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Abstract  We outline a singular-perturbations approach to the graph-valued stochas-

tic averaging results of Freidlin-Wentzell and Freidlin-Weber. We specif-
ically consider the Freidlin-Weber problem (a Newtonian particle in a
double-well potential). To show the Freidlin-Weber convergence result,
we develop a perturbed test function via a boundary-layer PDE near the
homoclinic orbit. Solvability of this PDE is equivalent to the glueing
conditions of Freidlin-Wentzell. Details of our calculations will appear
elsewhere.
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1. Introduction

One of the principal raisons d’étre of “applied mathematics” is in
model reduction; i.e., the development of rigorous methods to replace,
often in some limiting regime, a complicated system by a simpler, or
lower-dimensional one. We here study a model-reduction problem in
Markov processes, namely a problem in stochastic averaging.

The underpinning of classical averaging is a separation of time scales;
there is a coordinate which slowly varies (often thought of as the energy)
and a coordinate which quickly varies (typically thought of as an angle).
As the ratio of the fast to slow speed increases, it becomes possible to in a
sense fix the slowly varying coordinate and carry out a long-term average
in the quickly varying component, in the process identifying effective
coefficients for the dynamics of the slow motion. A simple example of
such a system is a Hamiltonian system with small perturbations. The
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slowly varying coordinate is the value of the Hamiltonian and the quickly
varying coordinate is the position (or angle) in the appropriate level set
of the Hamiltonian. One can seek a reduced model for the slow variable
by first rescaling time so that the variation of the slow variable is of order
one. As the fast motion becomes faster, the behavior of the slow variable
can (often) be described via a closed set of equations (without reference
to the fast variable). Stratonovich [21] and Gikhman [9] developed some
of the first averaging results. Completely rigorous arguments involving
diffusion processes were given by Khas'minskii [11, 12] and several others
(2, 3, 17, 18].

The nature and complexity of the reduced or averaged process depends
on the complexity of the Hamiltonian H; roughly, the reduced process
takes values in the space of orbits of the fast motion. When H is fairly
simple, viz., something like a paraboloid with a single isolated elliptic
critical point, the reduced process is simply a Markov process on a line—
a classical result [12]. This machinery has only recently been extended
to handle more complicated Hamiltonians; e.g., Hamiltonians with a
finite collection of distinct minima and saddle points; in this case the
reduced Markov process takes its values in a graph which encodes the
topology of the level sets of H [6, 7, 8]; see also the work of Neishtadt
[16] and Wolansky [23]). Each leg of the graph corresponds to a region in
which the the dynamics are diffeomorphic to a fast deterministic rotation
around a cylinder and a slow diffusion and drift in the axial direction of
the cylinder. At the end of the legs, however, glueing conditions need
to be imposed. Heuristically, the glueing conditions generate a family of
independent tosses of a die. When the limiting process hits the vertex of
the graph, a new leg is chosen via the toss of the die. The next excursion
out of the vertex occurs on this chosen leg. When the process returns
to the vertex, the process repeats with a new coin. See [5] for a more
rigorous discussion of this. See also [20] for another example of a process
defined on a stratified space, which is more general than a graph.

Our goal here is to motivate the glueing conditions of Freidlin, Wentzell,
and Weber, via a singular perturbations argument. The basic idea stems
from a coordinate change introduced by Khasminskii in [8]. We shall not
give the entirety of the proof; see [19] for the details. The original work of
Freidlin and Wentzell [8] relied upon a specific type of noise—divergence-
free noise, which allowed the invariant measure of the original process to
be explicitly identified (Lebesgue measure). Roughly, this allowed one
to develop an analysis near the homoclinic orbit by comparing proba-
bilities of events where the trajectory starts at different points near the
homoclinic orbit to integration of such probabilities where initial distri-
bution is distributed according to the known invariant measure. More
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general noise was considered by Freidlin and Weber in [6]. There, fairly
complicated hypoelliptic estimates were used to effect a reduction to the
calculations for divergence-free noise. Our arguments, however, are en-
tirely local and nowhere require the knowledge of the globally-defined
invariant measure. Our main insight is to identify the proper bound-
ary coordinates (these are motivated by [10]). We then pose a problem
involving a coupled collection of partial differential equations. It turns
out that the solvability of these coupled PDE’s exactly corresponds to
the glueing conditions. These coordinate have appeared in related prob-
lems (see [20]), and we hope that our efforts here will allow insight into
other related problems of interest to the engineering and mathematics
communities.

