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SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.

Maximum possible score: 100 Points

1. 50 points Let X and Y be independent random variables with densities

fX(j) =

{

(1 − p)j−1p if j ∈ {1, 2 . . . }

0 else

fY (j) =











1

4
if j = 0

3

4
if j = 2

0 else

Define Z
def
= X + Y .

(a) 20 points Compute the density fZ of Z. Note. If you are so inclined, you might

want to write the density of Y as fY (j) = U(j)χ{0,2}(j), where U(0) = 1

4
and

U(2) = 3

4
.

(b) 10 points Compute the moment generating function E[eθX ] of X.

(c) 10 points Compute E[X].

(d) 5 points Compute E[Y ].

(e) 5 points Compute E[10X − Y ].

2. 20 points Suppose that X and Y have joint density

Y
0 1 2 3

-1 3/27 1/27 1/27 3/27
X 0 6/27 0 3/27 3/27

3 3/27 0 0 4/27

In other words, fX,Y (0, 2) = 3

27
.

(a) 7 points Compute E[X]

(b) 6 points Compute E[X2]

(c) 7 points Compute E[X2Y ]

1



3. 30 points Let X be a geometric random variable with parameter p. Let ϕ be the
function

ϕ(u)
def
=











10 − u if u ≤ 10

0 if 10 < u ≤ 20

u − 20 if u > 20

Find the density of Y
def
= ϕ(X). Hint: You may want to first graph ϕ.

2



Answers

1. (a)

fZ(j) =
∞

∑

k=−∞

fX(j − k)fY (k) =
1

4
fX(j) +

3

4
fX(j − 2)

=











0 if j ≤ 0
1

4
p(1 − p)j−1 if j ≥ 1 and j − 2 ≤ 0

1

4
p(1 − p)j−1 + 3

4
p(1 − p)j−3 if j − 2 ≥ 1

=











0 if j ≤ 0
1

4
p(1 − p)j−1 if 1 ≤ j ≤ 2

1

4
p(1 − p)j−1 + 3

4
p(1 − p)j−3 if j ≥ 3

(b)

E
[

eθX
]

=
∞

∑

j=1

eθjp(1 − p)j−1 =
peθj

1 − eθ(1 − p)
.

(c) By differentiating moment generating function at θ = 0, we get that

E[X] =
eθp{1 − eθ(1 − p)} + eθ(1 − p)eθp

{1 − eθ(1 − p)}2
=

1

p
.

(d) E[Y ] = 01

4
+ 23

4
= 6

4
= 3

2
.

(e) E[10X − Y ] = 10E[X] − E[Y ] = 10

p
− 3

2
.

2. (a) E[X] = (−1)3+1+1+3

27
+ 33+4

27
= −8+21

27
= 13

27
.

(b) Compute E[X2] = (−1)2 3+1+1+3

27
+ 32 3+4

27
= 8+63

27
= 71

27
.

(c) Compute E[X2Y ] = 1 1

27
+ 2 1

27
+ 3 3

27
+ 27 4

27
= 120

27
.

3. If j < 0, fY (j) = P{Y = j} = 0. If j > 0, then

fY (j) = P{Y = j} = P{Y − 20 = j} = P{Y = 20 + j} = p(1 − p)j+19.

If j = 0, then

fY (0) = P{Y = 0} = P{10 ≤ Y ≤ 20} =
20

∑

j=10

p(1 − p)j−1 = p(1 − p)10

10
∑

j=0

(1 − p)j

= p(1 − p)10 1 − (1 − p)11

1 − (1 − p)
= (1 − p)10{1 − (1 − p)11}.

3



If 1 ≤ j ≤ 9, then

fY (j) = P{Y = j} = P{10 − X = j} + P{X − 20 = j}

= P{X = 10 − j} + P{X = 20 + j} = p(1 − p)9−j + p(1 − p)19−j.

