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Classical Problem

Let's start with the equation of a 1-dimensional particle in
a force field

.’:B't == F(ZEt)

where F' € C°(R). This can be written as a second-order

ODE
0__ 0
Ly = Yy
0 0
Y :F(xt

We can use the idea of conservation of energy to define

2

def L
Hayp) ¥ U@ + 2
potential energy S~~~

kinetic energy

where U(z) = —F (). Then

.0 OH o o

Ly = 5 (xt?yt)
Yy

.0 OH o g

Yy = — Y (wwyt)
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and

d 0 0
EZ}J(xtvyt)::

OHOH O0OH 8H( 0 0)
Ox Oy Oy Oz ° Je

= {H, H}(xg7yg) = 0.

Thus the energy H(z), y;) is conserved.
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Let's assume for simplicity that the potential U has a single
well, viz.

1
U(x) = 5:1:2;

thus the force is F'(z) = —=.

Single-Well Potential
Thus

H(z,y) = 2°/2 + y*/2
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We can understand the dynamics of (x},y;) by looking at
the graph of the energy H

H(z,y) = /2 + /2
The ODE for (z}, y}) simply moves around the level sets of H.

Let x}(x,y) and y}(x,y) be the solution of the particle
dynamics with z((z, y) = x and y3(z,y) = y.

We note that if we set h & H(x,y), then the measure u
given by

def 1

g 0 0
<f7 ,u’(:c,y)> = lim ?/0 f(xs(x,y),ys(m,y))ds

T—o0
Sty S @& YNV H (' y) |71 (da', dy')
f(w’,y’):H(m’,y’):h ||vH($’, y,) ”_1%(de7 dyl)

depends only on h; i.e., pi(z,y) = UH(z,y)-
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In reality, the world is noisy; the acceleration is subject to
random jerk. A more accurate model for the particle is

S 8H 9 g
dr; = 8_y(xt7 Y, )di

g 8H g g
dy, = _%(xta y; )dt + edWy,

where W is a Wiener process, and € is a small parameter. Now
energy is not conserved, but is slowly-varying; by Ito’'s formula,

.. a 10°H
dH(z,,y,) =€ (xt7yt)th+ = 2 0y?

Ito correction term

(z i? yf)dt

J

Thus, we will see a change in energy in time of order e %; let’s
look at (X°

12 t‘jEQ). This rescaling gives us a new SDE:
. 10H
dX;, = = oy —(X;,Y,)dt
c 10H, . _ .
Then

2

OH 10°H . .
dH(Xtvy)__(Xtay )th+_8 Q(Xtvyrt)dt'
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What happens to energy dynamics as € — 07

Think of a tornado. If we put a tracer particle in a tornado,
then we can't keep track of the angular position of the particle
(it moves too fast), but we can see the vertical dynamics of the
particle. We can try to find a reduced model for the dynamics
of the vertical position. Somehow, we should average out the
angular dynamics to get the vertical dynamics.

becomes

Geometry of Classical Case
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Markov Processes

Consider a function f € C*(R?). Then
f(tha Yf) — f(X0€7 Yos)
t[e?0? Of0oH Of0H
+/ =2 + { JoR_ 9 } (X5, Yy)ds+M]
o | 2 0y? Ox Oy Oy Ox
(1)

where M7 is a zero-mean martingale (Martingale problem, due
to Stroock and Varadhan).

Convergence of Markov Processes

e Compactness: Prohorov's theorem

e Weak identification of limit:  Convergence of (1).
Martingales are robust under limits.

e Uniqueness of limit.
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We can now argue as follows. Step 1. We can assume that

H(Xtevyts) — hy

(in a weak functional sense); some easy tightness calculations
ensure this at least along a subsequence. Step 2. From (2) and
the averaging lemma, we have that

1) = [ {370 + F(hp(h) | ds + ]
3)

where M is a martingale and where
2() & <3H>2 d b(h) % 16°H
o = — , an = ( = , :

Step 3. The solution of (3) is unique in law and satisfies

dht = b(ht)dt + O'(h,t)dZt

where Z is some Brownian motion.
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The foregoing is essentially and was understood in
the s ( hasminskii). natural ne t roblem, solved by
Freidlin and Went ell ( ) and Freidlin and Weber ( ) is
that of a e e otential;

(where  and 5 are ositive).

ouble Well otential

The gra h of the total energy thus hast  wells.
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T
\\\\\\\\\\\\\}}\\‘\\mw ~-

ouble Well otential

fh=H(,y) . U still de ends only h, but if
h , it de ends on h which well we are interested in (i.e.,
whether or )

efine an e e e et on ?; we say that
(,9) ( ,y)ifu =u . Thenset = ?
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STV

becomes , 3

eometry of ouble Well ase

Freidlin Went ell and Freidlin Weber identified a limiting gra h

valued rocess ;= . (X7,Y°) (where ( ,y) is the
equivalence class of ( , y) under ).

