Math 361, Section A1, Summer 1996
Exam 1, June 25

SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.
Maximum possible score: 100 Points

15 points| Evaluate the following:

—t

a) |5 points| 3!

(
(

)
b) |5 points| (%)
)

(c

5 points

Suppose we have two sets A and B. Suppose we know that

N
I
o
o
o
=
=
=+
»n

P(4) =03 P(BY) =05 and P(A\B)=0.2.

(a) P(AN B)

(b) P(B)

(c) |5 points| P(B\ A)

(d) |5 points| P(A°U B)

() P(B|4)

(f) P(AU B)

(® P(BYAU B)

(h) Are the sets A and B independent? Why or why not?

3. |30 points| A jz'mitor has 10 kf}ys, exac.tly one of which fits a certain lock. She tries t.he
keys one at a time, at each trial choosing at random from the keys that were not tried
earlier.

(a) |15 points| Find the probability that the 6th key tried is the correct key.

(b) Find the probability that the 6th key tried is the correct key, given that
the first two keys don’t work.

4. A box C(_)I_ltains 80 good fuses and 20 bad fuses.. Select 5 fuses from the box.
What is the probability that 4 of these are good and one is bad?

R. Sowers 1



ANSWERS

(a) 6
(b) &
(c) 30.
(a) PIANB)=P(A) —P(A\B)=0.3—-0.2=0.1.
(b) P(B) =1-P(B°)=1-0.5=0.5.
(c) (B\A)=PB)—-P(ANB)=1-P(B°)—P(ANB)=1-0.5—-0.1 =0.4.
(d) P(A°UB)=1—-P(A\B)=1-0.2=0.8.
(¢) p(3c| )= ==
(f) PAUB) =P(B) +P(A\B)=1—-P(B*) + P(A\B)=1-0.5+0.2=10.7.
(8) P(BC|A UB) = %fﬁ;f” = Feavs = 03 = 5
(h) No, since P(B°|A) = 2 # 0.5 = P(B°).
AY {6th key works} BY {first two keys do not work}.

(a) 9)5-1 1

P(A) = (951 _ 1

(10)6 10
(b) Note that A C B and that P(B) = {32 = &. Thus P(4|B) = 2452 = £
20(5)
(5)
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Math 361, Section A1, Summer 1996
Exam 2, July 11

SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.
Maximum possible score: 100 Points

1. |20 points| A random variable X has moment generating function

Ox (1) EE[t¥] = exp[A(2 — 1)].

(a) Find E[X].

(b) Find E[X?].

(c) Find Var(X).

(d) Find E[X?] (Hint: what is the third derivative of ®x(1)?).

Note: This is not a good problem

2. Suppose that X and Y are independent random variables such that
EX?]=4 E[Y?=2 EX?]=1 and EY]=0.
Compute the variance of Z & x2y

3. Suppose a box has 20 balls labelled 1,2...20. Two balls are selected from
the box (without replacement). Let X denote the larger of the two numbers on the balls.

(a) Compute the density of X.
(b) Compute E[X].

4. Let X and Y be two random variables having the joint density given by the
following table:

Y
10 2 6
2 [1/9]1/27[1/27 ] 1/9
X 1[2/9] 0 | 1/9 ] 1/9
0 | 0 | 1/9 |4/27

a

b

(a) |2 points| Compute P{XY is odd}.

(b) |2 points| Compute P{X > 0 and ¥V < 0}.
(
(d
(e

)
)

¢) |5 points| Compute the density of X.
) |5 points | Compute the density of Y.
)

5 points| Compute E[X].
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(f) Compute E[Y].
() Find E[X].
(h) Find E[Y?].
(i) Find Var(X).
)
)
)

| | W

(j Find Var(Y).
(k Find Cov(X,Y).
(1 Find p(X,Y).
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ANSWERS

1. Note that @'y (t) = 2AtP®x (t); thus

DY (1) = {2\ + AN’} Dy (2)
DY (1) = {8N%t + (2 + 42%1%) (2Xt) } @ x (1)

(a) E[X] = ®(1) =2\
(b) E[X (X —1)] = &% (1) = 2A+4%, s0 E[X2] = E[X (X — 1)]+E[X] = 2A+4\2—2) =
4)2.
c) E[X2] —E[X]2 =4)%2 —4)\2 = (. This indicates that the problem is poorl
p p y
written.

(d) EX(X —1)(X —2)] = % (1) = 8\2 + 4A2 + 8)X3 = 1202 + 8)3, s0

E[X?] = EX (X — 1)(X — 2)] + 3E[X?] — 2E[X]
= 1207 + 827 + 1207 — 4\ = 8A% + 240\ — 4\,

E[Z?] - E[Z]? = E[X*Y?] — E[X?Y]? = B[ X*|E[Y?] - E[X?]’E[Y]* =4-2-1%.0 = 8.
3. (a) Note that 2 < X < 20. For j € {2,3...20},

{ —]}_(20)'
2
Thus, for 3 < X < 20,

) -(3) -1

px(j):]P{XSj}—]P{XSJ—l}: 20) ~ 190

(check by direct computation that () — (/') —j — 1). We also have that

px(2) = P{X < 2} = ﬁ

For all other j, px(j) = 0.

