Math 461 Introduction to Probability Theory |
Summer 2005

Instructor: Yanyun (Judy) Zhu
Office: 366 AH
Phone: (217)244-6156
E-mail: jzhu@uiuc.edu

Class Hour: Monday to Friday 9am-9:50am, Monday 2-2:50pm
Class Room: 245 AH

Office Hour: M and W 10-11:00am or by appointment.

Graders: Hua Tao at huatao@uiuc.edu and Jian Yang at jianyang@uiuc.edu.

Textbook:
Sheldon Ross, A First Course in Probability, Sixth Edition, 2002, Prentice Hall.

We will cover most of chapters 1 to 7 and the topics include combinatorial analysis,
axioms of probability, conditional probability and independence, random variables and
expectation, as well as central limit theorems.

The grades will be allocated as follows:

Homework 20%
Quizzes 10%
Midterms 40%
Final 30%

Administration:

e There will be about 1 or 2 Homework per week.

e There will be about 5 quizzes at the end of some chapters (no chance to make up).

e The first midterm will cover chapter 1 to 3. The second midterm will cover
chapter 4 and 5.

e The final will be comprehensive; though will concentrate on chapter 6 and 7.
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I. Syllabus


Chap 1.
2.6 6 6 6=129
There are 4 steps to finish the process. There are 6 outcomes in each step.

3.200=20" 19" »x 1

4. If each of the boys can play any instrument, then there are 4! = 24 possible
arrangements. If Jay and Jack can only play piano and drums, then there are two ways
to assign instruments to Jay and Jack, which leaves two possible assignments for John
and Jm, so that thereare 2 ~ 2 = 4 possibilitiesin this case.

5. Number of possible areacodes. 8 © 2~ 9 = 144 (Generalized counting principle: There
are eight choices for the first digit, two for the second digit, and nine for the third
digit.) Number of area codes startingwitha4: 1"~ 2" 9=18

7. (8) There are six children altogether, so that there are 6! = 720 ways to arrange them in
arow.

(b) There are 3! = 6 ways to arrange the girls (resp. boys) in arow, and there are two
ways to arrange the two blocks of boys/girls (i.e., girlsfirst or boysfirst), so that
thereare 3! ~ 3!~ 2 = 72 arrangements altogether.

(c) There are 4! = 24 ways to arrange the girls and the block of boysin arow, and there
are 3! = 6 ways to arrange the boys within their block, so that thereare 4!~ 3! =144
arrangements altogether.

(d) If no two people of the same sex are allowed to sit together, then either the girls are
in the even seats, and the boys are in the odd seats, or vice versa. In total, there are
3" 31" 2=72posshilities.

8. (a) 5! = 120 (five distinct letters)
!
(b) % = 1260 (seven letters, including two Ps and two Os)

1

41 41 21

|
(d) % = 1260 (seven letters, two As, two RS)

(© = 34,650 (eleven letters, including four Is, four Ss, and two Ps)

|
9. There are % - 27,720 possibilities,

11. (@) There are six books altogether, so that there are 6! = 720 ways to arrange them.
(b) The number of possible arrangementsis 3! = 2! © 3! = 72.
(c) Thereare 3! = 4! =144 possible arrangements.

12. (a) Each award can go to any one of 30 students, so that there are 30° = 24,300,000
possibilities if a student can receive any number of awards.
(b) The first award can go to any one of 30 students, for the second award there are
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II. Homework and Solutions


29 choices left, etc. In total, thereare30 = 29 28~ 27~ 26= 17,100,720

possibilities.

B0 odo oo
1008 goe ¥ gyt gy =42
()6 7+6 4+4 7=94

0..
17. 8395 21 604,800
& 5

18. The number of possibilitiesis =0 29 #0_ 45
&£y &5 &y

24. Binomial theorem:

5556
B¢ +yr=a g )Y
k=0 a
=y + 153y + 90x*y? + 270y + 4058y +243x™°

26. Multinomial theorem:
§ & 4 9
(x1+2+33)'= =(X1)"1(2%2)"(3%3)"3
n,m,n;=0 enl’ n21 nBﬂ
n+n+n=4
= 81x3* + 216 XX3® + 216 X2X32 + 96 X X3 + 16 %7 +
108 X1x3° + 216 X1XoXa> + 144 X1 Xo™X3 + 32 X1X2> +

54X12)Q2 + 72)(12X2X3 + 24X12X22 + 12)(13)Q, + 8)(13X2 +
4
X1

12 ¢ I
®e 0 120 _ o990

27. o=
§3,4,55 31415

28. Assuming teachers are distinct.
(a) 4° = 65,536

8 e I
b T 0= 8 o520
§2,2,225 2
31. (a) number of nonnegative integer solutions of x; + X2 + X3 + X4 = 8. Hence, answer
1..
is B10_ 165
&3 g

(b) hereit isthe number of positive solutions----hence answer is 332:35
2



HW #2 Solutions: (Chapter 2)

1.

10.

11.

@) S={(r.r).(r.g).(r.b).(g.r).(g.8).(&:b),
) S={(r,2).(r:b).(2.7).(2:b),(b,r).(b, )}

EF = {(1,2),(1,4),(1,6),(2.1),(4.1),(6.1)}.

E U F occurs if the sum is odd or if at least one of the dice lands on 1.
FG= {(1,4),(4,1)} . EF* is the event that neither of the dice lands on 1 and the sum is

odd. EFG = FG.

