BLOWUP FOR THE HEAT EQUATION WITH A NOISE TERM
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ABSTRACT

In this paper we study blowup of the equation u; = ug,; + u”’Wtw, where Wtw is a two-dimensional
white noise field and where Dirichlet boundary conditions are enforced. It is known that if y < 3/2,
then the solution exists for all time; in this paper we show that if v is much larger than 3/2, then the
solution blows up in finite time with positive probability. We prove this by considering how peaks
in the solution propagate. If a peak of high mass forms, we rescale the equation and divide the mass
of the peak into a collection of peaks of smaller mass, and these peaks evolve almost independently.
In this way we compare the evolution of u to a branching process. Large peaks are regarded as
particles in this branching process. Offspring are peaks which are higher by some factor. We show
that the expected number of offspring is greater than one when «y is much larger than 3/2, and thus

the branching process survives with positive probability, corresponding to blowup in finite time.
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0. Introduction.

In this paper we consider the behavior of the solution of the random heat equation

ou  0%u .
ge_ v % ¥
ot  0x2 tu'W

u(t,0) = u(t,J) =0

u(0, ) = uo.

where v > 1, W is a two-dimensional white noise term, and the initial condition ug is continuous
and nonnegative but not identically zero. Mueller in [12] showed that if v < 3/2, then the solution
to (0.1) exists for all time and is finite. We here show that if  is much larger than 3/2, then
the solution to (0.1) blows up in finite time with positive probability. Presumably, there is a .
with . > 3/2 such that if v > ., the solution to (0.1) blows up with positive probability but if
v < 9, then blowup is impossible. At present, even the existence of such a «, is not known. Some

computer simulations by Terry Lyons give some evidence that in fact . = 3/2.

Note that blowup occurs in a similar deterministic problem. If v is the solution to

%—@4_ o

ot ox2 "'
v(t,0) =v(t,J) =0 t>0, 0<z<J
’U(O,-)ch

where v > 1 and where f is a nonnegative and nonzero continuous function on [0, J], then if the
constant c is large enough, v blows up in finite time (see, for example, [3], [4], [7]). Roughly, one
can compare the solution v to the solution of the ODE ¢y = y7, which is easily seen to blow up in
finite time. By analogy, we should then be able to study (0.1) via the Ité stochastic differential
equation

dX: = X, dB, (0.2)
where B is a standard Wiener process. Note that here, however, X does not blow up for any +.
Indeed, X is a time-changed Brownian motion which is killed at zero, and so is bounded.

Our main line of argument in this paper is to compare the solution of (0.1) to a branching
process. Large peaks are regarded as particles in this branching process. Offspring are peaks which

are higher by some factor. We show that the expected number of offspring is greater than one
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when +y is much larger than 3/2, and thus the branching process survives with positive probability,

corresponding to blowup in finite time.

Nonlinear PDE’s commonly have solutions which blow up in finite time, and such phenomena
have been often studied. To our knowledge, there have been no results on blow-up for PDE’s with
random noise terms. In this paper we show blowup for the heat equation with a nonlinear noise
term. The blow-up is due entirely to the effect of the noise, which can push the solution down as
well as up. Thus, our work is not merely an extension of the deterministic case, and our techniques

are substantially different.

1. A rigorous understanding of the problem.

We now recall the meaning of SPDE’s such as (0.1), allowing us to rigorously state the main
result of our paper.

First let us fix some notation. Let R, := [0,00). Let R := RU{#00} and R, := R;U{oco} with
the usual topologies. For each J > 0, define E(J) as the vector space consisting of those elements
¢ of C([0,J]) such that ¢(0) = ¢(J) = 0, and define E(J) as the collection of those elements ¢
of E(J) such that ¢(z) > 0 for all 0 < z < J. Also, let E*°(J) be the cone of those elements ¢ of
C([0, J]; R) such that ¢(0) = ¢(J) = 0, and let E3°(J) be the convex subset of E*°(.J) consisting of
those elements E*(J) which are also in C ([0, J];R,). We assume the standard topologies on these
spaces such that they are Polish spaces. Also, for each J > 0, define Cg(1)[0,00), Cg, (5[0, o),
Cgeo(7)[0,00) and C B (1) [0,00) as the collection of continuous mappings from R into respectively
E(J), E4(J), E*(J) and E(J); under appropriate metrics, these spaces are also Polish spaces
(see [1], Chap 3.10). If ¢ is in Cgeo( [0, 00), then we denote by ¢(t,z) the value of ¢ at a specific
time ¢t and at a specific point z in [0, J], and for each ¢ > 0, we denote by ¢(¢,-) that element of
E°°(J) generated by the mapping z +— ¢(t, ). Finally, we define CZ([0, J]) as the space of elements

of E(J) which possess a continuous second derivative, and we define for each ¢ in E*°(J),

ol = { S9Pzelo,n1le(@)] if ¢ € E(J)
o : :
o0 otherwise.

We can of course understand || - || as a function on U s¢E*(J).

Now we quote the definition of a white noise on B(Ry x [0,J]). We assume an underlying
probability triple (2, F, P). A white noise W on B(R; x [0,J]) is a random set function on the
Borel subsets of R} x [0, J] of finite Lebesgue measure such that

i) for A a Borel subset of Ry x [0, J] with finite Lebesgue measure, W (A) is a zero-mean

Gaussian random variable



i1) for A and B Borel subsets of Ry x [0, J] of finite Lebesgue measure,
E[W(A)W(B)] = Leb(AN B),
Leb being the Lebesgue measure on (R x [0, J], B(R4 X [0, J])).
The theory of integration against W is developed in [18]. For future reference, let us now
define the filtration {F}V : t > 0} of F as
FV =a{W(A): A€ B([0,t x [0,J])} t>0

Consider any random process v with sample paths in Cge()[0,00). For each positive integer

L, we define the random time
or(v) :=inf{t > 0: ||v(¢,-)|| > L}, (1.1)
and we define the ezplosion time of v as

o(v) := lim or(v). (1.2)

L—oo

By considering all J’s at once, the o1’s and o may be defined as functions from U~Cge ([0, 00)

to R. We say that a random process u with sample paths in Cge()[0, 00) is a solution of (0.1) if
(A.1) u(t,-) is F}V-measurable for each ¢t > 0 (i.e., the process t — u(t,-) is F,}¥ -adapted)
(A.2) for all £ > 0 and all ¢ in C3([0, J]),

/OJ u(t A or(u),z)p(z)ds = /J uo(z)p(z)ds
/ / u(s, ) (T)X{s<op(u)}dsdz (1.3)

/ / z)u” (8, )X {s<or(w)} W (ds, dz)

P-a.s. foreach L =1,2,....
Note that by (A.1), or(u) is an F}V-stopping time for each L, so that the stochastic integral in
(1.3) is well-defined.
The existence and local uniqueness of the solution to (0.1) is given by the following localization

procedure. Let u() be the solution of

L) ) .
81:915 2831;2 + [u® A LPW

uD(t,0) = uB)(t,J) =0

U’(L) (Oa ) = Uo;



i.e., a random process with sample paths in Cp(s)[0,00) which is FV-adapted and such that for

all t > 0 and all ¢ in CZ[0, J]),

J J
/ u® (¢, 2)p(z)dz = / o (&) p(z)dz

0
/ / )28 (@)dsd (15)
/ / D) (s, 2) A L[TW (ds, da).

Since z — |z A L|” is bounded and Lipschitz, (1.4) has a unique solution (see [18]). It is easily seen
that for each L, u(L) satisfies (1.3) P-a.s. for all ¢+ > 0 and all ¢ in CZ(]0,J]) and conversely that

any solution u of (0.1) must agree with (%) up to o; more exactly
or(w) =0, (w™) and wu(t,z) = uP(t,z),
P-as. forall 0 < t < op(u) = o1 (u)) and all 0 < z < J. Thus the solution of (0.1) is unique up

to the explosion time o(u) and satisfies

u(t,z) = lim wP (¢, ). P—-as, 0<t<o(u), 0<z<J (1.6)

L—oo

Arguments of Mueller and Shiga (see [11] and [15]) show that for each L, u(X) is nonnegative when
ug is nonnegative, so the solution u of (0.1) must also be nonnegative up to o(u); i.e. u(t,z) >0
foral0 <t <o(u)and all 0 <z < J.

We can now state our main result;

Theorem 1. Let u be the solution of (0.1) where «y is much larger than 3/2 and the initial condition
uo in E4(J) is not identically zero. Then P{o(u) < co} > 0.

In our proofs we shall have reason to consider a class of SPDE’s of a form slightly more general
than (0.1). Unfortunately, the solutions of these auxiliary SPDE’s are not known to be unique. We
shall form a solution of (0.1) out of these auxiliary SPDE’s, and to connect the resulting estimates
to an estimate of (0.1), we need the following fact:

Proposition 1.1 The solution of (0.1) is weakly unique up to explosion—i.e., if uy and uy are

solutions respectively of equation

Bul 82’[1,1

it T
gD 972 + (u1)"Wh
Ul(Oa'):(P



and

BUQ - 82u2

et Rt YIA

5t~ ogz (W)W
us(t,0) = ualt, ) = 0 120 0sest 08
U2(07'):(p

where W, and Wy are two white noises on B(R4 x [0,J]) and ¢ is some deterministic function
in E,(J), then the law of {ui(t,z) : 0 < t < o(u1),0 < x < J} is the same as the law of
{us(t,z) : 0 <t <o(u),0 <z < J}

Proof. Construct finite-difference approximations u} and u% of (1.7) and (1.8) as in [11], Section
3. By well-known results on the weak uniqueness of solutions of finite-dimensional SDE’s, the laws
of vl and uj will agree. By a calculation similar to that of [11], Theorem 3.2 and by the strong
uniqueness up to explosion of (1.7) and (1.8), we then get that u; and us have the same law up to

explosion. We leave the details to the reader. ]

2. Preliminary results.

In this section we gather some results and ideas, which form the bricks for building the ideas

of Sections 3 and 4.

