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0. Introduction.

In this paper we consider some Central Limit theorems for stochastic reaction-diffusion equa-
tions (RDE’s) of the form

(?9—1:6 = Au‘ + f(z,uc)
ue(o’ ) = Uo (1)

@E
v 1[0,T)xs!

€

where the space variable z takes values on the unit disc D? := {x € IR? : ||z|| < 1} and where the
Neumann data (€ is a properly normalized fast-oscillating random field on the boundary [0,7] x S*.

Infinite-dimensional evolution equations may be perturbed in many more natural ways than
are possible with ordinary differential equations. Much work has been done on equations of the
form

ou‘
o= Au ) + -
U’E(O, ) = Ug
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for z in a one-dimensional manifold (see [2], [10] and [11]), but only recently have boundary pertur-
bations been studied (see [3], [9] and [10]). Indeed, in a wide number of cases, such as for example
several questions connected with nerve impulse propogation, the correct model for a physical phe-
nomenon is (1) and not (2).

In this short note we shall investigate the behavior of u¢ of (1) where (¢ is a fast-oscillating
(in some sense) random field. We of course expect that the limiting behavior will be given by the
solution of the corresponding RDE

Ou®
pri Au® + f(z,u°)
u®(0,-) = uo (3)

8_u0 — CO

Ov [0, T]xs1
where (° is a (perhaps generalized) Gaussian field on [0, 7] x S such that (€ tends to ¢° in law.
What is of interest here is the formulation of these results in the proper functional spaces; central
limit theorems and other asymptotic results for randomly-perturbed processes must be understood
as statements about probability measures on the appropriate function spaces. A more complete
discussion of the motivation and goals of these types of questions may be found in [3]. We shall
in this paper identify the functional spaces associated with the way in which the solution of (1)
converges in law to the solution of (3).

The organization of this paper is as follows. In Section 1 we introduce two classes of rapidly-
oscillating boundary perturbations which are natural models either of a white noise field on the
boundary or of a field which has independent increments in the time direction but is smooth in
the space direction. For both types of random fields, we define a Banach space in which to study
convergence in law of the random boundary perturbation. In Section 2, we consider the RDE (1)
with f = 0; for this linear problem we write the solution as a linear transformation of the boundary
perturbation; using the Banach space formalism introduced in Section 1, we then define Banach
spaces which contain the solutions of (1) and in which the mapping of (¢ to u¢ is continuous. This
allows us to conclude, using the convergence results of Section 1, the convergence in law of the
solutions of (1) when f = 0. Finally, in Section 3, we consider the fully nonlinear version of (1); it
is easy to represent the solution of (1) as a continuous transformation of the solution of (1) with
f = 0; this allows us to immediately achieve the final goal of this paper; to understand the central
limit theorem results for (1).

1. Two Classes of Boundary Perturbations.

In this section, we introduce two fairly general types of rapidly-oscillating boundary perturba-
tions, and define the appropriate Banach spaces in which to study the asymptotics of the laws of
these random fields.

To introduce these perturbations, we shall assume an underlying probability triple (2, F, P)
and an ii.d. collection {¢;} of real-valued second order stationary Markov processes indexed by
IR, :=[0,), and an i.i.d. collection {W;} of Wiener processes on [0,7]. Our general boundary
perturbation shall be of the form

C(t,m) =) cieilz)e Eilte?) (t,z) € [0,T] x S* (4)
=0

2



for each € > 0, where {¢; .} are nonrandom constants such that Y ;o |c; | < 0o, and where {¢;}
are the eigenfunctions of the Laplacian operator on S'; i.e.,

¢i((cosB,sin b)) = (cos i, sinif)

for all 6 in [0,27) and all i. We assume that there is a {¢; o} such that lim ¢; . = ¢; 9. Under some
natural statistical assumptions to be specified in the next paragraph, we then expect that (¢ will
tend in law to the Gaussian field ¢°, where formally

¢t z) = Z ci0$i(2) Wi (t). (5)

If ¢;o = 1 for all 4, then ¢° will be a white noise field on [0,7] x S'. If on the other hand
lim; ¢; 0 = 0, this decay being fast enough, ¢ 0 will be smooth in the z variable, but will have
independent increments in the time variable. Our two classes of boundary perturbations, C;, and
C> will correspond to these two possibilities.

