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ABsTRACT. In this paper we study multidimensional stochastic reaction-diffusion
equations (SRDE’s) with white noise boundary data. More precisely, we consider
a general SRDE with Robin data being a white noise field. Since this boundary
data is very irregular, we formulate a set of conditions which a random field must
satisfy to solve the SRDE. We show that a unique solution exists, and we study the
boundary-layer behavior of the solution. This boundary-layer analysis reveals some
natural restrictions on the reaction term of the SRDE which ensure that the reaction
term does not qualitatively affect the boundary layer. The boundary-layer analysis
also leads to the definition of some functional Banach spaces into which are encoded
the boundary-layer degeneracies and which would be the natural settings for other
analyses of the SRDE of this paper (e.g., large deviations and central limit theorems,
approximation theorems).

0. INTRODUCTION

In this paper we study the stochastic reaction-diffusion equation (SRDE)

% = %Au-i—(b,V’u)-i-CU"‘f(x’u)
u(0, ) = ug (0.1)
(0, Vo) + Bl o =ole)

where the space variable takes values on some n-dimensional (n > 2) Riemannian
manifold M with boundary and where ¢ is a space-time white noise field on R} x
OM. We use v to denote the inward-pointing normal vector field on M. Our
aim in studying (0.1) is twofold. First, we want to find a natural way to interpret
the SRDE (0.1) and show that there is a unique solution for this interpretation.
Second, we are interested in the structure of the solutions, particularly near the
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boundary. Since ( is a generalized function, the solution of (0.1) is degenerate near
the boundary, and we would like to have a basic understanding of these degeneracies.

This work is essentially an extension of the efforts of Freidlin and Wentzell, who
in [10] considered the problem for n = 1 (see also [9]). We shall see that in the
multidimensional case considered here, the boundary behavior is more intricate
than in [10]. Another difference is that our study of the boundary layer will stem
almost entirely from a statistical analysis, whereas in the one-dimensional case of
[10], there was a natural integration by parts which P-a.s. transformed the white
noise boundary data into continuous functions. Related efforts which lead in a
slightly different direction are in [7].

The organization of this paper is as follows. Our assumptions and notation will
be given in the next section. Then in Section 2 we shall see exactly how we may
understand (0.1). We shall also see that locally ¢ is a generalized function which
may be thought of as the n-fold derivative of a continuous but nondifferentiable
function. Thus, the understanding of (0.1) must define the notion of a weak solu-
tion which may have boundary-layer degeneracies. Section 3 is devoted to briefly
recalling some facts about the fundamental solution of (0.1). This leads to the
efforts of Sections 4 and 5, where we study the simpler linear case of (0.1) when
f = 0. In Section 4 we show that this simplified version of (0.1) has a unique
solution which may be described by a natural integration of Section 3’s fundamen-
tal solution against the boundary data o(. In Section 5 we study the boundary
layer of this solution. We finally return in Section 6 to the fully nonlinear SRDE
(0.1) and bring everything together by describing the solution of (0.1) as a non-
linear transformation of the solution of the linear SRDE of Sections 4 and 5. The
interaction of this functional transformation with the boundary layer is studied
by encoding the boundary-layer degeneracies into certain functional Banach spaces
and then interpreting this functional transformation as a mapping between such
Banach spaces.

1. ASSUMPTIONS AND NOTATION

In this paper, M is an n-dimensional, compact, connected, Riemannian C°
manifold with smooth boundary. We denote by dM the boundary of M and
MP°® := M ~ OM is the interior of M. We denote the Riemannian metric ten-
sor by (-,-), and the associated gradient operator by V. Also associated with (-,-)
is the Riemannian volume element, denoted by a,, and the corresponding volume
measure o on (M, B(M)). The adjoint of V with respect to « is the divergence op-
erator, div, and A := div V is the Laplace-Beltrami operator (our sign conventions
follow [8]). The inward-pointing unit normal vector field on OM is denoted by v, as
we already mentioned (note that in [8], v denotes the unit normal outward-pointing
vector). In (0.1), b is a C° vector field on M, ¢ and 3 are some C* functions
on respectively M and OM, and u, is some continuous function on M. We will
discuss the nonlinearity f later in Section 6. The distance function on M defined
by (-,-) will be denoted by d(-,-), and for any subset S of M and any point z in M,
dist(z, S) = infyes d(x, y) as usual. We will also let rad(M) denote the radius of
M.

Although the results of this paper will be phrased in a geometric-invariant lan-
guage, some of our intuition and some of our more delicate calculations will come



from looking at respectively R™ or the n-dimensional Euclidean half-space, which
are by definition models for open neighborhoods which are respectively in M° or
near OM. We denote the half-space as

H, :={(z1,22,... ,2) e R" : 2, >0}

and, consistent with our previous notation, we let 0H,, be its boundary and H,, be
its interior. We always assume that H,, is endowed with the standard Euclidean
metric. The Laplace-Beltrami operator on H,, is

~ "L 92

A= ; 5 (1.1)
We shall denote by respectively || - ||gn and || - ||gn-1 the Euclidean norms on re-
spectively R” and R*~!. Whereas the canonical local diffeomorphisms between
neighborhoods in M° and R" are given by normal coordinates, the canonical local
diffeomorphisms between open neighborhoods of M near 0M and H,, are Fermi
coordinates (see [14]).

We will also use some of the geometry of M. The volume element a, on M
and the volume measure « on (M, B(M)) naturally induce a volume element &,
on OM and a volume measure & on (OM,B(0M)). The Riemannian metric (-,-)
also induces a Riemannian metric tensor (-,-)~ on OM, under which M is itself a
Riemannian manifold. Unfortunately, the fact that OM is not necessarily connected
(consider an annulus) means that we cannot immediately define a distance function
on OM from (-,-)~. We must first break M into its connected components, which
we shall denote by {9; M : i =1,2,...,i} (since M is compact, i is finite) and then
use (-, )~ to separately define a distance function on each 9;M. Each 0; M has its
own injectivity radius, &;r,;, which must be positive since 0; M is compact, and
its own d;-radius, rad;(8; M), which must similarly be finite. We may then define

Einjr ‘= Min_Zim;r; and rad(OM) := max rad;(9; M).
1<i<i 1<i<i
Our choice of the notation ag, @, (-,-)~ and so forth reflects our convention that
objects associated with an n — 1-dimensional manifold, be it R*~! or M, have
overbars, whereas objects associated with n-dimensional manifolds such as R™ or
M to not have overbars.

As a final requirement, we assume that there is an underlying probability triple
(Q, F,P) on which all random variables are defined.

2. THE MEANING OF THE SRDE

We now develop the meaning of the SRDE (0.1). We begin by using the volume
measure & and Lebesgue measure on Ry to give a “natural” meaning of the space-
time white noise field (. We show that P-a.s., { may be understood as a classical
generalized function on Ry x M. Thus the solution of (0.1) should be degenerate
near the boundary, so we must give an appropriate weak formulation of (0.1). We
finish the section by listing the resulting conditions which a random field must
satisfy to ‘solve’ (0.1).



To start, we define ¢ in a fairly standard way (see [3, 16]) as a Gaussian addi-
tive set function; this is appropriate if we view ( as the effect of a large number
of independent random particles hitting the boundary. We need to fix some o-
finite measure g on (Ry x OM, B(R; x OM)), and then take ¢ to be a random set
function on B(Ry x 0M) such that

(WN). For any finite number of sets A;, As,... A, in B(Ry x OM) of finite
p-measure, ((Aq),((Az),...,((Ay) are jointly Gaussian random variables with
means zero and covariances E[((A4;)((A4;)] = p(A; N A;) for all 1 <4, 5 < m.

By standard results [3], such a random set function ¢ does in fact exist. A natural
choice of the measure p in our case is the product measure y = Leb X &, where Leb
is the Lebesgue measure on (Ry, B(R;)). Thus we define ¢ as

Definition 2.1. The ‘white noise field’ ¢ is a random set function on B(Ry x dM)
satisfying (WN) with y = Leb x a.

Although our decision to use the measure & on (OM, B(0M)) may appear some-
what arbitrary, this only slightly limits the generality of the SRDE (0.1). If we want
to use p = Leb x &, where & is any other finite measure on (0M, B(OM)) which is
absolutely continuous with respect to &, we may simply use ¢ as in Definition 2.1
and replace o in (0.1) by o+/d@/da (we should also then require that \/da/da be
smooth).

Some quick estimates show that ¢, as given by Definition 2.1, may also be locally
treated as the signed variation of a continuous, but non-differentiable function (see
also [16]). If we fix a T > 0 and take any oriented chart (¢,U) on OM such that
eU) ={z € R* ' : ||Z||gn-1 < 1}, then we may define

W (t,2) == ¢ ([0,¢] x ([0, ])) (2.1)

for all 0 < ¢ < T and all z in R"™! such that ||z||g--1 < 1. Here [0, z] is the
rectangle in R*~! having 0 and Z as opposite vertices. For any 0 < s < ¢ < T and
any such T = (1,Z2,-.. ,Zn_1) and § = (y1,Y2,--- ,Yn_1), then

E [‘W(t,x) . W(s,y)ﬂ
= (Leb x @) (([0,#] x 9~ ([0, z])) A ([0, 5] x 9~ *([0,7])))
< Leb([0,t]A[0, s])@(@M) + Ta (o~ ([0,2]) A~ ([0, 7))

n—1
< a(OM)[t — s+ TK (Z i — yil)

=1
where A denotes the symmetric difference set operation, and
K := sup{||6zo(§:)||An71(aM) : e U, ||o@)||rn-1 < 1},

where ||-||an—1(aar) is the standard fiber metric on on A™~!(8M), the vector bundle
of n—1-degree exterior forms on OM (see [1, Proposition 6.2.11]). By the celebrated
Garsia, Rodemich and Rumsey bounds [2, 12, 16], we can then show that for every
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n > 0, there is a version of W which is Holder continuous of exponent 1/2 — g
jointly in all of its arguments. By using the additivity of ¢ and (2.1), we can then
see that for any rectangle in {Z € R"" ! : ||Z||gn-1 < 1/2} and any 0 < s <t < T,
C([s,t] x ¢~1(A)) is equal to the variation of W over [s,¢] x A, which heuristically
may be written as

8nﬁr
-1 A — / e n—1-
C([s,t] x 77(4)) o1 4 D100 ._(%n_ldmdwz dzn_1

To see that this expression is only heuristic and cannot be made rigorous, we may
calculate that the variation of W along any axis is like that of a Wiener process.
For any fixed Z in R*~! such that ||Z||gn-1 < 1/2, s = W (s,Z) is a Wiener process
on [0, 7], as a simple covariance analysis reveals. Secondly, for any fixed 0 < ¢t < T,
any fixed (z1,%2, - Tp—2) in R""% such that ||(z1,72,  Tpn_2)|gr-2 < 1/2 and
any fixed ¢ in {1,2,...,n — 1}, a simple time-change argument shows that

A

w (t7 (xla L2y "Tj—1,Y, T4, '-/L'n—2)) = W(T(y))

for y small enough, where W is some Wiener process and 7 is some increasing and
perhaps random mapping from Ry to itself which satisfies Ky < 7(y) < Ky for all
y small enough. Here K is some positive constant which reflects the fact that &, is
nondegenerate.

Returning now to (0.1), we see from the above analysis that the boundary data
¢ is very irregular, which forces us to formulate (0.1) in a weak sense. To simplify
the notation, we define the second-order operator

1
Lp:= EA('D + (b, V) + cp p € C™®(M) (2.2)

and its adjoint (with respect to «)
1
Lip:= 5080 = (b,Vy) +(c—divb)p. ¢ e CF(M)

We similarly define two first order operators on functions which are differentiable
at the boundary:

Lo:=w,Vo)+Bp and L*'¢:=(v,Vo)+ (8-20b,v)p. ¢e€C®(M)

(2.3)
The relevant Green’s formula is thus
1 N RNy = f g
[ s@en@atin + 5 [ g@En)@ati
= [ ro@o@ati) +3 [ wE)E@aliz)

which holds for all g and h in C°°(M). We will also use the collection of test
functions

CP(Ry x M) :={p e C®°Ry x M) : supp ¢ is compact}
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with supp ¢ denoting the support of ¢. The weak formulation of (0.1) is then given
by an integration by parts of u against any such test function. This would imply
that at least formally

/t OLEMO <3—+£* )(t,x)a(dx) dt
/t o/meMo z,u(t, z))p(t, v)a(dr) dt
__»/:EEM uo () (0, z)a(dx) ——/t o/meaM w(t, ) (o) (t, 7)a(dE) di
/t O/a;eaM p(t 2)o(@)C(dt, dT)
(2.4)

for any ¢ in C°(Ry x OM). To make this rigorous, we need to define the last
integral, and we need to define the first two integrals so that they allow for the
anticipated boundary-layer degeneracies of u.

The definition of the last integral in (2.4) is the easiest of these two problems.
For any set A in B(Ry x OM) of finite Leb x & measure, we define the integral of

Xxa by -
/ / xalt, T)C(dt, dz) == C(A).
t=0JTEOM

We may then define, in the obvious way, integrals of linear combinations of such
simple functions, and then complete the definition, again in the obvious way (see
[16]) by using the natural isometric mapping of L2(R, x M) into L%(Q, F,P).