Our main line of argument will be to define a branching process in which the individuals in
the population correspond to large peaks of the solution. We will wish to follow the evolution of
these peaks by considering equations similar to (0.1) but on a finer and finer scale. To carry out
our calculations, however, we need to consider a slightly more general form of (0.1). Let £ be a
E (J)-valued random process independent of the sigma field Vtz(]]:tvv , and which is left-continuous

with right-hand limits. Let b: R x Ry — R be the mapping

b(z,y) == /(x| +y)> — y. z€R, yeRy
We can then consider the SPDE
ou  0%u .
E = w + b(u,f)W

u(t,0) = u(t,J) =0
u(0,-) = uyg.
where the initial condition ug is continuous and nonnegative but not identically zero. If £ = 0, we

have (0.1). Analogously to (0.1), for any F}V V o{¢}-stopping time 7, we define a solution of (2.1)

up to 7 to be a random process with sample paths in Cge(s)[0,00) such that
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(B.1) u(t,-) is FV V 0{&}-measurable for each ¢ > 0 (i.e., the process t — u(t,-) is FV V a{{}-
adapted)
(B.2) for all £ > 0 and all ¢ in C3([0,J]),

/0 u(t ANorp(u) NorL(&) A1, z)p(z)dz

J
- / o (2) () da
° (2.2)

t J 82(p
+ / / 'u'(sax)ﬁ(m)X{sgaL(u)/\O'L(é)/\T}dew
0 Jo €
t J
+ /0 /0 (p(m)b(u(sam)a‘5(35x))X{sSUL(u)/\aL(ﬁ)/\'r}W(dsadw)

P-as. for each L =1,2,..., where or(u) and o (£) are defined as in (1.1).
We say that u is a solution of (2.1) if it is a solution up to the stopping time 7 = co. The following

information about (2.2) is relevant to our study.

Lemma 2.1. The SPDE (2.2) has a solution u up to o(u) A o(§) which is nonnegative up to
o(u) No(€).

Proof. We give only the basic idea of the proof. We can define a nonnegative continuous-time,
spatially discrete approximation u” of (2.1) as in [11], Section 3. We may furthermore assume
that u, is stopped at the moment it reaches some height, which we denote by L. We may also
assume that ¢ is bounded by L. Under the assumption that u and ¢ are bounded, we can show,
by using some estimates on the regularity of the discrete and continuous time heat kernel, that
the laws of the u,’s are tight and that the L? norm of the u,’s is bounded. An appropriate weak
compactness argument as in [14], Chapter 3.1 gives us that we may find a subsequence u,, which
weakly converges to some u which is F}V V o{¢}-adapted. By the aforementioned tightness of the
laws of the u,’s, u must be continuous, and furthermore we may pass to the limit in the integral
equations corresponding to (2.2), showing that u will indeed solve (2.2). We then pass to the limit
in L, which allows us to continue the solution to o(u) A o(§). Note that we have not implied that

the solution of (2.2) is unique (see [15]). [

To develop the machinery needed for analyzing the structure of the peaks, let us define for
each finite interval I := [a,b] the fundamental solution of the heat equation on I with Dirichlet

boundary conditions;



oG 0’G

- ) = ——

G(t,a,y;I) = G(t,b,y;I) =0

t,z,y; 1)
t>0, 0<zel
G(0,-,y; I) = 6.

We shall need the following comparison results, which will give us some uniformity in our bounds;

Lemma 2.2. For any J > 0 and any interval I C [0, J],

o[ e [57] e[

G(t,z,y;I) < G(t,,y5[0,J]) < <
(t,z,y; 1) (t, 2,950, J]) i i

for allt > 0 and all x and y in 1.

Proof. We use the maximum principle and the nonnegativity of Green’s functions. For any

nonnegative function ¢ in C(I),

/G(t,x,z;I)cp(z)dz < /G(t,x,z, [0, J])¢(z)dz
I I

by the maximum principle and the positivity of G(-,-,; [0, J]). Now let ¢ tend in the distributional
sense to d, for any y. This gives us the first inequality in the statement of the lemma. The second
inequality follows from similar reasoning, by comparing the interval [0, J] to [0,00). The final
inequality is obvious. [ ]

For our later convenience, let us define

_ exp [— (ng;) ]
G(t,.’L‘,Z) = W

for all ¢ > 0 and all z and y in R.

We shall analyze the nonnegative solutions u of (2.1) by integrating it against a time-reversed

heat kernel; define

o(t,z;y,J) = G(2 —t,z,y;[0, J]) 0<t<2, ze€]|0,J]
for each J > 0 and each y in [0, J]. The following result will allow us to compare u to a solution of
(0.2).
Lemma 2.3 Take any y in [0, J]. Define

J
U = /0 o(t, z;y, J)u(t, z)dz. 0<t<o(u)Aho(()Al (2.3)
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Then for each L, the process UY given by

UtL = Ut/\aL(u)/\a'L(E)/\l t>0, (24)

is a nonnegative, continuous F}¥ -martingale with quadratic variation (UL) satisfying
d(URYs > (UL at (2.5)

for all 0 <t < or(u) ANor(§) A1, where c is a constant which does not depend upon vy, v, J, or L.

Proof. By using (2.2), we can easily argue that

t J J
Uk =:)/ J/ ¢<s,x;y,J)b(u(s,x),5(3,x))x{sgaL<u)AaL(@}vV(ds,dz)+—J/ $(0, 23y, JYuo (¢)dz
0 0 0
t>0

for all t > 0. Thus UZ is an F}V-martingale with quadratic variation

e A T R e t20
Now since u and £ are assumed to be nonnegative, clearly for all z and all 0 <t < o(u) A o(§),
(u(t, ) +€(t )% > (u(t, 2))*" + (€(t,2))>
and hence by the definition of b,
b (ult, 2), £(t, 7)) > (ult, %)™

By an application of Jensen’s inequality,

J 2y J =1 g
(/ b(s, 239, J)U(s,w)dw> < (/ b(s, 25y, J)l_@”_l)_ldiv) / ¢* (s, m3y, J)u™ (s, z)d
0 0 0

for all 0 < s < or(u) A1l. But now by Lemma 2.2, we have that for all 0 < s <1

7 2y—1
(/ ¢(8,m;y,J)1_(27_1)1d$>
0

~( 1 @-91)
<t/ (ﬁp [‘m]) &

4m(2 — s)
(1—1/(2y —1))&-1/2"

2y—1




But since 7 := infyp<1/2(1 — x)'/* is positive, as is easily checked, we have that

J 2y—1 3
(/ b(s, 73y, J)l"(z”"l)_ld:v) < %
0

for all 0 < s < 1. Thus

J 2y
d<UL>t > (/ ¢2(ta Z3Y, J)uz’y (ta :L‘)d.Z‘) X{tSO'L(u)/\O'L(f)}dxdt
0

J >
> /% (/ qS(t,x;y, J)u(t,x)dfb) X{tgaL(U)/\UL(ﬁ)}dt
0

/1N
> 8_7r(UtL)2’yX{t§aL(u)/\aL(f)}dt'

This completes the proof if we set

- inf0<xS1/2(1 — .’L')l/x
= S .

If a high peak exists, then we shall describe the next stage of our process by focusing in on the

region of the high peak. The following rescaling lemma will allow us to do this;

Lemma 2.4 Suppose that u solves (2.1) up to some F}¥ V 0{¢} stopping time 7. Let L > 0. Then

let
o(t,@) = L7 (L1207, 120 t>0, 0<az<JL20-Y
solves
ov 0% ~ L
b
3t ax2 + ([U’é-)

3(t,0) = o (t, JL20-D) = ¢

6(07 ) = g

t>0, 0<z<JL20-1)

up to the .ﬁw V o{¢}-stopping time TL*1~7), where %o(z) := L™ uy (zL?1~7)) for all 0 < 7 <

JL2O=Y E(t,z) = L7Y@L*A) 2 L20=7) for all t > 0 and 0 < z < JL2O™V and W is the

white noise on B(Ry x [0, JL2(*~1)]) defined by

W(A) := L3O~V x4 (LA™Y 2L20-DYW (dt, dz)
R+ X [O,J]



for all A in B(R, x [0, JL2("=1]) with finite Lebesgue measure.
Proof. Write out (2.2) and carry out the obvious rescaling arguments. [ ]

The next stage of the branching process will come from splitting up the mass of a scaled large
peak, in such a way that each piece will evolve independently. The following idea will be at the

heart of this.

Lemma 2.5. Consider the N recursively-defined equations

ou’ B 0%ut
ot Ox?