The exact statistical assumptions which we shall require of {£,} (and thus of {¢;} for all
i=0,1,..., since the {{;} are i.i.d.) are the following. We assume that

(A.1) The process ¢ is second-order stationary with E€y(0) = 0 and fooo |E[€o(t)€0(0)]]dt < 0.
(A.2) There is a positive constant B such that P{|{y(t)] > B} = 0 for all ¢ in IR,. Also,

157 Eléo(t)éo(t)dt = 1/2.

To state the third requirement, let us define
Fii=0{&(s): s<t} and F':=o{&(s): s>t}
for all £ in IR, . Let us also define the mixing coefficient « as

a(1) :=sup{E[mnz] — E[m]E[n2] : |m| <1and |n2] <1 P-as.,
N1 is Fy-measurable and 7, is FT7-measurable,
T > 0}

for each 7 > 0. The third requirement on {&y} is that for some integer k& > 1, we have
(A.3)x The integral [[° 75 1a(r)dr < oo.

Note that under these assumptions and the assumption that Y .o |¢; | < oo for each € > 0, we
have that

[e.0)
sup |¢S(t,z)| < Bet Z |cie| < 00.
(t,x)€[0,T]x S* i=0

Also, these assumptions are sufficient to imply that £ tends to W; weakly in C7([0,T]) for each
0 <~y < (k—1)/(2k), where

N t
E(t) = /0 Lt (se=2)ds

for all 4 and all ¢ in [0,T] (see [3] and [8]).
The first class of boundary perturbations, which we shall denote by C;, consists of boundary
perturbations of the form (4) where we have

(C.1) that sup; > [ci,e| < oo.



This class obviously allows that ¢; o = 1 for all 4, which gives us a white noise field as the limiting
Gaussian boundary perturbations. This class thus admits that the limiting Gaussian field be a
generalized function both in time and in space. Calculations will be somewhat easier with the
second class of boundary perturbations, Cy, which consists of random fields of the form (4) where
for some 0 < 8 < 1, we have
(C.2)p that sup,so Y seqi’lcie < co.

We shall see that in this class of perturbations, the limiting Gaussian field will still maintain
independent increments in the ¢ direction, but will be smooth in the z direction; i.e., the limiting
Gaussian field will be a generalized function in ¢ but a regular function in x.

Recalling in more detail the results stated earlier, we have that the finite-dimensional distri-
butions of ¢; converge to those of W; for each i, and that for each v < (k — 1)/(2k), there are
nonnegative random variables {Y*¢7} with SUp; >0 E[Y#¢7] < 0o for each y and such that P-a.s.

€5 (8) = &5 (s)| <Yt — 5|7

forall 0 < s <t < T and all € > 0. Thus & = W; in C7([0,77]) for each 0 < v < (k —1)/(2k)
(here = denotes convergence in law in the relevant Polish space, which in this case is the space of
real-valued functions on [0,7"] which are Holder-continuous of exponent 7).

We can immediately use these results to consider the limiting law of (¢ under the assumptions
(A.1)—(A.3)k and (C.1) or (C.2). We consider first boundary perturbations of the class Co, since
the analysis is somewhat easier. Set

Ee(t, ) = / ¢*(s, x)ds (6)

for each ¢ > 0 and each (t,z) in [0,7] x S'. By Prohorov’s theorem to show the convergence
of the laws of {(¢}, we need to show that the laws are tight in the appropriate space and that
all cluster points of these laws coincide. Let us first consider the tightness question. For each
0<~v< (k—1)/(2k) and all (t,z) and (s,y) in [0,7] x S, we have that

[Cielldi(2) — diy) Yo7t — |7

o

s
Il
<)

C(t, ) — Co(t,y) — ((s,2) + C(s,9)] <

Using the fact that |¢;(z) — ¢;(y)| < min{2,4r(z,y)} for all ¢ and all z and y (here r(-,-) is the
natural metric on S!), we have that for each (¢,z) and (s,y) in [0,7] x S?,

C(t ) = C(tyy) = C(s,2) + C (s, 9)| S 2077 Y e [V (2, )t — o[ (7)
1=0

This indicates that we should define the Banach spaces Cg_ foreach 0 <y <land 0 < ' <1 as
as the closure of C*°([0,T] x S') with respect to the norm

|||(P|||,6’ . sup |(p(t .Z‘)‘ + sup |()0(t7‘7") - 90(37‘7") - (P(tay) + (P(S,y)|
”Y T ?

