Math 361, Section F1, Spring 2002
Quiz 1, January 18 Name:

1. |10 points | Assume that

P(4) =05, P(B)=06 and P(B\A)=0.L

(a) Compute P(A U B)
(b) Compute P(A4 \ B).

R. Sowers



ANSWERS

1. PLAUB) = P(A) + P(B\ A) = 0.5+ 0.1 = 0.6.
2. P(A\ B) =P(AUB) + P(B) = 0.6 — 0.6 = 0.

R. Sowers



Math 361, Section F1, Spring 2002
Quiz 2, January 25

1. |10 points | Assume that

P(A) =05, P(B)=0.6

(a) Compute P(A|B)
(b) Are A and B independent?

R. Sowers

Name:

and

P(B\ A) = 0.1.



ANSWERS

P(ANB) _P(A)+P(B\A4) _05+01 _

P(A|B) = P(B) P(B) 0.6

1.

2. No, since P(A|B) =1 # 0.5 =P(A).

R. Sowers



Math 361, Section F1, Spring 2002
Quiz 3, January 30 Name:

1. Suppose ‘Fhat cards are Qealt from an o.r(.iinary declf of playing cards on at a
time until the first king appears. Find the probability that this occurs on the 7th card
dealt. (Remember that the deck has 52 cards, 4 of which are kings.)

R. Sowers 1



ANSWERS

R. Sowers



Math 361, Section F1, Spring 2002

Quiz 4, February 8 Name:

1. |10 points | Suppose a random variable X has density fx, where

fx(0) =01, fx(1)=05, fx(2)=005 fx(3)=.3, and fx(4)=0.05

(a) Compute P{X is odd}.
(b) Compute P{X < 2.5}.

R. Sowers



ANSWERS

1. P{X is odd} = fx(1) + fx(3) = 0.5+ 0.3 = 0.8.
2. Compute P{X < 2.5} = fx(0) + fx(1) + fx(2) = 0.1 + 0.5 + 0.05 = 0.65.

R. Sowers



Math 361, Section F1, Spring 2002
Quiz 5, February 13 Name:

1. |10 points| Explicitly evaluate

206) ()

n

R. Sowers




R. Sowers
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ANSWERS
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Math 361, Section F1, Spring 2002
Quiz 6, February 25 Name:

1. Let X;, X5, X3 and X, be independent random variables, all of which are
geometrically distributed with parameter p. Define

Y ¥ min{X,, Xo, X, Xu}.
Find the density of Y. Note: the fact that the X;’s are independent means that
P{X1 = j1, Xo = jo, X3 = j3, Xy = ju} = P{X) = j1 }P{Xo = o }P{ X3 = 3} P{ Xy = ju}

for all jla j?a j3 and j4-

R. Sowers 1



ANSWERS

1. {Y =k} =0if £ <0. For £ > 0 an integer,
P{X; >k} =) p(l—pJ ™ =(1-pyh
j=k
thus,

P{Y > k} = [[P{X0 > b} = {1 = p)'}

hence

P{Y =k} =P{Y >k} -P{Y > k+1} = {1 -p)"}"" {1 -p)"}*
= {1 -p)" {1 - {1 -p)}

Thus, YV is geometric with parameter 1 — (1 — p)*.

R. Sowers



Math 361, Section F1, Spring 2002
Quiz 7, March 6 Name:

1. Let X and Y be independent geometric random variables with parameter p.
Define Z % X + Y. Find the density of Z.

R. Sowers 1



ANSWERS

f2(0) = Y fx(W)fr(G = k) = Y xeuxg-renp* (L —p) 7 (1 —py ™

k k=—o00

Lo j=1)p*(l—p)k-2 ifj>2
=p2(1—p)k 2 Z X{1<k<j—-1} = {( P )

k=—o0 0 else

R. Sowers



Math 361, Section F1, Spring 2002

Quiz 8, March 13 Name:
1. Let X a random variable with density
1 2 1 1 3
fx(0) 3’ fx(1) Y fx(2) Y fx(3) g’ fx(4) g

(a) Compute E[X].
(b) Compute E[X?].
(c) Compute the variance o2 of X.