1—1
e[, S | v
j=1

u'(t,0) = u'(t,J) =0

u*(0,-) = ub.

where u® = 0 by definition. Here the W'’s are independent white noises on B(Ry x [0, J]) and the
u’s are some collection of nonnegative initial conditions. We consider the solutions of the SPDE’s

(2.6) to be those given by Lemma 2.1. Let us then define the E$°(J)-valued process

a(t,”) == {Zf\il u'(t,") for0 <t <min{o(u'):i=1,2,...,N}
’ 00 otherwise

allt > 0. Then 4 is a solution of

o 0% .

a(t,0) = a(t,J) =0
N .
@(0,) = > up

for some white noise W which is a linear combination of the W*’s.
In some sense one might think of the u*’s as ‘subsolutions’ of the SPDE (0.1).

Proof. By the recursive nature of the Lemma, it sufficies to prove the result for N = 2. Then we

can set

W (A)

(ul(t, 2) +u2(t,2))" - (wl(t,2)> 4
= ul(t,z)+u?(t,x o(ul)Ao(u? W= (dt, dz
/(t,x)eA X{0<ul (b}t (t), e<olul)ho )}\/ (ul(t, z) + u(t, z))*" ( )
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+/ X ( L GED) >7W2(dt dz)
(tx)ea {0<ul (t,z)+u? (t,2), t<o(ul)Ac(u?)} ul(t,z) + ui(t, z) )

+/ ul (t,2)+u2 (t,2)=0 or t>o(u')Ac(u? w! dt,dz
(t,x)eAX{ (t,2)+02 (£,2)=0 or t>o(ul)ra@2)} W ( )

for all sets A in B(R, x [0, .J]) with finite Lebesgue measure. Tt is not difficult to see that W is a
white noise. One should consider the covariance structure of W, and one can use Levy’s martingale
characterization of Brownian motion (see [6], Section 3.3.3.B) to see that the rectangular increments

of W are Gaussian. This is sufficient. One can then prove the result in the expected way. ]

We finish this section by deriving several bounds on the heat kernel with Dirichlet conditions.

These estimates will be necessary for the transitions between steps of the branching process.

Lemma 2.6. Define

o1 := min {_1/21311531/2 G(2,z,0;[-1,1)), 11§na:f§1 G(2,z,0;[-2, 2])}

and
G(2,,1;[0,2))

oy = inf ——2 "~ -%,
0<z<1 T

Then the lower bounds a1 and as are positive. We also have corresponding finite upper bounds

ay == sup Gt z,y;[0,J])
0<z<J
0<y<J
J>2
t>1

and

o= sup CZU 0]
0<z<1 T
1<y<J
7>2
t>1

Proof. The positivity of a; and as are consequences of strong maximum principles for parabolic
PDE’s. They can be deduced from Theorems 2 and 3 of Chapter 3 of [13]. The assertions concerning
o and o4 can be deduced from the comparison results of Lemma 2.2 and some obvious calculations.

We leave the details of these arguments to the reader. ]

3. Characterizing peaks in the solution and studying their propagation.
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In this section we use the results of Section 2 to characterize peaks of high mass in the solution
of (0.1). We then rescale the SPDE to obtain a finer resolution. We finally show how a peak of
large mass in the original SPDE can be broken up into peaks of smaller mass which allow us to
restart our arguments. In Section 4 we then rigorously define a branching process in which peaks
correspond to individuals in a population. If 7y is much larger than 3/2, then this branching process

will survive with positive probability, and this will correspond to blowup of the solution u of (0.1).

First let us define several constants whose use will be apparent later. Define

4ot/ 4 4al4
M = max{ %2 7r’ % 7r} (3.1)
(6] a7
where a1, as, o} and ) are as in Lemma 2.7, and
K-—M<4+ 4 ) (3.2)
= i .

With these constants in hand, we now begin our arguments.

As a preliminary remark, we may use the scaling of Lemma 2.4, to assume that the interval

[0, J] satisfies J > 4. We shall also assume that

/J #(0, z; 2z, J)ug (z)dz > 2 (3.3)

for some z in [1,J — 1]. Later we will show that if u is not identically zero, then with positive

probability we can restart the process, by virtue of the Markov property, assuming (3.3) to be true.

Now we describe how a large peak in u the solution of (2.1) gives rise to even higher peaks.

Letting u be a solution of (2.1), we define
J
U, = / B(t, 33 2, T)u(t, o) ds. 0<t<lAo(w)AoE) (3.4)
0

Let us consider the random time

(3.5)

_ 1nf{t >0: Ut > K} if Sup05t<1,\o.(u)/\o.(§) Ut > K
'S otherwise,

i.e., the first time at which U; reaches the high level K. This corresponds to a large peak in wu,

since
J
/ ot x; 2, J)dx < 1,
0

12



as one can easily show using Lemma, 2.2. We are interested in showing that P{r Ao (u)Ac(§) < 1} is
not too small; i.e., we want to bound from below the probability that before time 1 either U reaches
a high level or u or £ blows up. By Lemma 2.3, we can compare U to a time-changed Brownian
motion B with the estimate (2.5) giving us a bound on the time change. With this, we can use some
level-crossing probabilities for a standard Brownian motion to bound P{7 A o(u) A o(§) < 1} from
below. To emphasize some uniformity of the lower bound, we shall let B be a standard Brownian

motion starting at 0.

We begin by defining {UF : ¢ > 0} as in (2.3)—(2.4) where u is now a nonnegative solution of

the more general equation (2.1). For convenience, set
¢:=Up (3.6)

and ¢ := c(1A(¢/2)?) and z' := 1 A ((/2), where c is as in Lemma 2.3. We simply note in passing
that our definitions of ¢’ and z’ are made to handle several usages (see Proposition 3.1 and the
comments at the end of Section 4 for relaxing the requirement (3.3)). The important relationship
between ¢’ and z’ is that ¢/ > ¢ and

c(z)? > ¢. (3.7)

By Lemma, 2.3, UL is a continuous martingale and hence a time-changed Brownian motion. Thus

there is a Brownian motion BZ and a random nondecreasing mapping pr : Ry — R, with
PF () > c(UF)? Xt (w)nor (€)a1} (3.8)

such that UF = B;l):L(t) for all 0 < t < op(u) A op(§) A1 (see [9]). Consider now the set

{supp<i<er BY > K, infocice BY > 2/, 01(€) > 1}. On this set, the time change should be
bounded from below, since B{“ > g/ for all 0 < ¢t < ¢, and thus BF reaching the level K before
time ¢’ should imply that U’ reaches K in a similar time interval, so 7 cannot be too large. The

exact result we shall use is:

Lemma 3.1 Setting

S {inf{t >0: UF > K} ifsupys UF > K
00 otherwise

for each L =1,2,..., we have that

{ sup BY > K, inf Bf > :c'} C{rpANop(u) ANor(€) <1}
0<t<e 0<t<e’
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for each L =1,2,..., and thus

P{r Ao(u) Ao(£) <1} > lim P{ sup Bf > K, 0<i£1<f,BtL>xf}.

~ Lo 0<t<e!

Proof. It is easy to see that for each L =1,2,...,

T Aop(u) Aop(§) < 1o Aopga(u) Aopga(§) < 1A (u) Aa(§).

Hence
{rL41Nopr(u) ANopg1(§) <1} C{rr Aor(u) Aor(§) <1} C{T Aa(u) Ao(§) <1}

and thus
P{rANo(u)ANo(§) <1} > Lli_’m P{rp Nop(u) ANor(§) < 1}

Now for each L =1,2,..., we have that

{ sup BtL > K, inf BtL > :1:'} CA{op(u)ANor(§) <1}
0<t<e! 0<t<¢e’

U{ sup BL > K, inf BL > op(u) Aop(é) > 1}.
0<t<le! 0<tle!

Consider now the case where infoc;< BY > 2/ and op(u) A or(€) > 1. We argue that then

pr(1) > ¢’. Assuming the contrary, that pr(1) < ¢, then by the mean value theorem,

pr(s) = pr(1) — pr(0) < (3.9)

for some s in (0,1). But under the assumption that infoc;< BY > 2’ and o, (u) A or(€) > 1, we

would then have by (3.7) and (3.8) that

IbL(S) > C(BélL(s))z’YX{sgaL(u)/\aL(E)} 2c (0<i?£c’ BtL> 2 cl’

which contradicts (3.9). Thus indeed pr(1) > ¢ if infoci<r BE > 2’ and o (u) Ao (€) > 1. Hence

if also supp<;<,s BE > K, then

sup U = sup BL> sup BLI > K.

0<t<1 0<t<pr (1) 0<t<c!

14



Note that if oz (u) A or(€) > 1 and supgc,<; UF > K, then clearly 7, < 1. Hence the inclusion

{ sup Bl > K, inf BE >’ op(u)Aop(€) > 1} C {rr <1},
0<t<e 0<t<e

so indeed we can see that

{ sup Bl > K, inf BL > a:’} C{or(u) Aor(§) <1} U{r, <1}
0<t<c! 0<t<e!