(t,2)€[0,T] x S1 0<s<t<T re(z,y)|t — s
z,y€St, oy

on C*([0,7] x S'). The norm |||¢|||g, measures the variation of ¢ over rectangles, in a way
analogous to simple Holder continuity. From the bound (7), we have that

E[|1C/11,6) < K (Sggziﬂlci’el) (sup E[Y“”])

i=0 2,e>0

4



for all € > 0, where K is some constant independent of € > 0. For each 0 < v < (k —1)/(2k). By
standard embedding techniques and Arzela-Ascoli, clearly C,, o, will be compactly embedded in
Cy,,0. Whenever 1 < 772 and a; < ap. This gives us the required tightness. It is easy to see, by
projecting along a finite number of {¢;}, that all cluster points (in the weak topology) of the laws
of {¢¢} must be the law of the Gaussian random field

Eo(t, .'L') = Z Ci,o(ﬁk(x)Wi (t)

This is enough to complete the proof of the following claim:
Proposition 1. Assume that assumptions (A.1)—-(A.3)x and (C.2)g hold. Then for all v <
(k—1)/(2k) and all B' < B, (¢ = (" in C, g .

Now consider the assumptions (A.1)-(A.3)x and (C.1). We expect the limiting law to be
that of ¢° as in (5). As we earlier noted, the assumption (C.1) allows us to consider white noise
on [0,T] x S%, so it is natural to now integrate (¢ in both variables. In analogy to (6), let us set

&ty ) = /0 /y o sy

for all (¢,z) in [0,T] x [0,27], where £(z) := {(cosf,sinf) : 0 < 0 < z} for each z in [0, 27).
To show the tightness, we can use the procedures of [5] to show that for any (¢,z) ands (s,y) in
[0, 7] x [0, 2],

BI¢e(t, x) — C(t,y) — C(s,2) + C(5,9) ] < K[t — s[*|z — y|* (8)

(see the appendix) where K is some constant independent of the (¢,z) and (s,y). By using a
natural extension of Garsia’s estimate (see [4]), we then get that for each 0 < y < (k —1)/(2k),
there are nonnegative random variables {Y ¢} with sup, . E[Y"?¢] < co such that

Ce(t 2) = C(t,y) — C(s,2) + C(5,9)| S Y|t — 5[]z — y|” (9)
for all (¢,z) and (s,y) in [0,T] x [0,27] (see Lemma 1 in the appendix). Once again, it is easy to
show that all cluster points of the laws of {(*} must coincide with the law of

[e9)

Ot,x) == Z </y€£'(x) ¢k(y)dy> Wi(t).

=0
This gives us the result analogous to Proposition 1:
Proposition 2. Assume that assumptions (A.1)~(A.3)x and (C.1) hold. Then for all 0 < v <
(k —1)/(2k), ¢c = (% in C, .

2. The linear problem.

We can directly use the results of the last section to study the limiting laws of the linear
problem associated with (1); let uf be given by

6(;11 = Auj
Uy (07 ) = (10)
oug e
v l[o,1]x 51 =<

5



If p is the Green’s function for (10); i.e., the solution of the generalized problem

op

5 - Axp
p(oa 'ay) = 51/
Ozp _
on lorxst

(here the subscript z is added to the Laplacian and normal derivation operators to emphasize that
these operators are acting on the z-dependence of the arguments, and here J, is the Dirac delta
generalized function at y) then uf of (10) may be represented as

witts) = [ [ o) (sp)dsdy ()

for all (¢,z) in [0,T] x D? and all € > 0. (Under the assumption that ) o, [c; | < oo for each € > 0,
€ is a well-defined function, so classical results of existence and uniqueness hold.) The goal is then
to write (11) as u¢ = By (() for {¢} in class C; and uf = By((*) for {¢¢} in class Cy, where B; and
Bs are bounded linear operators from the appropriate boundary-function spaces as introduced in
Section 1 to the appropriate solution space.

The basis for the necessary estimates is the following calculation; consider the problem

ov
T A
ot~
v(0,) =0 (12)
Ov
o0 oo =
v 1[0,T]x0H?
in the half space H? := {(z1,72) : zo > 0}. Here g is any continuous and bounded function on

[0,T] x @H? For the problem (12), the solution is given by

oft,z) = / /R palt — 5,2, (4,0))g(s, (4,0))dsdy (13)

for all (¢,z) in [0,T] x H?, where pg is the heat kernel

2
pa(t,z,y) = (4mt) " exp (7”:64#" )

for all £ > 0 and all z and y in IR?. Rewriting, we have that

ot tona) =2 [ [ 200 a0 ([ ot 0 ity

e

= — t apﬁr 1,
-2 /R (r, (21, 25), (3, 0)) (14)

. {/ti o(s, (,0))ds — /tirg(s, (wl,O))ds} drdy.