Thus,

fY (j) =



















0 if j < 0

(1 − p)10{1 − (1 − p)11} if j = 0

p(1 − p)9−j + p(1 − p)19−j if 1 ≤ j ≤ 9

p(1 − p)j+19 if j ≥ 10

4
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©lª �d« �p¬x­�®¯ ° ±²x³ ´µ³ S�� « SV]�Onq(Sdqsr_c}�^c+g�Onq�~·¶ « ¶s¸9jm c+bV]`c
��[ng{]_[^U8cIf}[^q�]�rDOnqwr�¹�§�z�SdfDz�§�c,§�SdbVbv~�c+r_c}g_U8SVq�cnt*º c+��q�cer�§B[8q�c+§»gxOnq�~�[^UZ¡iOng_SVOna�bdc}]

¼ ¬x­�®¯ ¥¶ ¥½¶ Onq�~ ¾ ¬x­�®¯ ¶ ¥¿¶ÁÀ
Sdq�[nr_z�c}g¨§B[^g`~�]}Â ¼ Ân§�z�SVfDzXrxOn�nc+]&¡nOibVW�c+]�SVqLÃsÄ�j^Å}jnÆsÂnSd]¨r_z�c']_Sd�^q�[n��¥ÇOnq�~8¾ Sd]prxz�cBULOn�^q�S�rxW�~�c[i��¥È�Ét� Ow� k�Y\[^SVqwr_] º c+rxc+g_U8SVq�c�rxz�cIf}[nq�]`rxOnqwr ¹Êt� a!� j�m�Y\[^Sdqsr_] ËB[^U8Y�W�r_cIr_z�cI~�c}q�]_Sdr��([i� ¼� f�� j�m�Y\[^Sdqsr_] ËB[^U8Y�W�r_cIr_z�cI~�c}q�]_Sdr��([i��¾� ~!� k�Y\[^SVqwr_] ��g_c ¼ Onq�~Ì¾ Sdq�~�c}Y\c}q�~�c}qwrÉ�

u�t Íwm=Yv[^Sdqwrx] ¤TW�Y�Yv[n]_cIrxz�Oir{¥ÎOnq�~�Ï:Ong`c,Sdq�~�c+Yvc+q�~�c}qwr�~�SV]`f}g`c+rxcIg_Onq�~�[^UÐ¡iOng_SVOna�bVc+]'§�Sdr_z
©Êª �d« � ¯ °ÒÑÑÔÓ Sd� «4Õ Ãsj^Å £{Ö}Ö�Ö j�mTÆm c}bV]`c
©R× �d« � ¯ ° Ñ² Ó Sd� «4Õ Ãsj^Å £{Ö}Ö�Öx£ mTÆm c}bV]`c

º cØ��q�cXÙ Ñ ¬x­�®¯ ¥ZÚÛÏ:Onq�~�Ù ² ¬_­�®¯ U4ORQ\Ãl¥PÅDÏ8Æst� Ow� £ m�Y\[^Sdqsr_] ËB[^U8Y�W�r_c ©RÜsÝ ÂTrxz�cI~�c+q�]_S�r��([n��Ù Ñ t� a!� £ m�Y\[^Sdqsr_] ËB[^U8Y�W�r_cIÞ�ÃiÙ ² ß « Æ,��[^g�Onbdb2SVqwrxc+�^c}g`] « t
àIt!¤T[l§Bc+g_] j



Í�t £ m=Yv[^Sdqwrx] á.c+r�¥�a\c�O�f}[nqsr_SVqsW�[^W�]�W�q�Sd��[^g`UZg_Onq�~�[^UÐ¡iOng_SVOna�bVc�[^q � Ä�jnÅ�jÊ�ØÀ�Sâtãcnt�Â
©Êª ��ä �p¬x­�®¯ ° Ñ² S��BÄ,j�å ä å»jm c+bV]_cit

º cØ��q�cIrxz�ce��W�q�f+rxSd[^q æ �Ôç �p¬x­�®¯ j�Ä ç ²º cØ��q�c�Ïè¬x­�®¯ æ � ¥��Øt� Ow� £ Y\[^SVqwr_] �Ig_OnY�z æ t� a!� é=Y\[^SVqwr_] ËB[^ULY�W�rxc Þ&ÃRÏ ß jÊê £ Æst� f�� é=Y\[^SVqwr_] ËB[^ULY�W�rxcIë × Â�r_z�cIf}W�UXW�bìOir_Sd¡nce~�SV]�rxg_Sda�W�r_SV[^q4��W�q�f+r_SV[^q([n��Ï4t� ~!� é=Y\[^SVqwr_] íî�¨ÏHz�On]�OX~�c}q�]`Sdr���f+[^U8Y�W�rxc�Sdr�t�íî�pS�r'~�[ïc}]Bq�[nr{z�O�¡ncIO�~�c}q�]`Sdr��nÂ�rxc+bVb\ULc�§�zw�nt
kTt u^m=Yv[^Sdqwrx] ¤TW�Y�Yv[n]_cIrxz�Oir{¥ÎOnq�~�Ï:Ong`c,f+[^qwrxSdqïW�[^W�]�gxOnq�~�[^UZ¡iOng`SìOna�bdc}]B§�S�rxzXð`[^Sdqsr�~�c}q�]`Sdr��

©lª�ñ × �âò Å ä �p¬x­�®¯ ° Ñó�ôiõsö�÷ ó Sd� ä ¸ ò ² Onq�~ ò,ø mm c}bd]_c
� Ow� j�m�Y\[^Sdqsr_] ËB[^U8Y�W�r_c�Þ�ÃRÏ ß ¥�Æ �úù SVqwr�h��n[^WûULO��¿��g`]`r(§BOnqwr�r_[ÛSd~�c}qwr_Sd���ürxz�c�]_cØrÃ �úò Å ä �{h ©Êª�ñ × �âò Å ä � ø m8Oiq�~ ä ß ò Æi�Øt� a!� j�m�Y\[^Sdqsr_] ËB[^U8Y�W�r_c ©lª Â�r_z�cI~�c}q�]_Sdr��([i�p¥ýt� f�� j�m�Y\[^Sdqsr_] ËB[^U8Y�W�r_c © ×pþ ª�Â�r_z�cIf}[^q�~�SdrxSd[^q�Onbv~�c}q�]_Sdr��([i�&Ï��^S�¡^c}q�¥ýt

àIt!¤T[l§Bc+g_] £



68ÿ����������j^t � Ow�
	���
���� Ñ	���
�� ¯ Ñ� t� a!� 	���
���� Ñ � Ñ	���
�� ¯ Ñ� ² t� f��
� Ñ� ²�� ê�� 	���
�� � Ñ	���
"!$# ¯ Ñ� t£ t � Ow� j ¯ %&')( õ % ©lª �d« � ¯ £ ¹ %& * ( Ñ j£ * ¯ ¹ %& * ( Ó j£ * ¯ £ ¹RÀ
¹ ¯ Ñ² t� a!�4��cIz�O�¡^c

©�+ � jÊ� ¯ Þ�Ãl¥ ø mTÆ ¯ %& * ( Ñ j£ þ * þ , Ñ ¯ jÍ %& * ( Ó j£ * ¯ j£
©-+ � Ä,jÊ� ¯ Þ�Ãl¥ å½mTÆ ¯ %& * ( Ñ j£ þ * þ , Ñ ¯ jÍ %& * ( Ó j£ * ¯ j£ Ö� f��/.�[^g « O=Y\[^]_S�rxS�¡^ceSVqwr_c}�^c+g}Â©�0 �d« � ¯ Þ�Ã ¼ ¯ « Æ ¯ Þ�Ãl¥ ¯ « Æ'Ú·Þ&Ãl¥ ¯ Ä « Æ ¯ £ j£ þ * þ , Ñ ¯ j£ þ * þ Ö©�+ SV]21+c}g_[8c}bd]_cØ§�z�c}g`cnt� ~!�43	c+]}À���[^g�Onqw��Y\[^]_S�rxS�¡^ceSVqwr_c}�^c+g « Â©-0�ñ + �d« Å�jl� ¯ Þ&Ãi¾ ¯ « Onq�~ ¼ ¯ jnÆ ¯ Þ&Ãl¥ ¯ « Æ ¯ j£ þ * þ , Ñ ¯ ©-0 ��« � ©-+ � jÊ�

©�0�ñ + �d« Å�Ä,jÊ� ¯ Þ&Ãi¾ ¯ « Onq�~ ¼ ¯ Ä�j^Æ ¯ Þ&Ãl¥ ¯ Ä « Æ ¯ j£ þ * þ , Ñ ¯ ©-0 �d« � ©�+ � Ä�jl�ØÀa\[nrxz ©-0�ñ + ��« Å ò ��Oiq�~ ©-0 ��« � ©-+ �âò �2Ong`c51}c}g`[�W�q�bVc+]_] « SV]�O{Y\[^]_S�rxS�¡^c�SVqwr_c}�^c+g�Onq�~ ò,Õ Ãsj^Å�Ä,jnÆstu�t � Ow�
©iÜsÝ �76 � ¯ %&'�( õ % ©lª ��« Ä 6 � ©R× �76 � ¯ j£ m^m %&')( õ % 8:9 Ñ ñ ÑÔÓ7; �d« Ä 6 � 8:9 Ñ ñ ² Ó7; �<6 �
¯ j£ m^m %&'�( õ % 8:9 Ñ ñ ² Ó7;>= 9 * õ ÑÔÓ ñ * õ Ñ?; �76 � ¯

