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Chapter 1

Axioms, Definitions,
and Consequences

1.1. Axioms

Let’s begin with some almost self-evident examples, from which we will
develop some axioms of probability.

Example 1 oss a fair coin. he possible o tcomes are heads and tails,
which we will henceforth denote as and . he probability of heads is
a parameter in 1 and the probability of tailsis 1 . e also have that
the probability of heads  tails is 1, and the probability that neither heads
nor tails occ r is

Example oss a fair die. he possible o tcomes are 1, , , , , and

he probability of throwing a 1is 1 , as is the probability of throwing
a , as is the probability of throwing a , etc. e can also see that the
probability that we throw an even n mber ie., , ,or is1 , while the
probability that we throw a n mber strictly greater than 1 ie.,a , , |
or is .t is fairly easy to see that there are probabilities that
we can comp te . ore speci cally, we can comp te the probability of any
s bset of 1

e e e f is any set, we denote by the collection
of all s bsets of



h s the collection of all s bsets in xample is

Example oss two fair coins. e denote by  a heads and by a
tails. he possible o tcomes are , , , and . he
stip lation that we are tossing two fair coins implies that the probability of
is 1 , as is the probability of , , and . here
are in total 1 probabilities we can comp te.
e a e a f and are sets, then
is the collection of all , where and

h s the possible o tcomes of two tosses of a coin is

hat do all of these examples have in common

e E e pa e set of possible o tcomes of an experiment
is called the

n xample 1, heads and tails . n xample , we have that
1 . n xample |,
he point of notation is that it often provides a symbolic representation
of complicated things which is consistent with simpler things.

Example oss an in nite se ence of coins. he collection of possible
o tcomes is , where 1 . n other words, for the rst
toss, we have a copy of , for the second toss we also have a copy of

, and so forth.

nce we have a collection of possible o tcomes of an experiment, we
can assign li elihoods or probabilities to di erent s bsets of . e need
to be caref 1 here, both to be technically correct and to have a s  ciently
rob st theory.

Example 0ss an die, so that the event space is 1
ss me that we now that
1
1 — — — 1.1
1 1 1
hile we can’t nd 1 , , , Or from this information, we still

can answer a n mber of estions. n addition to the information we have
been given, it seems reasonable that

11
1 1
1 L 1 1
1



rom this example, we see that there can be some sit ations where we

need to be caref 1 abo t what probabilistic  estions we can fr itf lly as .

his becomes a bit too complicated for these notes, b t in the interest of
intellect al honesty, let’s ma e a de nition.

e maal e a onsider an event space . s bset of
is called a of s bsets of if
1.
f , then ,
f sets in  , then is a set in
n xample , we had that consisted of the following sets , 1 ,
, , 1 , 1 , ,and 1 . fco rse

is also a sigma-algebra. he point of this de nition is that if a collection
of s bsets of an event space is not a sigma-algebra, then it doesn’t have
eno gh str ct re to do all of the calc lations we might imagine.

ote that we th s far have de ned
1. n event space
sigma-algebra of s bsets of the event space.

Let’s now loo at the probabilities themselves. we see that the following
are nat ral

1. . learly the probability that happens is ero.

f is well-de ned, then . or a toss of a die, it wo 1d
be nreasonable to have that even .

f , , , etc. are well-de ned and the ’s are dis oint
ie., if , then

n xample , it wo 1d be nreasonable to have 1,
and . ince and , we
sho Id rather have that . n fact, the

re irement that the die is fair, i.e., that
1 1

is eno gh to specify for . nother interpre-
tation of this re irement is that yo can add probabilities

ote that the sigma-algebra str ct re already is sef I ppose that
we can comp te for any in a certain sigma-algebra  of s bsets of
f , then , S0 we a tomatically now that it is reasonable



to try to comp te . f we have a dis oint co ntable collection of s

in , then we a tomatically now that it is reasonable to try to comp te

Let’s ma e the following de nition

e a 1 ea e ix an event space and a sigma-
algebra  of s bsets of .  collection ’s where is a
if
1.
for all
. f , , ,etc. areallin and are all dis oint i.e.,
if , then

f in addition

then isa

ppose that is nite, as in xamples 1 thro gh above. f we specify
for each as we did in xamples 1 thro gh , then we can
comp te for any . f isin nite, asin xample , then things
become a bit more complicated. e will comment on this in a moment.
Let’s see what the three r les of probability can get s. enceforth,

we will ass me that all relevant sets are in an appropriate sigma-algebra of
s bsets of an event space on which a probability meas re is de ned.