2. Problem Formulation

Fix a double-well potential function U on R. We assume that U is
nondegenerate; i.e., U” is nonzero at the points where U’ = 0 and that
limy) 7o U(z) = 00. We also assume that the local maximum of U
occurs at 0, and that U(0) = 0. Define the energy function

2
H(z,p) ® %+ U(x)

for all (z,p) € R%. Consider the stochastic differential equation

dz; = p°dt
dp; = —U'(z5)dt + EZﬁ(mi,pi)dt + edW;

where W is a standard Brownian motion, and where § represents dis-
sipation. Also fix an (7.,p,) € R? as our initial conditions; i.e., (x5, p§) =
(Zo,po). Our aim is to understand the fluctuations of the energy H (z§, pf ).
This is the problem studied by Freidlin and Weber in [6] and [7].

A proper understanding of H(zf,pi) hinges upon first looking on the

proper time scale. Define Z; &f (z§/52,p§/52); then in law

1
dZ; = 5 VH(Z{)dt + b(Z])dt + o (Z5)dW,

= def def def
where VH(z,p) < (32, -91)(z,p), B(z,p) = (0, B(x,p)), and o (z,p) =

(0,1). The initial condition is that Z¢ = (z,,p,). Define the second or-
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der operator .#, symbol (-,-) o, and pseudometric || - || ¢ (on T*R?) by

of 102
Znan ]

of O 0
(df. dg) (2, p) a—;f(w,p)a—ﬁ(x,p) (2.p) € B

(2.9) + ﬁ(x,p)g—gm,p)

2
i) ()
for all f and g in C%(R?). Then the generator of Z¢ is
1_
7Y VH+ 2
€

and
t
H(Z;) :H(Z§)+/0 (ZH)(Z%)ds + M

where M is a martingale with respect to the filtration of W and with
quadratic variation

(M), = / || (75)ds

for all ¢ > 0.
The dominant part of the dynamics of Z® corresponds to the flow

jt(z) = VH (34(x))

so(2) = teR, z € R? (1)

The requirements on U imply that there is a homoclinic orbit at H~!(0)
which divides the phase space of 3 (viz. R?) into three regions

So def {(z,p) e R? : H(z,p) >0}

S; ¥ {(z,p) €R_ x R: H(z,p) < 0}

Sk ¥ {(z,p) € Ry xR: H(z,p) < 0}.

Define for convenience the index set

A¥{0,L,R).
Inside each of the S;’s, the orbits of 3 are periodic. Thus as long as Z°¢

stays inside any given Sy, we should be able to asymptotically find closed
dynamics for H(Z¢). We should (c.f. the remarks in [8]) then be able



Stochastic Averaging via Singular Perturbations 5

Figure 1.  The “Y” graph.

to in a sense extend these averaging results to all of R? if, in addition to
keeping track of the slow variable H(Z¢), we also keep track of which of

the S;’s Z¢ is in. Define Rp d:efR+ and R, = Rr = R_; i.e., the space
for the limiting process should roughly be the disjoint union

def
E< Ugen (Rz X {f})
We say roughly since in fact, we want to identify all three points in

{0} x A (they all correspond to the homoclinic orbit H ~1(0). We will let

mE / ~, where ~ is the equivalence relation such that (h,£) € E is

equivalent only to itself if h # 0, and such that (0,0) ~ (0,L) ~ (0, R);

we let x & {0} x A, the “vertex”, be this equivalence class. We equip 9
with the standard quotient topology (see [1, p. 60]). Topologically, 9t
is equivalent to a “wye”-shaped subset of R?; see Figure 1. We define
the map % : R?2 — 9 by setting

