ENTROPY

Definition 0.1. Fix a Polish space X. For any p and v in (X)), define

Hvp) def | [,exIn g—,‘:(z)u(dz) ifv<p
o0 else,

where the integral is interpreted in the sense of Lebesgue. Some introductory comments are in order.

Lemma 0.2. For any Polish space X and any v and p in P(X), H(v|p) is well-defined and nonnegative.
We have that H(v|u) =0 if and only if v =p

€

Proof. Define f(z) © lng for all z > 0, and define f(0) = 0; it is easy to see that f is convex and
continuous on [0, 00).
We first claim that when v <« p, H(v|p) is well-defined. To do this, we will show that
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Ad—ef{zeX:OSZ—:(z)Sl}.

where

If ¥(A) = 0, then this integral is zero (by standard construction of Lebesgue integrals as limits of integrals
of increasing simple functions). If v(A) > 0, then u(A) > 0. The convexity of f implies that — f is concave,
S0

[ {rmire = [ {-r(Ge) e

<-f <—fz€"‘ s o (dz)> () < =1 (45 ) ) < oo

w(A) p(A)

proving that H (v|u) is well-defined. To show that it is positive, we again use the convexity of f to see that

[ wieman = [ (j—‘y‘(z)) wdz) > f ( /. fl—fj<z)u<dz>) — () =0.

Since f is strictly convex, equality holds if and only if Z is constant, in which case g—; = 1, and thus

H(v|p) = 0. O
Theorem 0.3 (Entropy Duality). Fiz a Polish space X. For any v and p in & (X), we have that
M o = sw { [ owta —tog [}

¢EB(X) zeX
and for any ¢ € B(X), we have that
@ g [ eua) = s { [ s - mw
z€X veP(X)

Proof. First note that if v € 4(X) is such that H(v|u) < oo and ¢ € B(X), then by Jensen’s inequality

/ZEX #(2)v(dz) — H(v|p) = /zex {¢( )—1In Z—:( )} v(dz)

e9(2)
= In dz) < ln/ @ du(z
/dzeX du(z) ( ) Lex :u( )

e (2)>0 dp
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(note that v {z €X: j—Z(z) > 0} = 1). Thus the left-hand sides of (1) and (2) are greater than or equal to

the right-hand sides.
Let’s next show that the left-hand side of (1) is less than the right-hand side. Define v € £(X) via

def JzcA ef(Z):u(dz)

A T @)

Ae B(X)

Then
$(z)v(dz) — In / 44 pu(dz) = H(v|p).

z€EX zeX
Thus the left-hand side of (2) is less than or equal to the right-hand side.
The final step is to show that the left-hand side of (1) is less than or equal to the right-hand side. To do

so, first assume that v < p. We will need to approximate. Define

In g—l‘:(m) if |In g—l‘:(m)| <N

bn(z) LN if In 92 (z) > N

-N if In 4% (z) < —N.

Then we have that
lim [ 6.(2wld) = HOIw)
noJzex

We also note that p
0<e®® <14 #(m),

thus by dominated convergence,
lim ln/ e p(dz) = 0.
z2€E

n

Thus

1) =tm{ [ v —in [ e Opuan ),

which proves that the left-hand side of (2) is less than or equal to the right-hand side in this case (when

v < p). Finally, assume that v €« p. Then H(v|p) = oo and there is an A € HB(X) such that »(4) > 0.

Define now ¢,, def nx4 for all n. Then

lim {/ dn(2)v(dz) — ln/ e¢"(z)p(dz)} = limnv(A4) = o
n zeX z€EE n
This finishes the proof. g



