RIGOROUS STOCHASTIC AVERAGING ON A CYLINDER

RICHARD B. SOWERS

ABSTRACT. We demonstrate how to use the martingale problem to rigorously
average an SDE on a cylinder with fast angular drift and slow axial diffusion.

1. INTRODUCTION

Let W be a Brownian motion on some (original) probability space (Q°, #°,P°).
Consider the R2-valued stochastic differential equation

dX: = Eizdt
(1) dY;E = U'(Xf)th
X5 =2,
Y5 =9

where z, and y, are some fixed elements of R and where o is a bounded element
of C*°(R). We furthermore assume periodicity; that

o(z) =o(z+1)
for all x in R. Note that we explicitly have that

t
YE =1y, +/ o(zo + u/e?)dW,
0

for all t > 0. See Figure 1. We are interested in the behavior of Y¢ as ¢ tends to
zero. Specifically, we will prove
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FIGURE 1. A Trajectory on the Cylinder
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Theorem 1.1 (Main Theorem). We have that Y¢ converges in distribution to Y,
where YO satisfies the stochastic differential equation

dY0 = 5(Y0)dW,
Yy =y

G d:ef{/ol az(x)da:}

We note that Y° can be explicity written as
YO = Yo + 6-Wt

for all ¢ > 0. We will prove the above theorem via the martingale problem (see [1]).
This result is due to Khasminskii [2].

where
1/2.

2. MARTINGALE PROBLEM

First, let’s write the dynamics of Z§ def (X§,YF) via the martingale problem.

Ito’s formula tells us that for any f € C3(R?), we have that

t
1(Z5) = £(Z5) + / £ £(Z5)du + ME?

where R )
e 10 o 0
@ Nen® 5w+ T2 e @ye®

def t 8f
MpT = / o(X) == (X5)dW,. t>0
0 Oy

In particular, the martingale claim follows from standard results of stochastic inte-
gration; we have that

B [M7f|Z55 0 <r <s| = MY

for all 0 < s <t (we note that the filtration generated by Z¢ is a sub-filtration of
that generated by W). Note that this is equivalent to the fact that

0% [Mf’f _ M§’f|Zi; 0<r< s] =0.
We note now that
t
MoT — MeF = f£(Z5) - f(Z9) —/ 25 f(Z3,)du.
S

In particular, this means that for any 0 <71 <73--- < rp < s <tand {¢;;j =
1,2...n} C Cy(R?), then

(2) £ {f(Zf)—f(Zi)—/(-i’Ef)(ZZ)dU}Hw(Zf,-) =0.

j=1

We shall use this as our starting point. For future reference, let’s explicitly write
down the generator of (1).

Definition 2.1. The generator of (1) is .#¢, with domain 2(.¢¢) D C3(R?).
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3. GoaAL
We now define our goal. For each € > 0, define
Pe(A) ¥ Pofye € A}

for all A € B(C([0,00);R)); thus P* € Z(C([0,0);R) for all ¢ > 0. We want to
assert the existence of and identify the limit

(3) PO L' Jim Pe,
eN0
this limit being in the Prohorov topology on &(C([0,00); R)). Let’s make a canon-

ical setup on C([0,0);R). Define the event space Q def C(]0,00); R). Define the

coordinate functions ;(w) def w(t) for all ¢ > 0 and all w € Q. For each ¢t > 0,

define #; & o{ys; 0 < s < t} and define a sigma-algebra on Q by & def Viso Zt.

Define also the generator

_ e =2 62
21w G 5w

for all f € C3(R) and all y € R. We want to show several things. Firstly, we want to
show that the P¢’s are tight, so that at least one limit point in (3) exists. Secondly,
we want to show that 0 <ry <ry---<rp <s<tand {p;; j =1,2...n} C Cp(R)
and f € C2(R),

oy {f(nt)—f(ns)— /:(zfxnu)du}ﬁw(nrj) ~o.

=1

This means that P° satisfies the martingale problem with . whose domain is
2(£) D C2(R). Thirdly, we want to show that there is only one solution of this
martingale problem, so that we have uniquely characterized the limit and the limit
is Markovian.

4. TIGHTNESS

First, we want to show

Proposition 4.1 (Tightness). For each 6 >0 and T > 0,

lim sup P*° sup |9 —bs| > =0.
™0 0<e<1 0<s<t<T
[s—t|<n
Thus, the P=’s are tight in the Prohorov topology on P (C([0,00); R)).