CHon(u) ANor(é) AN < 1}

|
From this lemma we get
Proposition 3.1. Defining U as in (3.4) and ( as in (3.6), we have that
P{r Ao(u) Ao(§) <1} > B(()
where for each x > 0, B(z) > 0 is defined as
z):=P su B, +z) > K, inf Bi+1xz)>1N(z/2) ;.
Ale) {Ogtgc(l/\l()xﬂ)z‘r)( ¢+ o) ost<eints oy Bt T0) =/ )}
This is our desired bound on P{7 A o(u) A or(§) < 1}. Note for future reference that
i > 1
dnt, B(@) > 6 (3.10)
where
B = —2, i - 11
B P{Os;;};th>K 2, ogtlcht> 1} (3.11)
since

—2, inf B -1 B K, inf
{sup B> K ,0;}9 ;> }C{sup( s + ) > ’oggc

(B +1) > 1A (:1:/2)} (3.12)
0<t<e 0<t<e

for all 2 < < K. Standard results give us the following exact formulae for 8 and B(x) with
O<z <2
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Lemma 3.2. We have that

/ /K L 3exp [_Z(ij ) (K;f)z] dwds

and that for 0 < z < 2,
c(z/2)*Y K—(z/2) K-z ,w2 (K . .’E)2
n=/ e M Crr e R |

Proof. For any a < 0 < b and any ¢’ > 0, we have that

P{ sup B; > b, mf By >a} =P{r,>t,m <t}
0<Lt<t! <t<t’

where
_ {inf{t >0: B, <a} ifinfy50B; <a
00 otherwise

and
_ {inf{t >0: By >b} ifsup,;50Br > b
00 otherwise.

Now, using {G; : t > 0} to denote the filtration generated by B,

P{Ta >tl, T < t,} :P{Ta — Ty > t,—Tb, Ty <tl}

= E [P{7, — 1 > t' — |G, } X {7y <t'}]

b—a
=F

—_— X [ L] dw
; = Tb p Tb) X{rp<t'}

U)2

gy ﬁ[ L -

We have used here Problem 8.2, Theorem 6.16, and Proposition 8.5 of Chapter 2 of [6]. Inserting

a=—1,b=K —2and t = cinto this, we get the formula for 3. Inserting a = —(z/2), b = K —z,

and t' = ¢(z/2)%” into this, we get the formula for 8(z) with 0 < z < 2.

Now let us consider how we can start the whole process again if 7 Ao(u) < 1 and o(§) > 1. If

TAo(u) = o(u) < 1, then the solution u of (2.1) has already blown up. If 7Aco(u) = 7 < 1, then we

use the strong Markov property of the solution of (2.1) along with the scaling result of Lemma 2.4
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to allow us to repeat our arguments at a finer scale of resolution. More clearly, if 7 Ao(u) =7 <1,

set

1
vo(x) = S (T, m22(1_7)) . 0<z<J220-D  (3.13)

Then by the Markov property of the solution to (0.1) and Lemma 2.4, we have that the conditional
law of the process {(1/2)u(t2*(1=7) 4+ 7,2220=7)) : ¢+ > 0,0 < z < J2200=D}, given FW, is the

T

same up to explosion as the law of a solution of

ov 0% o2

E = W +b(U,£)W

v(t,0) = v(t, J2°07D) =0 £>0, 0<z<J220D
v(0,-) = vo

where £(t,z) := 27 €124 2220-7)) for all t > 0 and 0 < z < J220r~1)_ and with W a white
noise on R x [0, J220'=1)] independent of £&. By the transformation (3.13) we have made the peaks

smaller but wider. By the definition of 7 and an obvious change of variables, we have that

J22(v-1)
/ é (T, 22207 2, J) vo(x)dz > K2%773. (3.14)
0

Now an easy argument based upon Lemma 2.2 gives us that

J22(r—1)

/ ¢ (t,x22(1_7);z, J) dz < 2201 (3.15)
0

for all 0 <t <1, so by comparing (3.14) and (3.15) we see that the mass of vy cannot be too small.
We wish to split the mass of vy into a collection of smaller masses, each of which satisfies (3.3)
with J replaced by J22('=1 and z replaced by some appropriate point in [1,.J — 1]. Doing this
will enable us to repeat the arguments starting with (3.3), allowing us to study the propagation of

peaks.

The lemma we need to break up the mass of vy is the following one, which shows us that if a

function vy satisfies (3.14), then it can be broken up into no less than
N := 22773 (3.16)

smaller pieces, each of which satisfies the appropriate modification of (3.3). Here |-| denotes the
greatest integer function. We note for future reference that the number N is of critical importance

to the construction and analysis of the branching process in Section 4.
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Proposition 3.2. Let J > 4 be fixed. Set J := J220~Y_ If f, in E°(J) satisfies

J
/ ¢ (t, 2220=7); 4 J) fo(z)dz > K22773,
0

for some zy in [1,.J — 1] and some 0 < t < 1, then there are {f; : i = 1,2,...,N} in E®®(J) such
that

N
fo=>_fi
i=1

and for eachi=1,2,... N,

J
/ (0,3 2, J) fi(x)dz > 2. (3.17)
0

for some z; in [1,J — 1].
Proof. The f;’s will come from multiplying f by the elements of a partition of unity. In this proof,

we define “cutoff functions” as those elements 1 of C* ([0, J]) such that 0 < n(z) < 1 for all z in

[0, J]. Also, for convenience we shall define

o(z) :==¢ (t, 222077); 2, J)

for all 0 < z < J for any fixed but arbitrary ¢ in [0,1]. Finally, we set Z, := 2,220'~1); note that
thus (recall that v > 3/2)
Z €[2,J —2). (3.18)

We begin by breaking [0, J] into a collection of small intervals on which f; has mass at most

M and width at most 1. Set pg := Zp, p1:=29 + 1, p_1 := 2y — 1,

i = i{lf{z > i1t f:iil fo(z)dz > M} A (pi—1 +1) if fpl _ folz)dz > M
J—1 0therw1se

for all ¢ > 1, and

Dy = {sup{z<pl+1 P folw)dz > MYV (piy1 — 1) if [[ fo(z)ds > M
! 1 0therw1se

for all 7+ < —1. Note that for all 7,
1<p; <J—-1. (3.19)



We would like to count up respectively those intervals [p;, p;+1] and [p;—1,p;] for i > 1 and 7 < -1
respectively on which the mass of fy, is M. We hope that there will be on the order of N such
intervals. To do this, define Z+ and Z~ as those sets of respectively positive and negative integers
i for which fy has mass M on respectively [p;, p;+1] and [p;—1,ps]; i-e.,
Pit1
TH—{i>1: / fol@)dz > M}
i

and

7 ={i<-1: /pi fo(z)dz > M}.

Pi—1
The following lemma shows us that if 4 is in Zt or Z~, we can define an f; as in the statement of
the Proposition by multiplying f by a cutoff function.

Lemma 3.3. Ifi isin Z% or Z~, then there exists a z; in respectively [p;,p;+1] or [pi—1,p;] and a

cutoff function n; with support in respectively [p;, pi+1] or [pi—1,p;] such that

7
/0 #(0,z; 2, J) fo(z)mi(z)dz > 2.

Proof. Set z; := (p; + pi+1)/2 if i is in ZT and z; := (pi—1 + p;)/2 if i is in Z~. By (3.19),
1 < z; < J — 1; note that thus [z, — 1,2; + 1] C [0,J] for all i in Z+ or Z~. Let n; be a cutoff
function with support in (z; — 1/2, z; + 1/2) such that
2i+1/2 1 [ztl/2 _
| ben@n@de> 5 [ ) foa)da. (3.20)
z;—1/2 z;i—1/2
By the comparison results of Lemma 2.2 and Lemma, 2.6,

zi+1/2

zi+1/2 _
/ ¢(O,$; 235 J)fo(ﬂ”)m(ﬁﬂ)dl' > / G(2,.’L‘,Zi; [zl - 1,2'1' + 1])f0(£€)’fh(l‘)d$

i_1/2 zi—1/2

zi+1/2
> 041/ fo(z)n;(z)dx.

i=1/2

On the other hand,

zi+1/2 _ zi+1/2
/ ¢(z) fo(z)n;(z)dz = / G(2 —t,22207Y) 25: [0, J)) fo (z)n; (z)dz

i—1/2 i—1/2

Z1+1/2
<af [ flem(e)da.

i—1/2



Combining these two inequalities and (3.20) and the definition of M, we get that

zi+1/2 B a; zi+1/2 _
/ $(0, 23 2, J) fo ()i (2)d > 2 / 3() fol@)s () da

i—1/2 231

Now let us show that the cardinality |Z*| and |Z~| of respectively Z+ and Z~ must be on the order
of 22773, We have

J
k27 < [ @)ooz
0
1 po+1l _ T
- / 3(2) fola)do + / F@) o)z + | B(@)folw)da (3.21)
0 p()—l J—1
Pit+1 Pi
Y / W) folw)do + 3 / $(2) folw)dz.
i>1 7P i<—17Pi-1
Note from Lemma 2.6 that ¢(x) < (47)~/2 and, from Lemma 2.2, that
Bz) < G (21,0220, 2)
= 220796 ((2- )2°07, 3,5 ).
Also, from the explicit formula for G, if z < 2’ < %,
G ((2 - t)24(1_7),$,20) <G ((2 - t)24(1_'7),x’,20)

whereas if zy < z < 2/,

G ((2 . t)24(1_7),x,§0> > G ((2 - t)24(1_7),m’,20> .
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These bounds give us that

P Pit1 Pit+1 _
T, wenee= 3 [ s 5[ den
i>1 i>1,4€T+ i21,i¢ T+

< MIZH | r026-1) Y @ ((2 - t)24(7‘1),pi,50)

- Vin i>1,ig¢T+

Pi

IA

MI|z+| 2(y—
+M2 (v-1) /
Var Z

i>1gT+ 7 Pi~l

G ((2 — )28 g, 20) dz.