Slightly more difficult is the question of what to do with the first, second, and
fourth integrals in (2.4). The biggest problem is the fourth integral, i.e., the a(dz) dt
integral, since u might not even exist on the boundary. Since u will exist, however,
inside M°, the next best thing might be to ‘shift’ the boundary in some orderly
manner into M°. The presence of a Riemannian distance function on M suggests
that for each € > 0 we shrink M to

M, :={x € M : dist(z,0M) > ¢} e>0

and then somehow replace M by M, and OM by OM,. in the first three terms
of (2.4). We then wish to define these integrals as limits, if they exist, of these
e-integrals. Clearly the first two limits will exist if and only if the following two
limits exist for any arbitrarily chosen ¢ in C°(R; x OM):

gi_r)% /t:O /q:EMs u(t, z)p(t, z)a(dz) dt
tim [ gttt a)e(t aja(dn)

Taking up next the question of the fourth integral of (2.4), we would like to change
the region of integration to Ry x dM,. Unfortunately, this is not directly possible
since (L*¢)(t, x) is defined only for z in OM. We must instead look at (L*p)(t, Z) for

P —a.s. (2.5)
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Z in OM but u(t, ) for § in 9M,, where T and j are related by some ‘shift’ operation
(or more precisely, a ‘tubular neighborhood’ [6]). Once again, the Riemannian
metric on M gives us a natural tool, this time in the form of the exponential map,
which we shall denote by E. By standard results [6, or 14, Chap. 2.3], there is an
€ty > 0 such that the mapping

0:(%) :== E(ev(Z)) e oM

is a diffeomorphism from OM to OM, for each 0 < ¢ < €¢yp. Furthermore, 6 is the
identity map on 0 M. For convenience, we shall fix for the rest of this paper some
€l,p Such that

0 < up < Etup

and consider only ¢ in [0, €},,]. This will avoid any problems stemming from degen-
eracies of the mapping 6. for € near e4,5. We thus see that an appropriate integrand
for the modified fourth term of (2.4) should contain (£*p)(t,z) and u(t, ij) where Z
and ¢ are related by ¥ = 0.(Z). Thus, we approximate the fourth term of (2.4) by

/t O / @) (E )t m)a () (2.6)

for € small. As we did with the first two terms of (2.4), we will define the fourth
term of (2.4) by the limit, if it exists of (2.6) as € tends to zero. Clearly this limit
will exist if and only if

ii_r)r(l) /t:() /zeaM u(t,0-(Z))p(t, z)a(dz) dt P—a.s. (2.7)

exists for any arbitrarily chosen ¢ in C*(Ry x OM).
We finally can give some rigorous conditions which a random field © on R, x M°
must satisfy to be a weak solution of (0.1). We want some continuity:

(A.1). The random field u is P-a.s. continuous in Ry x M°.
We also need the limits (2.5) and (2.7) to exist:
(A.2). The limits of (2.5) and (2.7) exist for each ¢ in C°(Ry x M°).

Third, we need (2.4) to be true if we replace the first, second and fourth integrals
by the appropriate approximate integrals, viz., that

0 Lo, 02 (3 - 7] Cmtinn
+;5%/t O/%M oo u(t, 2))p(t, o)a(ds) dt
_ / wo (%) (0, z)(de) (2.8)

~ Ty} /t 0 / oy M) () 1 ) de
+ 5/t:O /ﬂ_@M o(t, z)o(x)((dt, dT)

This is the third condition:



(A.3). For each ¢ in C°(Ry x M), (2.8) holds.
We give the following

Definition 2.2. We say that a random field u solves the problem (0.1) for the
nonlinearity f, the initial condition ug, and the boundary data ¢ if (A.1)-(A.3)
hold.

3. THE RoBIN KERNEL

The natural place to start searching for solutions of (0.1) is the deterministic

PDE 9
v _ _

—_— = E 0 o) = E == 3.1
Ot vty v(0,+) = vo UR+x8M v (3.1)
for some functions ¢ in C*°(Ry. x M), Y in C*® (Ry x9OM), and v, in C*°(M). This
corresponds to replacing (¢, z) — f(z,u(t,z)) in (0.1) with 1) some smooth function
of t and x but which does not depend upon u, and smoothing off the random field
o(. The solution of (3.1) can be explicitly given in terms of the Robin kernel pN ;

for each y in M, pg is a C* function of (¢,z) in Ry x M° ~ {(0,y)} which satisfies

8p5’

5 = Epff limpff(t, ) =0y L',_pzl;E = 0. (3.2)

t—0 Ry xdM

where all of the relevant derivatives exist and p_ff and these derivatives are contin-
uous on Ry x M ~ {(0,y)}. Here the middle equality is understood in the sense
of distributions with J, being the Dirac measure on (M, B(M)) concentrated at y,
and the last equality is interpreted as Lp(t, ) := limy_,z zene (7(z), VpI(t, z)) +
B(a:)pff(t, x) for each (¢,Z) in Ry x M, where 7 and J are any extensions of v and

B into M°. The next result tells us that the solution of (3.2) exists and that it is
regular when z # y:

Proposition 3.1. The Robin kernel p® exists uniquely, i.e. there is a unique
solution in C®°(Ry x M° ~ {(0,y)}) for each y in M. Furthermore, the mapping
(t,z,y) = pl(t, z) is C on Ry x M° x M ~ {(0,z,z) : z € M}.

We can use the Robin kernel and the next several results to prove that the unique
solution of (3.1) is given by

v = [ [ e seueedass [ e ma)
5 e s D) ds

(3.3)
forallt > 0 and x in M.
To get a better idea of the behavior of p®, which by (3.3) should play some role
in our study of (0.1), we may consider a canonical model for (3.2):

opN

aﬁgayn) _ ]'AAN 1 ~N _ 5 (:ljvyn) = _
ot~ 22w PG () =0ae 5 (4 (3,0) =0,



the solution of which (subject to the correct conditions on growth for z large) is

T [ = s+ b = 0P
R R R e [
- (3.4)
Ll s + L+

+ exp [ q (2mt)~™/2

2t

for allt > 0, (%, x,) and (7, y,) in H,,. Some of theory showing that pf the solution
of (3.2) may indeed be thought of as a perturbation of pV is given in Appendix A.
In particular, we have

Proposition 3.2. Let K be any compact subset of M°. Then for all z and y in
K such that d(z,y) < dist(z, 0M),

Py (t, ) = exp [=d*(z,y)/(20)] 2mt) */*(14+0(1)) ¢t =0
uniformly over all such x and y.

We also have the following results on the boundary behavior of pf:

Proposition 3.3. Let T > 0 be some fized time horizon. The Robin kernel p® has
the following behavior on [0,T):
a) There is a positive constant k1(T) < 1 such that

o ) < (D) xp [ () 2L oo (35

forall0<t<T,x in M°, and y in M.
b) For every A > 0, there is a positive constant ko(T, A) < 1 such that

2 —
VRt )l < o™ (T, W exp | —ra (7, T o222, o))

(3.6)
forall0 <t <T, z in M°, and iy in OM.
¢) For every A > 0, there is a positive constant k3(T, \) < 1 such that
opf d*(z,
)| < 5 () exp | s (T ) | /293 s, 0)
(3.7)

forall0 <t <T, x in M°, and y in OM.

Analogous bounds for 5%V are easy to prove. Although one could take A = 0 in claim
b) in these analogous bounds for $%, our method of proof in Appendix A is not
refined enough to do so for p®. Also, although the results of Proposition 3.3 give
the natural generalization of the behavior of p%, the formulae (3.5)—(3.7) are not
the easiest to deal with, since the dependence on ¢ and z are so closely intertwined.
A more useful collection of standard bounds may be found by recalling that

C(A) := sup 2™/ 2e® (3.8)
>0

is finite for every A > 0. We then have (see [8, Chap. 7]) the following:
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Proposition 3.4. Let T > 0 be some fized time horizon. The Robin kernel p® has
the following behavior on [0,T]:
a) For every pair of nonnegative constants Ay < n and Ay > 0, there is a positive
constant &7 (T, A1, A2) such that
Py (t, )| < KT, Ax, Ag)tPe 202 (3 ) (dist (2, 9M)) (3.9)

forall0 <t <T, z in M°, and iy in OM.
b) For every pair of nonnegative constants Ay < n and Ay > 0, there is a positive
constant ka(T, A1, A2) such that

IVpE (R, 2)|| < K5(T, A, A)tPe= =D/ 22 (g ) (dist (z, OM)) ™ (3.10)

forall0 <t <T, x in M°, and § in OM.
c) For every pair of constants \y < n and Ay > 0, there is a positive constant
k3(T, A1, A2) such that

8pg
ot
forall0 <t <T, z in M°, and iy in OM.

Proof. The proofs are simple. To show (3.9), use (3.5) and obvious fact that
d(z,y) > dist(z,0M). Then calculate that

L)

t (n—A1+)\2)/2
<{---
N <n1(T)d2(x, @7))

2/, =1\ (M=A1+A2)/2 20, =
X (M) exp [—ml(T)@]
< kMR (n = Ay + AT IR)/2gmn N () (dist (z, OM)) 2.

Similarly, for (3.10) and (3.11), we can take A = Aq in parts b) and c¢) of Proposition
3.3. This gives us the dist(z, 0M)~*2 term. We then calculate that for i = 2 or
1 =3 and any A\; <n,

(t, )| < K4(T, Ay, Ag)t e =22 =2/ 2g=m 42 (1 ) (dist(z, OM)) ™2 (3.11)

exp [— ki (T, Az) d*(x, ) ]

¢ (n—)q)/?
<
- (M‘(T, )\z)d2(33ag))

% (f%-(T, A2)d2<x,y>)<"‘*“/2

d?*(z,y)
t

t
< KJEAl—n)/2(T’ )\Q)C(n . )\l)tn/Z—)\l/Zd—n—}-)\l (ZU, g)

exp [—ni (T, A2)

The proof is complete. [

These results will be used in conjunction with the following result which gives
the bounds of (3.9)—(3.11) some of the same integrability properties as the bounds
(3.5)~(3.7):
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Lemma 3.5. For every positive constant A\, the quantity

Ey:= sup d= "D (2, 0. (y))a(dy)
rEM yeM
055552@

18 finite.
Proof. Use normal coordinates on M. See also [8, Chap. 7] O
In addition to using (3.2), we shall also use the adjoint equation for p¥. For each
y in M, we may define
R, * . R
P, (t, ) == py (t,y), t>0,ze M. (3.12)

Then we have the following classical result:
Proposition 3.6. For each y in M, pff’* is in C®(Ry x M° ~ {(0,y)}) and
satisfies the PDE

ap‘f}*
ot

— * R’* o Ra* p— o * R:* J—
- ‘C py }l_r)répy (tﬂ ) - 53} 'C py Ry xOM =0 (313)

where the second and third of these equalities are interpreted in the same way as
the second and third equalities of (3.2).

4. EXISTENCE AND UNIQUENESS FOR A LINEAR PROBLEM

In this section we use the Robin kernel of the last section to study a simple linear
version of (0.1), namely

6U,l . _ —= .
W = L’U,l Ul(O, ) =0 E’U,l R, xOM = O'(QT)C (41)

This is of course of the same form as (0.1) except that we have set f = 0 and
uog = 0. This linear stochastic PDE will be important in our study of (0.1) since a
nonlinear transformation of it will give a solution of (0.1).

Representation (3.3) suggests a natural guess for the solution of (4.1):

hay= 2 [ e y)C(ds,dy). t>0,z€M° (4.2
witay=—y [ ] o sao)in . t20aeM (42

For every t > 0 and x in M°, this stochastic integral is well-defined since

/ / PE(t - 5,2) 2o (5) 2a(dg) ds < oo,
s=0JgeaM

as is clear from the smoothness result of Proposition 3.1. A more extensive use of
the properties of p? shows that the guess (4.2) is right:
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Proposition 4.1. The random field u; defined by (4.2) solves (4.1) in the sense
of Definition 2.2. It is also P-a.s. in C° (R4 x M°).

Proof. Consider first the regularity of u;. The smoothness result of Proposition 3.1
implies that for all integers k£ and [,

/s o/yeaM H(Dk 8,py) (t — s, )

is uniformly bounded as t and x range over any compact subset of Ry x M°. Here
DF is the k-th order tensor derivative operator and || - ||o.x s is the standard fibre
metric on the vector bundle T%*M (see [1]). Thus by standard results, not only is
(A.1) true, but moreover u; has a C'*® version.