— Typeset by FollTEX — 1



The limit  is given by the classical calculations as long as

. does not touch the verte . When it does, its behavior is
governed by some e t , which are restrictions on
the domain of the generator of the limiting rocess (more anon)

These glueing conditions are roughly and im recisely as
follows. f  starts at the verte , one i s a three sided coin
(with statistics given by the glueing gonditions) to decided which
leg to go to. Then evolves according to the classical dynamics
until it again hits the verte , where the rocess is re eated again
(with a new coin). This is similar to e t .t
is also related to p e t e .
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et te te ee t

onsider a Brownian motion on . The generatoris 5 , and
the domain is  ?( ).

M

onsider a Brownian motion on . The generator
is again 5, but the domainis f 20) f() =

M

onsider a Brownian motion on which is at
The generator is again 5 , but the domain is

Py o D)=
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n our case,

ach leg has its own elli tic o erator : omain of
valued generator consists of tri lets of 2 functions f , fo,
and f such that (here are the glueing conditions)

f s agree at verte

f( ) = 2f2( ) + f( ) (2 u ty e condition on the
fs)

f s agree at verte

— Typeset by Foill TEX — 1



et s make two changes to the system.

n both the single well and double well roblems, the critical
oints of H are eee teie,ifdH( ,y)= |, then
H( ,y) is full rank. We want to violently remove this
assum tion. We will assume that H hasa t.

et s assume that the noise is in both com onents (to avoid
com lications).

ur canonical amiltonian will be

def 2
H( ) 1, )
where 2 (so that H has a locally i shit derivative). Then
det 2 H()= = 2 1
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Flattened amiltonian (from below)

i ()

g 1 g
dzZ, = — H(Z;)dt+d

s usual, define

and consider the

where IS NOW a dimensional Brownian motion.
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We consider the orbits

Z()= H(Z())
7 ()=

and define the measures 1 by

def 1
fa.u — — f(ZS( ))ds
s in the classical case, if H( ) , then p = p if and
onlyif H( ) = H( ). n the other hand, if H( ) = , then
p = p ifand only if = (each element of s a critical

oint of ().

Bottom view of

ontour lot of Flattened amiltonian
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Thus, we should colla se each level
2
H()=h ()

toa ointif A . We should also kee the structure of the
(o en) disk . We should define a oint as the edge of the
disk and the limit of the sets of ( ) as h — . This gives us a
downward ointing P P

ets of ()

eometry of Flattened amiltonian
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ur result is

e e . Zf

This is geometrically interesting; the lolli 0 isa t t e
p e

tratified ace

ocally, the lolli o can look like a line, a lane or the union
of a line and lane (a ag ole); the lolli o has a e

t t . This seems to be one of the first instances of
a arkov rocess whose state s ace is stratified (there is come
coeval work by Burd y and Bass on a fiber Brownian motion).
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Before s ecifying our result, we observe that a similar
equation, namely

€ 1 € 2
dYy =— H(Y,) d ,+d ;

(where and 2 are inde endent two dimensional Brownian
motions), is a reasonable model for some microsco ic henomena
seen in thin film growth (fast adatom di usion on highly terraced

surfaces).

T images, courtesy of Thin Film rou |,
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et s be a bit more recise about our result. The lolli o can
be written as

we ma > H()=h (forh Yintoh (, ).
The standard averaging results give us that as long as Z° stays
outside of , the limiting rocess has generator

def 1

Lo Fh) +bmF(h)  f L)

f(h)

where

1
o*(h) = H ? pn,  and b(h):<5 H,,uh>.

When the limiting rocess is inside , it has the same dynamics
as the original rocess (there is no fast drift on ); the generator
inside is thus

Sy =2 F).F )

We need a e t at the unction . We can
motivate (but not rove) the glueing condition via the relevant
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equation for the density (the forward olmogorov equation) of
the lolli o valued rocess (which we for the moment assume to
e ist). For e lanation, we assume that

+ 2f2( ) Q(t’ )d

oughly, the u through the unction must sum to ero. The

u entering the unction from the handle of the lolli o is

one dimensional. The wu leaving the unction into is the
of the u at the edge of the disk. Thus we should have

0 2

0
-t )= 2 )d ()

(  the inward ointing unit normal at 0 ). t also seems
reasonable that the density is continuous at the unction; i.e.,

2(t7 ) — (t7 ) ( )
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n fact, (the ad oint of) these two conditions ( ) and ( )
are almost su cient. The domain of the generator of the
lolli o valued rocess consists of those functions f such that f
and fy are % u to the unction and such that

f is continuous at the verte

we have that

of - 0 f2
()= ()
2f2() = fQO)
For such a function, we define fas f on (, ) and

as ofa on ; by (3), continuity allows us to uniquely define

AR

The article di uses according to di erent generators on the

stick and ball. t the unction, a coin 1 decides where the ne t
e cursion should be. n Is required to start on the
ball disk.
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eneral connection between
and noise.

amiltonian classical dynamics

ubry ather

rnold i usion

esonances

tratified aces

I usions

atural s ( arabolic and elli tic)

estimates with a se aration of scales.
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