Note also that if 1 <4 < j where neither ¢ nor j is in Z*, then

pi+1=pit1 <p;

so [p; — 1,p;] and [p; — 1, p;] are disjoint. Thus since the heat kernel integrates to 1,

p’“— M|TH| 2(y-1)
/ D)fo(e)ds < 2l + M0

i>1 g

Similarly

Z /pi (;_5(.’1;')]00(.’[)(13) < % +M22(7_1)_

i<—17Pi-1 i

Inserting these bounds into (3.21),

M
K2273 < —(|Z%| +|Z7|) + 2M220—D
Vir

1 po+1
+ / #(2) folz)dz + / o) folos + [ $a)fola)da

0o—1 J-1
and hence
M T+ 7- p po+1l p J B .
S+ [ s [T son [ @i

> (K —4M)2*773,

Thus, modulo the integrals near pg and the left and right endpoints, |[Z7| and |Z~| have the correct

order of magnitude. We now need to consider the endpoints and the neighborhood of py. Define

I = \‘%/0 (Z(.’L‘)f()(l‘)dl‘J
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and

T po+1
I {% / ¢(w)fo(w)divJ

corresponding to the left, right, and center integrals. Then by a simple calculation,

M 3M
—(ZY+ 12|+ [+ 1.+ 1) > (K —4M)2> =3 - ——
\/E(| | | | l r c) ( ) \/E
> (K—4M——3M)227_3.
VAar

In the last line here, we have used the fact that 2y — 3 > 0. Thus
3
It +|Z7 |+ L+ I+ 1. > Var (K M —4 - —) 22773,
IZ7 1+ 1271+ L 2 / Jan

At this point our reason for defining K as in (3.2) is clear. We have that

|ZH|+ 27|+ L+ I, + I, > 22773 > |23

(3.22)

In Lemma 3.3 we showed that there must be |Z7| + |Z7| functions f; in E°(J) and points z; in

[1,J — 1] satisfying (3.17). To finish the proof of the proposition, we need to do something similar

at the endpoints and near py. The following two lemmas will suffice.

Lemma 3.4. There exist I; and I, positive cutoff functions {n}} functions and {n?} respectively,

with support in (0,1) and (J — 1,.J) respectively, such that

Y @) <1

1<i< I
for all ) < z <1 and

D nf(z) <1

1<4i< I,

for all J — 1 < z < J, and such that respectively

/1 $(0,z; 1, J) fo(z)n! (z)dz > 2
0

22
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and
j pa— p—
(0,2 J — 1, J) fo(z)n; (z)dz > 2
J—1

for all1 <1 < 1I; and 1 <14 < I, respectively.

Proof. Consider I;. If I; = 0, there is nothing to do, so we assume that I; > 1. Let n be a cutoff
function with support in (0,1) such that

1 1 1
| #tenteris > 5 [ dta)fale)s
Define
1(z) = L) 0<z<T

Clearly (3.23) is satisfied, so we need only to check (3.24). By the comparison results of Lemma

2.2 and Lemma 2.6 and an argument similar to that of Lemma 3.3, we have that

Aﬂmmnmmmmzﬁéawmwwm

1
(65) -
> ¢(z) fo(z)dz
2L 0 /0 (3.25)
> MO{Q Il
T 2dh/AT I
> 2.
The calculations for I,. are analogous. [ |

Lemma 3.5 There exist I. positive cutoff functions {n$} with support in (29 — 1, Zy + 1) such that

> mie) <1

1<i<I,

for all zy — 1 < ¢ < Zy + 1 and such that

Zo+1
[ + B0, z; Zo, J) fo(x)nH(z)dz > 2

o—1

and for all 1 < i< 1.
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Proof. If I, = 0, there is nothing to do, so we assume that I, > 1. Let 1 be a cutoff function with
support in (Zg — 1, Zp + 1) such that

Zo+1 Zo+1l
[ nen@d> 5 [ o

o—1

Define

1

7 (%) = (). 0

IN
8]

IN
<

for all 1 < < I.. Recall (3.18). The analogue of calculation (3.25) is

Zo+1 ~ ap [Pt
| 0wz Dot > % [ i@ ot (@)

o—1

a Zo+1 B
/ 3(2) fola)ds

> 7
ZIcal zo—1

> MOél Ic
o 20/1\/ 47 Ic

> 2.

The exact result of Proposition 3.2 is given by considering the set
A={n:icTtuz}u{n:i=1,2,....}u{ngf:i=1,2,..., LY u{nf:i=1,2,...,1,}

of elements of E3°(.J). By (3.22) we know that |[A| > N. After ordering these functions in any way,

we then take

fore=1,2,...,N—1, and

for each 0 < z < J. ]

4. A branching process.

In this section we show how to connect together all the ideas of Section 3 to form a branching

process which describes the propagation of peaks of u a solution of (0.1). When 7 is much larger
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than 3/2, then this branching process survives, which probabilistically implies that u blows up.
Our technique is to study a collection of auxiliary ‘subsolutions’ of the form (2.1) on finer and finer
scales, using the process (3.4) and Proposition 3.1 to get uniform lower bounds on the growth rate
of the auxiliary of SPDE’s. We then use Lemma 2.5 to construct a solution of our original SPDE
(0.1). We keep track of the evolution of the peaks in our collection of subsolutions by means of a
branching process. When a branch survives, the scaling of our subsolutions will give us blowup in

finite time.

A few notational conventions will simplify our presentation. Let N:= {1,2,...} be the collec-
tion of natural numbers and let NV, := {1,2,..., N}™ be the m-fold product of {1,2,..., N} for
eachm = 1,2,..., where N := [22773] is as in (3.16). The set N,, is to be interpreted as the collec-
tion of all family histories of the m-th generation. Note that we are assuming that individuals can
have at most N offspring. We shall denote elements of the N,,’s by boldface letters. Let us also de-
fine N := U, N as the collection of all family histories of all generations. If i = (41,12, ... ,im)
is in N,, for some m in N, then for any 5 = 1,2,..., N, we let i,j denote the obvious element
(41,925« - -y im, ) Of Nypg1. Additionally, for any i = (41,42, ... ,%y,) in N, we define g(i) to be m—
the function g tells us to which generation i belongs. For any two branches i = (41,142, ...,%,) and
J= (1,925, Jn) iIn N, we say that i < j if 4; # j; for some [ = 1,2,..., min{n,m} and if 4; < j;
for the least such [. We only note by way of explanation that we shall use Lemma 2.5 to construct
a solution of (0.1) by considering a collection of subsolutions of (0.1) indexed by our tree, so the
recursive nature of Lemma 2.5 requires that we have some notion of order on our tree. As final
notational conveniences, we let [,, := 2™~ ! and J,, := Jlf,p_l) for all m in N. For each i in N,

the i-th subsolution of (0.1) will be an SPDE on the interval [0, Jy(;)], and I,(;) will be the scaling

g(i

between this subsolution and the original SPDE (0.1), with Lemma 2.4 allowing this rescaling.

We make some general remarks. In order to allow us to use Lemma 2.5 and the time change
techniques of Section 3 to consider independent evolution of peaks, we expand our probability space
as necessary to support collections {W': i € N'} and {B': i € N'} of independent white noises and
Brownian motions. For any i in A, W' is a white noise on B(R4. X [0, Jy;)]). Let us also fix two
large numbers L and L’ which will represent some truncations we will need to make to construct
our branching process. The number L will correspond to a truncation of the tree, and L' will
correspond to truncating the subsolutions of (2.1) at some high level. We will need to truncate the
tree in order to have somewhere to begin our recursion in Lemma 2.5, and we will need to truncate

the solutions of (2.1) so that we can get around the possible blowup of ¢ in Lemma 2.1.
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Let us now explain the structure of our branching process by studying the first several gen-
erations. For the moment, we will be more interested in explanation than rigor. Considering the
original SPDE (0.1), which is the same as the SPDE (2.1) with £ = 0, we assume that J > 4 and
that there is a z in [1,J — 1] such that (3.3) holds. For consistency, we label the solution of (0.1)
as u!, and we similarly note that J = J;. We construct the process U! from u! as in (3.4) and
define 7! as in (3.5) as the first time at which U! reaches the level K, with K defined by (3.2).
Then P{r! A o(u!) < 1} is bounded from below by 3 as in (3.11)—see Proposition 3.1. Consider
the the case when 7! A o(u!) < 1. If o(u') < 1, then u! has already blown up by time 1. Consider

the other case, when 7! < 1 < o(u!). In this case we use Proposition 3.2 with
L 11 o20—)
fola) = ul(r!, 2220-) 0<z< Ty

to find functions {u(l]Z : 4 =1,2,...,N} in EX(Jy) which add up to f; and points {2 : i =

1,2,..., N} such that

Tz ‘ '
$(0, z; 25, Jo)ug” (z)dz > 2
0

for each 1 =1,2,..., N. We can then use Lemma 2.1 to find nonnegative solutions of the recursive
equations
guli G2yl

i — 8:E2 4 b(ul’i,’&/l’i)Wl’i

’u,l’i(t,O) :’u,l’i(t,Jg) =0 tZO, OSLESJQ, iZl,Q,...,N (4.1)

ul,i(oa ) = Iu’(1]7i

with
i—1
alt = Zul’j (4.2)
j=1
fort=2,3,...,N and
abl = (4.3)

by definition (recall that solutions of (4.1) are not known to be unique; we can take any solutions).