6



Using the easily-verified fact that there is a positive constant K such that

_ 2
=it ay)| < Kt~ exp (—L ull )

Opa
3t

for all t > 0 and all z and y in IR?, we thus have that

_ ]2 2
[v(t, (a1,72) |<2K// exp< le1—of? )exp(_@)

. /Hg( (v, ))ds—/;g(s, (z1,0))ds

We then get, after transferring the calculation (15) back to the manifold D2, that if 0 < 4" < v <
(k—1)/(2k) and 0 < B” < B’ < B, there is a positive constant K such that

e (1, 2)] < {K|||§€|||7',ﬂ’ B 120
LK1 (dist(a, 1) 7YY i 2y 457~ 1 <0

(15)
drdy.

for all € > 0. Here dist(z, S!) is the distance between z and S* for any point x in D?. The proper
space in which to study the laws of {u®} for boundary perturbations of class C5 is thus the collection
of spaces O], where C is the closure of C*([0,T] x D?) in the norm

|||(P|||, - {Sup(t,:(:)e[O,T]xD2 ‘QO(t,IE)' 1f77 >0
) SUP(¢ 2y e[0,7]x D2 |9(t, z)|(dist(z, S1)) ™" if n < 0.

The calculations of (15) give us that for any 0 <" <~ < (k —1)/(2k) and 0 < " < ' < f3, the
mapping which takes (¢ to u® is a continuous linear transformation from C. g to Cy vy gi_1_,, 50
the following result is true;

Proposition 3. Under the assumptions (A.1)-(A.3)x and (C.2)g, for each ' < f and each
v < (k—1)/(2k), u* = u’ in Cy 5.

Similar calculations hold for boundary perturbations of class C;. Instead of (15), we should
rewrite (13) as

v(t, (1, 22)) / / gzgz (z1,%2),(2,0)) (/tir /yZz 9(s, (y,O))dsdy) drdz
/ / gigz (21,22), (2 0))

(/t r /y>z 0))dsdy /t; /yZm 9(s, (y,O))dsdy) drdz

so that using the fact that there is a positive constant K such that

Ppa 5 lz — y|I”
< Kt™5/? L
10y o (b w,y)‘ t % ex p( %

for all t > 0 and all z and y in IR?, we thus have that

t 2 2
olt(ana)| <25 [ [ 5o Ul o (2

3r 3r
/ / , (y,0))dsdy — / / 0))dsdy
t—r y>z t—r y>:c

7

(16)
drdz.




Transferring this calculation to D?, we get that if 0 < 7/ < v < (k — 1)/(2k), then there is a
constant K such that

K€ if 3y —2>0;
€ t, < > YY , 9
it )] < {K|||c6\|\7,ﬁf(dist<w,sl)>—<37 -2 if3y —2<0

for all € > 0; i.e., for any 0 < 7' < v < (k — 1)/(2k) the mapping from (¢ to u is a continuous
linear transformation from C, , to C3.,_,. This gives us

Proposition 4. Under assumptions (A.1)—(A.3)x and (C.1), for each 0 < v < (k — 1)/(2k),
ut = u’ in Ch,_,.

3. The nonlinear problem.

The only remaining task before us is to use the results of the last section, i.e., the results about
the linear equation (10) to show the corresponding results for the nonlinear problem. This is easily
accomplished by considering the mapping from ¢ — B(y) defined by the integral equation

BN = [ ptamuay+ ot + [ [ p-swnie. Gy 1)

for all (¢,z) in [0,T] x D? and all functions ¢ on [0, 7] x D? such that (17) is well-defined. For each
v in IR, the assumptions

(D.1), There is a constant F and two exponents §; and §y > 0 satisfying §; — vd2 < —1, such
that for all z in D? and all u in IR,

|f (@, u)] < F(1+ (dist(z, $1)) |u]™)

and
(D.2)., There is a constant f such that for all z in D? and all v and v in IR,

|f (2, w) = f(z,0)] < f(dist(z, $1))"|u — |

are sufficient to ensure that B is a well-defined homeomorphism of C,, to itself (see [9] or [10]).
Note that if 0 < 71 < 72, then assumptions (D.1),, and (D.2),, imply assumptions (D.1),, and
(D.2),,. This gives us the complete results about (1);

Theorem 1. Assume that assumptions (A.1)—~(A.3)x and (C.1)g hold, and that assumption (D.1),
and (D.2)., hold for some 0 <y < 3(k —1)/(2k) — 2. Then u® = u® in C,.