Y (2) € (H(2),0)
if z € Sy, and we define % (z) ©f ifz e H~1(0). The main result of
Freidlin and Wentzell [8] was to show that #'(Z¢) converges in law to an
explicitly-defined Markov process on 9t (see also [22]; a diffusion process
on such a space is sometimes called a spider). Since the limiting process
is not on a Euclidean space, we need a formalism more general than that
of stochastic differential equations, namely the theory of generators and
domains. Define the function spaces

oM ¥ {f e C(B): f(0,0) = £(0,L) = f(0,R)}

C2M\x) € {f eCON): f(-,£) € CX(R) for all £ € A} ;
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then C(9M) is (isomorphic to) the collection of continuous functions on
9 (where M is endowed with its appropriate topology) and C?(9) is
the collection of continuous functions on 9t which are twice differentiable
on the open manifolds corresponding to the legs of the “wye”. Note that
while 9 is a topological space, it does not have a differentiable structure
at the vertex x. Define the coefficients

.17
o, ) lim / |AH|% (35 (2))ds

lldH||% (")
 Jverrow)—ny ToHG 2 (0)
fxeﬂvy(w' (h,0) IVH ()|~ 7 (dz')
1 T
ma(h, ) Jim 7 [ (26l

e
_Jvewaw-on [RHen 7 (@)

f;c 1€R2:% (¢! )=(h,£) IVH ()|~ 7 (dz')

for all (h,£) € E \ x, where z is any element of R? \ H~1(0) such that
% (z) = (h,#) and where " is 1-dimensional Hausdorff measure.
If f € C?(9M), we define

, wrl o 0% of
L0 0) = gmalh, O 55 oh

for all (h,f) € E'\ . It is fairly easy to show that (for each £ € A) if
SUD(h, ) e B\x |21 f(h, £)] is finite, then %(O, ?) exists. We then define the
glueing coefficients

o & / IVH(@)| L (da)
o' €8S,

(h,£) +ma(h, €)= (h, £)

for all £ € A and we define the generator

o' € (f,9) € CEM) x COM) 1 f € AN\ ), (£1]) = gon B\ %

0 0 0
3£ ZGLB}fL(O L)+GR8£(O,R)}.

To state the main result of Freidlin and Wentzell devoid of technicalities,
let’s first restrict the region of interest. Let & > 0 be small enough that

Si < {(z,p) € R? : |H(z,p)| < i}

has no critical points of H other than the origin. Let Y be the Markov
process which starts at % (., p,) and has generator &/ up to the time

and ¢o—=-(0,0)
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it leaves #'(Sp). In other words, let Y be a stochastic process on some
probability triple such that for each (f,g) € &' such that ¢ = 0 on
% (R? \ Sp) (this restriction corresponds to killing the process when it
leaves %(Sy)), there is a martingale M (with respect to the filtration
generated by Y) such that

t

() = F( (0, p0)) + / g(Va)ds + M,

s=0
for all t > 0. Define the stopping time

7 ¥int{t > 0: 25 ¢ S}
Theorem 1 The processes {#¥ (Zir<); t > 0} converge (as € N\, 0) in
lawto Y.

The glueing conditions roughly mean that when the process hits *, it
flips a coin to decide where to make the next excursion. With probability
ot/ Y pep cr, this excursion will be made into leg £. Since transitions
from one leg to another correspond to transitions across H~1(0), it is of
course natural that the glueing coefficients are given by some statistic
of the original generator at the 0S,’s.

The compactness of the laws of #'(Z¢)’s and the uniqueness of the law
defined by the generator &/ are fairly standard. We can carefully use
stochastic averaging to locally show that within each leg, H(Z¢) evolves
according to the genereator .Z. We also need to show that Z¢ does not
“stick” at the homoclinic orbit. This can be done too.