e eml
1
onsider xample . fwe now that 1 1 , then since 1
and are dis oint and 1 ,
1 1 1
h s . ore generally, we have that and are
dis oint, ,and 1

he next res 1t simply says that if yo add two probabilities, yo sho 1d
remove the amo nt by which yo have overco nted.

e em



gain, consider xample . ss me that we now that

, , and 1 . hs and
, and 1 . n general, and are
dis oint and , SO
1.
imilarly, and are dis oint and , SO
1.
inally, , , and are dis oint and
, SO
1.
ombine 1. , 1. ,and 1. to get that
his easily leads to the claimed res lt.
e em
gain, consider xample . ote that ,
where and are dis oint. h s ,
and since , we see that . ore generally,
we can write that , where and are dis oint. h s

, and since , we get the res lt.

he third theorem shows s what can happen in the case of xample
hat is the probability of the se ence or any

bl

n other words, the o tcome of ipping only heads is a s bset of ipping
heads on only the rst tries. ccording to heorem |,

1
ince was arbitrary, we have that
imilarly, we see that for any point i.e., an in nite se ence of heads
or tails , we m st have that . evertheless, we can still see that

this model is a realistic one. n the case of xample , one m st se honest
meas re theory to deal with details.

enceforth, we will ass me that if the event space is nite, the relevant
sigma-algebra is



1. . o iio o ii
Let’s now pass to . gain, let’s start with an example.

Example gain consider two coins as in xample . et

heads on the rst toss

and set
heads on the second toss
t is easy to see that 1 . ote that , and
that 1 . hs
n the other hand, we can consider xample . et even n mber

and let strictly greater than 1 . ere and
are in some way related if we now that we throw a n mber strictly greater
than 1, we have extra information abo t whether the n mber is even or not.
ote that , , , and
ere,

Let’s ma e the following de nition.
e epe e e e say that two sets and are

if

f and are not independent, we say that they are

a n the case of xample , we note that

e th ssee that

e also note that independence is sef 1 in characteri ing probability
laws.



Example gain consider two coins as in xample , b t ass me that

the coins are possibly , in that the probability of heads for either coin
is 1. ewill sethesets and of xample . he speci cation
of implies that , while 1 . he
speci cation of independence implies that

imilarly, 1 ,

1 , and 1 . rom this we can nd

the probability of any s bset of

o ghly, independence characteri es the property that gives s no
indication of whether or not has occ rred. f and are dependent, can
we somehow characteri e the amo nt of information gives sabo t ,or
vice-versa

Example ac to xample . ss methat we now that

occ rs. hatis theli elihood that occ rs tseems nat ral to
red cing the event space to , andre ire that each element of bee ally
li ely i.e., of probability 1 . n this red ced space, the probability of
sho 1d be . e note that can be gotten in another way. e have
that , and , and we see that

eshallta e 1. aso rc e for the idea of

e al a l f , then

he relation of conditional probability to independence is as follows.

e em

ss me that and are independent. hen




ss me now that . hen by rearranging 1. , we have that

1.

h s and are independent. his proves that the second condition is
e ivalent to independence. witch and to see that the third condition
is e ivalent to independence.

his res 1t formali es the idea that if and  are independent, then
gives s no information abo t and vice-versa.

Let’s emphasi e 1. in its own right.

€ em

earrange 1.

Let’s consider the following problem.

Example ppose that the probability of having a disease is . we
shall write this as . ppose that if yo have the disease, yo
test positive with probability . we shall write this as

f yo don’t have the disease, yo test positive with probability . i.e.,
f yo test positive, what is the probability that yo have
the disease

e are interested in nding

whereas we are given, amongst other things, . ote from the above
theorem that

his calc lation shows s how to comp te . ince
where and are dis oint we have that
t is easy to see that 1 1 . hs
and so . ence

rom this we get something nown impressively as



ather than trying to remember ayes’ r le, s ggest that yo remem-
ber its proof, which re ires comp ting the n merator and denominator of



Chapter

Some ric s

1. i s

collection of mathematical tric s is next. e will be brief.

irst, let’s disc ss how we can co nt the n mber of possible o tcomes
of a complex experiment.

e em mp Expe me
he res 1t is clearly tr e if . fitis tr e for some , then we
can gro p as one experiment with o tcomes. y sing
the case, we see that the se ence of experiments can
occ 1 in ways. he res 1t th s follows by ind ction.
e or any integer , we de ne 1
or convenience, we de ne 1. or any and any 1 ,
we de ne
and
e will be able to e ciently co nt sing the symbols and . o
nderstand the problems we are abo t to disc ss, it is cr cial to remem-
ber the di erence between a and a . is an
collection of n mbers. is a collection of nonrepeating
n mbers.



