 1

atbtctrd|l(arbcrdatabrd]”

[(c+d)(b+d)+ (a+c)(c+d)+ (a+b)(b+d)+ (a+b)(a+ )]

and the expression in small brackets simplifies to (a+b+c+d)?, and the result follows.

Lecture 14

1. The joint probability function is

Take g(6,u(x)) = e ™?0%*®) and h(z) = 1/(z1! - - z,!).
2. fo(zy,... ,xn) = [AO)]"B(z1) - B(zy,) if 0 < z; < 0 for all ¢, and 0 elsewhere. This
can be written as

n

[A(0)]" 1:[13(%)[[1??51 x; < 0]
where I is an indicator. We take g(0,u(x)) = A™(0)I[maxx; < 6] and h(z) =
ILZ Bxi).
3. fo(z1,...,2n) = 60™(1 — 0)“(*) and the factorization theorem applies with h(z) = 1.
4. fo(x1,...,xn) = 0 " exp[—(>_1, x;)/0], and the factorization theorem applies with
h(z) = 1.
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5. fo(z) = T(a+ b)/[[(a)l'(b)]z* (1 — x)*~! on (0,1). In this case, a = 6 and b = 2.
Thus fg(z) = (0 + 1)829~1(1 — ), so

n

folwr, . z) = 0+ 1m0 (L)’ L2 — )
=1

i=1
and the factorization theorem applies with
9(6,u(x)) = (0 +1)""u(z)’ "

and h(z) = [[;—, (1 — ;).
6. fo(x) = (1/[T(a)B°])x* e~/ 2 > 0, with o = @ and 3 arbitrary. The joint density
is

—71 w(@)® Lex —nx-
fo(z1,.. zn) = T (o) 5 (z) p[ ; i/ B

and the factorization theorem applies with h(x) = exp[—Y_ z;/4] and g(6, u(x)) equal
to the remaining factors.

7. We have
Py{X| =x1,..., X, =wx,} = P{Y =y} P{X1 =11,..., X, = 2,|Y =y}

We can drop the subscript 6 since Y is sufficient, and we can replace X! by X; by
definition of B’s experiment. The result is

PO{X{::CM"' ,X;L:IH}ZPQ{Xlle,... ,anl'n}

as desired.

Lecture 17

1. Take u(X) = X.
2. The joint density is

fo(x1,... ,x,) =exp [— Z(xl — 9)]I[minxi > 0]

i=1
so Y7 is sufficient. Now if y > 6, then
P>y} = (PG> )" = ([ expl—(a - 0)] do)" = expl-nly — )
y
SO

FYl (y) =1- e—n(y—9)7 le (y) = ne—n(y—9)7 y > 0.
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The expectation of g(Y7) under 6 is

Buly(¥i)] = [ atwmexpl-nly ~0)) .
If this is 0 for all 6, divide by €™ to get

/@ " gly)mexp(—ny) dy = 0.

Differentiating with respect to 6, we have —g(0)nexp(—né) = 0, so g(f) = 0 for all 6,
proving completeness. The expectation of Y7 under 6 is

/9 ynexpl—n(y — 0)] dy = / (y — O)mexpl—n(y — 0)] dy + 0 / nexpl—n(y — 0)] dy

:/ znexp(—nz)dz—«—@zl—i—@.
0 n

Thus Ep[Y1 — (1/n)] =60, s0 Y1 — (1/n) is a UMVUE of 6.

. Since fy(x) = fexp[(f — 1)Inz], the density belongs to the exponential class. Thus
>y InX; is a complete sufficient statistic, hence so is exp [(1/n) >/ In X;] =
u(X1,...,X,). The key observation is that if YV is sufficient and ¢ is one-to-one,
then ¢g(Y)a is also sufficient, since g(Y) conveys exactly the same information as Y
does; similarly for completeness.

To compute the maximum likelihood estimate, note that the joint density is fo(x1,... ,2,) =
0™ exp[(0 — 1) >_"_; Inx;]. Take logarithms, differentiate with respect to 6, and set the

result equal to 0. We get 6 = —n/Y 1 InX;, which is a function of u(X1,...,X,).
. Each X; is gamma with o = 2,8 = 1/0, so (see Lecture 3) Y is gamma (2n,1/6). Thus

Ey(1/Y) = /Om(l/y)wll/e)gnyzn_le_ey dy

which becomes, under the change of variable z = 0y,

f2n /°° 22 dr 92 T(2n—1) 0
0

Ten) J, 22 0 ~ @1 T(2n)  2n—1

Therefore Ep[(2n —1)/Y] =0, and (2n — 1)/Y is the UMVUE of 6.

. We have E(Y,) = [E(X1) + E(X3)]/2 = 0, hence E[E(Y2|V1)] = E(Y2) = 6. By
completeness, F(Y3|Y7) must be Y7 /n.