(b.7):(:2)(b:)}

(a) 2° =32

(b) W={(1,1,1,1,1), (1,1,1,1,0), (1,1,1,0,1), (1,1,0,1,1), (1,1,1,0,0), (1,1,0,1,0)
(1,1,0,0,1), (1,1,0,0,0), (1,0,1,1,1), (0,1,1,1,1), (1,0,1,1,0), (0,1,1,1,0)
(0,0,1,1,1), (0,0,1,1,0), (1,0,1,0,1)}

(c)8

(d) AW ={(1,1,1,0,0), (1,1,0,0,0)}

(@) S = (1), (0,g), (1,H), (0,1), (1,5), (0,9)}
(b) A =1(1,9), (0,9)}

(©) B =1{(0,2), (0,9, (0,5);

(d) {(1,8), (0,5), (1,g), (1.)}

(a) 61
(b) 65319
() 4'9

(a) 0.8
(b) 0.3
(c)0

Choose a customer at random. Let A denote the event that this customer carries an
American Express card and V the event that he or she carries a VISA card.

P (AuV)=P (A)+P(V)-P(AV)=0.24+0.61 - 0.11 =0.74

Therefore, 74 percent of the establishment’s customers carry at least one of the two
Types of credit cards that it accepts.

Let R and N denote the events, respectively, that the student wears a ring and wears a
necklace.
(a) PRUN)=1-0.6 =0.4
(b) 0.4 =P(RUN) =P(R) + P(N) -P(RN) =0.2 + 0.3 — P(RN)
Thus, P (RN) =0.1

Let A be the event that a randomly chosen person is a cigarette smoker and let B be
The event that she or he is a cigar smoker.
(a) 1-P(AuUB)=1-(0.07 + 0.28 — 0.05) = 0.7. Hence, 70% smoke neither.
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(b) P (A°B) = P(B) — P(AB) = 0.07 —0.05 = 0.02. Hence, 2% smoke cigars but not
cigarettes.



HW #3 Solution:

21. (@) p1=4/20=1/5, p>=28/20=2/5, p3=5/20=1/4, ps=2/20=1/10, ps=1/20
(b) There are atotal of 4 - 1 +8-2+5-3+2 -4+ 1-5=48 children. Hence,
Qi =4/48=1/12, qu=16/48 =1/3, q3 =15/48 =5/16, q4 = 8/48 =1/6, qs = 5/48

27. Imagine that all 10 balls are withdrawn

91+7.6-3-7+7-6-5-4-3. +7-6-5-4.3-2.3. !
P(A):39.+7637.+765;10'3 5'+76543233'=0.583

5 6 8
3 ’ 3 ’ 3
28. P{same} = T =0.089
;
. IDINUAN!
P {dzﬁ”erent} = T: 0.248
If sampling is with replacement

3 3 3
P{same} = % =0.1243

6-5-6-8

3

=0.2099

P{different} = P(RBG)+ P(BRG)+ P(RGB)+---+ P(GBR) =

n(n—1)+m(m—1)

2 @ (n+m)(n+m—1)

2 2
n+m
2

(b)
(n+m)
(c) Putting all terms over the common denominator (7 + m)2 (n+m—1) shows

that
we must prove that

112(n+m—1)—i-m2 (n+m—l)2n(n—l)(n+m)+m(m—l)(n+m)

which is immediate upon multiplying through and simplifying.

gb+g-1)! ¢

32. =
(b+g)! b+g
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N
36.  (a) 522 ~0.0045

)
13 4j

(b) 522 — 1/17 ~ 0.0588
)
4

(a) 150 =1/12 ~ 0.0833
)
Uil

(b) 4101 +1/12="%
(SJ

1 2
n )(n — in a line
n! o
2 2
n(n ) ifin a circle, n>2
n! -1

S5,
)

53.Let A, be the event that couple i sit next to each other. Then

710 2.6 3.5 S|
P(uleAl.):42 7._62 6.+42 5._2 4!
8! 8! 8! 8!

and the desired probability is 1 minus the preceding. The result is 0.343.

54. P(SUHUDUC)=P(S)+P(H)+P(D)+P(C)-P(SH)—---— P(SHDC)
(39} {26) (13] (39] (26)

4 6 4 4 —6 +4

3 13 13) (13 13

T2\ (s52) (2 52
13 13 13 13

=0.0511




1. P{6| different} = P{6, different} / P{different}
_ Pllst =6,2nd # 6} + P{lst # 6,2nd =6} _
5/6

1/3

15141312 91

6. In both cases the one black ball is equally likely to be in either of the 4 positions. Hence
the answer is 2.

9.
P{A:w|2w}:P{A=W’2W} _ P{A=w,B=w,C#w}+P{A=w,B#w,C=w}
P2w) P2w)
123 111
334 334
133 111 221 /1
334 334 334
10. 11/50

18. (a) (.9)(.8)(.7)=.504
(b) Let F, denote the event that she failed the ith exam.
e e peyey = PUTE) _ (9)(2)
P(E, |(FFFE) ) =—1">*= =.3629
I ) =1 0504 = 49

20. @31 19 _35

12141618 768
35

b) —

®) 128

40. The jailer’s reasoning is wrong. The probability of one prisoner being executed is 1/3
whether he knows any information or not. The two event is independent.

43.
PiAllwhitej=~| 24> 4,543 5432 543211 47576
6L15 1514 151413 15141312 1514131211
1543
P3| All white} = 0151413 _ 48
P{All white}

46. Choose a person at random
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P{they have accident} = P{acc.| good} P{g} + P{acc.|ave.} P{ave.} + P{acc.| bad} P{b}
=(.05)(.2)+ (.15)(.5)+(.30)(.3) = 0.175

P{Ais good |no accident} = % =0.23

P{Ais average | no accident} = % =0.515

47. Let R be the event that she receives a job offer.

(a)
P(R) = P(R |strong) P(strong) + P(R | moderate) P(moderate} + P(R | weak} P(weak)

= (8)(7)+(4)(:2)+(1)(.1)=0.65
(b)

P(strong | R} = P(R | strong) P(strong} _ (.8)(.7) _ 56

P(R) 65 65

Similarly,
P(moderate | R} =8/65, P(weak|R)=1/65

(c)

P(strong | R*) = P(R | strong) P(strong) _ (.2)(.7) _ 14

P(R°) 35 35

Similarly,
P(moderate | R“)=12/35, P(weak|R)=9/35.