(b) 20 .

4. (a) 2/9+0=2/9.
(b) 2/9+0=2/9.
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(5 ifj=—2
px(j) = 3 z:{ ijz;
(0 else
(@ ,
5 ifj=—1
L oifj=0
py(j) =14 & ifj=2
o ifj=6
(0 else
(€ 1 17
ELX] = 2{(-2)8+ ()12 +3(7)} = —{ 16+12+21} = -,
0 1 —9+14460 65
EY] = ﬁ{(_l)g +(0)1 + (2)7+ (6)10} = o =5
® , , 32412463 107
E[X?] = ﬁ{( 2%+ (112 + (3)7) = 2 =
(®) s 1 , , , , 9+28+360 397
E[Y?] = ﬁ{(—l) 9+ (0)°1+ (2)°7 + (6)*10} = o = o
() BLY?) - BX]? = 47 - 20 = 20
(.]) E[YQ] _ [Y]Q 397 4722295 — %
(k)
E[XY] = 2—17 {(=2)(=1)3+ ()(-1)6 + (=2)(2)1 + (1)(2)3
+H3)2)3+ (-2)(©)3+ ()O3 + B)OM) = T 2 HEEET
™
=
Hhos I pryr_ T4 (1T (65 _ 74 _ 1105 _ 893
XY EXEY] =7 (27) <27) ST IR
(1)
Cov(X,Y) 893

V/Var(X) Var(Y) ~ +/(2600)(6494)
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Math 361, Section A1, Summer 1996
Exam 3, July 24

SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.
Maximum possible score: 100 Points

1. Fix a > 0 and let X be a random variable uniformly distributed on [0, al.
Define a random variable Y by

a/3 if X <a/3
Y=¢X ifa/3 < X <2a/3
2a/3 if X > 2a/3.

(a Find the distribution function of Y.
(b What is P{Y < a/2}?

)
)
)
)
)
)

(c What is P{Y < a/2}7
(d What is P{Y = a/2}?

(e What is P{Y < a/3}?
(f What is P{Y < a/3}?
(g) What is P{Y = a/3}?

. Let X be a random variable with distribution function defined by

V]

1 t

-t = teR
2 2(t|+1)

a

b

( Express P{|X — 1| > 2} in terms of F.
(

5 points | Does X have a density? If so, find it.

)
)
(c) |10 points| Find the distribution function of the random variable Y = | X|.
(d) m Does Y have a density? If so, find it.

w

30 points| Let
ct—s)* f0<s<t<1
0 elsewhere.

fxy(s,t) = {

(a) |10 points| For what values of @ and ¢ will f be a density function?

(b) |15 points| For such a choice of @ and ¢, what is fx and fy?

(c) |5 points| Are X and Y independent?
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ANSWERS

1. (a)
0 ift<a/3
Fy(t)=(1% ifa/3 <t<2a/3
1 ift>2a/3.
(b) 1/2
(c) 1/2
(d) 0
(e) 1/3
(f) 0
(g) 1/3.
2. (a)
P{|X —1| > 2} =P{X € (—o0,—1]U[3,00)} = Fx(=1)+1— Fx(3")
_1,, 7.3
4 8§ 8
(b) (t+1)—t
. L
oy ift<0 sy t<0 2(+1)

(c) Fy(t) =P{|X| <t}. It <0, Fy(t) =0. If £ >0,

Py(t) = P{—t < X < t}Fx(t) — Fx(—t")
t -t ot t t

T+ 2 —f+1) 20+D 20+ i+l

fy(t):{ol ift<0

S ift>0

1 gt
1= / fxy(s,t)dsdt = c/ / (t —s)*dsdt
teR JseR t=0 J s=0

a+1Ji— (a+1)(a+2)

for this to hold, we need that o > —1; then ¢ = (o + 1)(a + 2).
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1 .
t—s)*dt if 1
/fXYstdt {(C]ft:s( s) ifo<s<

else

— % ifo<s<1
else
f ot —s)dt if0<t<1
(s,t)ds =
/ fXY {0 else

o<t <1
0 else

(c) They are dependent, since if 0 <t <'s <1, fxy(s,1) = 0 # fx(s)fr (?)-

R. Sowers



Math 361, Section A1, Summer 1996
Final, August 3

—

[\V]

R.

SHOW ALL WORK TO QUALIFY FOR FULL CREDIT.
Maximum possible score: 200 Points

. Suppose that we have n balls and that we distribute them into r boxes. Let
X be the number of balls which are in box 1. Find the density of X.

. Choose 4 cards from a standard deck of cards. Let X be the number of red
cards which you have chosen. Find the density of X.

. Let X be geometrically distributed with parameter p.
(a) Compute E[X].
(b) Compute E[X?].
c) Compute the variance of X.
(d) Compute E[tX].

. Let X1, X,... be random variables with E[X;] = 0 and E[X?] = 4~*. Com-

pute
o
3y 21)(3] .
i=1

E

. Let X and Y be independent geometrically distributed random variables

with parameters p; and p, (respectively). Set Z = X + Y.