R. Sowers



(a) E[X] =0
(b) E[X] =0
(©) §— (%)

R. Sowers

ANSWERS

1 2 L sH4-3=
g tl-§+2-5+3-5+4-3
2.1 2,2 2.1 432,14 42
gl gt2t g 43T+ 4

19

8
3
8

63

3 -



Math 361, Section F1, Spring 2002
Quiz 9, March 27 Name:

1. |10 points| Let X and Y be independent discrete random variables with densities

0 else

‘&U):{pﬂ—py if € {0,1,2...}

0 else

fﬂﬁ={0+nﬁ“_mjﬂJEWJj”}

Let Z % X +Y. Compute fz(3).

R. Sowers



ANSWERS

fz(3) = Z fX(3 - k)fY(k) = Z X{s—kzo}X{kzo}p(l - P)3_j(j + 1)272(1 - P)j

k k=—o0
3 4
=p’(1—p)*Y (G+1)=p*(1—p)*>
k=0 k=1
4.5
=p (1-p)’—~ =10p°(1 —p)’

R. Sowers



Math 361, Section F1, Spring 2002

Quiz 10, April 8 Name:

1. |10 points| Let X be a continuous exponential random variable with parameter 5; i.e.,
fx(t) =

(a) Compute P{X > 10}.
(b) Compute P{2 < X < 70|X > 10}.

5e7% ift >0
0 else

R. Sowers



ANSWERS
L P{X >10} = [, 5 *dt = e,
2.

P{10 < X < 70}
P{X > 10}

P{2 < X <70/X > 10} =

t=10
e—90 e—50

70 — _ _
5e 5tdt e 50 _ e 350 . 300
= = _ e .

R. Sowers



Math 361, Section F1, Spring 2002
Quiz 11, April 17 Name:

Let X and Y be continuous random variables with joint density

5e™™ if0<s<landt>0

0 else

fxy(s,t) = {

1. Compute P{Y < X}.

R. Sowers



ANSWERS

00 0 1 S
P{Y < X} = / / Xqt<syfx,v (s, t)ds dt = / / 5e~tdt ds
t=0 J s=0 B s=0 Jt=0
! 1
= / {1—e}ds=1—--{1—e"}.
s=0 5

R. Sowers



Math 361, Section F1, Spring 2002
Quiz 12, April 29 Name:

1. |10 points | Suppose that X and Y are continuous random variables with joint density

qef |4st ifs>1land0<t< L
fxy(s,t) = s
0 else.

(a) Compute fx(2).
(b) Compute the conditional density fy|x(t/2) for all ¢.

R. Sowers



ANSWERS

> 174 1/4 1
fX(2)=/ fx,y(Q,t)dtz/ Stdt — 42|V* = =
t

=-00 t=0 =0 4

fxv(2,1) 32t ifo<t<?t
t2 = - " 7 = - — 4
fY‘X( | ) fX(2 0 else

R. Sowers



Math 361, Section F1, Spring 2002
Exam 1, February 20

SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.
Maximum possible score: 100 Points

1. Toss a sequence of independent and identically distributed coins such that
P{H} = 1/8 for each coin. Let X be the position of the first heads.

(a) Compute the density of X.
(b) Compute P{X > 7|X > 3}.

(c) Are the sets {X > 7} and {X > 3} independent?

2. |10 points| Suppose that X is geometric with parameter p and Y is geometric with
parameter ¢g. Assume also that X and Y are independent. Compute P{X = Y}.

3. |15 points| Suppose that X and Y have joint density

0 1 2 3
-1 [3/27 [ 1/27 [ 1/27 | 3/27
X 0[6/27T] 0 |3/27]|3/27
3[3/27] 0 0 | 4727

In other words, fxy(0,2) = 2%

(a) Compute P{X = 3}
(b) Compute P{X > 0}
(c) Compute P{X = 0[Y is even}

4. Suppose that a group of people contains 55 women and 45 men. Suppose
that 10% of the men smoke and 15% of the women smoke. Randomly choose a person.
If the person is a smoker, what is the probability that you have chosen a male? Please
be clear about your calculations. If I don’t see any calculations, I will not give you any
points. Do not attempt to do any serious multiplication or division.