53.  (a) 2p(l-p)
3 2
(b) (2]17 (1-p)

(c) P{up on first | up 1 after 3}
= P{up first, up 1 after 3}/ [3p*(1-p)]
=p2p(1-p) / [3p*(1-p)] = 2/3

55. (a) 1/16
(b) 1/16
(c) The only way in which the pattern H, H, H, H can occur first is for the first 4
flips to all be heads, for once a tail appears it follows that a tail will precede
the first run of 4 heads (and so 7, H, H, H will appear first). Hence, the
probability that 7, H, H, H occurs first is 15/16.

P{bothhit}
P {atleastonehit

(b) P{Barb hit | at least one hit} = p;/(1-¢q192). Q: =1 — pi, and we have assumed
that the outcomes of the shots are independent.

58. (a) P{both hit | at least one hit} =

} =pp/(1-9.9,)

59. Consider the final round of the duel. Let g, = 1— p,
(a) P{A not hit} = P{A not hit | at least one is hit}
= P{A not hit, B hit} / P{at least one is hit}
=qspa /! (1 — quqs)
(b) P{both hit} = P{both hit | at least one is hit}
= P{both hit} /P{at least one hit}
= paps/ (1= q4qs)

(©) (q498)" (1 —q4q5)
(d) P{n rounds | A unhit} = P{n rounds, A unhit}/P{A unhit}

(quB )nil P45 n—1
= =(q.9 l-q,4
‘IBpA/(l_qAQB) ( ! B) ( ! B)

(e) P{n rounds | both hit} = P{n rounds both hit}/P{both hit}

(quB )’H P4Pp n-1
= =(q.9 l-q,4
poA/(l_QAQB) ( ! B) ( ! B)

Note that (c), (d), and (e) all have the same answer.

62. (a) [[— (1 —P1P2)(1 —P3P4)]P5 = (P[Pg + P3P, —P1P2P3P4)P5
(b) Let E; = {1 and 4 close}, E>= {1, 3, 5 all close}
E;={2, 5 close}, Es={2, 3, 4 close}.
The desired probability is
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P(E]UEgUEgUE4)
:P(E1) +P(E2) + P(E3)+P(E4) *P(E]Eg) *P(E]Eg) *P(E1E4) *P(EgEg)
—P(E2E4) —P(E3E4) +P(E1E3E4) +P(E2E3E4) +P(E1E2E4) +P(E1E2E3)

_ P(E,ESE:Ey)
= P,Py+ P|PsPs + P>Ps +P,P;P4 — P,P3P,Ps — P/ P>P,Ps — P|P:P3P,
—P;P>P3Ps — P,P3P,Ps + 2P ;P,P3;P,Ps

63. (a) P[Pg(]—P3)(]—P4) + P](]—PZ)P3(]—P4) + P](]—Pg)(I—P3)P4

- (1=PYPsPs(1—Py) + (1—Py)P>(1-P3)Py + (1-Py) (1—P2) P3P
P1P2P3(]—P4) +P1P2(]—P3) Py +P1(I—P2)P3P4 +(]—P1)P2P3P4+P1P2P3P4

(c) Z[fjp (1-p)"



545 5

p{_}ii§§5 P{X=5}= 543255 (X=6= S4321_ 1
- 10987 84’ "7 109876 2527 “ 7109876 252

5.n=-2i, i=0,1,.,n

13.
p(0)=P{no sale on first and no sale on second} =(0.7)(0.4)=0.28

P (500) = P{l sale and it is for standard} = P{l sale} /2
=[P{sale, nosale} + P{no sale, sale} | /2 =[(0.3)(0.4)+(0.7)(0.6)]/2=0.27
P (1000) = P{2 standard sales} + P{l sale for deluxe} = (0.3)(0.6)(1/4) + P{l sale} /2
=0.045+0.27=0.315
p(lSOO) = P{2 sales, one deluxe and one standard} ( )( )(1/2) =0.09
p(2000) = P{2 sales, both deluxe} = (0.3)(0.6)(1/4)=0.045

14.
X = O} P{llosest02}=1/2

{
{X =1} = P{of 1,2,3: 3 has largest, then 1, then 2} = (1/3)(1/2)=1/6

P{X =2} =P{of 1,2,3,4: 4 has largest and 1 has next largest} = (1/4)(1/3)=1/12

{X =3} = P{0f1,2,3,4,5: 5 has largest then 1} =(1/5)(1/4)=1/20

{X =4} = P{1 has largest} =1/5

21. (a) E[X] since whereas the bus driver selected is equally likely to be from any of

the 4 buses, the student selected is more likely to have come from a bus carrying a
large number of students.
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22.

23.

P{X =i} =i/148, i=40,33,25,50
(b) E[X] =] (40)" +(33)" +(25) +(50)" | /148~ 39.28
E[Y]=(40+33+25+50)/4=37

Let N denote the number of games played.
(@ E[N]=2| p*+(1-p)’ |+3[2p(1- p)]=2+2p(1- p)

The final equality could also have been obtained by using that N=2+I, where |
is 0 if two games are played and 1 if three are played. Differentiation yields

thatdiE[N] =2 —4p and so the minimum occurs when 2-4p =0 or p=1/2.
'p
(b)
E[N]:3[p3+(1—p)3]+4[3p2(l—p)p+3p(1—p)2 (1—p)}+5[6p2(1—p)2}
=6p'—12p° +3p° +3p+3
Differentiation yields diE[N] =24p’ -36p° +6p+3
p

Its value at p=1/2 is easily seen to be 0.