. Since X;/v/0 is normal (0,1), Y/ is x*(n), which has mean n and variance 2n. Thus
E[(Y/0)?] = n?+2n, so E(Y?) = 6?(n?+2n).Therefore the UMVUE of 6?) is Y?2/(n?+
2n).
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7. () E[E(I|Y)] = E(I) = P{X; < 1}, and the result follows by completeness.
(b) We compute

P{Xy=rXo+ - +X,=s—1}

P{Xi=rXi+--+X,=5s}= P{X|+ +X,} =5

The numerator is

e o o~ (n-1)0 [(n—1)6]°"
7! (s —m)!

and the denominator is

efne (77,9)8
s!

so the conditional probability is

s\(n—1)" [(s\(n—1\""/1\"

r ns - \r n n
which is the probability of r successes in s Bernoulli trials, with probability of success
1/n on a given trial. Intuitively, if the sum is s, then each contribution to the sum is

equally likely to come from X1q,...,X,.
(c) By (b), P{X1 =0[Y'} + P{X1 = 1|Y'} is given by

(=3 = 0-3) () [l
-(45) i)

This formula also works for Y = 0 because it evaluates to 1.

8. The joint density is

02

fo(z1, ... yan) = —exp [— ZM]I[miinXi > 91}.

Since

Z _91 —0122302 nby,

i=1

the result follows from the factorization theorem.
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Lecture 18
1. By (18.4), the numerator of §(x) is

1
/ 06" (1 — g)*~1 (”) 67 (1 — 0)"~ df
0 x

and the denominator is

1
/ or=1(1 — 9)"! (") 6= (1 — )" dp.
0 :I/.
Thus 6(z) is

Br+z+l,n—az+s) TI(r+z+1) Tr+s+n)  r+o
Blr+az,n—x+s)  I(r+z) Tr+s+nt+l) r+s+n’
2. The risk function is
7"+X 2 1 2
Eoy|| ——— -0 = —SFp[(X —nb —rf —s6
0[<r+s+n >} (r+s+mn)? oll nf+r—rb—soy]

with Ey(X — nf) = 0, Ep[(X —n6)? = Var X = nf(1 — 0). Thus
1

Rs0) = sz

[nO(1 — ) + (r —r6 — s6)?].

The quantity in brackets is
nd —nb* + 12 +r20? 4+ 5207 — 2r20 — 2rs6 + 2rsh?
which simplifies to
((r45)% —=n)0?* + (n — 2r(r +5))0 + 2

and the result follows.
3. If r=s=+/n/2, then (r+s)? —n =0and n — 2r(r +s) = 0, so

T2

Bs0) = s

4. The average loss using 6 is B(6) = [*°_h(0)Rs(0) df. If 1(z) has a smaller maximum
risk than 6(z), then since R; is constant, we have Ry (6) < R;s(6) for all §. Therefore
B(v) < B(9), contradicting the fact that 6 is a Bayes estimate.

Lecture 20

1.

Var(XY) = E[(XY)?] - (EXEY)? = BE(X*)E(Y?) — (EX)*(EY)?

(0% + (0% + 1y) — iy = 0% 0% + pk oy + py ok
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Var(aX 4 bY) = Var(aX) + Var(bY') + 2ab Cov(X,Y)

=a’0% + b%0} + 2abpoxoy.

Cov(X, X +Y) = Cov(X,X)+ Cov(X,Y) = Var X + 0 = 0%.

4. By Problem 3,

(Tg( - ox

PX.X+Y = = 5 =
OX0X+Y \VOox + oy

Cov(XY,X) = E(X*)E(Y) — BE(X)?E(Y)

= (0% + 1)y — phk iy = ok uy-

6. We can assume without loss of generality that E(X?) > 0 and E(Y?) > 0. We will
have equality iff the discriminant b? — 4ac = 0, which holds iff A(\) = 0 for some A.
Equivalently, AX 4+ Y = 0 for some A\. We conclude that equality holds if and only if
X and Y are linearly dependent.

Lecture 21
1. Let Y; = X, — E(X;); then E[(Z?Zl tiK)2] > 0 for all £. But this expectation is

EY ;)Y 4;Y;] = tioit; = 'Kt
i J 4,3

where 0;; = Cov(X;, X;). By definition of covariance, K is symmetric, and K is
always nonnegative definite because t' Kt > 0 for all £. Thus all eigenvalues \; of K
are nonnegative. But K = LDL’, so det K = det D = A{---\,. If K is nonsingular
then all \; > 0 and K is positive definite.

2. We have X = CZ + Iz where C is nonsingular and the Z; are independent normal
random variables with zero mean. Then ¥ = AX = ACZ + Ap, which is Gaussian.