@AAAB AAAC
*
õ Ñ õ Ñ , Ñ² Ó�Ó Sd� « ÄÒjI¸9jXOiq�~ « ÄÒjlm ß j	 * õ Ñ 
 õ 	 * õ ÑÔÓ 
 , Ñ² Ó�Ó Sd� « ÄÒj ø jlm�Onq�~ « ÄÒj�å £ m² Ó õ 	 * õ ÑÔÓ 
 , Ñ² Ó�Ó Sd� « ÄÒjlm ß £ m�Onq�~ « Ä¿j ø £ mm c}bV]`c

¯
@AAAB AAAC
*
õ Ñ² Ó�Ó Sd�	j ß « ß jlmÑ² Ó Sd�	jlm�å « å £ jD Ñ õ *² Ó Sd� £ j ß « ß u^mm c}bd]_c

àIt!¤T[l§Bc+g_] u



� a!�E.�[^g=OibVb « Â�Þ&ÃiÙ ²Pß « Æ ¯ Þ&Ãl¥ ß « ÆlÞ&ÃRÏ ß « ÆstF.�[^g « ß m�Â&Þ&ÃiÙ ²�ß « Æ ¯ m�tG.�[^g« ¸ £ mTÂ!Þ�ÃiÙ ²,ß « Æ ¯ j^tH.�[^g�SVqwrxc+�^c}g`] «�ÕJI j^Å�j�m-KâÂ�Þ&ÃiÙ ²Iß « Æ ¯ * L
² Ó�Ó ÂvOnq�~���[^g�SVqwrxc+�^c}g`]«4Õý� j^j^Å £ mw�ØÂïÞ&ÃiÙ ² ß « Æ ¯

*
² Ó tÍ�t � Ow�(¤Tc+c,���^W�g_cit

-1 -0.5 0.5 1

0.2

0.4

0.6

0.8

1

� a!�
Þ&ÃRÏ ß jÊê £ Æ ¯ Þ/M�j�Ä�¥ ² ß j£ON ¯ Þ/M	¥ ² ¸ j£ON ¯ Þ/MI¶ ¥½¶ ß jP £ N ¯ j�Ä jP £ Ö� f��
ë × ��ä � ¯ Þ&Ãsj�Ä�¥ ² ß ä Æ ¯ Þ&Ãl¥ ² ¸9j�Ä ä Æ ¯ @AB AC m Sd�	j�Ä ä ¸9jÞ&Ã�¶ ¥¿¶�¸ P j�Ä ä Æ Sd�pm�åèj�Ä ä åûjj Sd�	j�Ä ä ß m

¯ @AB AC m Sd� ä ß mj�Ä P j�Ä ä Sd�pm�å ä åèjj Sd� ä ¸9j
¯ @AB AC m Sd� ä å½mj�Ä P j�Ä ä Sd�pm ß ä åèjj Sd� ä ¸9j

� ~!� ©Ê× ��ä � ¯ ° Ñ²�Q Ñ õsö Sd�pm8å ä å»jm c}bV]`c
kTt � Ow�

Þ&ÃRÏ ß ¥�Æ ¯ Þ&Ãl¥Î¸�ÏLÆ ¯SR5R ó�T ö ©Êª�ñ × �úò Å ä �VU ò U ä ¯SR Ñó ( Ó R óö ( ó L jò ô õsö�÷ ó U ä U ò¯ R Ñó ( Ó Ã ô õ ó Ä ô õ Ñ Æ�U ò ¯ j�Ä ô õ Ñ Ä ô õ Ñ ¯ j�Ä £ ô õ Ñ Ö
àIt!¤T[l§Bc+g_] Í



� a!�E.�[^g ò å¿m�Â ©Êª �âò � ¯ mTt5.![ng ò�ø m�Â
©lª �âò � ¯ R %ö ( ó L jò ô õsö�÷ ó U ò ¯ ô õ ó Ö� f�� © ×¨þ ª ��ä ¶ ò � ¯ ©lª�ñ × �âò Å ä �©Êª �âò � ¯ ° Ñó�ôiõsö�÷ ó , ó Sd� ä ¸ ò ² Onq�~ ò�ø mm c}bV]`c

àIt!¤T[l§Bc+g_] k