(a) Use all your money to buy 500 ounces of the commodity and then sell after
one week. The expected amount of money you will get is

E[money] = %500 +%2000 =1250
(b) Do not immediately buy but use your money to buy after one week. Then

E [ounces of commodity]= %1000 + % 250 = 625



A e 19
27.C- Ap= —® C= ASp+—2
P=10 gP 105

28. 3%2 =3/5
20

32.1f T isthe number of tests needed for a group of 10 people, then
E[T]=(0.9)" +11§- (0.9)°U=11- 10(0.9)°=7.513

33. Look at proposition 6.1 on page 145
K £ (n+1)p, K is an integer, K=Max(x)

35.If X is the amount that you win, then
P{X =110} =4/9=1- P{X =-1
E[X]=(1.1)4/9- 5/9=-0.6/9»- 0.067
Var (X ) =(1.1)* (4/9) +5/9- (0.6/9)° » 1.089

36.  Using the representation N=2 + |
Wherel is O if the first two games are won by the same team and 1 otherwise, we

Havethat Var(N)=Var(1)=E[I]’- E[1]
E[1]" =E[1]=P{l -J}_zp(l- p) and so

Now,
Var(N)=2p(1- p)g- 2p(1- p)g=8p°- 4p*- 6p°+2p
Differentiation yields
dipVar(N):24p2- 16p°- 12p+2
and it is easy to verify that thisis equal to O when p=1/2
45,  with 3:
1680 2 31:1 23@0 sU
P{ pass; ==& +(0.8) (0.2)+ 0.6)+(0.4) 3=0.533
(s = 622085 (02) (08 4+ S6522(04)"(08) +(04)
with 5: P{ pass}—} 2008) (02) +24 2%04) (06) = 03038
-38' 3z 8' [}

2
57. (@) 1-e3-3%3-¢e %_1 %e‘ =0.5768

17 .,

P{xs3 1-5¢
(b) P{X33|X3]}:PEX3?}}: 1_28_3 =0.607
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58, (a) 1- €2 = 0393
) %e‘ 2 - 0,303
(©) a- b= 0.0897

61. 1- e'*- 1.4e " =0.4082



10.

15.

19.

@ cal- x*)dx=1p c=3/4
-1

X 3 ..
(b) F(X) =§d1- xz)dx=§§§<- X420 1<x<1
4C 48" 3735

10 -10°
A— OX=——¢y1/2
@ e =50

y
(b) F(y) = (‘)1)(—(2)dx:1- % y >10. F(y) =0 for y <10.
10

(©

6 oA g b
a 8@989_29@9 »0.9, since P(x>15):g. Assuming independence of the
|=38I Qg3ﬂ83ﬂ 3

events that the devices exceed 15 hours.

@ E[X]= 1 e ax =20y ey = 26(3)= 4
(b) By wmmetory of f(x) cbout x = 0, E[X] =0
© E[X]= c‘)i—)dx:¥

3 2\ gy — b_
gﬁa+bx )dx—lor a+3—1

1
E[X]:(()‘j<(a+bx2)dx :g or %+%:3/5. Hence,azg, b:g

(@ P{goesto A} =P{5< X <150r 20< X <300r 35< X <45 or 50< X < 60}

= 2/3 since X is uniform (0,60).
(b) same answer asin (a).

(a) F (0.8333) = 0.7977
(b) 2F (1) - 1=0.6827

(©) 1- F (0.3333) = 0.3695
(d) F (1.6667) = 0.9522
€ 1- F (1) =0.1587

Letting Z = (X - 12)/2 then Z is a standard normal. Now,
0.10=P{Z>(c- 12)/2}. But from Table 5.1, P{Z < 1.28} = 0.90 and so
(c- 12)/2=1.28 or c = 14.56
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21. (8) 6 feet 2 inches equals 74 inches. Let x denotes the height of a 25-year-old.
Pix> 74 =P XL M g (1.2) =1- 0.8849=0.1151=11.51%

>
J6.25 /6.5

(b) 6 feet equals 72 inches. 6 feet 5 inches equals 77 inches.

L g &7 716
P(x>77} _~  &.J6255 1-F(24) 00082
P{(x>72} , _a¥2-716 1-F(04) 0.3446
&J6.25 5

=2.38%

P{x>77|x>72} =
1-F

28. Let X equal the number of lefthanders. Assuming that X is approximately
distributed as a binomia random variable with parameters n = 200, p = 0.12,
then, With Z being a standard normal random variable,

X-2000.12) _ 19.5- 200(0.12) l
/200(0.12)(0.88) J200(0.12)(O.88)i§
» P{ Z>- 0.9792}

» 0.8363

P{X >19.8 = Pl
f



1. (a)
— 12Z2y>x21 & y=2x
36 y Y
1
Tex(w9)=(3g 127723218 yis
0 otherwise
(b) )
T 6> >1
— - =X
36 y
f ] 1 6z2y>x21
x‘ = e =}
xz (%¥)=13¢ 627
0 otherwise
(c)
— 6zy=x=21
36 y
f, ] 1 6zv>x=1
X, y)=<— = =
x:r( 34 18 Y
0 otherwise
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4.

a. p(0,0)=(5%)",p(0,1)=p(1,0)=)(3) () p(1.1)=(3)°

b. p(0,0,0)=(+%)°,
p(1,0,0)=p(0,1,0)=p(0,0,1)=()" &%
p(1,1,0)=p(1,0,1)=p(0.,1,1)=()" 1
p(1,1,1)=(53)’

13

P(x.%,)=P(i.j)=(1-p) p(1-p) p=p*(1-p)™

¥

10. @ fylx)=e", fz(»)
() P{X<a]=1-¢"

15.
a. ” f(x,y)dxdy=1
R

”c dxdy=1— c” dxdy=1—> 1= ” dxdy=area under R
R R

R

b. f(x,y)=c=+, for -1<x<1, -1<y<1

1 1
f,(x)=[ f(xy)dy=[4dy=4%, for-1<x<1
-1 ]
1 1
f,(y) = | f(x,y)dx =] +dx =4, for-1<y<1

-1 -1

f(x,y)=1=f,(x)-f, (y), for -1<x<1, -1<y<1

4
. X and Y are independent

c. P(x*+y?<1)= ” + dxdy=+ ” dxdy=1 7 1°= =

x2+y2<1 x2+y2<1

e’ 0<x<wm D<y<w P-{ X<V

[

| )