(a) Compute the density of Z.
(b) Compute the joint density of X and Z.
(c

) Compute px|z(j|k), the conditional density of X given Z, where k£ > 0.

(d) Compute E[X|Z = k].

. |50 points| Let X be a continuous random variable with density

fx(t)=ce M. teR
Set Y = X3.
(a) Compute what ¢ must be.
(b) Compute E[X].
(c) Compute the cumulative distribution function of X.
(d) Compute the cumulative distribution function of Y.
(e) Compute the density of Y.
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f) Compute E[Y].

cly—z)* f0<z<y<l1
fey) = {O(y ) elsew;lere. =
(a) |10 points| For what values of o and ¢ will f be a density function?
(b) |20 points| For such a choice of @ and ¢, what is fx and fy?
Compute E[X].
(d) |5 points| Compute E[Y].

)
)
(c) [5 points
)
(e) |1

5 points| Compute E[XY].
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ANSWERS

1. For1 <j <mn,

(-1

pX(j) = n
For all other j, px(j) = 0.
2. For1 <j<n, (26)(26)
px(j) = W
For all other j, px(j) = 0.
3.
ox(O) EE[] =Y pl—p) W =pt D ((1-p)t)*"
~n3 (- = {0
Fort <1/(1 —p),
b Pt -p}+ A -ppt _ p
e e R L (T
7 _ 2p(1 _p)
0= Ty

(@) BX] = @4 () = 5 = 4
(b) EIX(X —1)] = @%(1) = 2072 = 208 g0 B[X?] = E[X(X — 1)] + E[X] =
20p) 12 _ 1
p? p p2 p
€ BX)-EXP=2-1-%=34-l=lp

B[] = iy it <1/(1-p)
00 else

1=0

i?}(?] :f:QiIE [(X7] = 221'4—1' = %i (%)Z = 1% =1.
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5. (a) For j€{2,3...},

° k—1
pz(k) = Z P{X =j}P{Y =k — j} = pips Z(l - pl)j_l(l - p2)k_j_1
j——OO J:]-
k—1 i1
L-p )" 1—p
= 1 — k 2 — 1— k 2
p1p2 pz < (1 — p2) p1p2( pz Z 1= 1y

() {022 o)

=pipo(1 —p2)k_2 1 (ﬂ) (1—=p2) —(1=p1)

P1— P2
if p1 # po; if p1 = p2 = ¢, then
k-1 k-1
pz(k) =Y (1-q Q-7 =1 —)F 2 1=k —1)(1—q)* 2
J=1 j=1
(b)
pxz(J k) =P{X =4, Z =k} =P{X =4,Y =k —j}
el =p) A —p) it ifj>1landk—j>1
o else
e (= p )T (1= po)F Tt 1< j<k—1
1o else
? (5.h)
. Px,z\J,
k) = =2/
px|z(j|k) o (k)

If1<j<k-—1,

_ (=)A= p)’ (1 — po)* !

pizldlk) = (1 =p2)*=t = (1 = p)*t
if p; # po, and
prialilt) =
if pr =py =q.
(d) For k > 0,

B(X|Z = k] =) _ ipxz(ilk).

JEZ
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Thus

por B

if p1 # p2, and

k=1 .
J l)k k
EX|Z = =~
Z=R=2 =g
j=1
ifpr =p2=gq.
6. -
1= fx(t)dt = 20/ = 2¢;
teR t=0
c=1

1
EX]== [ teldt=0
2 teR

(note that fx is even).

(b)
t L[t esds if t <0
Fx(t) = s)ds = 275
x(?) /s:_oo Fx(s) {%fso:_oo e’ds+ 3 f:zo e’ds ift>0
L ift<0 [¢ ift <0
Tl l—et) ift>0 |1-8" ift>0
()
A1/3
- fe/3 <0
Fy(t) = P{Xg < t} = FX(tl/?’) = _/s ! <
11— ift3>0
1/
e if ¢ <0
= /3
1 - % ift>0
(d) e
f (t) _ MTet1/3 ift<0 _ |t|_2/3ei|t‘l/3
v LRt >0 6
(e)

1
EY]= [ tft| e dt=0
6 teR

(note that fy is even).
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1 pt
1= / fxy(s,t)dsdt = c/ / (t — s)*ds dt
teR J seRr t=0 Js=0

c ! c
= / it = ;
A @t D@+2)
for this to hold, we need that & > —1; then ¢ = (o + 1)(a + 2).

(b)

/ Fry (s, 1)t = {ftst—s)adt if0<s<1
xv (

else
_{1%);“ if0<s<1

else

else

t )
t—s8)%dt if0<t<1
/ fXY s,t)ds = {(C]fs:()( ) Hi<t<

:{ij: ifo<t<l1
0 else
(© 1
E[X] = /SE]R sfx(s)ds = - j_ : /s:O s(1 — s5)*ds.
@ ! +2
EY]= /teRth(t)dt " a i 1 /tzo s = % 1)C(a +2) Z+ 3
(e)

t
E[XY] / / Sthystdsdt—c/ / st(t — s)*ds dt.
seR JteR 5=0
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