By combining the results of Lemmas 2.4 and 2.5, we can see that

N
it z) = Y 20" <t24(7_1),:v22(7_1)) £>0, 0<z<J (4.4)

=1
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solves

for some white noise W on B (R4 x[0,J1]). As a helpful practice, for consistency we shall use tildes
to represent sums of subsolutions. This explains the intentional similarity of notation between @'+
and 4. In view of the uniqueness of Proposition 1.1, we thus can study the law of u' = u after

Li. 4 =1,2,...,N}. We can construct the processes

71 by studying the law of the processes {u
{UY :4=1,2,...,N} from the u"’s as in (3.4) and define the 71%’s from the U'*’s as in (3.5).
In particular, note that if 71% A o(u!?) < 1, then either o(u'?) < 1 so u'* blows up by time 1 so

sup  [lubi(t, )] = oo,
0<t<1Ac (ulr?)

or 71" <1 < o(u'?), in which case

J2 . . . . .
K< ST s 2N T ut (M x)de < sup |lut(t, )]
0 0<t<1Aa(ul)
by using the fact that the heat kernel ¢(717%, -; 21%, J5) is integrable with integral not more than 1.
In either case, 7% A o(ul*) < 1 implies that

sup  [lub’(t, )l > K.
0<t<1Ac(ul+)

Li ig less than 4 as given in (4.4)—thus if

Now since the u!*’s are nonnegative, we have that 2u
718 Aa(ul?) < 1, then @ exceeds the level 2K by the time (in our original scale) 24(!=7). By Lemma
2.5, @ has the same distribution as u (for t > 71), and thus 71 A (u!+*) < 1 probabilistically implies
that actually u exceeds the level 2K by the time 1 + 2*(1—7). Heuristically, if the ‘peaks’ survive
to the second level, the solution of (0.1) should reach the level 2K by time 1 + 2*(1~=7)_ We shall
make this idea more rigorous later. We now would like to proceed to the next stage and to analyze
the peaks of the u''*’s independently, repeating our arguments. Thanks to the nonlinearity b in
the equations of (4.1), however, the u''’s are not independent, so this is not directly possible. But

note that for each i = 1,2,..., N, UM is an FV""-martingale. Thus by Knight’s theorem (see [6],

Theorem 3.4.13), we may time change then into independent Brownian motions, analogously to our
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comments preceeding Lemma 3.1. Thus although the u'*’s are not independent, the evolutions of

their peaks is in some sense independent. This will be crucial to our analysis.

Now let us look a bit more closely at the evolution of the u!*’s as defined by (4.1). Here is
where we begin to see some complications. Quite apart from any probabilistic argument, we have
a problem that the process ul?, for example, is defined only up to o(u!!). To get around this
problem, we stop ul'! at oz, (ul!) in the definition of u!2. Instead of (4.1), we are led to study the
recursion

)
ubi(t,0) = uti(t, J2) =0

t>0, 0<z<Jy, i=12...,N (4.6)

ub(0,-) = ug”

where

ayi(t,z) == AVt A op (@), z) (4.7)

forallt>0and all 0 <z < Jy and all i = 1,2,..., N with the 4!%’s as in (4.2)-(4.3).

2

The next problem is what to do when, for example, u''? reaches a high level but u!! is still

finite; i.e., 712 <1 < o (ul'!). We should use Proposition 3.2 to break up
1
folz) = §u1’2(71’2,w22(1_7)) 0<z<J;3

into N components and repeat our arguments, defining now {u>2¢: i =1,2,..., N}. But since u!3

depends upon 2, this will affect the evolution of «!3. This is particularly true since uniqueness

for (2.1) is not known—we don’t know that the law of u!*2, which we initially use in defining u!3

1:2:i%s which we should use after

is the same as the law of the appropriately scaled sum of the u
the moment 712 when u'»2 should be split. Due to this nonuniqueness, we should at that moment
define @%2 as the appropriately scaled sum of the u>?>%’s. A little thought shows that we should

3 using all the (appropriately scaled) u'’s such that i < 1,3; this

in fact at that moment define '’
occurs when the solution blows up along one branch of the tree. The difficulty of this is that then
the recursion in (4.1) has no finite starting place. We overcome this problem by truncating the

tree, and defining the i-th branch of the tree using only those relevant branches from the first L
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generations. Thus we replace the recursion (4.6) now by

8u1,i _ a2u1,i
ot  Ox?
’u,l’i(t,O) — ul’i(t, J2) =0 t> O, 0 <z< JQ, 7= 1,2, . ,N (48)

1) i1
—I—b(ul”,uzl, Z) Wt

ul’i(oa ) = uél)’i

*|1,39

where now the @ s are analogous to (4.7) except that we now sum over all (appropriately scaled)

w’s with j in A7, such that j < 1,i. The scaling is done so that the w’s will be on the same scale

as ul’.

Having rather loosely defined our branching process, let us list several quantities we will need
to keep track of, as a preliminary to a rigorous definition of our branching process. For each fixed
nonnegative integer L, we shall construct a branching process with L generations. The individuals
in our branching process, i.e., the ‘peaks’ of (0.1) will be denoted by a collection {X*: i € N7} of
{0,1}-valued random variables. The ‘subsolutions’ of (0.1) will be denoted as {u! : i € Nz}. To
keep track of the domains of definition of these functions, shall use a collection {r' : i € N7} of
nonnegative times. For each i in N, u' will be a function defined on [0,7%) X [0, Jy;)]. We will
need also to keep track of the ‘location’ of the peaks in our subsolutions and the shape of these
peaks. The locations will be denoted by a collection {z' : i € N7} and the shapes by a collection
{ul : i € Np}. For any i in Nz, z' is some element of [1, Jg) — 1] and ul is some element of
E¥(Jy@)). We will also want to convert between the time scales of the u!’s and our original time
scale. We will do this with a collection {s' : i € N7} of times. Essentially, the interval [0,1] on
the time scale of u! for some i in Nz, will correspond to the interval [s!, s! + l;gil)_y)]. The form of
Lemma 2.5 also indicates that we will want to keep a running sum of all of our subsolutions. We
will do this with a collection {@! : i € Nz}. By summing up all of the subsolutions, we have by
Lemma 2.5 a solution of (0.1) for some white noise. Finally, we need to keep track of the possibility
that the subsolutions actually blow up in finite time. We do this via a collection {6* : i € N1} of

{0, 1}-valued random variables.

Let us now begin to define the recursion of our branching process. Fixing an i in N, assume
that we know X1, 21, ul, 6! and s'. Assume also that we know i, w3, 63, and s for all j in A, such
that j < i (note that such j need not exist—consider the edges of the tree). We can then define

~i — j jy—4(1-7) ,7—2(1-7)
ul(t, .’L') — ZN lg(j)uJ ((t - S‘])lg(j) ,.’I»‘lg(j) ) X{Os(t_s.l)l;agl—-y) <7_J} (49)
J€U <L Nm

Jj<i
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for each 0 <z < J and ¢t > 0, and with

z@:::O

by definition. The random field @! is simply the scaled sum of all the subsolutions which are ‘alive’

at time ¢, with the scaling to be that of our original SPDE (0.1).

Consider first the case when §' = 1. In our rules, this corresponds to blowup at some time in
the past. We then set X/ =1 and 67 =1forallj =1,2,..., N to record that blowup has already

occurred at some previous time. As default values, we set 7 = 1 and u' = 0 on [0,7%) x [0, Jy)]-

Similarly, we set 27 = 1, u} =0, and s/ = s' + 138)_7) forall j =1,2,...,N.

The second case is that X! = 1 but ¢! = 0. This corresponds to the case that the solution
has not yet blown up, but large peaks have propagated along the geneological tree. In this case we

study the propagation of the peak. We use Lemma 2.1 to find a solution of

i 2, i . .
ou _ o0°u +b(ui,ﬂ2|/l)Wl

ot 0x?
’U,i(t, 0) = ’U,i(t, Joy) =0

u'(0,-) = uj.

with explosion time being denoted as o(u!) and where ﬂzl,i is defined as

(¢, 2) = 1 h @ ((tl;‘g)‘” + si) A oL,(ai),zljgil)‘”) . £>0, 0<a<J,y (411)

*|

Note that @ L,i is measurable with respect to o{WJ : j < i} for each i. We then define

. Jai) . . .
U; == / (L, z; 25, Jgy)u' (L, z)dz 0<t<lAo(u')A 0(1’12')) (4.12)
0

and

Ul>K

- {inf{t >0: U} >K} if Sup0§t<a(ui)/\a(ﬂ2',i) (4.13)

00 otherwise

in analogy to (3.4) and (3.5). We set r' := 71 Ag(ul) A1, and s := st + l;gil)_y)ri for all
j = 1,2,...,N. Consider first the case where u! blows up before U’ reaches level K and before
time 1; in this case 7% A o(u!) = o(u') < 1. We record that a large (in fact infinite) peak has been

reached by setting X = 1 for all i = 1,2,..., N. We record the fact that blowup has already
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occurred by setting 6% = 1 for all j = 1,2,...,N. We set z* = 1foralli =1,2,...,N as a
default. Consider next the case where U' reaches level K before time 1 and before the solution
blows up, i.e., 7' A o(u') = 71 < 1. We record the formation of a large but finite peak by setting
X4 =1 and 69 =0 for all j = 1,2,...,N. We record information about the shape of the peak
by using Proposition 3.2 with J = J,)41 and fo(z) = (1/2)u(r%,2220=7) for all 0 < 2 < Jy5y41
to define {ui)’j :j=1,2,...,N} and {7 : j =1,2,..., N}. Finally, consider the case where U?
does not reach K before time 1 nor does the solution blow up before time 1; i.e., the peak dies and
i Ao(ul) > 1. We record this by setting X/ = 0 and §*/ = 0 for all j = 1,2,..., N. In this case
we set 2" =1 for alli = 1,2,..., N as a default. We record the shape of the solution by setting
ué’j(x) = N~ i(1,2220-7) for all 0 < z < JgGy+1, for all j = 1,2,..., N. (Thus if we sum uz]’j

over all the j’s, we get back u!(1,-), appropriately scaled.)