5. |25 points| A box consists of

e 5 Alanis Morissette CD’s
e 3 Suzanne Vega CD’s
e 7 Led Zeppelin CD’s

You grab 7 CD’s from the box.

(a) |5 points| What is the probability that you grabbed 1 Alanis Morissette CD, 2
Suzanne Vega CD’s, and 4 Led Zeppelin CD’s?

R. Sowers 1



(b) What is the probability that you grabbed at least one Alanis Morissette
CD?

(c) What is the probability that you grabbed at least one Alanis Morissette
CD given that you grabbed exactly 2 Suzanne Vega CD’s?

R. Sowers 2



ANSWERS

i1 ...
LIy ifje{1,2...}
0 else

P{X:k}:{
For k € {1,2...},

P{X >k} = 2;% (g)jl _ <g>k1.

Jj=

P{X>7and X >3} PX>7 (1)°
PiX>3}  PX>3} ()"

P{X >7|X >3} =

(c) No, since P{X > 7|X >3} = (1)" # (1)° = P{X > 7}.

P{X=Y}=) P{X=Y=k}=) pg(1-p)* "(1-¢)* "=pg> {(1-p)(1-g)}*
=1 k=1 - k=0 -

T1-{1-p(Il-9)} p+a-pg

3. (a) P{X =3} = 347,

(b) P{X 2 0} — 6+3+237+3+4.

(c) P{X =0]Y is even} = (&2) / (3424143) = .

4.
P{S|M}P{M} (0.1)(0.45)
PIMIS} = prsnpiars + PSWIROVT (0.1)(0.25 +0(0§5)(0.55)'
5. (a
5\ /3\ (/7 15
GGG/
(b)

= (/%)

R. Sowers 3



P{at least one Morisette|2 Vega} = 1 — P{no Morisette|2 Vega}
P{no Morisette and 2 Vega}

=1—
P{2 Vega}

GGG E)G))

00

)/

3
2

)

12
3

)



SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.
Maximum possible score: 100 Points

1. |50 points | Let X and Y be independent random variables with densities

L J@=pitp ifje{1,2...}
fx(j) = { olse
T ifj=0
fr(G) =935 ifj=2
0 else

Define Z ¥ x 1V,

(a) Compute the density fz of Z. Note. If you are so inclined, you might
want togwrite the density of Y as fy(j) = U(j)xqo23(j), where U(0) = I and

(b) Compute the moment generating function E[e?*] of X.
(c) Compute E[X].

(d) Compute E[Y].

(e) Compute E[10X — Y.

2. |20 points| Suppose that X and Y have joint density

Y

0 1 2 3

1 [3/27 [ 1/27 [ 1727 | 3/27
X 0/[6/27] 0 |3/273/27
3327 0 | 0 |4/27

In other words, fxy(0,2) = .

(a) Compute E[X]
(b) Compute E[X?]
(c) Compute E[X?Y]



3. 130 points| Let X be a geometric random variable with parameter p. Let ¢ be the

function
10 —w ifu<10

pu) =<0 if 10 <u <20
u—20 if u> 20

Find the density of Y o ©(X). Hint: You may want to first graph .



ANSWERS

1. (a)
= > fx<j—k>fy<k>=—fx< )+ fX(J—2)
k=—o00
0 if j <0
= %119(1—}7)7_1 ifj>1land 7—2<0
(1 =p) - ip(1l —py? ifj—-2>1
0 if j <0
= ¢ ip(1—p)it if1<j5<2
1 —pyt+ip(l—p)J=* ifj>3
(b) )
e J
0X7 _ 05(1 — p)i—! — pe '