Glueing Conditions

The main interest, of course, is to understand the glueing conditions.
There are several perspectives. Let’s look first at the answer. The
glueing coefficients are essentially the numerators of the averaged dif-
fusion coefficient mo. This is not too surprising. The diffusion is the
dominant reason why the process moves between the S;’s; a Brownian
motion crosses zero many more times than a smooth curve. This brings
up a technical issue which gets us started on our analysis. A core of
the domain of .##, the generator of Z¢, is CZ(R?). In other words, we
initially understand the law of Z¢ by looking at test functions which are
twice-differentiable near H~1(0). In the limit, however, the dynamics of
Y are singular due to the structure of 9. In some way, we need to con-
nect the smoothness requirements of the prelimit process to the singular
nature of the limiting process. Another framework in which to study
this is continuity conditions and conservation of flux. At each point x of
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H~1(0), the density of Z¢ (if a density exists) must be continuous and
the flux going across H~!(0) at £ must sum to zero. The continuity re-
quirement means that if we approach z from within H~1(0), the density
has the same limit as if we approach x from outside H~!(0). We need
to compress these continuity and conservation laws from all of H~1(0)
into a corresponding requirement at x.

Let’s focus on how to collapse the generator of Z¢ to &/ t. Fix an
(f,g) € 1. We can then define f : R> — R by setting

F@) €S f(H(z),0xs, (@) + f($)x0) (H(2))

LeA

We first note that f is continuous. However, unless all of the %(O,E)’s
are equal (this is clearly allowed since cp = 1, +eg, but such functions do
not form a large enough set to ensure uniqueness of the limiting process),
f will not be differentiable at H~1(0), and thus it will not be in the
domain of .Z¢. Thus we need to correct f near H 1(0). This suggests
a link with singular perturbations, or more accurately, the notion of
perturbed test functions (see [4], [13], [14], and [15]). Our main claim is
the following.

Proposition 2 Since the glueing conditions hold, there is a sequence
{®°: £ €(0,1)} of bounded functions on R? such that

i) f+® e CY(R?)

ii) ®° and its derivatives tend to zero exponentially as |H (z,p)/e|
0.

iii) LD is o(1) as e \ 0.
i) D is o(1) as e \ 0.

Thus, the ®*’s are essentially harmonic functions (for .£¢) which smooth
f. It is natural to seek harmonic functions since such harmonic functions
naturally describe exit probabilities.

In general, an inner expansion is an approximate solution of a given
PDE in a boundary layer near the edge of a boundary. In canonical
problems, the role of the inner expansion is to describe the transition
between some specified boundary data and the outer expansion (which
usually fails to satisfy the specified boundary conditions). In our case,
the boundary in question is H 1(0), and the boundary data is implicit;
it is given by the “hidden” constraint that f + ®° is required to be C*
at H 1(0). This means that at H '(0), we want the values of ® and
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their appropriate transversal derivatives (i.e., transversal to H~1(0)) to
match. We also note that effectively we have three boundary layers, one
in each Sy, near 0S,.

Often the approximate solution of a PDE for an inner expansion is
given by using an expanded coordinate in the direction transversal to
the boundary, and a coordinate in the direction along the boundary.

Since H '(0) is naturally defined as a level set of H, the coordinate
in the direction transversal to H~!(0) will naturally be H. Consider for
a moment a boundary layer of order €“ for some o > 0. If we apply
% to a nonlinear function of H/e®, then we get a term of order £~2¢
(since .Z is a second-order operator). This is due to the diffusion in the
direction transversal to H 1(0). We want this to be of the same order
as the fast drift, which is of order e~2, so we should take & = 1 and
consider a boundary layer of order «.

Let’s next discuss the boundary coordinate. If © is a twice-differentiable

real-valued function on some open subset & of R? and if we set 9 (z) dof

P (G)(a:), H(m)) for z € € where 1) is twice-differentiable, then

£

2
(29°)(0) = 5 { 35 (VH.VO)0) + 5 3 I )
1[0y %P
+ - {6—h($H)(x) + 2000 (dH,d®) (x)}

2
{200 + ;5@ ) @

for all z € &, where the various derivatives of 1 are all evaluated at

(@(m), M) The Khasminskii coordinates, which we will denote by

€
Ok, equate the coefficients of the two dominant terms; i.e., they solve
the transport equation

(VH,VOk) = |ldH|% (3)
on some appropriate subset of S.