Example 1 f we toss two coins, then we have either or  for the rst
toss, and either or  for the second val e. fwe get on the rst toss
and  on the second, we can write this as . he parentheses imply
that order is important, st li e , which is s ally interpreted as a
point on the plane, is not e al to , when this too is intepreted as a
point on the plane. n the other hand, if we pic the or rather

from a dec , then we don’t care abo t the order of the
elements

e will also need to nderstand the di erence between
and

Example ppose that we choose two cards from a dec of cards. e
can do this in two ways. fter choosing the rst card, we can either p t it
bac sampling with replacement , or not sampling witho t replacement .
f we p t it bac , the rst sample can occ r in ways, and so can the
second, so the two cards can be chosen in ways. f we don’t
p tthe card bac , we can choose the rstcardin  ways. nces cha card
is ta en from the dec , there are 1 ways to choose the second, so there are

1 ways if we don’t replace the rst card. n other words, if we
twice sample the dec , we have possible o tcomes.
f we sample the dec , we have 1 possible
o tcomes.

e have the following res lt.

e em

n xample , if we sampled twice with replacement, we got
in general, we will get by the same reasoning asin xample . n xample
, if we sampled twice witho t replacement, we got

possible o tcomes. fwe have ob ects and sample times witho t replace-
ment, then on the rst sample we have possible o tcomes, on the second
we have 1 possible o tcomes, and so forth. e end p with




possible o tcomes.

he second part of this res 1t leads to o r next res lt.

€ em

Let’s rst do the proof with 1 and if we let  be the
n mber of ways that we can select a set of elements from a box of 1
elements, we want to show that . Let’s loo at a di erent problem,
namely that of ordering the 1 elements i.e., selecting a of 1
elements witho t replacement from o r box of 1 elements. fco rse by
the previo s res lt, we now that we can do this in 1 ways. owever,
let’s solve this problem in another way. Let’s select a of elements and
color them green we will let these be the rst elements. e can select the
elements which we will color green in  ways. nce we have colored them
green, we can order them in  ways. e can then order the remaining i.e.,
non-green elements in  ways and p t them after the elements. h s we

have
1

and so we m st have that

he general case is similar. ow let be the n mber of ways we can

select a set of elements from elements. e loo at an a xiliary problem

of ordering the elements we can do this in  ways. e can also select

a s bset of elements which we will reserve for the rst slots we can

ma e this selection in  ways. aving made the selection, we order them in

ways and then order the remaining elements, which we can do in
ways, for the last slots. h s we have

and hence

Example onsider the set ,and s ppose that we want
to select a of elements witho t replacement from this set of
elements. hen there are 1 ways to do this, namely



f we were only interested in selecting a of elements, we wo 1d reali e
that

h s we can brea the di erent se ences in 1 into pairs i.e., we are

overco nting by a factor of . his factor of comes from the di er-
ent ways we can order each of the six sets , , ,
, and

?

Let’s next consider geometric s ms.

e em e me mma 1
1
1
1
1
—_— 1
1
or each , de ne
hen
and 1

olve for . Let tend to in nity to get .1.

e can p t this to good se.

e em



for all 1. hen

and th s
1 1 1
lim lim
1
1 1 1 1
lim lim
1 1
1 1 1
lim
1
e also have
e em 1
1
1
1
1
e have that . ow se the geometric s m-
mation form la.

Let’s also remember the theorem
e em m al e em

e seind ction. heres It is clearly tr e for 1

1



ss me the res 1t is tr e for some . hen

ote that
1
1 1 and 1

and that for any integer between 1 and  incl sive , we get that

so we now that the res 1t is tr e for 1.  his completes the ind ctive
step and completes the proof.



