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Classical Problem

Let's start with the equation of a 1-dimensional particle in

a force field
.’:B't = F(ZEt)

where F' € C°°(R). This can be written as a coupled pair of
first-order ODE’s

.0 __ 0
Ly = Yy

.0 0
Yy :F(xt)'

We can use the idea of conservation of energy to define

def

H(wy) ¥ U@ +

2
Yy
2
potential energy S~~~

kinetic energy

where U(z) = —F (). Then

.0 OH o o

Ly = 5 (xt?yt)
Yy

.0 OH o g

Yy = — Y (wwyt)
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and

d 0 0
EZ}J(xtvyt)::

OHOH O0OH 8H( 0 0)
Ox Oy Oy Oz ° Je

= {H, H}(xg7yg) = 0.

Thus the energy H(z), y;) is conserved.
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Let's assume for simplicity that the potential U has a single
well, viz.

1
U(x) = 5:1:2;

thus the force is F'(z) = —=.

Single-Well Potential
Thus

H(z,y) = 2°/2 + y*/2
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We can understand the dynamics of (x},y;) by looking at
the graph of the energy H

H(z,y) = /2 + /2
The ODE for (z}, y}) simply moves around the level sets of H.

Let x}(x,y) and y}(x,y) be the solution of the particle
dynamics with z((z, y) = = and y3(z,y) = y.

We note that if we set h & H(x,y), then the measure u
given by

def 1

g 0 0
<f7 ,u’(:c,y)> = lim ?/0 f(xs(x,y),ys(m,y))ds

T—o0
Sty S @& YNV H (' y) |71 (da', dy')
f(w’,y’):H(m’,y’):h ||vH($’, y,) ”_1%(de7 dyl)

depends only on h; i.e., pi(z,y) = UH(z,y)-
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In reality, the world is noisy; the acceleration is subject to
random jerk. A more accurate model for the particle is

S 8H 9 g
dr; = 8_y(xt7 Y, )di

g 8H g g
dy, = _%(xta y; )dt + edWy,

where W is a Wiener process, and € is a small parameter. Now
energy is not conserved, but is slowly-varying; by Ito’'s formula,

.. a 10°H
dH(z,,y,) =€ (xt7yt)th+ = 2 0y?

Ito correction term

(z i? yf)dt

J

Thus, we will see a change in energy in time of order e %; let’s
look at (X°

12 t‘jEQ). This rescaling gives us a new SDE:
. 10H
dX;, = = oy —(X;,Y,)dt
c 10H, . _ .
Then

2

OH 10°H . .
dH(Xtvy)__(Xtay )th+_8 Q(Xtvyrt)dt'
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What happens to energy dynamics as € — 07

Think of a tornado. If we put a tracer particle in a tornado,
then we can't keep track of the angular position of the particle
(it moves too fast), but we can see the vertical dynamics of the
particle. We can try to find a reduced model for the dynamics
of the vertical position. Somehow, we should average out the
angular dynamics to get the vertical dynamics.

becomes

Geometry of Classical Case
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We can now argue as follows. Step 1. We can assume that

H(Xtevyts) — hy

(in a weak functional sense); some easy tightness calculations
ensure this at least along a subsequence. Step 2. From (1) and
the averaging lemma, we have that

$h) = [{5F 0ot 0) + Fp(hn) bas + 0]
2)

where M is a martingale and where
2 () & <8H>2 4 b(n) Y 10°H
o = — , an = ( = , :

Step 3. The solution of (2) is unique in law and satisfies

dht = b(ht)dt + O'(h,t)dZt

where Z is some Brownian motion.
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Graph-valued Problem

The foregoing is essentially classical and was understood in
the 1960’s (Khasminskii). A natural next problem, solved by
Freidlin and Wentzell (1996) and Freidlin and Weber (1998) (see
also Neishtadt (1991)) is that of a double-well potential;

Uz) = 2°(z — c1)(z — c2)

(where c1 and co are positive).

Double-Well Potential

The graph of the total energy thus has two wells.
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Double-Well Potential

If h = H(x,y) > 0, p(s,y) still depends only h, but if
h < 0, it depends on h and which well we are interested in (i.e.,
whether x < 0 or x > 0).

Define an equivalence relation on R?; we say that

(z,y) ~ (', y') if t(oy) = Ky, Thenset T' dof R?/ ~.

— Typeset by FollTEX — 11



SN 7
Nl

Wi
W,

becomes

Geometry of Double-Well Case

Freidlin-Wentzell and Freidlin-Weber identified a limiting graph-

valued process & = lim._o[(X?, V)] (where [(z, )] is the
equivalence class of (xz,y) under ~). The limit £ is given
by the classical calculations as long as &; does not touch the
vertex. When it does, its behavior is governed by some glueing
conditions, which are restrictions on the domain of the generator
of the limiting process (more anon).

These glueing conditions are roughly and imprecisely as
follows. If & starts at the vertex, one flips a three-sided coin
(with statistics given by the glueing gonditions) to decided which
leg to go to. Then & evolves according to the classical dynamics
until it again hits the vertex, where the process is repeated again
(with a new coin). This is similar to skew Brownian motion. It
is also related to spider martingales.
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In our case,

Each leg has its own elliptic operator .%,. Domain of
T-valued generator consists of triplets of C? functions fi, fo,
and f3 such that (here are the glueing conditions)

e f,'s agree at vertex

° 61f1(0) = Bgfz(O) + 63f3(0) (a flux-type condition on the
fi's)

e % fi's agree at vertex
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One way (not the original way) to understand the glueing
conditions is as follows. The process (X, Y°) moves between
the di erent wells due to the di usive ic s (i.e., the
part) of (X°,Y°). The brac et of this martingale is

( , ). Denean coordinate via DE (due to
hasmins ii)
( ( ) )7 )( ) ):( ) )( ) )
E ual increments in correspond to e ual amounts of -

brac et. This allows us to change pictures and ma e a a
boundary-layer e pansion. The glueing conditions are e actly
what is needed to solve a certain DE on this space.

hasmins ii oordinates for raph- alued roblem
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et's ma e two changes to the system.

e n both the single-well and double-well problems, the critical

points of  are ie,if (, ) =0, then

2 (', )isfull ran . e want to violently remove this
assumption. e will assume that has a

e et's assume that the noise is in both components (to avoid
complications).

Our canonical amiltonian will be

()=( ,0) i

where (so that  has a locally ipshit derivative). Then

= o ()=0 = i
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lattened  amiltonian (from below)

s usual, de ne

and consider the DE

where IS NOW a -dimensional rownian motion.
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e consider the orbits

and de ne the measures by

f7 = T f( ( ))
s in the classical case, if () 0, then = if and
onlyif ()= ( ). On the other hand, if ( ) = 0, then
= if and only if = (each element of is a critical

point of ( ).

ottom view of

ontour lot of lattened amiltonian
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Thus, we should collapse each level

()= ()

to a point if 0. e should also eep the structure of the
(open) dis . e should de ne a point as the edge of the
dis and the limit of the sets of ( ) as 0. This gives us a

downward-pointing

ets of ()

eometry of lattened amiltonian
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Our result is
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uf )
T m

— Typeset by FollTEX —

u u -,
- (Y)
d
b md f
(f d
u vy fT

b v
f4
-dm
m m
m-d u
m



FO)=="O)rC)+ ()fC)  f o, )

2()=- fC) f C()

(b )
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fO) =
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T y b

X()=— ((N—(X() + (X()
XE( ) =
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X&':(E, 6)
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