Next, we verify condition (A.2). Select any test function ¢ in C°(Ry x M).
Take any T > 0 such that supp ¢ C [0,7] x M; this will allow us to reduce the
integrals in (2.5) and (2.7) to finite horizons. Consider (2.5), which, since here
f =0, is equivalent to the existence of the first limit of (2.5). For simplicity, set

= / / u(t, z)p(t, z)a(dx) dt. 0<e<ehw (4.3)
t=0J zeM,

Using the stochastic Fubini theorem, we can rewrite this as

o) =3 / : /y » ( /: / A s,x)gp(t,x)dta(da:)) o(7)¢(ds, d7)

for all 0 < & < ¢},,. The natural limit point of I{ for ¢ tending to zero is

1 [e.9] oo B B
o)==y [ [ ([T [ e st ) atmods ),
s=0 JygeoM t=s JxeM?®°
(4.4)
and we shall verify that P-a.s. lim._,o I (¢) = I{(0) by using Kolmogorov’s conti-

nuity theorem and the fact that I f is a Gaussian field. For any 0 < &1 < g5 < €2ub,
E [\If(el) - If(ez)lz}

2

2

o (7)*a(dy) ds

TO.k M

< 7 5 lplt' )" sup [o(2)
t'> ZEOM
xEM

« / :0 /y » ( /t:o / — PPt 2) o(d) dt>2a(dy) ds
(4.5)

We shall use Proposition 3.4 to bound the term in parentheses. Note that by
expanding the volume form « in Fermi coordinates (see [14, Thm 9.2.2]), one can
see that there exists a positive constant & such that

6tub
/ z)a(dx) < h/ / z))a(dz)dn
zEAINAl/ TEOM

“tub
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for all B(M)-measurable mappings ¢ from M to [0,00). To proceed with our
analysis of (4.5), fix any 0 < ¢ < 1; then use Proposition 3.4 with A\; = 1+ ¢ and
Ao = ¢. We can thus calculate that

/ PP (s, )| o(dz)
$GM51 NMsz

< Ki(T,1+<,c)s‘1/2h/
n

=€1

2

[ are s, ), pnsatda)dn

o TEOM (46)

SKIT+aq)s [ [ e, @), paldady
n T€OM

=€

€2
< K5(T,1+¢,¢)s™ Y/2hE, {/ n‘gdn}
n=e1

forallyin oM, 0<s<T,and 0 <e; <egg < dtub' Since 1 — n~° is decreasing
on (0, 00),

€9 €2—¢€1
/ n=sdn < / nodn = (1— <) Yes — e[, (4.7)
n n

=€ =0
Inserting this into (4.6) and thence into (4.5), we can see that for all 0 <e; < g9 <

/
Etubs

1 _
E[|If(e1) = If (e2) "] = 5 sup [o(t, 2")|* sup |o(2)]”
t'>0 z€OM
TeM
x {K1(T,1 +5,9)hE} a(0M)(2T?)(1 = 5) 2[es — &1 =),
Then (2.5) follows from this by applying Kolmogorov’s continuity theorem and

using the fact that I{ is Gaussian.
To verify (2.7), we may define in a way analogous to (4.3)

I3 (e) := /t:) /eaM u(t, 0:(Z))(t, z)a(dz) dt (4.8)

with alternate representation

1 o0
¢ = ——
2(€) 2 /s=o /geaM

([ ], vha=so.@et.aas) i) otw)iisdi

for all 0 < e < ¢g},,;, and set

50 =5 [ [ (], = s et s a) o(mc(ds,czig)

13



Then, in place of (4.5), we have that

E (|15 (e1) — If (e2)|”]

62
E

(/t s/:ceaM py 961(5?))—173172(?5—8,962(@))) o(t, z)a(dz) dt)2
lo(7)*a(dg)ds

1 _
< 5 sup Jo(t',2)* sup |o(2)
t’ZO zZEOM

rEM

x / Z / » ( / : / o PR 82 = P (1 6, (2) ) dt)2a<dg>ds

(4.10)
for all 0 < &1 < &3 < ¢,,,. Using the fact that € — 6.(Z) is a geodesic of unit speed,
we have the bound

2

/eaM |py (5,02, (2)) = P (s, O, (2)) | (d)
< /: /_EaM||Vp§(s,0,,(§c))||d(da‘c)dn, (4.11)

which holds for all 0 < s < T, all § in OM, and all 0 < &1 < g2 < ¢},,. We can
bound the innermost integral with Proposition 3.4. Fix any 0 < ¢ < 1/2. We can
use claim b) of Proposition 3.4 with A\; =1+ ¢ and Ay = 2¢ to see that

Vo5 (s, 6n(@)| < K5(T, 1+ ¢, 20)s*/271d= "= D% (9, (2), y)n >

for all z and y in OM, all0 < n < ¢} ,, and all 0 < s < T. Inserting this in (4.11)
and then using Lemma 3.5, we calculate that

/ : /_eaM IV (s, 04(2)) |l a(dz)dn

€2
< Ky(T,1+,2)s/ 1&g {/
n

n_kdn} (4.12)
=€1
forany 0 < s <T,any 7 in OM, and any 0 < g1 < g9 < gffub' Use now a calculation
similar to (4.7) to bound the term in braces. Then insert (4.12) into (4.11) and
thence into (4.10). This gives us that for all 0 < e; < ey <€},

1 _ _
E[|If(e1) = If(e2)’] < § sup [o(t'2)]* sup |o(2)]"
t'>0 ZEOM
TEOM

x {KL(T,1+¢,2)E} a(0M) ((6/2)72(1 +¢)7ITHY (1-2¢) 2oy —e [20-29,
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Another appeal to Kolmogorov’s theorem combined with the fact that IY is Gauss-
ian shows that there is a continuous version of I3, thus completing the proof of
(2.7) and thus of (A.2).

Finally, we prove (A.3). The proofs of (A.2) not only showed that the limits
of (2.5) and (2.7) exist, it also identified them. In light of the expressions for these
limits given by (4.4) and (4.9), we need to show that

(o2 (B ) )

o(7)C(ds, dy)

/s 0/€6M (/t s /wEBM (t = 5,2)(L*¢)(t, B)a(da) dt) o (7)¢(ds, dy)
w3/ /y s Do) (s, di).

A simple integration by parts shows that

/: /meMO py(t—s,2) (%—t + L ) (t, z)c(dz) dt
B _% /: /ieaM py(t = 5,2)(L70) (8, 2)a(dz) di + %w(s,y)

(4.13)

(4.14)

for every s > 0 and y in M, and thus by the linearity of stochastic integration,
(4.13) must follow. This shows that indeed (A.3) holds. O

The following argument proves that (4.2) defines the unique solution of the
stochastic PDE (4.1):

Proposition 4.2. The random field u; of (4.2) is the unique solution of (4.1) in
the sense of Definition 2.2. More exactly, if a random field u; solves (4.1) in the
sense of Definition 2.2, then

P{d,(t,z) = wi(t,z) for allt > 0 and x € M°} = 1.

Proof. Since the stochastic PDE (4.1) is linear, it suffices to show that any random
field u; which solves

— = L4 4;(0,-) =0 L =0 4.15
ot L @(0,) “ Ry xdM (4.15)

in the sense of Definition 2.2 is the identically zero random field; i.e.,
P{d;(t,z) =0forallt >0 and z € M°} = 1.

Definition 2.2 makes sense here upon setting f = 0, uo = 0 and ¢ = 0 in (0.1).
Although all of the coefficients in (4.15) are deterministic, we must allow for ran-
dom solutions since we are within the framework of Definition 2.2. In view of the
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continuity requirement of (A.1), it is clearly sufficient to show the simpler property
that

P{i(s,y) =0} =1 (4.16)

for each s > 0 and y in M°. We can do this with a fairly simple classical adjoint
argument. For each 7 > 0, define ¢, in C*°(Ry x M) by

2 2\ —1
C, exp [— (1—%) } if d2(z,y) + (t — 5)2 <72

&yt x) ==

0 else

where C, is the unique constant such that [, Joers &n(t,x)dt a(dr) = 1. Then,
as 7 tends to 0, &, tends to a Dirac measure on (Ry x M,B(R; x M)) which is
concentrated at (s,y). Now fix a T > s and for each n > 0 let ¢, in C°(Ry x M)
be a solution of

a * nE3
%4"5‘/’”:571 on(T,+) =0 Loy

= 0;
Ry xOM

we may get such a ¢ by convolving §, against pf* as given by (3.12) and using the
adjoint equation (3.13). Inserting this in (2.8) with f =0, uo = 0 and 0 = 0, we
conclude that

e—0

lim / / a(t, x)&y(t, v)a(dx) dt = 0. P — a.s.
t=0JxzeEM,

Clearly supp &, C (0,00) x M, for € and n small enough, so P-a.s.

/ a(t, 2)&, (t, )o(dw) dt = lim a(t, 2)&, (t, 2)o(dw) dt = 0
(t,z)Esupp &y

€20 (t,x)esupp &y

for each n > 0 small enough. We finally get (4.16) by letting n tend to 0 through a
countable sequence and using the continuity of 4 required by (A.1). O

5. BOUNDARY LAYER DEGENERACIES FOR THE LINEAR PROBLEMS

We now characterize the boundary layer behavior for the stochastic PDE (4.1).
From the results of Section 2, ( is a generalized function which is locally the n-th
derivative of a continuous function. Thus we expect degeneracies in the boundary
layer, and in this section we shall characterize them. Our approach of choice will be
entirely probabilistic, as compared to exploiting the above-mentioned interpretation
of ¢ as a generalized function; this retains more closely the probabilistic nature of
the problem.

To have an idea of where to start, we consider the prototypical stochastic PDE

d .
o =¢  t>0,zeH  (51)
0x, IR, x8H,
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on the half space, where A is given by (1.1) and ¢ is a standard space-time white
noise field on Ry x 0H,, which we may also write as

omW

.2
8t8$18$2 e 8213”_1 (5 )

(=

with W being a standard Brownian sheet on R, x0H,. This last fact of course cor-
responds exactly to (2.1). By classical results, the unique solution of this stochastic
PDE which does not grow too fast (we need not be more specific) is

lt, (7, 20)) = — / 0 /e Bt — 5, (@,20))C(ds, d)

for all t > 0 and all (%, ,,) in H2, where p is as in (3.4). Consider the behavior of
u; near the boundary as we vary z,,. An easy calculation shows that for all t > 0
and (Z,zy) in HY,

E [[a(t, (7,2,)) / 1y~ 5, (7)) Plgds
s=0JgeR
_p 2

:/ exp [_||a: yl +$"} (2ms) "dyds
0 eRn 1 S
t 72

= 2/ exp [——"] (4ms)~ (/2
s=0 8

1 4 o e~u’/2

- _ - - ’n—Zd

— n/2/ U U.
xn (87T) U=Tnp+/2/t V 2

Thus asymptotically E [|4;(¢, (Z,2n))|?] ~ K/z%~" at the boundary, so we could
hope that P-a.s. the mapping z, — (¢, (Z,z,)) has an algebraic singularity of
order (n — 1)/2 for each ¢t > 0 and z in R"~! (see [13, Sec. 1.3]). More exactly, we
conjecture that for each ¢ > 0 and z in R* 1,

lim z)u(t, (Z,2,)) =0 (5.3)

T, —0T1

for each v > (n — 1)/2 (recall that we are considering the case n > 2). This will
serve as a model of the sought-for boundary layer results for (4.2) in the direction
perpendicular to the boundary.

Turning now to the behavior of the boundary layer of (5.1) in the direction par-
allel to the boundary, we study the regularity of the mapping (¢, z) — (¢, (Z, z,))
for z,, very close to 0. In view of (5.1) and the fact that the differential opera-
tor 0" /0t0x10xy - - - 0x,_1 commutes with the operators 9/0t, A, and 0/0xy, we
might formally apply an inverse operator (0™ /0t0x10xs - -+ 0x,_1)" ! to (5.1) and
use (5.2) to get a stochastic PDE with continuous boundary data. More precisely,
we may solve the stochastic PDE

8ul B

1 Bul
ot 2

8a:n( J(Z,0)=W  t>0,zeH  (5.4)

Awy 440, =0
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(subject to some unspecified growth conditions which ensure uniqueness), and then
show that 0", /0t0z10xy . ..0x,—1 also solves (5.1). Thus

A~

n !
0"
U

= 9102102, ...0T, 1

(5.5)

where we note that 4; is continuous on all of Ry x HY, and in particular at the
boundary Ry x 0H,. This sort of regularity result, that the solution of (5.1) is a
certain number of derivatives of a function which is continuous up to and at the
boundary, is what we seek for the variation of u; of (4.2) parallel to the boundary.
Returning to (4.1), we see that the obvious analog of (5.3) is the result

Proposition 5.1. For each T >0 and v > (n—1)/2,
lim sup (dist(z, 0M))” |u;(t, z)| = 0. P — a.s. (5.6)

z—0OM
o<t<T

Proof. For each v > (n —1)/2, define
Viq(t,z,e) :=e"uy (t,0:(T)) (5.7)

forallt >0,z € OM,and 0 < e <¢},,;. Fix v > (n —1)/2 and choose any v such
that (n —1)/2 <+’ < min{vy, (n —1)/2+1}. For each x in M within distance ¢},
of OM, necessarily = = 0qig(z,00) () for some z in OM, so

(dist(z, OM))” [w(t, )| = (dist(z, OM))" |ur(t, Oaist(a.0n0) ()]
< (dist(z, OM))"™" [Va,pi (t, 7, dist(z, OM))).