3. The moment-generating function of (Xi,...,X,,) is the moment-generating function
of (X1,...,X,) with t;,41 = --- =t, = 0. We recognize the latter moment-generating
function as Gaussian; see (21.1).

4. Let Y =Y | ¢;X;; then

E(e™) = E[exp (Z citX;)] = Mx(cit, ... cqt)
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n 1 n
= exp (thmi) exp (5152 Z CiaijC;)

i=1 ij=1

which is the moment-generating function of a normally distributed random variable.
Another method: Let W = ¢; Xy +--- + ¢ X,y = ¢ X = ¢/(AY + ), where the Y; are
independent normal random variables with zero mean. Thus W = V'Y + Q/H where

V' = dA. But b'Y is a linear combination of independent normal random variables,
hence is normal.

Lecture 22

1. If y is the best estimate of Y given X = z, then

y—py = —( — px)
ox

and [see (20.1)] the minimum mean square error is 0% (1 — p?), which in this case is 28.
We are given that poy /ox = 3, so poy =3 x 2 =6 and p? = 36/0%. Therefore

36 36
a§(1—0_—2):a§—36:28, oy =8, ,02:6—4, p=.75.
Y

Finally, y = py + 32 —3ux = py +3x+3 =32+ 7, so py = 4.

2. The bivariate normal density is of the form
fo(z,y) = a(0)b(z,y) explp1(0)2? + pa(0)y* + pa(0)ay + pa(6)z + ps(0)y]
so we are in the exponential class. Thus
(Yx2 Yvn Yxvm Yx Yw)

is a complete sufficient statistic for 0 = (6%, 0%, p, ux, py ). Note also that any statistic
in one-to-one correspondence with this one is also complete and sufficient.

Lecture 23

1. The probability of any event is found by integrating the density on the set defined by
the event. Thus

P{a < f(X) < b} :/ f(z)de, A={x:a< f(z) <b}.
A
2. Bernoulli: fp(z) = 0%(1 —0)!=%,2=0,1

9 9 z l—-=x
55 fo(@) = o5[zn0 + (1—2) (1 - 0)] = 5 — —
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since Ep(X) = 6. Now

1 6(1—6)
> =
VargY = TLI(H) "
But
Varg X = % Var[binomial(n, 0)] = n0(12— %) = 601 = 6)
n n n
so X is a UMVUE of 6.
Normal:
1 2 /6 2
fo(z) = exp[—(z — 0)"/207]
2o
0 (x—0)2, -0
%mﬁ()_%[ 202 ]_ o2
0? 1 1 o?
ﬁlnfg(l‘):—;, I(Q)ZF, VaI‘QYZZ
But Varp X = 02/n, so X is a UMVUE of 6.
Poisson: fo(x) = e %0% /2,2 =0,1,2...
0 0 T
20 In fo(x) = %(—G—Fxlnﬁ) =—-1+ 3
0? x X 0 1
Wlnfa( )= 52 1(0) = E(e—g) AR

so X is a UMVUE of 6.
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Lecture 25

1.

K(p) = Z (Z)pk(l —p)" "

k=0

with ¢ = 2 and p = 1/2 under Hy. Therefore

o= K?) + <112> 4 (122)] (1/2)" = % — 019,

2. The deviations, with ranked absolute values in parentheses, are
16.9(14), -1.7(5), -7.9(9), -1.2(4), 12.4(12), 9.8(10), -.3(2), 2.7(6), -3.4(7), 14.5(13),
24.4(16), 5.2(8), -12.2(11), 17.8(15), .1(1), .5(3)
The Wilcoxon statistic is W=1-24-3-4-5+6-7+8-9+10-11+124+13+144-15+16=60
Under Hy, E(W) =0 and Var W = n(n+1)(2n+1)/6 = 1496, ow = 38.678

Now W/38.678 is approximately normal (0,1) and P{W > ¢} = P{WW/38.678 >
¢/38.678} = .05. From a normal table, ¢/38.678 = 1.645, ¢ = 63.626. Since
60 < 63.626, we accept Hy.

3. The moment-generating function of V; is My, (t) = (1/2)(e~7*+¢7*) and the moment-
generating function of W is Mw (t) = [[j_, My, (t). When n = 1, W = £1 with
equal probability. When n = 2,

1 1 1

Mw(t) — i(eft + et)§(672t +6215) — Z(67315 +€7t + et +€3t)

so W takes on the values —3, —1, 1,3 with equal probability. When n = 3,

1 1
Mw(t) — Z(e—St + e—t +€t —|—€3t)§(6_3t + eSt)
1
_ §(676t+674t+€72t+1+1+62t+e4t+66t)'

Therefoe P{W = k} = 1/8 for k = —6,—4,—-2,2,4,6, P{W = 0} = 1/4, and
P{W =k} = 0 for other values of k