LA
21

(a) We must show that I j flx.y)dxdy=1. Now,

o @ _m_x-l -3 1 I ~
[ [ £lx.y)dxdy=] [ 242y dxdy=[129(1-p) dy=12| 1 -
e 0 ! \2 3
1 1 1-=x 1 .
(b) E[X]= J'Af_,{ (x)dx = Itj 24xy dydx = jllxl (1-x) dx
0 0 0 0
(c) 2/5

28.

fo (x)) =4, e ™%, forx, >0

fo (x,) =2, e™™, forx, >0

f(x,x,)= A4, e ™1, e’ forx, >0x, >0

7, for z>0
2

VA
a.
F,(z) =P(Z £z)=P(X, 212 X),)
f(x,,x,) dx, dx,

- for z>0

_ 4dF,(z) _ A1,
f.(2) = === 557 forz>0
b.

P(X,<X,)=P(x-<1)=P(Z <

h | ko



j 0.005 0.005
22.(a) P{0.9000- 0.005< X <0.9000+0.005} =P|- ———<Z < y
170003 ° 0003}
=P{-1.67<Z <1.67} =2F (1.67) - 1=0.9050
Hence 9.5 percent will be defective (that is each will be defective with

probability 1-0.9050=0.0950).

© Pl 0005 _ _0005(_,_ 280056 , o0\
T s s ;\; S @
005 0.005
&0 0_0.095p -2 =2575p s =0.0019
F¢s 5 s

24. With C denoting the life of achip, and f the standard normal distribution function we
6
have P{C<1.8 10°} =F gas 10- 147 10°0
310°

Thus, if N is the number of the chips whose life is less than 1.8" 10° then N isa
binomia random variable with parameters (100, 0.9082). Hence

2219.5- 90.82 6
€90.82(0.0918)

= F (1.33) =0.9082

P{N>195} »1- F =1- F(-24.7)»1

32.(a) e'=0.3679
(b) e ¥ =0.6065
33. e=0.3679
37. (a) P{|X| >1/2} =P{X >1/2} +P{ X <- 1/2}=1/2

(b) P{IX| £ a}=P{-a £ X £ a} =a, O<a<1. Therefore, fiy(a) = 1, O<a<l
That is, |X] is uniform on (0,1).

39. Fy(y) = P{log X £ y} = P{X £ €'} = Fx(¢)
fo(y)= fx(e)e =ee”

40. F,(y)=P{e £y} =F (logy)

v (
1 1
fy (y)= fx(logy)yzy, 1<y<e

41. FR(r):P(REr):P(Asian,r):pgaEsin S_zfa qge 1;\;0
(%]
Differentiate it:
R( ) k. g OO 1 _ 1 F<A

an’ =
qg 8A 1 & & [Z)\/Az-r2
&AD
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@
il
— 123 y>x31 & y=2x
£ 36 Y Y
_il
fX'Y(X’y)_.:.1_8 12>y>x31& yt 2x
!
1o otherwise
(b)
i X
.— 63 y=x31
136 y=x
|
f 1L esysxet
W)=l oy
!
10 otherwise
(©
il
S~ B3 y=x31
136 Yo
-I- 1
1
fry (% )_.:.E 63 y>x31
!
10 otherwise
8x7
2. 0,0) =——=14/39
@ p( ) 1342
8>
0,1) = p(1,0)=——==10/39
p(0.2)=p(L0)= ="~
11 =——5/39
p( ) 1342
8X7>6
b 0,0,0) = =28/143
®) p( ) 134241
8X7
0,0,1) = p(0,1,0) = p(1,0,0) = =70/429
864
0,1,1) = p(1,0,1) = p(1,1,0) = =40/429
p(111) = 4% 5143

13X12X11
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10.

)=(1- p) p(- p) p=p?*(1- p)"

P(x.%)=P(i, ]
y
4
- N 2 2 —yd - 3—y’ O ¥
( c_(;{y x)e X=20y'e <y<

@ fy (y)

¥
Ofy (v)dy=1p c=1/8
0

3 -

’ 1
(b) fY(y):yZ L 0<y<¥ f( dy )'ydy:Ze"X'(1+|x|)

|><|

upon using - (‘)yze'y =y?e’ +2ye Y +2¢”

¥
© E[X]= c‘)x%e"x' (1+ |x|) dx= 0 since the integrand is an odd function

\\Gaez xyo L. 66l 1,0
dxd = X3+ = x dy=—zZvy+=-y - =1
@ g);g y = d( “V)ody = 7833/ SyHO

This shows ()f, (x,y)_l, o fyy (x y)isavalid distribution function.

_6°®, xyo, 6
(b) fy (X)—7%X2+ 7‘_;ady—7(2x2+x)
Gl\x\wz Xy 0 15
0 P{X>Y}=2 +2Y v 0=
@ P } 790%)( 2 g 56
(d)
2\1/\2892 xy b
00X’ + = =cdly
P{Y>1/2|X <1/3} = {Y>{1)22<i</:}1/2} 1/21% = 01797 _ 4 86256
9(2x +x)dx Zl
66ad , 1,00 5
(e E[X] Oxx—(2x +x)dx 8722x +§X3a_7
1 . .
_bx, Xyo 6ael 1 6
)] fY(y)—g)igx + ZBdX 783+4y5
2 Bal 1 6 _é6ad V4
ElV]=0y 7€3 4”Iy 786 12y3a 7

@ f (=61, (y)=€’, 0<x<¥, 0<y<¥ P{X <Y} =1/2
(b) P{X<d =1-¢*



O 10.45)(0.15)(0.40Y’ = 0.1458
21121

(a) set the starting point at 12:00 pm and the ending point at 1:00 pm

13.
1 1
f =— 15£Xx£45: f =— O0E£Yy£60

x (x) 30 X +(¥) 60 Y

45 x+5

1
P{lx- y1£8 = 9055 vk =

15x 5

(b) P{x<y}= 1 by symmetry

N

14.
Let X and Y denoted respectively the locations of the ambulance and the accident

of the moment the accident occurs.