Since v — 7' is positive, the result will follow from the boundedness of V; 4 on
[0,T] x OM x [0, €yp). That Vi, has a version which is continuous at the boundary
and hence is bounded near 0M, follows from the next result, which we prove in
Appendix B:

Lemma 5.2. ForanyT >0 and (n—1)/2<y<(n—1)/2+1,

sup  E[|Vi,(t,Z,¢)]?] < oo (5.8)
0<t<T,z€0M
0<6562ub

Furthermore, for any 0 < 8 <« — (n —1)/2, there is a constant K such that for
any 1 =1,2,...,1,

E [|[Vi4(t1, Z1,€1) — Vi (t2, T2, €2) ] < K {|t2 — t1| + di(Z1, T2) + |e2 — 61\}[3
(5.9)
fOT all (tl,.f'l,é"l) and (tz,i‘g,é’g) mn (O,T] X aZM X (O’E:tub]'

Invoking again the Garsia-Rodemich-Rumsey results, we from this conclude that,
as a function of all three arguments, V1 ., has a version which is Holder continuous of
exponent /2 for each 0 < 8’ < 3. We leave the relevant calculations to the reader,
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noting only for clarity that the domain of V; , is an n + 1-dimensional manifold.
The reader should also convince himself or herself that there is no problem caused
by the fact that we don’t consider ¢ = 0 or ¢ = 0 in Lemma 5.2 (this is done
for convenience of proof). One may simply define V; ,(¢,z,e) for t =0 ore =0
by using Lemma 5.2 and the fact that L?(Q,F,P) is complete. These arguments
complete the proof of (5.6). O

We interpret this result as showing that the boundary layer of u; of (4.1) has
an algebraic singularity of order (n — 1)/2 in the direction perpendicular to the
boundary.

This leaves us us with the task of finding the analog of (5.5) in order to describe
the variation of u; in the direction parallel to the boundary. We would like to show
that locally
_ 9"y
B 6t8x18372 . 6a:n_1

where u; is some random field which is continuous at the boundary and where
r1,%o,---Tn,_1 are some carefully chosen local coordinates on dM. Unfortunately,
the random field 4; of (5.4) came from a good guess, and no such guess is ap-
parent here. Note, however, that heuristically we may rewrite (5.10) as u; =
(0™ 0t0z10zy . .. 0Tn_1) " ws, so instead of trying to explicitly solve (5.10), we
may try to simply show that the dtdridxs - - - dx,,_1 integral is continuous near the
boundary. More precisely, we hope that

/( fen uy (s, 0. (z))ds au(d€) (5.11)

U (5.10)

is continuous in € at € = 0 for all sufficiently general sets A in B(R; x dM). Since
it is reasonable to require that the sets A be geometrically meaningful, we shall fix
some constant o such that
and take A of the form B

A=10,t] x B(z,r) (5.12)
fort >0,z in OM, and 0 < r < p, where for any Z in any O;M and any 0 < r < p

B(z,r):={z€ ;M : di(z,z) <r}.

Here €5, is as we defined in Section 1. The restriction that r be less than or equal
to o instead of &, is enforced since we will want to locally map B(Z,r) into R*~ 1,

and such a mapping may break down if r is near g;,;,. For additional notational
simplicity, we define

U(t7 j’ r’ 6; T7 (p) = /

s=0

/ (s, 0.(9))ds a(dy)
gEB(Z,r)

for each T' > 0, each continuous measurable real-valued mapping ¢ whose domain
contains [0,7] x M° and each 0 <t < T,z € OM,0<r < g, and 0 < € < gyp.
This is simply the integral (5.11) with A of the form (5.12) and with u; replaced
by a general function ¢ defined at least up to the finite horizon T'. Although the
true parallel to (5.10) is that U(-, -, -, -; T, u;) be continuous for each T' > 0, we shall
once again be content with something simpler, namely
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Proposition 5.3. For every T > 0, P-a.s.

limsup |U(t,z,r,e;T,uw)| < oco.
e—0
0<t<T,z€0M
0<r<p

Proof. Similarly to (5.7), we fix a T' > 0 and define
Va(t,z,r,e) :=Ul(t, z,re; T, u)

for each 0 <t < T,z in any O;M, 0 <r < p, and 0 < e <¢},,. We intend to show
that V5 has a modification which is jointly continuous in all four arguments. This
follows from

Lemma 5.4. For any T > 0,

sup E [|Va(t, Z,7,¢)|*] < oc. (5.13)
0<t<T,z€0M
0<r<p,0<e<er,p

Furthermore, for any 0 < B < 1, there is a constant K such that for all i =
1,2,...,1,

E |Vr2(t17a_717r17€1) - ‘/2('[:2,3_3'2,']“2,82)|2:|

S K{|t2 — tl‘ + Ji(.’z‘l,i‘2) —+ |’/‘2 - 7‘1‘ + |€2 — €1|}ﬂ (514)
for all (t1,Z1,71,€1) and (ta,Z2,72,€2) in (0,T] x 0;M x (0, o] x (0,&},]-

Invoking again standard estimates on Gaussian fields, we from this conclude that
Vo as a function of all four variables has a continuous versions which is Holder
continuous of exponent /2 for each 0 < 8’ < . The details are left to the reader,
with the note that the domain of V5 is an n + 2-dimensional manifold. Similarly
to the proof of Proposition 5.1, we have not included ¢ = 0, » = 0, or € = 0 in the
statement of Lemma 5.4. Finally, although Lemma 5.4 is sufficient for our purposes,
we do not claim that it has the best possible Holder exponents. [l

This completes our study of the boundary layer of u;. For future reference, we
put these results into the description of a functional space. For each T' > 0 and
v > (n—1)/2, define the vector spaces

Cy(T) := ¢ ¢ € C([0,T] x M°) : limsup (dist(z, OIM))" |p(t,z)| = 0

ﬂ peC(0,T] x M®°): limsup |U(t,z,re;T,p)| < oo

e—0
0<t<T,zEOM
0<r<g

and

Cy = {go e C(Ry x M° € Cy(T) for all T > 0} . (5.15)

) : S0|[0,T]><M°

The implication of Propositions 5.1 and 5.3 is that for each v > (n —1)/2, C,(T)
is a natural space in which the solution w; of (4.1) has values:
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Theorem 5.5. For each v > (n —1)/2, the random field u; is P-a.s. in C,.

It will be important for the upcoming section that C,(T') actually be a Banach
space. One may check that for each 7' > 0, the function

lelle, (ry := limsup (dist(z, OM)) |p(t,z)|+ limsup |U(t,z, 7,6 T,p)l,
z—>OM e—0
0<t<T 0<t<T, z€dM
0<r<g
defined for each ¢ in C,(T), is a norm on C,(T) under which C,(T) is complete,

s0 (Cy(T), - llc.,(r)) is a Banach space. We also note that (5.15) defines a family
of seminorms on C,; namely, for each T' > 0 we may define

||<p||CW(T) = Hw‘[O’T]xMo C,Y(T) * (p E C’Y

6. THE NONLINEAR PROBLEM

We return to the fully nonlinear SRDE (0.1). We search for the solution u of
(0.1) as a classical nonlinear transformation of the solution u; of the linear stochastic
PDE (4.1). Of course the boundary-layer analysis of the previous section will play
an important role in this, as we need to understand the interaction of the nonlinear
transformation with the boundary-layer degeneracies. A result of this study will be
the identification of a class of ‘admissible’ nonlinearities f which do not magnify
the boundary-layer degeneracies.

We begin with the integral equation which corresponds to (3.3) and which the
solution of (0.1) should solve for each ¢ > 0 and z in M°:

u(t, z) = —% / _ /y P s o) dy) + / PE(t, )uo(y) ol dy)

yeEM®

+ /3=0 /yeMO pg(t — S,iU)f(Z/,U(S, y))a(dy) ds (61)

for every t > 0 and = in M°. Note that the first term on the right-hand side of this
equation is exactly u;—recall (4.2). Upon replacing the first term of (6.1) by wu;,

we see that
u = Buy (6.2)

where B is the functional mapping which takes any ¢ in C, into the solution of

(Bo) () =(t.a)+ [ oty

t
+/ 0/ o Pyt —5,2) f(y, o(s,y))(dy) ds.
S= ye o
t>0,zeM° (6.3)

We make this precise, finding conditions on f under which By is well-defined for
all ¢ in C, for any fixed v > (n — 1)/2, and such that u as given by (6.2) solves
(0.1) in the sense of Definition 2.2.
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We shall require that, for each fixed v > (n—1)/2, B maps C,, to itself, i.e., that
the solution of the nonlinear SRDE (0.1) has the same boundary layer behavior as
the solution of the linear problem (4.1). This is an important but natural restriction;
if the nonlinearity f is ‘small’ in some sense, it should not cause qualitative changes
in the boundary layer. To get a better idea of what this condition implies about f,
we add a nonlinear term to our model SRDE (5.1); i.e., we study

8u 1A R . B o0t

I
I

— t>0,z€ H (6.4
0z, IR x8H, v n (6:4)

The analogy to (6.1) is that

t J: = ul t x
/ [ o] =5 0f (@), (s 5. 90) dua di s (6.5)
s=0 JyeR"—1 Jy, >0

for all t > 0 and z in H;, where ﬁgj )

f(s, ) will assumedly be something like

is as in (3.4). The boundary behavior of

1F (@, yn), 4(s, (5, 9n))) < Klynl” (6.6)

for some constant 7 for all s > 0 and all (y, y,,) in HY, so a natural condition which
is sufficient for the integral in (6.5) to be well-defined is that

/ / / B(5) (t = 8:2)||yn|"dyy, dy ds
s=0J geRn—1
be finite. From the explicit formula (3.4) for p¥, this is true if and only if
|2] [ |wn+yn|2H s
exp +exp |——————— || 2n(t —s)) Y|y, ds
/s 0/n>0 |: (t— ) 2(t_$)
(6.7)

is finite, and from this we can easily see that n should be greater than —1. If the
boundary behavior of the nonlinearity f is

1F (@ yn), w)| < K yn[™ |u]™

for all (y,yn) in HY close enough to 0H,, and all u of large enough absolute value,
and if @ of (6.4) has boundary behavior like (5.3), then the only way that we can
get (6.6) for some 7 > —1 is to have

m — 1m2y > —1. (6.8)

This suggests that the natural, albeit rather odd-looking, growth condition for the
nonlinearity f in (0.1), where u is to be considered as an element of C,, is
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NL1,. There is a constant F and two exponents 7; and 7y, related by 1, — 172y >
—1, such that for all z in M° and all  in R with |u| > 1,

\f(z,u)|] < F (dist(z,0M))™ |u|™.

We may now turn around and assess the consequences of this condition upon the last
terms of (6.1) or (6.5), over and above simply ensuring that these integrals should
be well-defined. If we assume that (6.8) holds and set n = 1y — 127y in (6.7), we
find that the expression of (6.7) has no boundary-layer degeneracies; i.e., it is well-
behaved for z,, near 0. Thus, at least in (6.5), the natural condition which ensures
that the last term of (6.5) is well-defined, also makes this last term nondegenerate
near the boundary, and thus implies that the boundary-layer degeneracies of (6.4)
come only from 4; the solution of (5.1).

We shall in a moment rigorously carry out this sort of calculation for (6.1)—(6.3),
but to get the full existence and uniqueness result for the solution of (6.3), we
will need to have a continuity condition on f, in the same way that one needs both
growth and continuity requirements on the coefficients of finite-dimensional ODE’s.
We will here require

NL2,. There is a constant f such that for all z in M° and all v and v in R,
f (z,u) = f(z,v)| < [ (dist(z,0M))” |u - vl.

Under this condition, the mapping u — f(z,u) is Lipshitz continuous for every
x in M°, but the Lipshitz constant is very small for z near M. An important
consequence of this condition is that for any elements ¢; and ¢4 of C,,
Sup F(s,01(s,2)) — (s, 02(5,2))| < Fllor — e2llo, @) (6.9)
_S_

for each ¢ > 0.

We can better understand how these ideas fit into our study of B by separately
considering the different terms in (6.3). Define

(Tyus)(t, z) == / PPt 2o (y)(dy)

yeM?°
for all¢ > 0 and z in M. Also, for each ¢ in C,, define

Top)t)i= [ [ b= s ) (s ot u))aldy) ds

for all such ¢t and z. If these two integrals are well-defined, then we may rewrite
(6.3) as

(Be)(t,z) = o(t,7) + (Truo) (¢, x) + (T2(Byp))(t, z) (6.10)
for all t > 0 and =z in M°. We may further rewrite this as

o(t,z) = (Bo)(t,z) — (Truo)(t, z) — (T2(By))(t, z) (6.11)
for all such t and z, from which we see that B should be invertible with inverse

(B~ o)(t,2) = p(t,z) — (T1uo)(t, z) — (T29)(t, ) (6.12)

for all such ¢ and z. The following two results show that Ty u, and T5 are sufficiently
well-behaved that these ideas work. One may think of the second of these two results
as the partial analog of our above analysis of (6.4):
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Lemma 6.1. The function Thu, is a well-defined element of C(Ry x M ~ {(0,Z) :
T € OM}) and of C,.

Proof. This standard result may be seen from the bounds of Propositions 3.1 to
3.3. O

Lemma 6.2. If NL1, and NL2, hold for a v > (n — 1)/2, then Ty is a well-
defined mapping from C, to C(Ry x M) and thus to C.. Furthermore, for each
T >0, there is a constant K., > 0 such that for any ¢, and ¢y in C,,

t
1T21 — Topallc, ) < KT,v/ le1 — w2llc, (s)ds (6.13)
s=0

forall0 <t <T.

