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Classical Problem

Let's start with the equation of a 1-dimensional particle in

a force field
fU't == F(CEt)
where I € C*°(R). This can be written as an R*-valued ODE

Zi = @) N (Fz’fi?)) |

We can use the idea of conservation of energy to define

def y
H (x, U —
@9 Ue) + 2
potential energy S~~~

kinetic energy

where U(z) = —F (). Then

= () = (i) = v

and the energy H(Z}) is conserved since

d OHOH OHOH
Sr) = (5050 - 2000 @l al)
Ox Oy Oy Ox

dt
— {Hv H}(azg,y,?) = 0.
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Let's assume for simplicity that the potential U has a single
well, viz.

1
U(x) = 5:132;

thus the force is F'(z) = —=.

Single-Well Potential

Thus ) )
rty

H(z,y) = 5
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We can understand the dynamics of Zf by looking at the
graph of the energy H

Energy contour for single-well potential

Let Z)(z) be the solution of the particle dynamics with
ZJ(z) = z; Z; simply moves around the level sets of H. If we

set h & H (z), then the Liouville measure i, given by

o . 1 [T
(Fon) & Jim = [ 1(22(z))as

 Lermny=n FEOIVTH ()| (d2)
 Lomenen IVEH(E) |71 (d2)

(where s is 1-dimensional Hausdorff measure) depends only on
h;i.e., Mz = LH(2)-
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In reality, the world is noisy; the acceleration is subject to
random jerk. A more accurate model for the particle is

g BH g 13
dr, = 8_(33157 y; )dt
Y

g 8H g g
dy; = _E(xtv Yy )dt + edWy,

where W is a Wiener process, and € is a small parameter. Now
energy is not conserved, but is slowly-varying; by Ito's formula,

OH 182
dH (zy,y;) = 5 (xt7yt)th ﬁ

v,
Ito correction term

(:Ui, yf)dt

J

Thus, we will see a change in energy in time of order £ 2; let's

def

look at Z; = (X t‘;ez). This rescaling gives us a new SDE:

t/ 29

dz¢ = 1y LH(Z5)dt + (O> dW,

£2
Then

e . OH __ . 10°H
dH(XwYt):a_y(Xt’Yt)th"i'282

(Xi, Yy)dt.
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What happens to energy dynamics as € — 07

Think of a tornado. If we put a tracer particle in a tornado,
then we can't keep track of the angular position of the particle
(it moves too fast), but we can see the vertical dynamics of the
particle. We can try to find a reduced model for the dynamics of
the vertical position (which may be thought of as an action; i.e.,
a slow variable). Somehow, we should average out the angular
dynamics (i.e., the fast variable) to get the vertical dynamics.
Rigorous results are usually attributed to KHASMINSKII (1960's).

becomes

Geometry of Classical Case
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Averaging

The main averaging result is

t t
/ Y(Z;)ds = / (P, pr(ze)) ds
0 0

for nice functions 1) of the fast variable Z°. To use this in
averagint, we write that

F(H(Z)) — f(H(Z5)) = / 10°fo H

Z°)d M;
0 2 ay2 ( s) 8+ t

~ [ (ZpEz)ds + M

where M€ is a martingale and

(Zf)(h) & <1M—OH,M>

2 Oy
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Let’s connect the averaging result to a singular perturbations
problem. We want to show that

t
lim [ {6(20) = (b, waze)) } ds = 0.

One may geometrically proceed as follows:

i) pp is the invariant measure of the vector field VH on
{z : H(z) = h}.
ii) ¥ — (¥, pp) is orthogonal to uy,
iii) Thereis a W such that (VH, V¥) = 1 — (3, up).

Then

2{W(Z5) — W(Z0)} = / {$(25) = (%, trzey) } ds

t 92

2
e 0o O0y?

(Z)dz + eM;

where M€ is a martingale which is sufficiently bounded as £ Y\ O.
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Some tightness and uniqueness arguments complete the proof
that

H(XE,Y{) = hy

(in a weak functional sense) where

dht = b(ht)dt -I— O'(ht)dBt

with B being some Brownian motion. (Some care must be taken
at the origin.)
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Graph-valued Problem

The foregoing is essentially classical. A natural next problem,
solved by FREIDLIN AND WENTZELL (1996) and FREIDLIN AND
WEBER (1998) is that of a double-well potential;

U(z) = z°(z — c1)(z — c2)

(where c; and c2 are positive).

Double-Well Potential

The graph of the total energy thus has two wells.
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Energy contour

Phase portrait

Double-Well Potential

Again we want to consider the SDE

1

aZ; = -

VI H(Z)dt + (?) dW,
Heuristically, we again want to divide by the fast motion and find
a reduced state space. However, the behavior of Z¢ at the zero

energy level (the homoclinic orbit) is very sensitive to the noisy
perturbations.
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Instead of defining an equivalence class based on orbits, use
an equivalence class based on chain equivalent orbit space. As
before, let Z} be the solution of the ODE

Z)(2) = V' H(Z,(2))
Zo(z) = z.