P{Y<X<Y+gd+P{X <Y <X +a} =

2 L min(y+a L)
P{lY- X|<dg = F(‘) O dxdy
0 y

2 éL-\ay+a L L L a a
=€ +=(L-a)

I_

éO L-ay

:E _391 O<a<lL
LE Lp
18 PIY- X>L/3= a *dvd L L, 0 L
P XaUgs ik J<y<lo<x<s
y-x>L/3
: 0
_4§£6L\ddx+““ddxu 4 é1? 5L2 7LP0_7
260 O™ 0 O : c&e 2 2l

L L/2 L6 4
3

D> D

20. (@vyes f(x)=xe* f, (y)=€’, 0<x<¥,0<y<¥

(b) no: f, (x):é‘)f (x,y)dy=2(1- x), 0<x<1

y
f, (y)=0of (x y)dx=2y, 0<y<1

0

¥ ¥
21.  (a) Wemust show that ¢)¢)f (x, y) dxdy =1. Now,
-¥-¥
¥ ¥ 11y
<~ NN al 2 19
OOf (x y) dxdy = )24xy dxdy = c‘ij(l y) dy= 128_- £4+29
_Y-¥ 0o 2 3 4@



1 1-x

(b) E[X]= de X)dx = cy<024xydydx éZx (1- x)* dx :é

(c) 2/5
22. () No, since thejoi nt density does not factor.
(b) f, dx+y dy = x+%, 0<x<1.
© P{X+Y<1-= (‘)bx(x+ y) dydx = (‘jx(l- X) +¥]dx =%
00 0

1

23, (ayes f,(x)=12x(1- x)ydy=6x(1-x), 0<x<1
fY(y)=12y10x(1- x)dx =2y, 0<y<1
(b) E[X]:é‘ﬁxz(l- x) dx =1/2

© E[Y]= z‘)’Zyzdy =2/3

N 1 1
@) Var(X):gﬁx (L x)dx- 2 =5

! 4 1
e) Var(Y)=Vidy- — =—
() Var(Y) g)2yy 5715



5. The joint density of the point (X,Y) at which the accident occursis

f(x,y)=s—1)= (x) f(y), -:—23<x,y<:_23
where f ( )—}, -—3<a<i3
3 2 2

Hence we may conclude that X and Y are independent and uniformly distributed
on (-3/2, 3/2) Therefore,

_3

3/2 4 3/2
E4X|+|V[g=2 = xdx-—é
3972

3/2

ée  u_g
6. Eaa X g=a E[X]=10(7/2)=
€=1 U i=1

7. Let X, equa 1if both chooseitem iand let it be O otherwise; let Y, equal 1 if
neither A nor B choosesitem i and let it be O otherwise. Also, let W, equa 1

if exactly one of A and B chooseitem i and let it be O otherwise. Let
10 10 10
X=a X, Y=ayY, w=aw

i=1 i=1 i=l

@ E[X]= g E[X,]=10(3/20)" =0.9

10
0  E[Y]=a E[Y]=10(7/10)" = 49
i=1
(© Since X +Y +W =10, we obtain from parts (a) and (b) that
E[W] =10 -0.9 -4.9 =4.2
Of course, we could have obtained E[W] from
10
E[w]=a E[w]=10(2)(3/10)(7/10)= 4.2
i=1
11. Let X, equal 1if achangeover occurs on the i" flip and O otherwise. Then
E[X;] =P{i- LisH,iisT}+P{i- 1isT,i isH} =2(1- p) p i® 2

ol
E[number of changeovers] = E g3 X, g:é_ E[X]=2(n- 1)(1- p)P

i=1

52 N
18.  E[number of matches = EE4 |, ﬂ—sle%:4 since E[1,] =1/13,
€i-1 U

i1 match oncardi
I =
10 -

30. EEX-Y)§ =Var(X-Y)=Var(X)+Var(-Y)=2?
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33.

37.

38.

39.

49,

50.

@ EgX2+4X +4y= EgXZH+ 4E[X]+4:Var(x)+ Ez[x]+4E[x]+4=14

(b) Var (4+3X) =Var(3X)=%ar(X) =45

Let W, i=1,2, denote thei™ outcome.
Cov(X,Y)=Cov(W, +W,, W, - W,) =Cov(W,W,)- Cov(W,,W, )
=Var(W,)- Var(W,) =0

S(3)

8

NN

¥ X
E[XY] = ¢pyy2e >dydx = OX & Zax == 0/ eYdy =
00

E[X]=¥c‘y<fx(x)dx=%, £ (x)= OZE_ZXdy 26

-2X - 2X

¥\¥\ 2 NN\ \ - 2X 1\ -
E[Y]= Ony( dy = ) . dxdy:my . dydx:@ezdxzzoyezdy
0y 00 0
_G(2) 1 Yo
o MEe
Cov(X Y):%- %%:%

=Var (Y,)
COV(Yn ’Yn+l) = COV( ><n + ><n+1 + Xn+21 ><n+1 + Xn+2 + ><n+3)
(Xn+1+xn+2 xn+1+xn+2) zvar(xn+l+xn+2) 25 ?
Cov(Y,,Y,.,) =Cov(X,.,, X,.,) =5 °

n+2?

Cov(Y,,Y,., ) =0whenj3 3

P

:3x§:g i=1
i 5 5
|3x§:§ i=1
EEX|Y=ig=i 5 5
i
'|'3><—1:§ i=1
i0 =4
-XIY Y
far (XIY) =+ = e/y %X’y 0<Xx<¥
Oax’yey/ydx

0

Hence, given Y =y, X is exponential with mean y, and so EgX*|Y = yg=2y*



51

75.