Proof. The proof that T5 is a well-defined mapping from C,, to C'(R;. x M) follows
from estimates like (6.7). For any ¢ in C, and all t > 0 and = in M, we can use
claim a) of Proposition 3.3 to see that

| [ s pls.m)latdn) ds
s=0JyeM®

/ 0/eMo K1 (T exp[ ( )d (-75 y):| —n/2 (6.14)
x F (dist(y, 9M))"™ ™" a(dy) dsllgllc,

and the last integral is finite. Thus (Ta¢)(t, z) is well-defined for all ¢ in C, and
all t > 0 and  in M. The continuity of (T2¢)(t,z) in t and x follows from fairly
standard arguments involving the uniform integrability of the integrand of the right
side (6.14) as s =, and y vary (see [11, Lemma 1.3.1]). The bound (6.13) stems from
(6.9) and the estimate

(Top)(t, 2) — (Tap) (1, 7)]| < / _ (f / pR(t - s,x»a(dy)) lor — ealle sy ds,

€eMe°

which holds for every ¢; and ¢y in C, and every ¢t > 0 and z in M; by a bound sim-
ilar to that of (6.14), the term in parentheses is integrable with uniformly bounded
integral as t — s and x vary over [0,T] x M. O

These two results allow us to show that the mapping B defined by (6.3) is well-
behaved. In particular, they allow us to solve (6.10) by a Picard iteration scheme:

Proposition 6.3. For any fized v > (n—1)/2, if the function f satisfies conditions
NL1, and NL2.,, then B is an invertible mapping of C into itself with inverse
given by (6.12).

Proof. For any ¢ in C.,, we approximate (6.10) by

(Bop)(t, ) := ¢(t, 2) + (T1uo) (, )

(Buir9)(t, ) = 9(t,2) + (Truo)(t,2) + (To(Bug)) () O
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for all ¢ > 0 and all z in M°. Since C, is a vector space, Lemmas 6.1 and 6.2
ensure that {B, ¢} is a well-defined sequence in C,. Furthermore, from (6.13) and
standard calculations,

(K¢ 4t
Z||Bn+1g0 Brglic, < IT2(Bow))llc, mZt’—”
n=0

= ||T2(Bow)llc, ) eXP[Kt,vt]

for each ¢ > 0, so there is some element B,,¢ of C, such that
nli_)rgo | Brny — BOOSOHCH,(t) =0

for each ¢ > 0. Upon letting n tend to infinity in the second equation of (6.15) and
using (6.13), we see that thus B¢ satisfies (6.10). If 4 in C, is any other solution
of (6.10), then for any 0 <t < T,

t
||Boo§0_¢”C,y(t) < KT,'y/ ”Boo(p_w”C’y(s)dSa
s=0

so by Gronwall’s Lemma, ||Boop — 9||c. () = 0. Hence By is the unique solution
of (6.10), and we may simply label it as Bep.

These calculations have shown that B is a well-defined mapping from C, to itself.
The invertibility of B is clear from the explicit formula (6.11). O

We are almost finished. Proposition 6.3 implies that the random field u defined
by combining (4.2), (6.2) and (6.3) is a well-defined element of C,,. The remaining
step is to show that (6.2)—(6.3), which was suggested by analogy with (3.3) and
(6.1), actually gives the unique solution of (0.1) in the sense of Definition 2.2:

Theorem 6.4. If the nonlinearity f satisfies conditions NL1,, and NL2, for some
fized v > (n —1)/2, then there is a random field u in C. which solves (0.1) in the
sense of Definition 2.1. This solution is unique in the sense that if u is any other
random element of C., which solves (0.1) in the sense of Definition 2.1, then

P{u(t,z) = u(t,z) for allt >0 and x € M°} = 1.

Finally, this solution is exactly u = Buy, where u; is given by (4.2).

Proof. We first show that (6.2) gives a solution of (0.1) in the sense of Definition
2.2. Condition (A.1) is true thanks to the continuity results of Proposition 4.1 and
Lemmas 6.1 and 6.2. In light of Proposition 4.1, conditions (A.2) and (A.3) will
be true if the following five limits exist for every ¢ in C°(Ry x M) and every ® in
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lim /t : / _, ()t a)o(t, vo(da) d
lim /t : /m ., (@) 2)elt, vyolde) di

e—0

lim /t : /w _, @02t x)olds) d (6.16)

e—0

lim /t B / (Tie) (1. 0:(2)o(t, 2)a(d) d
lim / _ / o 0.t )

The first two and last two limits follow from the continuity of Tju, and T2 on
R, x M;j in fact, we may easily identify these limits:

lim /t : / _, ()t 2)g(t, a)o(d) d

= [ et mate) i aday)
ti [ @0t oade)

- [ [ = sa)e(ta)olds) e vl )t ds
lim /t : /gc  (Tie) (1 0:()g(t,2)a(d) d

= [ L et mata) de ot
i [ @)@ aam @

= /: /yeMo /j / P 5,26, 2)alde) def (u, (s, ))a(dy) ds.
(6.17)

The first two of these limits follow from dominated convergence and the absolute
integrability of the right-hand sides (the calculations are similar to our study of
(4.3)). The last two follow from calculations similar to our analysis of (4.8) (one
can directly use (4.11) and (4.12)). Returning now to the third limit of (6.16), we
see that it exists thanks to a calculation similar to (6.14):

[ et bt ey s

=0

< sup [o(t, )] 9] (T)/ / iy, M) i) ds

wEN
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where T' > 0 is any number such that supp ¢ C [0,T] x M, and where the integral
on the right-hand side is finite. We thus see that indeed

lim /t : / _, J@ 0,2 2)o(dn) i

e—0

_ /t: / T @t raa) dr (619

where the right side makes sense. Finally, consider condition (A.3). In light of
Proposition 4.1, (6.17) and (6.18) and some simple calculations, condition (A.3)
follows from (4.14) (set s = 0 in (4.14) to take care of the contribution of Tjuo).
This completes the proof that (6.2) gives a solution of (0.1) in the sense of Definition
2.2.

Finally, consider the uniqueness question. If u in C, solves (0.1) in the sense
of Definition 2.2, then we may define 4 := B~'u. By Proposition 6.3, @ is in C,,
and by collecting together (6.12) and (6.17)—(6.18), & must actually solve (4.1).
Proposition 4.2 then implies that & = u; P-a.s., so u = Bu;. [

The picture is now complete. If the nonlinearity f satisfies NL1, and NL2,,
then (0.1) has a unique solution in C,,.

7. CONCLUSION

This completes our study of the equation (0.1). We have developed the basic
theory for the Robin problem with white noise perturbations on the boundary. We
have the existence and uniqueness results and we have a characterization of the
solution given by (4.2) and (6.2)-(6.3). In addition, we have a description of the
boundary layer behavior for (0.1); we know the degeneracies of u both in the normal
and tangential directions at the boundary.

There are a number of ways to build on the results presented here. Using the
functional space C, of Section 5, one can consider boundary perturbations of the
form

(v, Vu) + B(z)u 2, xo = o(u)(

where for every ¢, o, : C(t) — R is some mapping with good enough behavior. Of
course, with this boundary condition, the solution of both problems (0.1) and (4.1)
would be non-Gaussian, so the estimates of Appendix B would need some major
modifications. Another question one could consider involves the ‘correctness’ of the
white-noise perturbations ( as the limit of a fast-oscillating noise; i.e., central limit
theorem type results (the case n = 1 was considered in [10]). And of course one
could investigate large deviations for (0.1) if the random perturbation has the form
eC for small € > 0. The question of random perturbations of PDE’s by boundary
noise is a new field with many interesting problems.
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APPENDIX A. THE ROBIN KERNEL

We give here an idea of the proofs of Proposition 3.1-3.3. Although the construc-
tion and analysis of p® using the parametrix method is “classical”, we have been
unable to find a reference which gives the estimates we need, viz. Propositions 3.2
and 3.3. As these estimates are crucial for our calculations, we shall briefly point
out how to get these estimates from standard constructions and arguments. We
shall in particular rely on [8], but other relevant references are [4, 5, 11, 15].

To begin, we construct the double of M, which we shall denote by M. Then M
is a compact manifold without boundary and M is a regular domain in M. We
extend the metric tensor (-,-), the vector field b, and the function ¢ to all of M in
any smooth way, denoting these extensions as (-,)", b, and ¢ All objects related
to M instead of M will have tilde’s. The manlfold M together with (-,-)™ is a
Riemannian manifold. The metric (-,-)~ induces gradient and Laplace-Beltrami
operators V and A on C*(M) and a volume measure &. We can then define a
second-order differential operator £ on M by attaching ~’s to all geometric objects
in (2.2). Classical techniques (see below) allow us to construct the heat kernel p
for £ on M; for each ¢ in M; Dy is a solution of the PDE

0Py _ - . _
ot Lpg }gr(l)py(t, ) = 03 (A.1)

with &; denoting the Dirac measure on (M, B(M)) concentrated at §j. Note that
(Ef)(:c) = (Lf)(z) for any f in C®°(M) and all z in M, so for each y in M, p,
must also satisfy
Py
ot
for all y in M°, where here ¢, is as in Section 3 the Dirac measure on (M, B(M))
concentrated at y. The heat kernel p will be the starting point of our construction
of p%.
As we noted above, the construction and asymptotics of the heat kernel (A.1) is
a classical problem. The relevant results are that the solution of (A.1) exists and
that there is some function ¢ in C°°(Ry x M x M) such that

= ‘Cﬁy }i_r)%ﬁy(tv ) = 53/ (A-2)

py(t, &) = exp | —d*(%,9)/(2t)| (2xt) ™ p(t,%,5) t>0,7€ M (A.3)

for all 7 in M and such that ¢(0,& %) = 1 for all Z in M. One can copy the
arguments of [8, Ch. 6], everywhere replacing the Laplacian by £. The dominant
asymptotic behavior of (A.3) is the same as that of Proposition 3.2, except that d
replaces d. Of course if we replace M by H,, and M by R", then since H,, is convex,
dgn(z,y) = dg, (x,y) for all z and y in H,,. We can extend this special case to our
general M and M by expanding the metric tensor (-,-) in Fermi coordinates; this
yields a w with 0 < w < 1 such that wd(z,y) < CZ(.T:, y) < w~td(x,y) for all z and
y in M. Thus it is more or less sufficient, at least for the purposes of Proposition
3.3, that p® also have dominant asymptotics like those of (A.3).

We now start to construct the Robin kernel p;’f. The dominant term should be
Dy, but recalling the model (3.4), we shall first add to p, its reflection across OM.
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More specifically, for any y in M such that dist(y,0M) < e,,, necessarily y =
E(dist(y, 0M)v(y)) for some g in OM, where E is the exponential map of Section
2. Letting now E denote the exponential map on M and considering v(7) as an
element of of TM, we set «(y) := E(— dist(y, 9M)v(f)). We also let ' : M — [0, 1]
be any C*° function such that ¢'(y) = 1 if dist(y,0M) < ¢}, /4 and ¢'(y) = 0 if
dist(y, OM) > €}, /2. Finally, we set

p:ff’T(t, z) 1= Py (t, ) + w’(y)ﬁb(y) (t,z) t>0,zeM

for each y in M. Note that pf>T also satisfies (A.2) for each y in M°. We then
search for pg in the form

¢
ﬁg(t,x) = p?’T(t, x) + / / Pzt —s,2)f,(s,2)a(dz)ds t>0,z€ M
s=0JzecoM

B (A.4)
for some sufficiently regular function f, : Ry x M — R. By the jump relation 8,
Thm. 7.1.1], f, should then satisfy

t
Rt = @ hea) + [ [ (@ s0)] (s 2)ald) ds
s=0JzeoM

for all £ > 0 and Z in OM. This suggests the recursion

gy (t,7) == (Lpy")(t, )

t
gt = [ [ @ie-sogsaadnds 1207 M (A
s=0JzecoM

n=20,1,...

with f being defined as
Ft,2) :=>"git,z). t>0,zcdM (A.6)
j=0

A detailed study of this recursion will finally yield the estimates of Proposition 3.3.
To simplify our calculations, let’s now define

E(t,z,y;v) ;== v exp [—U(P(x,y)/t] t>0,z,ye M

for each v > 0. The pre-exponential term v~—! will make some of our formulae
simpler. Note for future reference that for each ¢ > 0 and =z and y in M, the
mapping v — E(t,z,y;v) is monotone decreasing on (0,1]. Let’s also now fix a
finite time horizon T > 0; we will only consider (A.4)-(A.6) for ¢ in (0,7, and
henceforth all v’s and 7n’s will be positive constants which depend (only) on T.
Finally, I' will denote the standard Gamma function.