The final possible situation we need to address is when X' = 0. This corresponds to the
“death” of a peak at some point in the past of the geneological tree. We disallow the spontaneous
generation of peaks and propagate the death of the branch by setting X* = 0 and 6"/ = 0 for all

j=1,2,..., N. Toretain the evolution of the shapes of our subsolutions, we again solve (4.9), define
explosion time o(u'), and define uzl,i, Ul, and 7' as in (4.11)—(4.13). We set 77 = 71 A o(ul) A 1,
Zz =1 and s = s —i—l;lgil)_”ri forall j = 1,2,..., N, and set ub?(z) := N~1ui(1,222(1=7) for all
0<z < Jyi)41, forall j =1,2,...,N.

Note that we have clumped all the information about the branches j with j < i into the

definition of %'. Thus, for each the i, we need only to know X! 2% wul 6! si and 4! in order to

define the children of the i-th branch.

It remains now only to specify the initial conditions for our branching process. In light of the
above remarks, it suffices to set X* = 1 and §! = 0 to indicate that the presence of an initial peak.
As noted before, we assume that J > 4 and that (3.3) is satisfied for some z. We set u} = ug and
set z! to be any z satisfying (3.3). We set s’ = 0, so that the scale of the first branch coincides
with the scale of our original SPDE. To correspond to the fact that we have only one large initial
peak, we set X7 = 67 =0 for all j = 2,3,..., N, and as default values we set u% =0,2/ =1, and

s9=0forall j=2,3,...,N.
Given the above rules, we now define our branching process as

Yol= 3" X, m=1,2,...,L (4.14)
iEN,
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ie., YT#L’ is the population size of {X} at the m-th stage. We here have reintroduced the depen-
dence of our branching process upon the truncation constants L and L. We do this in anticipation
of letting L and L’ tend to infinity. To complete the proof of Theorem 1, we need to do several
things. We need to show that the survival of YZ-L" implies the growth of u. We also need to
show that YL’ is a branching process with positive probability of survival if v is large enough. In
fact, our calculations will be somewhat involved, since we can do neither of these things directly.
We must remove the truncations of L and L’. And we must overcome the problem that YLL is
not a classical branching process, due to the above complicated rules—we will couple YLL to an
auxiliary classical branching process and apply known branching theory results to the auxiliary

process.
Let us first see how the survival of YL implies the growth of u. We define

~L,L’ I j i\ 7—4(1—7) —2(1—7)
u (t, .’L') = Z lg(_])U‘] ((t - 3-]) lg(,]) v ’:Elg(_]) 2 ) X{Os(t—é‘j)lg_é;l_ﬂ<"'j} (415)

jGUmSLNm

for each 0 < z < J and t > 0; then, modulo some technical difficulties which we shall clean up,

@™’ has the same evolution as the solution u of (0.1). Let us also define the random time
— mi iy 407, s .
pr=min{{s" +1 5" "r': i€ Np}; (4.16)

then the interval [0, pr] is the largest interval where we are tracing u' on all generations of our
L-generation of our tree. One should think of py as the first time at which we should consider a
larger tree of subsolutions. Fix now an m = 2,3,...,L. If Y,ﬁ’L' > 1, then X! = 1 for some i in
Nin. If 61 = 0, then the w’s have blown up at some past moment in the i-th branch of the tree, so
SUP;> |aZ-L (¢,-)|| = co. If 6 = 0, then by the rules defining our branching process,

Im

B0, z; 24, Ty Jud (x)dz > 2.
0

Since z +— ¢(0, z; 2!, J,,,) has integral not more than 1 (see Lemma 2.2), we thus have that ||ul| > 2,

so by (4.15) and the nonnegativity of the ui’s,
G5 (57, )| > Ll ]| > 2.

In either case, we see that if YZ-L" > 1, then SUP; > |laLL'(¢,-)|| > 2™. Thus

P{YLr >1} < p{ sup ||a= T (¢, )| > 2m} . (4.17)
0<t<pL
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This connects YL with 4L, we next need to connect @™~ to u the solution of (0.1). The key
to this clearly is to use Lemmas 2.4 and 2.5 to see that the evolution of @l is similar to the

evolution of the solution u of (0.1). The following result will suffice:

Lemma 4.1. If 2™ < I/,

P{ sup ™" (2, )| > 2m} < P{ sup |lu(t, )]l = 2m}

0<t<o (@l L YApy 0<t<ty Ao (u)

where

£, = (1 - 24(1—7>)_1 (4.18)

and where u is the solution of (0.1).

Proof. We must connect the evolution of @2L" to the evolution of the solution u of (0.1). The
primary difficulty is that we are stopping the u!’s in (4.11) when they reach the level L’. That this

does not seriously affect our calculations is a consequence of the following observations. First, if u}

~L,L'

reaches the level L’ for some i in N7, then @ must also have reached the level L' (compare (4.9)

and (4.15) and use the fact that all the u'’s are nonnegative). Thus if we consider the evolution

L,L’ ~L,L'

on [0,/ (@ L

of 4 )), or alternately the evolution of @ stopped at o (@21"), the stopping

*|

times in (4.11) will not yet have affected the @ L,i’s and we may use Lemmas 2.4 and 2.5. Second,

~L,L'

whether or not we stop « alL’

at op/(a™") is irrelevant if we are only interested, as we are in (4.17),

with the probability that @ZL" reaches the level 2—if 2™ < I/. As a final observation, we always

have that

L 0o
4(1— 4(1— I
pr <30T <N < g (4.19)
§=0 =0

where ¢, is as in (4.18).

The following calculations make the above ideas rigorous. One can show that for all ¢ > 0 and

all ¢ in CZ([0, J]),
J , , 7
/ abr (t/\oL,(aL’L)/\pL,w)w(w)dw=/ uo(z)p(z)dz
0 0
t pJ 2
L1 0%
_|_/0/0 abl (S,ﬂv)@(l‘)X{ogsgaL,(aL’L’)/\pL}dex

t J
+ / / (@) T (5,5)) X ogsco. ) (3t apyy W (ds, do) (4.20)
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P-a.s., where W is some white noise on B(R,. x [0, J]) given by a random linear combination of
the W'’s, appropriately translated and scaled. The details of this, which we shall for the most part
leave to the reader, require arranging the set {s' : i € N} into a random set {p; : 1 < j < NI}
of nondecreasing times and then using Lemmas 2.4 and 2.5 on each interval [p;, pj+1] such that
[pispi+1] C [0,00 (W2 L") A pr]. One should think of these p,’s as exactly those instants when we
restart the evolution of the u’s and if necessary break up the large peaks. The equality (4.20)
formalizes the first observation above. The second and third observations can be formalized by
expanding our probability space as necessary to include a white noise W on B(Ry x [0,.J]) which
is independent of the W’s, then solving

ou 024

ot 0z?

and finally defining

L,L’)

’U,(t, ) = ﬂL’L (t, ')X{t<0'L/ (@% " YApL} + ﬂ(t - O'L/(’l], A prL, .)X{tZULr(ﬁL’L’)/\pL}

for all ¢ > 0. One can see that u is a solution of (0.1) for some white noise W. But as a result of

this and in view of (4.19),
p sup l&" @, )| > 2m b < P sup lu(, )| = 2™
0<t<apr (@l YApyL 0<t<o(u)Aty
which is exactly the result we seek. [ |
Combining finally (4.17) and Lemma 4.1, we get

Proposition 4.1. We have

lim sup lim sup limsup P{Y,2'X" > 1} < P{o(u) < i,}.
m L L'

Proof. We have that for 2™ < L/,

P{Y#’zusp{ sup ||aL’L<t,->||zzm}
0<t<prL

:P{ sup ||aL’L<t,->||22m}

0St<ULI (ﬂL’L’)/\pL
< P{ogm(u) < T}
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First take L', then L, and then m to infinity. ]

Now let us study the Y2-L"’s to show that P{Y.Z-L" > 1} is bounded from below uniformly
in L, L', and m, for v large enough. We claim that YZL" behaves similarly to a Galton-Watson
branching process (see [2] and [5] for a discussion of Galton-Watson proceses), and that if -y is large

enough, then the branching process survives with positive probability.