Proof. We have that

P sup |V;—Yy|>6p=P°{ sup |Mj—M:|>§
0<s<t<T 0<s<t<T
[s—t|<n [s—t|<n

where

t
ME = / o (X2)dW,
0



4 RICHARD B. SOWERS

for all £ > 0. We use Levy’s theorem. Fix £ > 0; then there is a Brownian motion
B such that

Mf = B(Ms)t
for all ¢ > 0, where

t
(M®), =/ o?(X)du  t>0
0

is the quadratic variation of M¢. Then for any 0 < s < ¢t < T such that |s —¢t| < 7,

(M=), = (M?),| = / o (X2)du < ||o|t - o

where ||o|| denotes the supremum norm of o. Thus

|Mi —M;| <  sup  |By — Byl
0<s'<t'<||o]|T

|t'—s"|<|lolln
Hence
lim P° sup |M;—M:| >4
n7™\0 0<s<t<T
[s—t|<n
< lim P° sup |By — Bgt| >n 3 =0.
™0 0<s' <t'<||o||T
|t'—s'I<llolln

5. CONVERGENCE
We next want to prove

Proposition 5.1 (Limiting Martingale Problem). Let P* € 2(C([0,0); R)) be a
cluster point of the P¢’s. Let E* be the associated expectation operator. For any
0<r <ry---<rp,<s<tand{p;;j=1,2...n} C Cy(R) and any f € C§(R),

(4) E* {f(nt) — f(ns) - /:(-i”f)(nu)du} f[ w(mjﬂ =0.

Jj=1

Furthermore, P*{yy = yo} = 1. In other words, any cluster point of the Pe’s
satisfies the martingale problem associated with £ and with initial condition §y, .

We will first prove the following result.
Lemma 5.2. The equality (4) holds if f € C§(R).
In other words, we want to show that for any r;’s, s, t, ¢;’s, and f (either in
C3(R) or C3(R)),
t B n
e | {709) - 50) = [ Znaa} T i) =0,
s j=1

The central calculation will be
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Lemma 5.3 (Averaging). Fiz ¢ € CZ(R?) which is 1-periodic in the first argument.
Define

def !
Ao ¥ [ sw.p)ds
0
for ally € R. Then

t
@E[ / (6(X5,YE) — (AQ)(YE)} du

]:

B(a,y) / " (6(2ry) - (AD)(w)) dz

for all  and y in R%2. By our definition of A¢, we have that ® is bounded and
1-periodic in the first argument. We also can easily compute that

0'2 x 2
(&0 w0) = 5 (6a) - AH} + 220

Applying the martingale problem (2) to ¢2®, we have that

Proof. Define

t
E28(XF,YF) — 28(z0,y0) + / (B(X5,Y?) — (AG)(YS)} du

2
—/ (XE)=— a (I’ (XE,YE)du + £2 M,

ur T u

for all t > 0, where M is a martingale with quadratic varlatlon; ie.,

/ {B(X2,YE) = (AQ)(YE)} du = €2 {B(XF, ¥7) — B(zo, o)}

52 ‘ 2 € 82 £ £

—5/0 (X Gz 2 (X5, Y0)du — 2 M,

Simple calculations (involving Burkholder’s inequality) give the desired result. O
We now give

Proof of Lemma 5.2. The martingale problem (2) tells us that

{f(Yf)—f(Yf)—/:l( a—f du}HcpJ JL

for all € > 0. It thus suffices to show that for any ¢t > 0,

IEO

v /t B 2()(5)62—10(3’5) — (D)) pdul| =0
I [|], 57 D 0D (0D ]| =0
This follows from Lemma 5.3 with
2 2
qef 0°(z) O°f
for all x and y in R. Since f is assumed to be in C3(R), ¢ € C2(R). O

We now can fully prove Proposition 5.1.



6 RICHARD B. SOWERS

Proof of Proposition 5.1. First, let’s show that (4) holds for f € C3(R). We will
deduce this from the corresponding statement for f € C3(R) by mollification. Let
n € C(R;Ry ) be even and such that [, 7(z)dz = 1. Define

def 1

2
05 [ s (152 as
z€R
for all y € R and § > 0. Then f5 € C§(R) for each § > 0, so

n

& {f&(‘)t) — fs(ns) — /St(«i”fa ) (D du} H i(07,) | =

for each § > 0. It is easy to see that || fs — f|lc®) and ||.Z fs — £ f||c(=) both tend
to zero as d tends to zero, so (4) holds for f € C3(R). To finish, we only need to
show that P*{yg = yo} = 1. Since {yo} is a closed set,

P*{no = yo} > lim P{yo = yo } = lim P°{Yf =y} = 1.
{o 3/}_51{% {ho = yo} 5{% {Y5 =y}

6. UNIQUENESS

Proposition 6.1 (Uniqueness). There is only one solution of the martingale prob-
lem with generator . with domain 2(£) D CZ(R) and with initial condition &,

This requires three results.
Lemma 6.2. CZ(R) is dense in Co(R) (in the supremum norm).

Proof. Classical

|

Lemma 6.3. The operator £ satisfies the positive mazimum principle; for f €
Co(R) and z* € R such that sup,cp f(z) = f(z*) > 0, we have that (£ f)(z*) < 0.

Proof. Obvious
Lemma 6.4. Fiz ¢ € C(R) and A\ > 0. Then there is a f € 9(L) such that
Lf-M=¢

|

Proof. Define
_(z=2)°

exp
/ / 1z 2 } e Mdz dt
271'

It is fairly easy to see that f € C3(R) and that this f satisfies the desired PDE. O
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