29



Some straightforward modifications of the parametrix calculations of [8, Ch. 6.4]
show that the sum in (A.6) converges absolutely for each ¢ in (0,7], Z in dM, and
y in M, and that there is a v; > 0 such that

\fy(t,3)| < E T, y;00)t ™2 te(0,T],2€0M,ye M (A.7)

We give only the most relevant parts of these calculations. Like equation (2) of [8,
Sec. 7.1], there is a constant vy ; > 0 such that

ILp (¢, 2)| < E(t,Z,y501,1) and  |Lps(t,2)| < E(¢, 7, Zv1,1) (A.8)

for allt € (0,T], z € OM, y € M, and z € OM. These bounds can be shown by
using Fermi coordinates; it is very important here that v in (2.3) is normal to OM.
Next note that there is a constant 1; with 0 < 7; < 1 such that for any v < vy 1,

t
/ / Et—s,x,Zv11)(t — 5)/2E(s, 2, y;0)sU ™/ 2a(dZ)ds
s=0JzeoM

t
< oD, @, yy o)t (D {/

D(L/2)0(/2 +1/2) X
@I (21 1)

(t s)—1/2s<a‘—1>/2d3} (A.9)

E(t, . y; )G+ /2

for all ¢t € (0,T], and all z,y € M. The analogous calculation on H,, is simple,
and the constant 7; compensates for the error incurred by mapping (A.9) to the
calculation on H,,. We use this calculation to show that for each 7 = 0,1,..., there
is a positive constant vy 3 ; such that

G2(t,7)| < E@t T, y;010)t9 ™2 0<t<T,2€0M,ye M (A.10)

Then the pre-exponential singularities of the g7’s gets weaker and weaker as j
grows. The cost of this is the constant 7;, which, since it is strictly less than 1,
also weakens the exponential decay for small time. We shall use (A.10) to bound
g’ only for j =0,1,...n. For j =n,n+1,n+2,..., another calculation replaces
(A.9), and this other calculation preserves the exponential decay for small time.
There is a second constant 72 > 0 such that for any j =n,n+1,...,

t
/ / Et—s,2,2v11)(t — 8)2E(s, 2, y;v1.2.0)sY ™/ ?a(dz)ds
s=0JzeoM

_ V1,1 — V1,9,
< el (_n)

V1,2,n

/ / — 8,7, %; V1,1 — U1,2,n)(t - S)_(n_l)/Q(j(dZ)
s=0J/z€coM
_ ) 1/2gl=m)/2g

772F(1/2) G 0D/ oy 0,00

2)

(A.11)

<
T (V1,1 = v1,20) Y2 T((j —n + 3)
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for all t € (0,T] and all z,y € M. The first exponential term on the right side
of the first inequality comes from [8, Lemma 6.4.3]. Note that since 7; in (A.9)
is strictly less than 1, v12, < wvi:. We use this calculation to bound the g’’s
for j =n +1,n+ 2,...; the short-time exponential decay of all these g?’s is thus
G(-,+, +;v1,2,) and the pre-exponential terms decay to zero like v/ /T'((j —n+3)/2)
(see [8, Sec. 7.2]). This, in conjunction with (A.10), shows the convergence of (A.6)
and yields the bound (A.7) for some v;.
For convenience, we now define

It z) = / _ / L Pelt = 5 D)o, D)) ds (A.12)

for all t € (0,T] and z,y € M such that the right side is well-defined. To show
that I is well-defined for all ¢t € (0,7] and z,y € M, and to also get the bounds of
Proposition 3.3, we first need some corresponding bounds on p®' and p. Appealing
again to local coordinates, we can see that there is a v > 0 such that

Pt (t, @) < E(t, @, y; va)t ™" By (t, )| < E(t, @, y; va)t ™™/
||fof’T(t, )| < E(t, z, y; vp)t /272 IVDy(t, z)|| < E(t, z, y; V)t /2712
opRot ]
gyt (t,z)| < E(t, @, y; UZ)t_n/2_1 ‘%(t, :C)‘ < E(t,z,y; U2)t_"/2_1

(A.13)
for allt € (0,T], z € OM, y € M, and zZ € OM. These bounds, along with (A.7),
give us the integrability of (A.12) and most of Proposition 3.2:

Idea of Proof of Existence of p® and Ideas of Part of Proof of Proposition 3.3. To
do a number of calculations simultaneously, let’s let 7 be 0, 1, or 2, and fix any )
such that 0 < X < min{1, j}. Calculations similar to those proving Proposition 3.4
show that

X v /2 (J—A’)/2 ,
5(t, z,Z U2)t—n/2—.7/2 < (#) E(t, z,Z ,U2/2)t—(n—1)/2—()\ +1)/2
d?(z, z)

5 (G=X")/2
d*(z, z) )
x (m) 5(t,.7), Z,’U2/2)
< (v2/2)0720(j — X') (dist(z, OM))*
x E(t,x, 7 v9/2)t (D2 (N HD/2
(A.14)

for all t € (0,T], all z € M, and all z € OM. Here C(j — X') is defined by (3.8). A
calculation similar to (A.9) now shows that for some 73 > 0,

t
/ / E(t — 5,1, 205/2)(t — 8)~ (V2N IDI26 (5 5 ysvn)s T 2a(d2)ds
s=0JZeOM

sl (1/2)T((1 - X')/2)

E(t,m,y; mus)t—/2TO=N/2 (A 15)
D SR N B )
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for all t € (0,T], and all z,y € M, where vz := min{vy,v2/2}. From (A.4), (A.12),
(A.13) and (A.14), this is exactly what we need to get some of our desired results.
Taking 7 = X' = 0, we get that the integral of (A.12) is indeed well-defined and
that for some vy

11, (t, )| < E(t, =, y; va)t ™2 te (0,T),z,ye M

Combine this, the first inequality of (A.13), and (A.14) to get claim a) of Proposition
3.3. To get claim b), at least for 0 < A < 1, take j =1 and X’ = 1 — A. Then by
taking the gradient of I,, and moving the gradient operation inside the integrals in
(A.12) and using (A.14)—(A.15), for some v5 > 0,

192, (¢ )]l < (v2/2CN) (dist(, M) > E(t, 2,5 vs) /242

for all t € (0,7] and z,y € M. Combine this and the third inequality of (A.13) to
get claim b) of Proposition 3.3 for 0 < A < 1. The case A > 1 follows by calculations
similar to the proof of claim a) of Proposition 3.4. To get the proof of claim c), at
least for 1 < A < 2, take j = 2 and A’ = 2 — A. Take the time derivative of I, and
pass the derivative inside the integrals in (A.12) (recall that lim,_,;- p;(t—s,2) =0
forallt € (0,T], z € M and z € OM). This shows that for some vg > 0,

ol,

SL(t,)
for all t € (0,T] and z,y € M. Combine this and the fifth inequality of (A.13)
to get claim c¢) of Proposition 3.3 for 1 < A < 2. The calculations for A > 2
follow similarly to those for claim b) with A > 1. Note that if we want to take
0 < XA <1 in claim ¢) of Proposition 3.3, then if we set A’ = 2 — A, the expression
(t —s)~ W +1/2 is not an integrable function of s on (0,%), so (A.15) fails. Thus our
proof of claim c) of Proposition 3.3 is only partially complete. However, a careful

analysis of our entire effort in this paper shows that this is a restriction only for
calculations (B.10)-(B.12) when n =2 and vy < 1. O

< (vg/2)2C(N) (dist(z, OM)) ™ E(¢t, z, y; vg)t ™21

The same arguments which are at the end of [8, Sec. 6.2] show that p® has the
regularity of Proposition 3.1. By the Chapman-Kolmogorov equation, p®* as given
by (3.12) must satisfy (3.13). Since we can apply the same entire above argument
to the PDE (3.13), we also know that p® is unique (see [5, Proposition 2.17]).
Finally, we can get the asymptotics of Proposition 3.2 from a slight modification
of the above estimates for p®. For any fixed 2 in M°, (A.3) implies that Du(y) (t, )

and I,(t,z) both decay faster than exp[— dist?(x,0M)/(2t)] for any y in M. If
d(z,y) < dist(x, 0M), then the exact decay of p, as given by (A.3) clearly dominates
and gives Proposition 3.2 (a needed auxiliary result is that d(z,y) = d(z, y) if both
x and y in M are close enough together and far enough from OM).

Our only remaining task is to plug up the hole in the proof of claim c¢) of Propo-
sition 3.3. Clearly it is sufficient to prove the claim for A = 0 (recall the proof of
(3.9)). From (A.13), pfT has the correct behavior; we thus need to show that for
some vr,

oI,

—(tv .’L‘)

5 < E(t,x, y; v7)t_"/2_1. te (0, T, z,ye M (A.16)
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A direct differentiation under the integral sign in (A.12) isn’t sufficient; that led
only to claim c) of Proposition 3.3 with A > 1. An alternate way of studying 91, /0t
is to write it in terms of df/0t instead. Things will work out if we first rewrite
(A.12) as

t/2 - L
y(t, ) /S /zeaM 2t —8,Z) fy(s,2) + Pz(s, %) fy(t — s,2) } @(dz) ds (A.17)

for allt € (0,7] and z,y € M. Then

%It (t l‘) = 2/266M]52(t/2,.’1_7)fy(t/2’ E)Q(dz)

/:/2 /ZeaM {apz — 5,%) fy(s, 2) + P (s, i‘)aa—f;y(t — s, 2)} a(dz)ds (A.18)

for all such ¢, x and y. Collecting together (A.7), (A.13), and a calculation like
(A.9), we see that (A.16) will hold for some v7 > 0 if for some vg > 0,
of,

W(t’ x)| < E(t, z,y; ’Ug)t_n/z_l. te (0,7, z,ye M (A.19)

The proof of (A.8) shows that g° obeys a bound like (A.19), so we shall try to use
(A.5) to show that f does indeed have the bound (A.19) for some vg. The same
calculations as in (A.17)-(A.18) show that for j =1,2,...,

dgi+t

I (t,0) =2 / , E /2 B2 Aald)

t/2 . _ dyg?
/ / { . 5,2)7 (s, %) +£ﬁz(s,i~)%(t =5, 2)} a(dz) ds
s=0 JzeoM (A20)

for all t € (0,7], z € OM, and y € M. Collect together the bounds on the g7’s for
j=0,1,...,n+1of (A.10), (A.8), and a bound on 9(Lp)/dt like (A.19). A bound
on (A.20) using calculations like (A.9) shows that for j =0,1,...,n+ 1, there is a
vg,1,j > 0 such that
ag;

W(t,x) < S(t,a:,y;vg,l,j)t(j_”)ﬂ_l. te (0, T, z,ye M

Use these bounds for all j =0,1,... ,n+ 1. Then for j =n+2,n+3,..., use the

calculation
J+1 3
(t, ) / / (s,T) (t —s,z)a(dz).
s=0Jz€edM 8t

This is exactly the same recursion as (A.5), so the calculations (A.11) and the
comments following it directly show that for all j = n 4+ 2,n+ 3,..., 8@;/815 is
bounded by &(t,z,y;vs1,nt+1) and the pre-exponential terms tend to zero in a
summable way. This completes the proof of (A.19) and thus of (A.16) and thus
completes the whole proof of claim c¢) of Proposition 3.3.
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APPENDIX B. PROOFS OF LEMMAS 5.2 AND 5.4

We here give the proofs of Lemmas 5.2 and 5.4. Although these calculations
are very technical, they are essential. The basic idea of these lemmas, and thus
perhaps the most illuminating approach to proving them, is that locally p® looks
very much like (3.4). In this direction, we should use the bounds of Proposition
3.3. Brevity, on the other hand, obliges us to cut some corners and use some cruder
bounds, viz. those of Proposition 3.4. The ambitious reader may at his or her
leisure make the calculations given here much more precise. A particular suggested
refinement might be to see how the continuity of the estimates of Lemma 5.4 could
be improved depending on which argument—t¢, Z, r, or e—is varied.

Let’s begin with some comments which will be useful in the proof of both lemmas.
Some of our calculations will be simpler with the notation

o]l := sup |o(7)]-
geEOM

Secondly, the following auxiliary result will help us in two specific parts of our
proofs, namely the continuity of Vi , in Z and the continuity of V3 in T and r:

Lemma B.1. For every n > 0 there is a positive constant h717 such that

/ d= DG, (1), y)d~ I (y, 0. (22))a(dy)
yeoOM

< hpd= (DTG (21), 0. (22))
for all 0 < e <¢}, . and for all Z; and Zo in OM such that 21 # 5.

Proof. This is a generalization of equation (3) of [8, Sec. 7.1]. Here, as there, we
leave the proof to the reader. [

We first prove Lemma 5.2. We can use (4.2) to rewrite (5.7) as

Vin(t,2,6) = — / / PR 5 0o () s, )

_ 1 / 0 / oy Xt 0@ () (s, 49

for all t > 0, all z in OM, and all 0 < ¢ < ¢}, ,, where X{s<¢} 1s the indicator
function of the set {s <t}. Thus

B[Viae2 ] < flol [ [ {emfit—s 0@ atids  ®2

for all (¢,Z,¢) in (0,T] x OM x (0, €},,], and
|:|V1'y tlaxlagl Vl,'y(t27$27€2)‘ ]

_ / / (€10 tay P (b2 — 5, 0ca (E2))
s=0JgeEIM
Xy PRt — 5,00, (21)) [0(@) Paldg) s (B.3)

1 ° _
<qlol [ [ {becuplita = 5,0, (22)
s=0JygeEOM

2
—e] X {s<t:} P (t1 — 5,0c,(Z1)) } o(dy) ds

(B.1)

N
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for all (tl,.’1_71,81) and (t2,3_32,€2) in [O,T] X OM x (076:5ub]'
It will turn out that our study of the variation of V; , in Z will require yet another
auxiliary result in addition to Lemma B.1:

Lemma B.2. Fizn > 0. Then there is a positive constant h;} such that if {0(r) :
r > 0} is a geodesic in any ;M and 9 has unit speed,

/R d" (0 (9(r)), 0(9(0)))dr < By R"

for any0 < R<p and any 0 <e <eg} ;.
Proof. By using Fermi coordinates and fields one can expand the mapping (g, r) —
d"=1(0.(9(r)), 0-(9(0))). This allows us to find a positive h%’T such that

R

R
/ (0. (9(r)), 0-(9(0))dr < B2 / PN = B2ty RY
r=0

r=0
for all 9, R, and ¢ as in the statement of the lemma. Take 52 := h%’Tn_l. O

With these representations and results in hand, we can commence with the proof
of Lemma 5.2.