Y
fle(x|y) :ye—y

7/ ydx

0

1, O<x<y
y

y
EEX°IY = yy= (‘)(3%dx: y'14
0
X is Poisson with mean | =2 and Y is Binomia with parameters 10, %. Hence
(@ P{X+Y =2 =P{X=0P{Y =2+ P{X =3 P{Y =3 +P{X =2} P{Y =0}
0.. 0..
= ezaéz 2(3/4)2(1/4)8+2e'zaé 2(3/4)(1/4)9 +2€7(1/4)°
[ a
() P{XY=0b=P{X=0}+P{Y=0}- P{X =Y =0}
=e’+(1/4)°- e?(U4)"

(© E[XY]=E[XE[Y]= 2><10x:31:15



Math461 Quiz #1
- Thursday June 16, 2005
Chapter 1 Combinational Analysis

1. If 6 Americans, 5 Frenchmen, and 4 Englishmen are to be seated in a row, how
many seating arrangements are possible when people of the same nationality must
sit next to each other and Frenchmen and Americans could not sit together?

Solution: = 21 6! 5! 41 =4147200

2. A student is to answer 6 out of 10 questions in an exam.
How many choices she has if she must answer at least 3 of the first 5 questions?

R

3. There are 3 classes, each consisting of 10 students. From this group of 30 students,
a group of 3 students is to be chosen. How many choices are possible if
(a) no restrictions?
(b) all 3 students are in the same class?
(c) 2 of the 3 students are in the same class and the 3" one from a different

class?
(d) all 3 students are from different classes?

Solution:
30
a. = 4060
3

(2
(e)e) e
(L

4. An art collection on auction consists of 5 Dallis, 6 Van Goghs, and 7
Picassos. At the art auction, there are 6 collectors. If a reporter noted only the number of
Dallis, Van Goghs, and Picassos acquired by each collector, how many different results
could have been recorded if all works were sold?

] 5+6-1\(5+6-1\(7+6-1 10\(11)(12
Solution: = = =92.207,808
6-1 6-1 6-1 5 )15 ){5
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Name:

Quiz #2 for Chapter 2 Axioms of Probability
June 23, 2005

A customer visiting a suit department stork will purchase a suit with probability
0.25, a shirt 0.28, a tie 0.22. A suit and a shirt 0.11. A suit and a tie 0.12. A shirt
and a tie 0.15. A suit, a shirt and a tie 0.05. What is the probability that he
purchase:

a) None of them?

b) Exactly one of them?

A deck of 52 cards is shuffled completely. What is the probability that the top 3
cards have:

a) Different denominations?

b) Different suits?

¢) The same suits?

Urn A contains 4 red ball and 3 black balls. Urn B contains 5 red balls and 4 black
balls. If a ball is randomly selected from each urn, what is the probability that the
two balls will be the same color?

If a die is rolled 3 times, what is the probability that
a. two of the three outcomes are the same?
b. all three outcomes are the same?

If 3 couples to sit in a row, what is the probability that no couple sits next to each
other?
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Quiz #3 Chapter 4 Random Variables
July 11, 2005

o1l

. Suppose Lakers and Spurs are in the NBA final of 2006, the chance of Lakers win
a game is 0.6. The team that wins 4 games wins the championship. Let N denotes
the total number of games played.

(a). List the possible values of N and find the probability P(N=4).
(b). Given the first 4 games are tied, N* is the total number of more games to be
played. List the possible value of N*, and find the mean and variance of N*.

. A coin is tossed once and the chance of observing a head is 0.6. A person will win
$5 if it is a head and loss $7 if it is a tail. Denote X as money he wins or loses in
the game. Find the expected value and variance of X. If the game is played 5
times and each toss is independent of another, what is the expected value of the
total gain (or loss)?

. Suppose the number of hurricanes is a Possion random variable and on average
there are 4 hurricanes in a region within a year. What is the probability that in
2005:

(@). There will be no hurricane?
(b). There will be at most 3 hurricanes?
(c). There will be at least 5 hurricanes?

. Suppose X can take on one of the values 0, 2, 4.

Given P(X=4)=cP(X=2)=c? P(X=0), find c, E(X), and Var(X).

. 7 different numbers are to be allocated to 7 players. Player 1 and player 2
compare their numbers and the winner then compares with player 3, and so on.
Let X denote the number of times player 1 wins. Find
(@). All the possible values of X

(b). E(X)
(c).Var(X)
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Quiz #IChapter 6 Jointly Distributed Random Variables

1. Two balls are chosen without replacement from an Urn containing 4 Red balls and 6
White balls. Let X be the number of Red balls chosen and Y be the number of White
balls chosen. Find:

P(x,y):the joint mass function of X and Y

P(x) and P(y): the marginal mass function of X and Y

Is X and Y independent of each other?

E (XY): the expected value of XY.

oo

2. Given the joint PDF of X and Y as:
f(x,y)=Co(y>x?)e¥ for —-y<x<y O<y<ow.
Find:

a. Co

b. the marginal density of X and Y

c. IsXand Y independent of each other?
d. E(X), E(Y), and E (XY)

3. Two people A and B are to meet at a certain location around 12pm. If A arrives at a
time uniformly distributed between 11:45am and 12:15pm, and B arrives at a time
uniformly distributed between 11:40am and 12:20pm. Find:

a. the joint probability density function f(x,y).

b. the probability that the first to arrive will wait less than 5 minutes.

c. the probability that A will wait at least 5 minutes for B.

4. Given X and Y are independent of each other. X follows a Binomial distribution
B(10, 0.5), and Y follows a Binomial distribution B(20, 0.5). Find:
a. P(X|X+Y=10)
b. P(X>1|X+Y=10)

2, 0O<x<y0O<y«1
0, Otherwise '

5. Given f(x,y) ={ Find:

a. f(x|y).
b. P(X>0.5y=0.25).
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- -Midterm #1 Chapter 1, 2 and 3 June 30, 2005

Name:

1.

If 4 English books, 5 history books and 6 Engineering books are to be placed in a
row. Assuming all the books are different, how many ways you can place them? if
(@). there are no restraints.