(c) By differentiating moment generating function at 6 = 0, we get that

_ep{l = —p)}+e”(1—p)e’p 1
)

p
(d) EY]=0;+23=%=3
() E[10X — Y] = 10E[X] —E[Y] = 10 — 2.
2. (a) E[X] = (1) + 355 = =52 = 22
(b) Compute E[X?] = (—1)23HE13 4 32342 — 8465 —
() Compute E[X?Y] = 15 + 245 + 355 + 275 = 2.
3.1t j <0, fy(j) =P{Y = j} = 0. If j > 0, then
fr(G) =P{Y =4} =P{Y =20 = j} = P{Y =20+ j} = p(1 — p)’*".
If 7 =0, then
20 10
fr(0)=P{Y =0} =P{10 <Y <20} = Y p(1—p) " =p(1—p)"°> (1-p)
7=10 §=0
1-(1-p"
—p(l—pyo— -8 1 )00 (1 p”
p(1—p) ==y (1-p){1-(1-p) '}



If1<75<9, then

fr(G) =P{Y =j} =P{10 — X = j} + P{X — 20 = j}
=P{X =10 —j} + P{X =20 +j} = p(1 —p)" 7 +p(1 - p)"*~.

Thus,
0 if j <0
. 1-p){1-QQ-p*} ifj=0
fr(j) = o ol :
p(1—p) T +pl—p)7 if1<;j<9
p(1 —p)/ if j > 10



Math 361, Section F1, Spring 2002
Exam 3, April 26

SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.
Maximum possible score: 100 Points

1. |30 points| Let X be a continuous uniform random variable on (0, 2); i.e.,

eof |2 ifO<t<?2
fX(t)‘éf{2 e

0 else.

Define the function

() % T ifo<u<l
u) =
? ifl<u<?2.

Define V¥ & o(X).

(a) Graph ¢.

(b) Compute P{Y < 10}.
(c) Compute P{Y < 2}.

(d) Compute Fy, the cumulative distribution function of Y.

2. |65 points| Suppose that X and Y are continuous random variables with joint density

qof |4st ifs>1land0<t< L
fxy(s,t) = ’
0 else.

(a) Compute fx.
(b) Compute E[X].
(c) Compute Fx y(s,t) for general s and ¢ such that s > 1 and ¢ > 1.

3. Suppose that X is a random variable such that
E[eaX] — 6892—59

for all # € R. What is the density of X?

R. Sowers 1



ANSWERS

1. (a) See Figure.
10
8
6
4

2

0.5 1 1.5 2

(b) P{Y <10} =P{X >1/10} =1 — 5.
() P{Y <2} =P{} < X <1} = .
(d)

0 ift<0
Fy(t)=4q1i1-1) if1<t<3

1— 5 ift >3

2. (a)
0 1/s2 . 9 .
4stdt ifs>1 = ifs>1
fx (5) = / fX,y(S, t)dt = t=0 = _ )
t=—00 0 else 0 else
(b) _ .,
Bl = [ sixs= [ Zas=2
§=—00 s=1

(c)

Fxy(s,t) = /S_ {/_ fX,Y(uav)dv}dU

For s > 1 and t < 1/,

s t s t
Fxy(s,t) = / {/ 4uvdu} dv = / {/ 4uvdu} dv = t*(s* = 1).
u=1 v=0 u=1 v=0

For s > 1 and t > 1/s?,

s 1/u? 1
Fxy(s,t) = / / duvdu pdv=1— —.
u=1 v=0 S

3. X is Gaussian with mean —5 and variance 16; i.e.,

Felt) = = e [—?f—?}

for all t € R.

R. Sowers



Math 361, Section F1, Spring 2002
Final, May 8

SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.
Maximum possible score: 150 Points

1. There 7 balls labelled A through G in a box. We pick them out of the box
one by one.

(a) What is the probability that the fourth ball is C?

(b) What is the probability that the fourth ball is C' and the fifth ball is D?

(c) What is the probability that the fourth ball is C' given that the fifth
ball is D?

. |30 points| Suppose that X is a discrete random variable with density of the form

fX(j) =

def | 557 if 7 is an integer and |j| > 1
0 else

for some constant ¢ which we will determine. Define two new random variables

(S X €
gL o awd M x|

in other words, S, which takes values in {—1,1}, is the sign of X and M is the magnitude
of X).

(a) Determine the constant c.

(b) Compute the density of S
(c) Compute the density of M
(d) Are S and M independent?