Theorem 2. Assume that assumptions (A.1)—(A.3)x and (C.2)g hold, and that assumption
(D.1), and (D.2), hold for some 0 <y < (k—1)/k+ 8 —1. Then u* = u° in CJ.
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We now explain in greater detail how to get the estimates (8) and (9). Let us begin with by

estimating
2 t 2k
E (Zci,e/ e_lfi(re_2)d7“/ qﬁz(z)dz) (A1)
i=l s z€E(y)~E(z)

for any fixed 0 < s <t <t <T,0<z <y <27 and € > 0, and any two nonnegative integers [y
and [5. For convenience, let us define

t
== ci7€/ e_lfi(re_2)dr/ oi(z)dz
s 2€E(y)~E(z)

for each i = 0,1,.... Using the notation E := {l1,l; +1,--- ,l2}, we can write

1 2k
2

i:ll (il,ig,-"igk)eEzk

The expression on the right may be rearranged so that the indices are increasing; let us define for
each positive integer p the set E, := {(i1,42, "+ ,4p) € E? : i3 < ip---ip}. Then

Iy 2k
E (Z E) = (2k)! > E[Ei,5i, B, - (A.2)
(41,82,

1=l - i2k)EEay

Since the {{;} are i.i.d. with zero mean, we have that E'[E; E;, ---E;,, ] = 0 for any (41,42, -+ i2x)
in Fyy, such that i,_1 < 4, < ip41 for some integer 1 < p < 2k; thus the sum in (A.2) consists of
terms with groups of at least two equal indices. With this thought, we have

I 2k 2%k
sl(y=) [-eny, ¥ > ElE e
i=l1 n=1 (jl,j27"'7jn)eln (il’i27'"in)€E"
ip>2 all p, Z:zl Jp=2k

[1]

) Bl(E,) )

(A.3)
where II := {1,2,...}. Consider now any such term E[(Z;)?] for any nonnegative integers ¢ and p

with p > 2. We have that
t P
(/ G_Ifi(T€_2)dT> ] .

By the results of Khas’minskii, we know that by assumption (A.3)y implies that there is a constant
K, which is independent of s, ¢, and €, and which we may assume to be greater than 1, such that

¢ P
(/ e_lfi(re_z)(h‘) ] < K|t — s|P/2.

(Khas’minskii gave the result for p even in [5]; if p is odd, we may simply use Lyapunov’s inequality—
see [6], P. 34). With this estimate and Cauchy-Schwartz, we have that

B[(E:)"] = ci.{bir xa)'E

E

E[(E:)?] < K(S;lp leq,elP) (i xa)llxall Tzt — sl



Inserting this into (A.3), we have (recall that we assumed that K > 1)

2k
1P
E (Z El> < (2k)IK?F (sup|cp,€|2k> |t — s|®
i=l1 D€
n
z a3 DR |

(jl 7j27"'7jn)€1n (il 7i21 . ’Ln)eE
n .
Jp>2 all D, E pzljp:2k

The innermost sum is bounded from above by

> ﬁ<¢ianA>2 < > [1(#i, xa)? < <Z<¢ianA>2>

(1,82, in)EE, ¢=1 (41,82, in)EE™ ¢=1 i€E

so since the cardinality of the set {(j1,72, -+, jn) € I" : j, > 2 all p, Zzzl Jp = 2k} is clearly less
than (2k — 2)™, we have that

2k
-1 .
( E ¢ 5/ &(r /zeé'(y)NS(m) ¢z(2)dz>

i=11

2k s
< (2k)IK% (sup|cp,€|> (2K)(2k — 2)* [t — s Ixal 5 a, (Z<¢iaXA>2>

D,€ ’L:ll
1y

< Klt—s|F ||XA||i]§(s,?1 (Z<¢iaXA>2> .

1=l

It is not difficult to see from this that we may pass to the limit /; = 0 and I — oo in (A.1), and
that (8) must hold.