Proof of Lemma 5.2. We shall first show the boundedness result (5.8) and then
show the continuity estimate (5.9). By virtue of the triangle inequality, we can
show the continuity estimate (5.9) by separately considering the variation of ¢,
and e. To simplify the various parts of the proof, let’s now fix for the rest of the
proof some ¢ > 0 such that

¢ < minfy — (n—1)/2— 8, (n — 1)/2}, (B.4)
where 3 is as in the statement of Lemma 5.2.
Boundedness: Fix 0 <t < T, Z in M, and any 0 < € < ¢},,,. From (B.2) and a
simple change of variables,

B[Viaa P < 3ol [ [ {00 atads. ®9

We bound the integrand using claim a) of Proposition 3.4 with Ay =n/2+1/2+¢
and A\ = . Then A\; < n by (B4),and Ao — A1 = (y—(n—1)/2—-¢) — 1, and
—n+ A\ = —(n—1)/2 4+ . Consequently,

[€7py (5, 0(2))| < Ki(T,n/2+1/24¢,7)s 0~ (0=D/220=D2g= =024 g_(z), ).
(B.6)
Inserting this in (B.5), we get that

/::o /yeaM {e9]}(s,0:(2))} a(dy) ds
< {K|(T,n/2+1/2+¢,7)} {/t

=0

o [ e, natan)}

< {K{(T,n/2+1/2+6,0F Eac { (v = (0 = 1)/2— ) =D/}
(B.7)

3(7—(n—1)/2—<)—1ds}
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Since 7~ (»~1)/2=s < Tv=(n=1)/2=¢ (5 .8) follows by combining (B.5) and (B.7).
Variation int: Fix next 0 < t; <ty <T,Z in OM, and 0 < ¢ < ¢},;,. We may then
rewrite (B.3) using some simple transformations as

E [|V1y(t1, %, €) — Vi, (ta, 7€) ]

1 b 2,
<qlolP [ [l 5,6.(0) — B — 5,0.0) ad) ds
s geEOM

=0

1 &
s 2l [ [ e - s @)t ds
s=tq1 geaM
1 h ) a2
— ol [ [l — 4 5,0.(6)) — 705,006} aldy) ds
s=0JgeoM

1 to—t1 - - -
+ Z||U||2/ / {57pg(s, 0.(z))}2a(dy) ds.
s=0 yeEOM

(B.8)
The last term is the easiest to bound; from (B.7) we can see that

[0 [, e at

< {K{(T,n/2 +1/2+¢,7)}" Eaq
X (y—(n—1)/2—¢) tTr=(r=D/2=B=< |4, _¢,|P.

(B.9)

Returning now to the first integral in the last equality of (B.8), we can use the
fundamental theorem of calculus to express the difference there in terms of apg /Ot.
But we can bound 8pg /0t by Proposition 3.4, similarly to the proof of boundedness.
Take Ay = n/2+4+1/24¢ and Ay = <y in claim c¢) of Proposition 3.4. Then calculations
similar to those of (B.6) give us the bound

€7 (pE(ts — t1 + 5,00(2)) — < (5,0.(2)))|

ta—t1+s
< K{(T,n/2+1/2+4¢,7) {/ u(v—(n—l)/z—q—s)/zdu}

=S

x d~(=1/2*<9_(z),5). (B.10)

Since v < (n—1)/2+1 (we required this in the statement of the lemma) and 8 and ¢
are positive, y— (n—1)/2—8—¢—1 < 0, so the mapping u +— u(Y—(?=1)/2=F—c-1)/2
is decreasing on (0, 00). Thus

to—t1+s to—t1+s
/ (- (=1)/2—5=3)/2 g, _ / Wy (1—(n=1)/2=B—c—1)/2,,B/2-1 3,
U=s U=s
tz—t1+3
< §(r—(n=1)/2-—c-1)/2 / .
u=s

(B.11)
Moreover, since the mapping u — u?/2~1 is similarly decreasing on (0,00), we have
in a way similar to (4.7) that

to—t1+s to—1t1
/ w1y < / WP du = (8/2) 7 ta — t1]P/2. (B.12)

=S :0
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Collect together (B.10)—(B.12) and use them to show the bound
t1 )
/ / LRty — b+ 5,0.(2)) — €"pE (5, 0-(2)) ) al(dy) ds
s=0JgeoM

< {KY(T,n/2+1/2+ ¢, 7} Eac(y — (n—1)/2— B — )
x T~ (/2785 (8/2) 72|ty — 4P

(B.13)

The combination of this and (B.9) gives us the desired bound for the variation in ¢.
Variation in €: We next vary e; the variation of Z involves more complicated
calculations. Fix 0 <t < T, Z in some 0; M, and 0 < &1 < €3 < €},,,. From (B.3)
and an obvious change of variables,

E[[Viy(tZ, e2) — Viy(t, Z,e1) )]

<ol [ [, 0@ — 100,00, 20) et ds - (B14)

Again, we will bound the integrand by using the fundamental theorem of calculus
and Proposition 3.4. We have that

€35 (5,0, (7)) — e1p5 (5,62, (7))

€2
< [ (o pE e 0,(a) 7 16n @)V s, 6, . (B15)
n=ei

Note that |8, (Z)|| = 1 for all 0 < 5 < &}, since the curve 7 — 6, (Z) is a geodesic
of unit speed. We next want to use claims a) and b) of Proposition 3.4 to combine
g7 and €771 with \pg(t,ﬁn(ic))\ and ||Vpg'(s,9,7(g))||. After this, we want to use
calculations somehow like those of (B.9) and (B.13).

To make all of this work out, let’s bound (B.15) by using claim a) of Proposition
3.3 with Ay =n/24+1/2+¢ and Ay = v — /2, and claim b) of Proposition 3.4 with
A =n/24+1/2+¢and Ay = — /24 1. Then

€305 (5, 0e, (7)) — €1y (5, 0c, (2))]
<A{K|(T,n/2+1/2+¢,v—B/2) + Ky(T,n/2+1/2+¢,v—B/2+1)}
€2
% S('y—(n—l)/2—,3/2—§—1)/2/ d—(n—l)/2+C(9n (), 5)n?/? Ydn. (B.16)
nN=¢€1

If we forget about the d~("~1/2+<(g, (), ) term in the integral, we get a term like
lea — €1/%/2 by a calculation similar to that of (B.12). Inserting this (B.14) would
then give us the desired variation on the order of |ea — €1|?. On the other hand, if
we forget about the 7%/2~1 term in the integral in (B.16), we could use Lemma 3.5
as we did in (B.9) and (B.13). We can use Cauchy-Schwartz to do both:

€2
/ d=(=D/2Fs (9, (z), )2y
n=e1

=/ =09, (2), g)nP 2P
n

=€1

e 1/2 ¢ pes 1/2
< {/ d‘("‘”“g(%(f?),ﬂ)nﬂ”‘ldn} {/ nw‘ldn} :
n=e1 n=e1
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Insert this bound into (B.16) and thence into (B.14). This allows us to compute
E[[Vi4(t, % e2) — Vi (L, F 1) )%

< Lol (YT n/24+1/2 4 6,7 = B/2) + Ky(T,m/2 4 1/2 + 6,5 = /2 + 1))’

t

y { / 87—(n—1)/2—ﬂ/2—<—1d3}
s=0

AL e, @m e { [T
n=e1 J YEOM n=e1

ol {KL(T, n/2+1/2 + ¢,y — B/2) + KY(T,n/2 +1/2+¢,v— B/2+ 1)}

I 2
x{(y=(n—1)/2= B/2— )T (n D225 h gy {/ nﬂ/z‘ldn} :
n=e1

<

-

Using a computation analogous to (B.12) yields the bound
1
< 2l AKUT, /2 + 1/2+ 6,7 = B/2) + KU(Ton/2+ 1/2+ 5,7 — /2 + DY’

x{(y= (n=1)/2= /2 = )T NP2 L 2, (819) ey — e

which is what we want.

Variation in z: Finally we vary Z. Thanks to (5.8), we can restrict our attention
to Z; and Z in some 0; M which are within d;-distance p of each other; from (5.8)
there clearly exists some K such that (5.9) holds for all (¢,Z1,¢e) and (¢, Z2,€) in
[0, T x 0; M x (0, €},,;] such that d;(Z1,Z2) > 0. Thus we fix 0 < ¢t < T,0 < ¢ < &},

and Z; and Ty in some 0; M such that d;(Z;,Z2) < p. From (B.3),
E [|V1,’Y(t’ Ty,€) — Vlﬁ(t’ T1, €)|2}

< 1||<f||2/:O /EBM {e7DE (5, 0c(25)) — "pB(s,0.(21))}” a(dy) ds. (B.17)

Instead of directly using the fundamental theorem of calculus to represent the
difference in the integrand, let’s start with a slightly simpler manipulation. We can
break up the integral on the right of (B.17) as

t
_ _ 2 _, .
/ / {€7p1;(s, 0c(Z2)) — e"’p};(s, 95(371))} a(dy) ds
s=0JgeoM
:Ig(t,.’l_fl,.’l_,’g,éf) —Il(t,.’ﬁl,.’l_,’z,é‘) (B18)
where for j =1 or j = 2,

Ij(t,.’il,jz,&f) =

/ / com {e7pE (5,0:(Z2)) — 7P (5,0:(21)) } {7 L (s, 0(;)) }aa(dy) ds.

=0
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Now let’s use the fundamental theorem of calculus to separately bound I; and I.
As in Lemma B.2, we let {0(r) : 0 < r < d;(Z1,Z2)} be the geodesic in §; M which
has unit speed and for which 9(0) = Z; and 9(d;(Z1,T2)) = Zo (since d;(Z1,Zs) <
0 < Eingr, this geodesic must exist and be unique). Then define ¢, (r) := 0. (J(r)) for
all 0 < r < d;i(Z1,Z2) and all 0 < e < €up- The curve {p (r) : 0 <r < di(Z1,%2)}
joins 0 (1) and 6 (). Note that for all 0 < e < &} ,, ¢c(r) = DO (I(r)) for all
0 < r < d;(%1,%2), where D6, is the differential of the map z — .(Z). Note also

that hl = SupjeaM,OSESEQUb
norm; since ¥ has unit speed, we have that supo<,<g,(z,,z,) |¢e(r)[| < 7’ for all

0 < e < ¢}, Collecting together all of this and now using the fundamental
theorem of calculus, we see that for j =1 or 7 = 2

is finite, where || - ||op is the operator
P

|] (t $1,$2,

d; (Z1,Z2)
/ / / (7025, 0o (r)]]} {7 [P (s, 6.(2,)) Y drai(dy) ds.
s=0JGgEOIM Jr= (B 19)

To show that the I;’s are on the order of J;B (Z1,Z2), we shall use Lemma B.2. To
make all of this work, we bound (B.19) by using claims a) and b) of Proposition
3.4 with Ay =n/2+ /2 and Ay =~. Then g — A\ =vy—(n—1)/2—-/2—-1/2
and —n+ X =—-(n—-1)/2+ (8 —1)/2, and so

{€71Vpg (s, 0e(r))lI} {7 Ipg (5, 02 (75)) [}

< K{(T,n/2+ B/2,9)K5(T,n/2+ B/2, )57~ (D202
X AN ENL g (), gD EDL 0, (a)).