The classical theory of branching processes gives us that if the mean number of offspring of a
parent in a classical Galton-Watson branching process is greater than 1, then the branching process
survives with positive probability. To start then, let us study the expected number of offspring
of the system we have defined (we are considering a fixed L and L’). By the rules defining our
processes X'’s, we have that if X! = 1 for some i, then X; can have either N offspring or no

offspring. Thus

N
X6 xpxicyy = NPSY XY = N|XL, 60 ) xximyy

j=1

N
E Z X
j=1

where x 4 is the indicator function of the set A. Now if 6' = 1, then E;'V:l X% =N, so

N
P ZXi’J = N|X', 6" 5 xxicisz1y = ()X {xiz1,521) (4.21)
i=1

and if ' = 0, then we use Proposition 3.1 and (3.10) to see that

N
P ZXLJ =N Xi,(5i X{Xi=1,5i1=0}
j=1

Jgi) . . ..
zE[ﬂ / ¢(0,w;z‘,Jg(i))UB(w)dw> ‘X‘,é‘] X{Xi=1,5i=0} (4.22)
0

> Bx{xi=1,51=0},

where 3 is as given in Proposition 3.1 and 3 is as in Lemma 3.2. Combining (4.18) and (4.19), we

have that
N
P{Y XM= N‘Xl X{xi=1} > Pxixi=1}
j=1

and so

N

E|Y X
j=1

X'J-| X{xi=1} = BNx{xiz1}-
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Our aim is to couple Y%L with a classical Galton-Watson branching ¥ such that ¥, < Y,Z-E' for
all m = 1,2,..., L, and where Y has either N offspring or none with mean offspring SN (see [8]
for a discussion of coupling). We then find conditions under which the auxiliary branching process
survives with positive probability—namely, conditions under which SN > 1 (see [2] and [5]). To

be more precise, let {{; : i € N} be a collection of {0, N} random variables with

P{¢{;=N}=p and P{{=0}=1-p,

for all j =1,2,..., and define recursively define a process Y as
V=1
Vi meN (4.23)

We have the following coupling result:

Lemma 4.2. By expanding the probability space, we can define a process Y* having the same law

as Y of (4.23) and such that Y, <YLY for allm =1,2,...,L.
Proof. By reviewing the construction of the X'’s, we see that in fact for each m = 1,2,...,L—1,
XM = X (ric1,xim1,5i=0) + X{si=1}

for alliin N,, and all j = 1,2,..., N. Let us expand our probability space as necessary to support
a collection {Bi : 1 € N} of Brownian motions with the following properties. We require that for
each i in Uy <z Nop, if X' =1 and 6 =0, then

Ul = B/i)i(t) 0<t<rt
where U' is as in (4.12) and where p' is some random monotone nondecreasing mapping of R,
into itself. We also require that the {B; — f?(i) : t > 0}’s be mutually independent as i ranges over
Um< tNm. We leave the details of this construction to the reader. We only note that Knight’s
Theorem ([6], Theorem 3.4.13) is fundamental to the independence of the Bi — Bi’s, since the ui’s
depend upon one another. By using Lemma 3.1 and a calculation analogous to (3.12), we see that

{ sup Bi—Bi>K—2 inf B—Bh>—1,Xi—1, 5;:0}
0<t<e 0<t<e

- { s B> K, ot Bi>-1X'=1, 5i=0}
Stsc

0<t<e (4.24)

c{rirno() <1X' =1, 6 =0}
c{r'<1, X=1,4 =0}
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From this we are led to set X{ =1 and X =0 for ¢ =2,3,..., N, and recursively define

ij . R L. .
Xo= X{supo<,<. Bi=Bi>K,infoci<c Bi—Bi>-1}n{Xi=1} (4.25)

for alli, j in V. Constructing X, in this way, we have that X! < X for all 4 in A7, and furthermore,
if X! < X' for each i in Uy, <N, then XM < X9 for all j =1,2,..., L since, via (4.24),

;S nn sup pi_ Bi > —2, in ~i—~i>—, i:
X <X B, —By>K-2 f B; — B, 1, X 1
0<t<e 0<t<c

C{sup Bi> K, inf Bi>1, X' = }
0<t<e 0<t<c

c{ sup B! > K, inf Bi>1, X'=1, 5i:o}u{5i:1}

0<t<e 0<t<c
c{ri<1,X'=1,6=0}u{st =1}

Hence, defining

Y= > Xi meN
ieEN,

we have that Y, <Y, forallm =1,2,..., L. To finish the proof of the lemma, we shall show that
Y* is a classical branching process whose law coincides with the law of ¥ of (4.22).

To show that Y* and Y have the same law, it is enough to show that for any m and &k in N,
* * * * YT:(L 2 po) *
P{Y;: =kN|Y{ Yy, ...V} = ( ; )ﬁ’“(l — B Fx(h<yy- (4.26)

Defining

E; = {OS;IS)CBt - By > K, ogcht — By > —1}

for all i in U, <Ny, we can calculate from (4.24) that

P{Yn:+1 = kN|Y1*aY2*a---aY7:L} :P{ Z XEin{Xi=1} = k Y1*,Y5*a---aYTZ}

iEN,
p
=P Y xm = kYL Y5, Y
iENm
| Xi=1
=B |P ZXE.:kXijEN’m Y1*7Y2*a ,Yr:;
iENm,
xi=1



In the last line here we have used an obvious iterated conditioning argument. One can show from
(4.25) that for each j in N,,, X! is measurable with respect to VkeNg(j)_l o{Bi — Bl : t > 0}; since
the {Bi — Bi : ¢t > 0}’s are mutually independent, F; is consequently independent of O'{X'j( 1 j€
Ny} for each i in N,,; since P(F;) = f3, we can conclude (4.26). ]

Thus we can combine our results thus far to prove the basic version of Theorem 1. Note that

all of our reasoning thus far in this section has assumed that (3.3) holds for some z in [1,J — 1].

Proposition 4.2 If (3.3) is true for some 1 < z < J — 1, and if

273 > 1, (4.27)

where (3 is as in (3.11), then P{o(u) < t,} > 0. In this case, in fact P{o(u) < t,} > 1 — s*, where

s* is the unique solution in [0,1) of

s = (1—fB) + B(s)127 7. (4.28)

Proof. We simply write down the chain of inequalities
P{Y survives } = lim P{Y,, > 1}
m
< lim sup lim sup lim sup P{YWIL"L’ >1}
m L L

< P{o(u) <T,}.

We have used Proposition 4.1 in the last inequality. From classical branching process theory, Y
survives if BN > 1, which is (4.27). More exactly, P{Y survives } = 1 — s*, where s* solves (4.28)

(see any standard text, such as [2] or [5]). ]

Note that the bound on P{o(u) < t,} does not depend upon the z chosen in (3.3) nor upon J nor

upon the specific shape of ug.

The final difficulty we must overcome is the requirement that (3.3) be true for some 1 < z <

J — 1. This is not too difficult. If ug # 0, then

J
/ (0, z; 2, J)ug (z)dx > 0
0

for all 1 < z < J — 1 by the positivity of Green’s functions. Fix any such z and define U and 7 as
in (3.4) and (3.5). Now by Proposition 3.1, P{7 Ao(u) < 1} > B(¢) > 0, where ( is as in (3.6). If
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T Ao(u) =o(u) <1, then u blows up before time 1; in particular,

P{U(u) < 1|fXV}X{T/\a(u):a(u)<1} = (1)X{‘r/\a(u)=a(u)<1}' (429)

Thus trivially o(u) < 1+ 24*~DE in this case. Alternately, if 7 A o(u) = 7 < 1, we look at the

process

v(t,z) = %u (t24(1‘7> +7, x22(1‘”) t>0,0<z < J220-1)

(where (1/2) - oo = 0o by convention). Now by the semigroup property of solutions to (0.1) and
the continuity of (0.1) with respect to initial conditions, we can make an easy argument involving

Proposition 4.2 to see that

P{U(U) < Z’Y|‘7:.71'/V}X{'r/\a(u):7'<1} > (1 - S*)X{T/\O'(’LL):T<1} (430)
and by the strong Markov property of the solutions to (0.1) along with Lemma 3.1, we can see that
PLo0) < b7 Wnntwrty = P {7 S o) < 7+ 2000 |F e ngrc

(4.31)
<P {U(U) <7+ 24(7"1)57‘35“’} X{rAo(u)=r<1}-

Combining the possibilities that 7 A o(u) = o(u) < 1 and 7 Ao(u) = 7 < 1, we have from
(4.29)—(4.31) that

P{o(u) <7420V} > P {a(u) <7420V 1 Ao(u) < 1}
=E [P {U(u) <7+ 24”‘1)%‘?? } X{T/\v(u)=r<1}]

[ { ) < 14210 ‘]—" }X{TM(U)_(,W)Q}]
> (1—s)P{r Ao(u) =7 < 1} + P{r Ao(u) = o(u) < 1}
> (1—s")B(¢)-

Thus we now have the full result.

Theorem 2. Assume that uy in (0.1) is not equal to zero. If

3
7> -

> 5 log, (B) (4.32)
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where f3 is as in Lemma 3.2, then P{o(u) < oo} > 0. If (4.32) holds and

/ " 50,2 7, Tuo (x)dz > 2 (4.33)

is true for some 1 < z < J — 1, then P{o(u) < ¢y} > 1 — s*, where s* is as in Theorem 1, whereas

if (4.32) holds but (4.33) is not true for any 1 < z < J — 1, then

P{o(u) <1+ 24(7_1)7?7} >(1—-s")p ( sup /OJ #(0,z; z, J)uo(x)dx>

1<2< -1
where the function 8 is as in Proposition 3.1.
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