Now we should indicate why (8) implies (9). We shall do this by adapting Garsia’s celebrated
result (see [1], [4], and [11]). Let {n;; i = 1,2,...,l} be a collection of positive integers, and let
C; be the unit cube in IR™. Let ¥ be a positive, convex, and continuous function on [0, co) with

lim, o ¥(z) = co. Let for each ¢« = 1,2,...,1}, p; be a nonnegative and increasing function on
[0, 00) with p;(0) = 0. Let ||z|| be the Euclidean distance of z, for any z in Ui:l IR™. Finally, if ¢
is a mapping from C := C,, X Cp, - --Cyp, to IR, and 2! = (z1,23,...,7z}) and 22 = (22,23,...,27)

are in C, the define by an abuse of notation the variation of ¢ over the rectangle [z!, Z%] as

p([zt,2%) = > ()= (ay, 23, .., 27") (4.4)

(il,ig,...,il)e{l,Q}l

where for any set A, |A| is its cardinality. Our theorem is

Lemma 1. If ¢ is a measurable function on C such that

lo([zt, 2%))] L
B::/ / \I/( . S dz'dz’
z'=(a},0},..n})€C Ja2=(a},23,.2P)€C  \ [[;—1 Pi(llzy — 2 ||/ y/m2)

10




is finite, then there is a subset K of C of Lebesque measure zero such that if T = (zi,23,...,2})

and z? = (z2,23,...,27) are in C ~ K, then

1 - _ B
lo([z,2%)] < 2! '4/()5uig||m§_w}|| v <Hl7> dp1(u1)dpa(uz) - - - dpy(uy).

2n;
i=1,2,....1 i=1 U7

Proof. For any rectangle @ in U§=1 IR"™, let |@| be its volume and e(Q) the length of its edge.
Let us consider a collection of rectangles {Q};i = 1,2,...,1} with Q} contained in C; for each
1 =1,2,.... We allow the possibility of a degenerate rectangle, i.e., a single point. Let us define,
by another abuse of notation, the averaged value of ¢ as

l

1

()D(QlaQ%"'an) = (H |Q‘> /szQz (P(xlax%"'axl)dzld-’L‘Q---d‘Tla
i=11"%" i=1,2,...,1

with averaginng being replaced by simple evaluation for any indices for which the rectangles are
degenerate. Let us now two such collection of rectangles {Q};i = 1,2,...,1} and {Q?;i = 1,2,...,1}
with @} D Q? and p;(e(Q?)) = %pi(e(Q%)) for all i = 1,2,...,l. The techniques of Garsia (see [1],
[4], or [11]) then give us that

Z (_1)|{T:jT:2}|(p(Q{I, %.27"'7Q'ljl)

(jl »J2 7'--7jl)€{172}l

B
-1
< 4/e(Q{)§ui§e(Q?) v (W) dp]_('U:]_)dpQ('U/Q) T dpl(“l)- (A-5)

g i
i=1,2,..., =1

Consider now a third such collection of rectangles {Q};i = 1,2,...,1} with with Q? D @Q? and
pi(e(Q?)) = ipi(e(Q?)) for all i = 1,2,...,1. Consider the sum

> (—1)Heka=3} > () =2o(Q, Q% ..., Q") (4.6)

(kl,kg,...,kl)€{1,3}l (_71 ,jg,...,jl)el(kl ,kz,...,kl)

where I(kl, kz, ey kl) = {kl, 2} X {kz, 2} te {kl, 2} for all (kl, kz, ey kl) in {1, 3}l (we are addlng
up terms of the type (A.5)). By rewriting (A.6) as

Z (—1)|{T:“:2}|<P(Qéla l;,_._’ ;z)

(il 7i27-",il)€{17273}l

Z E X{(jl’j27---,jl)=(i1,i2,...,z’l)}(—1)|{‘1’3q=3}|

(k1,k2,.- k1) €{1,3} (41,72, J1)EL(K1,k2,- .., kp)

and considering each index (i1,%2,...,%) individually, we can show that in fact (A.6) reduces to
Y. (D)W Te@f,QF, . Q). (A7)
(j17j27--'7jl)€{1,3}l
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Thus by summing up the bounds as in (A.5) according to (A.6), we can see that

> (Ve Qb0

(jl 7j2’---,jl)€{1’3}l

B
-1
: 4/«@; <ui<e@h) ¥ (W) dpa(un)dpa(ua) -~ dpa ().

=1,2,...,] i=1 U
By taking sequences of rectangles decreasing to 7' = (z1,23,...,2}) and 2% = (22,23,...,2}) and
by again using the calculations (A.6)-(A.7), we may, as in the proof of Garsia’s theorem, conclude
the result. [ ]

Using Lemma 1 we can easily derive some classical moduli of continuity (see [7] and the calculations
of [11]).
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