Remark 3 Heuristically, the Khasminskii coordinates normalize the dif-
fusion across H=1(0) (this transversal diffusion is responsible for causing
the graph-valued limit to choose one leg over the other when it starts at
the vertex). Roughly, equal increments of Khasminskii coordinates cor-
respond to equal amounts of transversal diffusion across H=1(0). The
glueing conditions are directly related to the relative lengths of the 0S;’s
in the Khasminskii coordinates.
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Figure 2. Khasminskii Coordinates (this picture was suggested to the author by N.
Sri Namachchivaya, based on some work with Peter Imkeller.)

We are thus led to the coordinate transformation z — (O (z), H(z)).
One needs to select initial conditions for the PDE (3); these initial condi-
tions will in general be specified along some manifold which is transveral
to the level sets of H. In particular, one needs to specify initial data in
each of the Sy’s. Note that the range of © in each Sy near 39Sy is an
interval of width <y; see Figure 2. To make things convenient, we can
impose initial data on (3) so that ©k starts at 0 just below (0,0), and
then increases to oy, as we travel around the left loop (in the direction of
3) of H71(0) and comes back to (0,0), and then arrange things so that
O further increases around the right loop of H 1(0) (again travelling
in the direction of 3) to finally reach 1, + cr = o as we come back to
(0,0). Define

def
L():LL:O, R[, = LR = GL, and RR — RO — GO

and then define
def
le = (ve,me)
for all £ € A.
The following result, which is the heart of Proposition 2, now has
some significance.

Proposition 4 There is a triplet (U5, UK UE) of functions such that
the following hold. For each £ € A, UK is in C®(l; x R¢) and

ovk
W(aa h) +

1920k
2 9%h

(6,h) =0 (4)
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for all (0,h) € Iy x R} (this is a PDE). Secondly, for every multi-index
«, there is a constant K > 0 such that

DT (6, h)] < Ke M/ (5)

forall® € Iy and h € Ry such that |h| > 1. (these are growth conditions).
Thirdly, we have that

(1, h) = Tf (ng, h) (6)

for all h € Ry (this is a periodicity condition). Fourthly and finally, we

have that
lim UE(-,h) = lim TE(,B)  on 1y

h\O0 h, "0 (7)
lim UE (.. h) = lim TE(. /
hI{‘T(l) o(h) h,l}‘l%) r(-N) on Ir
and that . .
_ouk _ OUk
270y, =1 . |
i T (0 = i =g (hh) - on
ovg ovk ®)
lim —9 (.. ) = lim —£ (- /
g, () = == R ok

(these are matching conditions at the boundaries).

See [19] for a proof; the sense of convergence in (7) and (8) is also
specified there. We then set

& (z) & cu K (@K(x), il ("’)> 9)

€

if x € Sy. The PDE condition of (4) should imply that ®¢ is approxi-
mately harmonic. The decay conditions of (5) mean that ®¢ is a true
boundary term. The periodicity conditions of (6) imply that if we ap-
proximate the range of O in Sy (and not just at dS;) by an interval of
width cp, then ®¢ should be almost smooth (in particular where we have
specified the initial data for © ). The matching conditions of (7) and (8)
are exactly what we need to make f + ®¢ continuous and differentiable
at H=1(0).

We should note, however, that there are some wrinkles. In general,
one has small discontinuities when the orbits of 3 come back to the man-
ifold along which initial data for © ¢ was specified (since the width of
the range along the orbits of 3 are exactly the c;’s only on the homoclinic
orbit H~1(0)). Secondly, one must consider singularities at the origin.
There is absolutely no assurance that the terminal data of the back-
ward heat equations is such that (9) is smooth near the origin. These
singularities need to be carefully treated.
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