(b). books of the same subjects have to be placed next to each other.

(c). only English books have to be together.

5 cards are to be drawn from a well shuffled deck of 52 cards. What is the
probability that:

(@). 4 Aces are drawn?

(b). a pair of Aces and a pair of Kings are drawn?

(c). aroyal flush (the same suit of 10, J, Q, K and A) are drawn?

(d). a straight flush (consecutive cards from the same suit) are drawn?

An investor has 15 units of wealth to allocate among 5 mutual funds. If only
integer units can be allocated to each fund. How many ways he can allocate his
wealth?, if

(@). he has to allocate non-zero amount of wealth to each fund.

(b). he can choose not to invest in some of the funds.

A student can take a English class with probability of 0.7, a French with
probability of 0.6, and a German with probability of 0.4. The chance that he will
take both English and French is 0.4, English and German 0.3, French and German
0.2, all the three 0.1. What is the probability that he will take:

(@). none of them?

(b). French only?

(c). French and German only?

A student can choose to do all his homework with probability 0.7, just a part of
the homework with probability 0.2, or not at all with probability 0.1. If he does all
of his homework, his chance of getting A is 0.7; if he does only part, his chance is
0.2; if he does none, his chance is 0.05.

(a). what is the chance that he will get A?

(b). given he gets A, what the chance that he does at least part of the homework?

Urn A contains 5 red balls and 4 black balls. Urn B contains 6 red balls and 5

black balls. If two balls are drawn from each Urn, what is the probability that:

(@). 2 red balls and 2 black balls are drawn?

(b). given 2 red balls and 2 black balls are drawn, what is the probability that two
red balls are drawn from Urn A?
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7. Given all the relays functioning independently of each other, the probability of
each working properly is p. What is the probability that:
(a). a current can run from A to B?
(b). given relay 2 and relay 4 not working, what is the probability that a current
can run from A to B?

0 ;

N>

8. For independent flips of a coin, if the chance of observing a head is 0.6, find the
probability that:

(@). all the first three are heads?
(b). two of the first three are heads?
(c). HHH happens before THH?

9. Two gamblers Andy and Roger bet on the outcomes of successive independent
flips of a coin. On each flip, if it is a Head, Andy collects $1 from Roger. if it is a
Tail, Andy pays $1 to Roger. They continue until one of them runs out of money.

Andy has $100 and Roger has $200. Find the probability that Andy runs out of his
money when:

(a). the probability of observing a Head is 0.5.
(b). the probability of observing a Head is 0.6.



w

Midterm #2 Chapter 4 and 5

A person takes out two balls (without replacement) from an urn containing 10
white, 6 black and 4 blue. He will win $3 dollar for each white ball, lose $5 dollar
for each black ball. Let X denote his winning (or loss), what is the possible value
of X, what is the mean and standard deviation of X?

3 balls are to be randomly selected without replacement from an urn containing
10 balls numbered from 1 to 10. Let X be the smallest number selected, find the
range of X and the probability mass function of X, the expected value and
standard deviation of X.

If the number of floods in an area each year X follows a Possion distribution with
parameter A equal to 2. Find
(@). the probability that there will be no flood in that area in 2005.
(b). the probability that there will be no more than 3 floods from 2005 to
2006, assuming the floods in different years are independent of each other.

A person arrives at a train station at 8am every morning. Assume his train arrives
at the station uniformly between 8 and 8:30am. What is the probability that he
will have to wait more than 15 minutes? Given he has waited 5 minutes, what is
the probability that he will wait for at least another 10 minutes?

Given 60% of people in the country support cutting tax. For a group of 100 people,
Using Normal approximation, find the probability that

(@). there are at least 50 people will support the cut?

(b). between 40 and 80 inclusive will support the cut?

Given X follows an exponential distribution with parameter 4 =0.5. If Y=10 X+5,
What is the range of Y, f(y), Pr (30>Y>20), and the expected value and standard
deviation of Y?

Given X follows a Normal distribution function with =0 and o ?=4. Y=| X |,
Find P(4>Y>1), the mean and standard deviation of Y.
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Math 461 Final

Summer 2005
Name:
0, x<0
. . + 0<x<1
1. For arandom variable X, given F(x) =
5, 1<x<2
1, x>2
Find:
a.P(+<x<1)
b.P(2< x<2)

2. Given X is uniformly distributed between (-8, 8). Let Y=X3, find the PDF of Y, and
P(Y>1).

3. Given X and Y are independent and identical distributed random variables. If each is

uniformly distributed between 0 and 1, and Z=|X-Y|. Find f(2), E (Z), Var(Z), and
P(Z<0.5).

4. Given X, Y and Z are independent random variables, X is Poisson with parameter

A =2,Y is Geometric with parameter p=0.5, and Z is a Standard Normal. Find
Cov(X+Z, X+Y+2).
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5. Given the joint density function of X and Y as:

f(x,y) = y'eV,0<x<y, 0<y<ow
' 0, Otherwise

Find f(x|y=1), E(X|y=1), E(X%y=1), Var(X|y=1).

6. Given X and Y independent of each other. X is Possion with parameter 4, =1,
and Y is Possion with parameter 1, =4. Let Z=X+Y, Find:

a. f(2), E(Z) and Var(2)
b. f(X|Z2=5), E(X|Z=5).

7. Given T=t, X is Poisson with parameter ﬂl tifTis Exponential with parameter 4, ,
find E(X|T=t), Var(X|T=t), E (X), and Var(X).

8. Given X and Y independent of each other, and the moment generating function of X
as Mx(t)=exp(3 €-3), and M, (t) = (2e' +2)", Find
P(X+Y=1), P(XY=0) and E(XY).

9. Given X; independent and identical distributed, for i=1 to 100, and E(X;)=1,
Var(X;)=4. Let Y=X3+X5+...+Xj00. Use the Central Limit Theorem to find
P(80<Y<120).
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