Insert this in (B.19). Integrate in s and use Lemma B.1 to integrate in g. Finally,
use Lemma B.2 to integrate in r. If Z; = Z1, then r — ¥(r) is a geodesic in ;M
with unit speed and which starts at Z;. If Z; = Zo, then r — I(d; (%1, To) — 1) is a
geodesic in 0; M with unit speed and which starts at . This gives the following
inequalities:

|15 (t, Z1, T2, ¢€)]

< WRY(T 2+ 52 ) KYTn/2 + 572 { [

Sv—(n—l)/2—ﬂ/2—1ds}
=0

d;(Z1,%2)
h%n—2+ﬂ)/2 /—0 dﬂ_l(cpe(r),ee(xi))dr}

/2 + B/2,7)Ky(T,n/2+ B/2,7)

(T
x{ (n—1)/2 — B/2)"tT7—(n—1/2- ﬂ/z}h( iyl (21, 22).
(B.20)

< KKj

Combining (B.17), (B.18), and (B.20), we find that
]E |:|V1a'7(t’ il2’ E) - Vla'Y(t’ ',z.l’ E) |2i|

< LlolPH K (T,n/2 4 /2,3 K3(T,n/2 4 B/2,7)

X {(7 - (n—-1)/2- ﬁ/2)_1T7_(n_1)/2_ﬂ/2} it 2+B)/2hﬂd (Z1,Z2).
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This completes the proof of Lemma 5.2 [

We next prove Lemma 5.4. Using the stochastic Fubini theorem and a calculation
similar to (B.1), we see that

Va(t, z,r,€)

/ / N i | eaMpz - 0, 0(D)o ()G, d2) )i
_% / / eaM{ / ) /y o u,@s(g))o‘z(dg)ds}o(z)g(du,dz)
=1 {x{ugt} [ / o PR 0.0 a) ds} o(2)¢(du, dz)

forallt >0, Z in any 0, M, all 0 <r < p and all 0 < ¢ <¢;,,. Thus, like (B.2),

[|V2(t Z, T, 6)\

<qlor [ [ { [ EB(%T)pf(s,eE(y))a(dwds}2a<dz>du (B.21)

for all (¢,Z,r,¢€) in any (0,7 x 0; M x (0, o] x (0,¢},,], and

E [‘V2(t27 5327 T2, 62) - ‘/2(t17 jl, r1, 51)|2:|

1 o0 to—u o ~
<qlolt [~ [ {x{ugtz} [ et @atd ds
u=0JzEOM s=0 JEB(Z2,r2)

2
t1—u
Nozer [ [ P2 (5,00, (3))a(dy) ds b a(d2)du
N s=0 GEB(Z1,r1)
(B.22)

for all (tl,i‘l, 7‘1,61) and (tz, i‘Q, 7'2,62) in any (O, T] X 8ZM X (O, Q] X (0, 6{fub]‘
An auxiliary result which will be necessary in these calculations is

Lemma B.3. There is a positive constant i° such that
a) if T is in any ;M and 0 < 71y < ry < p,

@(B(j, Tl)AB(.’E’, 7'2)) S 77,3|’I'2 — 7‘1|
b) if T1 and T2 are in any O;M and 0 < r < p,
a(B(z1,r)AB(za,7)) < Bd;(Z1, Z2).
Proof. Let’s first prove part a). For any z in any 0; M, we can expand the vol-
ume form @, in normal coordinates. Mapping the measure & into a measure on

(R*=!, B(R"~1)) through such normal coordinates, we see that there is a nonneg-
ative constant AT such that for all Z in any 0; M and all 0 < r; < ry < p,

a(B(z,r)AB(z,rs)) < h3’T/ " 2dr < BT "2 ry — 1y (B.23)

r=r1
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This proves part a) of the lemma. To prove part b), consider two cases: when
d;i(Z1,T2) > r and when d;(%1,%2) < r. If d;(Z1,Z2) > 7, then by (B.23),

a(B(z1,7)AB(Z2,7)) < a(B(Z1,7)) + a(B(Za,7))
<283 T2 < 23T 2d; (%1, Z0).  (B.24)

On the other hand, if d;(Z1,Z2) < r, then for any Z in B(Zy,r) ~ B(Zs,7),
r < di(Za,2) < di(Z2, Z1) + di(Z1, 2).

Comparing the outer two terms, we see that d;(z1,2) > r — d;(Z1,Z2). Since also
di(z1,2z) <1 as z is in B(z1,r), we see that

B(.i'l,T')NB(i'27T) CB(@ ) B(l‘l, d'(i‘l,i‘z)). (B25)

Similarly, B B ~ B ~
B(Z2,7) ~ B(Z1,7) C B(Z2,7) ~ B(Z2,7 — di(Z1,72))- (B.26)

Collecting together (B.23), (B.25) and (B.26), we thus have that if d;(Z;, Zs) < r,

/‘\
A
Kl
7
3
p—
>
o]
~~
Kl
v
3
p—
N—
Il
Qi
~
v
—
&l

The combination of this and (B.24) gives the full proof of part b) of the lemma. O
We now can give

Proof of Lemma 5.4. As in the proof of Lemma 5.2, we first show boundedness,
i.e. (5.13), and then continuity, i.e. (5.14). We prove the continuity by separately
varying t, z, r, and €. As much as possible, we shall try to follow arguments similar
to those of the proof of Lemma 5.2. Similarly to (B.4), we shall fix for the rest of
the proof some ¢ such that

0<g¢<1l-—-p (B.27)

where 3 is as in the statement of Lemma 5.4.
Boundedness: Fix a0 <t < T, z in some O;M,0<r < p, and 0 < e <¢}, ,. From
(B.21),

E[|V2(t,§c, 7, s)|2}

<qlor [ [ { Lo s s 0D ) d3}2 a(dz)du (B.23)

We shall use Proposition 3.4 to bound this quantity. To do so, take A\; =1+ ¢ and
A2 = 0. Using these choices of A\; and As in claim a) of Proposition 3.4, we have
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that

/SZO /%B(E,r) (s, 0 (7)) | a(d7)ds
< K{(T,1+¢,0) {/ZO s_(1+<)/2d5} {/EBM d-=D+<(4_(7), z)@(dg)}

1 —1
< K{(T,1+¢,0)=, (T) u(l=9)/2,

(B.29)
Thus

<friravon (159) Ve ([ va) 0w
= {K{(T, 1+4¢,0)E¢ (%) 1}2 a(OM)(2 —¢)~1?s.

Since 27 < T?7<, (5.13) follows from (B.28) and (B.30).
Variation in t: Fix 0 < t; <t < T,z in any O;M, 0 <r < p, and 0 < e < g},,;.
Then from (B.22),

E [|Vi(te, Z, 7€) — Va(te, Z, T, €)|2]

< gl / /. { | / oo, [P0 @]atds) ds}2 a(dz) du
o [© [ { Lo [ et ds}a(dzm
gl / . { [ e } 6(d2) du
w5l | : ) /zeaM { / : / N CLEOIEC) ds} &(dz) du

(B.31)
The last term is the easiest to bound; replace ¢ by to — t; in (B.30) to see that

/th ) /zeaM {/5:0 /gEB(a_c’r) [pZ (s, 0:(9))|a(dy) d }Qa(dz) du

1—-g¢

-1 2
S{Ki(T,Hc,O)Ec (T) }@(aM)(2—c)‘1T2‘ﬂ‘<|t2—tllﬂ- (B.32)
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A slightly different modification of (B.29)—(B.30) allows us to also bound the penul-
timate term in the last equality of (B.31):

to—t1+u
[ wRw)latands
s=u JEB(Z,r)

to—t1+u

SKi(T,1+<,0)E<{/

Using a calculation similar to (B.12) and inserting this into (B.31), we find that

t1 to—ti1+u 2
/ / { / / ] \p?(s,He(ﬂ))I@(dﬁ)ds} a(dz) du
u=0JzZeoM s=u geB(z,r)

1y 2
< {K{(T,1+c,0)5< (%) } a(OM)T |ty — t1|* (B.33)

u_(l"'g)/zdu} ;

=u

2
1_— —1
< {K{(T,l +¢,0)Z2, (Tg) } a(OM)T?> P=<|ty — t,|P.

The passage to the last inequality used the fact that ¢ < 1 — 3 to see that |to —
t1/17 < T1=P=S|ty — t1|P. Equations (B.32) and (B.33) yield the desired variation
in .

Variation in €: We skip over the variation in Z and r. Fix 0 < ¢t < T, Z in any
O;M,0<r<p,and 0 < g1 < &3 <¢},,. From (B.22),

E [|V2(t7 "1_77 T, 82) - %(ta ',1_:7 T, 61)|2}

< 4llol? [ : /.. { /. / oy PE(5:0:0(0)) = (5,00, (9) i) ds}2

a(dz)du (B.34)

As we did in the corresponding part of the proof of Lemma 5.2, we use the funda-
mental theorem of calculus and claim b) of Proposition 3.4 to bound the difference
within the absolute value signs in (B.34). To make everything work out in the end,
take A\ =1+ ¢ and As = 1 — 3/2. Then by using claim b) of Proposition 3.4 with
these values of A1 and A9, we have that

P2 (5, 0c. (7)) — P2 (5, 02, ()|

< Ky(T,1+¢,1— ﬂ/Q)S—(1+(B/2+<))/2/ d-=D+< (9, (7), 2?2 dn.

n=ei

Note that because of (B.27), 8/2+¢ < 1. Integrate s and ¢ as indicated by (B.34).
Interchange the n and ¥ integrals and use Lemma 3.5 to integrate over y. This
yields that

L. /-eg<— P51 0es(5)) = 950, 01| ) ds

_ 2 -1 €92
< Ky(T,1+¢,1—B/2)5, (%) L (1-(B/249))/2 {/ nﬂ/Z—ldn} .
n=¢e1
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Using an argument like (B.12), we can bound the term in braces; insert the result
back into (B.34) to see that

E[|Va(t, 2,7,62) — Valt, 2,7, 61) ]
1 {Kﬂ L o1- g, (1 O2E9) } a(om)

IS

2
X (2= (B/2+¢)) T2 B2 (8/2) 2|y — 1P,

which shows the desired variation in €.

Variation in T and r: Finally, we vary Z and r. Note that if e = 9 and ¢; =5 in
(B.22), then the size of the term in braces in the last inequality of (B.22) measures
the difference caused by integrating 7 over B(Z1,71) as compared to integrating 7
over B(Zs, 7). Motivated by this observation, we shall consider simultaneously the
variation in # and r. Fix 0 <t < T and 0 < € < ¢},,. To vary z, we take any
and Zo in any 0; M and fix any 0 < r < p and define subsets of OM

Al = B(.’El,’l") and A2 = B(.’Eg, 7"). (B35)

If, on the other hand, we wish to vary r, we fix any z in any 0; M and take any
0 < 71 <719 < p and then define

Al = B(.’E, 7‘1) and A2 = B(.’f‘,’l"g). (B36)

With either of these choices of A; and As, we can rewrite the right-hand side of
(B.22) using the trick of (B.18):

/u o/zeaM {/tou (/yeAlpz (s,0:(y))a(dy)

[ bR atan)) ds} alaz)dn
YEAs
= I1(t, A1, Ag,€) — I2(t, A1, Az e)  (B.37)

where

Tj(t: A, Az ) = /ut=o /zeaM {/:=0 (/gleAl = (o1, 0e(F)a(dr)

- pE(s1, 95(51))07(@1)) d31} (B.38)

Y1 EA2

« { / UZO / . pg(SQ,es(gz))a(dg2)dSQ}a(dz)du

for j = 1 or j = 2. We will separately bound I; and I;. A simple argument
involving the linearity and monotonicity of integration shows that

/_ PP (1, 0. (51))aldgn) — / pE(s1, 0. (7)) a(dii)
FJ1EA, P1EA,

< / (51, 0-(50))|al(dgy).  (B-39)
T1EAI1ANA,
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Ultimately, we will want to use Lemma B.3 to bound this sort of integral. First,
however, we use Proposition 3.4 to bound the last term of (B.38) and the right side
of (B.39). To use claim a) of Proposition 3.4, set Ay = 1+ ¢ and Ay = 0. Then we
have the following two inequalities:

/ pE(s1,0.(71))|a(dyy) < K| (T,1+¢,0)sy 1+
Z’?1€A1AA2
X/ d_(n_1)+§(05(ﬂ1),Z)C_v(dgl)
Z’?1€A1AA2
/ P2 (52, 0-(2))|@(dg) < K(T,1+¢,0)s; T/
X / d—(n—1)+€(96(g2), E)Q(dg2),

We can insert these into (B.38) and reorder the integrals to get that for j = 1 or
J=2,

\I;(t, A1, As, €)|

t u 2
< [K!(T.1+5¢,0))° { / ( / s_(1+€)/2ds) du}
u=0 s=0

X / / / d=mIF (6, (g1), 2)d” DT (2, 0 (52))
Y1EAINAy Jys€A; JZEOM
a(dz)a(dys)a(dy)-

Use Lemma B.1 and Lemma 3.5 to bound the innermost two integrals. We can
then use Lemma B.3. This calculation shows that

/3/1 €A1AA> /y2€Aj /ZE6M

A= (O (51), 2)d DT O (32) a(dz) aldg) a(din)
<n [ [ a0, ), ) aldie) aldn)
YJ1€EA1AA2 JY2€EA;

< BlEsa(A1AA)

< hlEgghg{ d;(Z1,Z2) if A; and A, are given by (B.35)
- |ra — 71| if A; and As are given by (B.36).

Thus

2

d;(Z1,T2) if A; and As are given by (B.35)

|ra — 71| if A; and As are given by (B.36).
(B.40)

1j(t, Av, Ag,e)| < {KY(T,1 4 6,0)) { (11) (2 <>—1T2—<}

X hlzzgh?’{
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Finally, combine (B.22), (B.37) and (B.40) to get the proper variation in Z and r:
for any z; and Z9 in any 0; M and any 0 < r < p,

E [|V2(t, Zy,r,e) — Valt, Zo, r, €)|2}

1 1—c\ 2
< glolP i@+ cop s (55)  e-on

X K125k (rad(OM)) 7 @ (21, 72)

and for any Z in any 0; M and any 0 < r; < g < p,

E [|Va(t,Z1,7,€) — Va(t, Za, €)|2}

1 1—¢\7? PP - _
S§||0||2{K1(T,1+§,0)}2 (T) (2 — )7 MT?¢ S hiEac kB0t P lrg — 1 |P

®

10.

11.

12.

13.

14.
15.

16.

This completes the proof of Lemma 5.4. [
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