We say that x ~ y if for each 6 > O there is a sequence of
times 0 = tg < t1 < ty--- < t,, and a sequence of points
(x x2...x,) such that 9 = = and =, = y and such that

12} (xi—1) — x;|| < 8. Define| | M d:efRQ/ ~

ti—t;—1

@

It is easy to see that the Liouville measure p, now depends
only on [z] (the equivalence class of z).
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Freidlin-Wentzell and Freidlin-Weber identified a limiting graph-

def .. . .
valued process &; = lim._,o[Z;] (where [z] is the equivalence
class of z under ~).

The limit & is given by the classical calculations as long
as &; does not touch the vertex. When it does, its behavior
is governed by some glueing conditions, which are restrictions
on the domain of the generator of the limiting process. These
glueing conditions are roughly and imprecisely as follows. If &
starts at the vertex, one flips a three-sided coin (with statistics
given by the glueing gonditions) to decided which leg to go to.
Then & evolves according to the classical dynamics until it again
hits the vertex, where the process is repeated again (with a new
coin). This is similar to skew Brownian motion. It is also
related to spider martingales.
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New Problem

Let's make two changes to the system.

e In both the single-well and double-well problems, the critical
points of H are nondegenerate; i.e., if dH (x,y) = 0, then
D?H (z,y) is full rank. We want to violently remove this
assumption. We will assume that H has a flat.

e Let's assume that the noise is in both components (to avoid
complications).

Our “canonical” Hamiltonian will be

2

 (max{||z|| — 1,0})" 2z €R

H(z) =

where n > 2 (so that H has a locally Lipshitz derivative). Then

3 E{2€R: H(z) =0} ={2 € R : |z]| < 1}
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Flattened Hamiltonian (from below)

As usual, define

VH (z,y) (_%Tg_éff?i))

and consider the SDE

€ 1 1 €
AZ; = SV H(Z;)dt + dW,

where W is now a two-dimensional Brownian motion.
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Again, we define

mE R/ ~

where ~ denotes chain equivalence.

Bottom view of

Contour Plot of Flattened Hamiltonian

Each point inside the disk is equivalent only to itself. Each
circle outside the disk (including the edge of the disk) can be
collapsed into a single point.
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We get a whiskered sphere.

becomes

U U

Collapsed edge of disk
o Collapsed circles

Geometry of Flattened Hamiltonian
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Theorem. [Sowers] The process [Z[]| tends to a Markov
process & on the whiskered sphere with a computable generator.

This is geometrically interesting; the whiskered sphere is a
stratified space (with a dimensional discontinuity).

Stratified Space

Locally, the whiskered sphere can look like a line, a plane or the
union of a line and plane (a flagpole)—related recent work by
BURDZY AND BASS on a “fiber” Brownian motion. The limiting
process executes a standard Brownian motion while it is inside
the disk (on the ball), and when it is on the line it executes
a diffusion whose coefficients stem from averaging the original
coefficients. At the vertex, a "coin toss” is again needed (work
of EVANS AND SOWERS)
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Motivation for Glueing Conditions

Where do the glueing conditions come from? We note that

by looking at the Fokker-Planck equation, they correspond to a
continuity equation for densities

ssentially, e ant to understand the relati e likelihood that
the limiting process changes strata ince the strata are
de ned by le el sets of the amiltonian the slo ly- arying
quantity , such transitions are de ned by the quadratic

ariation the bracket of the generator of the slo
motion

We must compare such transitions to the fast drift caused by

ssentially, e must make a oun y n ton a singular
perturbation e pansion near orbits hich collapse into points
bet een strata not the original technique by reidlin and

Went ell oti ated by some ork of hasminskii, e can
use an n de ned by
his no ¢  the picture so that ount o n

CO on to wu ¢ 2100 o u m t mn t t

pese



etting  denote the e it time from the orange region, let s
try to compute : and

it Problem

qui alently, lets nd all constants : , and such
that

We should try to sol e the P

here  generates theslo motion, and ith boundary conditions
: , and We should
use coordinates

€se



We roughly get that

it Problem

he glueing conditions are equi alent to sol ability of this
P he honest proof takes a di erent approach but in ol es
similar questions
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elate esults

ne can make something of a general theory of arko
processes on strati ed spaces by co ) arko processes
current ork of his gi es a geometric
understanding of ho to collapse

to

n doing so, one can make the coin ip ideas rigorous ia nt nc
U

€se



o does a eraging interact ith stability ?  onsider the
cyliner- alued

here depends only on the height on the cylinder and
is increasing a t it onsider the e ect of a small
perturbation on the initial conditions

t turns out that in nitesimally for and close, e ha e

due to the main idea comes from some ork
of ele ant ork has been also
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done by , and
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