. 140 points| Suppose that X and Y are independent discrete random variables with

Fx(j) = {11_0 if j € {1,2...10}

0 else
L oifje{1,2...20}
N _ )20 )
fr(3) {0 else

Define Z; & X +V and Z, & max{X,Y}.

(a) Compute fz,, the density of Z;.
(b) Compute P{Z; < j} for all integers j.

R. Sowers 1



4. 120 points| Let X be a continuous uniform random variable on (—1,1); i.e.,

o | if-1<t<1
fx(t) €12
0 else.

Define the function

plu) €1 -’

Define Y & o(X).

(a) Graph ¢.

(b) Compute P{Y < 1/2}.

(c) Compute Fy, the cumulative distribution function of Y.

(d) If Y has a density compute it. If it does not have a density, tell me why.

5. |30 points| Suppose that X and Y are continuous random variables with joint density

Ifxy(s,t) =

def %e_t/s ift>s?and s >0
0 else

(a) Compute P{Y < X} (Hint: you may first want to identify the set
{(s,t) : fxy(s,t) >0 and t < s}).

(b) Compute fx, the density of X.
(c) Compute fy|x, the conditional density of ¥ given X.

R. Sowers 2



ANSWERS

1= i fx(j)

k=—o00

1
:2025
j=1

fo() =B{X >0} =" o
j=1

= 1
fs(=1) =P{X <0} = 2 o1
‘7:
(c) For j a positive integer,

Ju(j)

fs is zero elsewhere.

(d) Yes; for any positive integer 7,

= ci;—J = 2¢;
§=0

<
Il
<)

Ry
e
|~
I
|

<
Il
)

=~ =

R~
Il

N |

1 1

=P{S=j}=P{X=j}+P{X=—j} =2 =

90j[+1 2141

1

fM,S(jv )=P{M =jand S=1} =P{X =j} = L = fu(5)fs(1)

fM,S(j7 _1)

=P{M=jand S=-1} =P{X = —j} =

= fu(h)fs(=1);

2lil+1

both far,s(j, s) and far(7)fs(s) are zero unless j is a positive integer and s € {1, —1}.

3. (a)
[z, (k ZfX]_ ) Iy (k 2002)(110 j—k
k=—00 =
j—1-1+1
200
1 & (J'—l)—?(j—10)+1
~ 500 Z Xp20n0-10,5-1] (k) = 20—(]'—?(()))“
200 2-0—10)+1
k=—00 200
0

R. Sowers

X[1,20) (k)

ifj—1>1landj-10<1

ifj—1>10and 7 —1<20
ifj—10<20and j—1 > 20
else

i1 . .
oo if1<35<10
1 . .

_ ) if10<j <21
31—j - .
TJ if21 <45 <30
0 else



(b) For all j, P{Z, < j} = P{X < j}P{Y < j}. Forj <0, P{Z < j} = 0. For
j > 20, P{Z, < j} = 1. For integers j € [1,10], P{Z < j} = £, and for integers
j e (11,20), P{Z, < j} = &.

4. (a) See figure.

1 1 1
—t=PlX|< —}p=1-——.
=PRI U5 =105
()
0 if1—t>1
Fy(t)=P{1-X?<t}=P{X*’>1-t} =< P{|X|>VI—t} ifO<l—t<]1
1 if1-¢<0
0 ift <0
=q1—-1-1t ifo<t<1
1 if ¢ >1
0 ift <0
=¢1—-1-1t if0<t<1
1 if ¢ >1
(d)
L ifo<t<1
fY(t):{2 =
0 else
5. (a)

1 s 1
P <X} =P{X >V} = // Ixy(s,t)dsdt = / / ;e‘t/sdt ds
s>t s=0 Jt=s2

1
= / {ef—el}ds=1—-el—et=1-2e"
S

=0

R. Sowers 4



(b) For s <0, fx(s) =0. For s >0,

fx(s) = / 1e_t/sals =e ",
t

—g2 S

fxy(s:)

st =525

B %e‘t/sﬂ ift>s?>and s >0
1o else

R. Sowers



