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Abstract

Arnol’d in 1991 characterized “pseudoperiodic” flows
on the 2-dimensional torus as having both ergodic com-
ponents, periodic orbits, and homoclinic orbits. We
consider small random perturbations of such flows.
Under appropriate scaling of time, we search for an av-
eraged picture which describes the evolution of local
“energies”. Under certain circumstances, we identify
a limiting Markov process with glueing conditions (as
suggested by Freidlin in 1996) which characterizes en-
ergy evolution.
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1 Introduction

This is a précis of the results of [Sowersc] (with proofs
omitted). An important technique in the analysis of
many physical systems is the circle of ideas known
as model reduction; i.e., the development of rigorous
methods to replace, often in some limiting regime, a
complicated system by a simpler, or lower-dimensional
one. More particularly, the ideas known as averaging
take advantage of regular behavior along a fast motion
to identify lower-dimensional dynamics for a slow mo-
tion.

If the fast motion is deterministic, averaging requires,
naturally, the existence of long-term averages. This
is definitely possible if the fast motion is periodic. It
is also possible if the fast motion is ergodic. Arnol’d
[Arnol’d, 1991] (see also [Sinal and Khanin, 1992])
identified a simple system which contains both ergodic
and periodic orbits; a pseudoperiodic system on the
two-dimensional torus. For such a flow, there is a parti-
tion of the torus into an ergodic region, and a collection
of traps. Inside each of the traps, the flow can be de-
scribed via a local Hamiltonian. Our interest is how
small diffusive perturbations cause transitions between
the traps and the ergodic class.

Since our interest is the effect of small noise, we have
a separation of scales. The fast variable is the posi-
tion within orbits of the dominant dynamical system;
an angle. The slow variable distinguishes between or-
bits; an action. The theory of averaging (in this case,
stochastic averaging) suggests that we look for closed
dynamics of the action variable. The effective coeffi-
cients of these closed dynamics are given, informally,
by fixing the slow variable and taking long-time aver-
ages in the fast variable. In the simplest cases, when all
orbits are periodic, the space of action variables is usu-
ally diffeomorphic to a line, and is formally given by
taking the quotient with respect to the action of the fast
orbits. When there are bifurcations in the topology of
the orbits, the notion of chain equivalence is the correct
way to include the effect of small perturbations; then
the action variable in general takes values in a graph,
or more generally, a stratified space (see [Freidlin and
Wentzell, 1994], [Freidlin and Weber, 1998], [Frei-
dlin and Weber, 1999], [Novikov, Papanicolaou, and
Ryzhik], [Sowers, 2002]). The formal asymptotic goal
is to show that when the trajectories of the original ran-
domly perturbed dynamical system are projected onto
the space of action variables, i.e., the space of chain-
equivalent classes, they asymptotically (under an ap-
propriate change of time scale), tend to a Markov pro-
cess (on the space of chain-equivalent classes). The in-
teresting part is the effect of bifurcations, which create
different strata; at the chain-equivalent set representing
these strata, glueing conditions must be imposed.

Returning to the pseudoperiodic problem, the fo-
cus of this paper is the effect of the ergodic class.
Sooner or later, the diffusive perturbations will push the
randomly-perturbed trajectory into the ergodic class.
The ergodicity will then take the particle everywhere in
the ergodic class, and eventually it will exit back into
a trap. A quantification of this effect was was conjec-
tured in [Freidlin, 1996, p. 74]. Chain equivalence col-
lapses the whole ergodic class to a single point, and the
conjecture is that the limiting process is sticky at this
point, with a computable stickiness coefficient. Our



goal is to show that in a certain weak sense, this is true.

We admit that the arguments of this paper are perhaps
a bit more complex than the audience might anticipate.
We hope that the need for a more general understanding
of the interplay of noise and dynamics will compensate
for the complexity.

2 Problem Statement and Main Result
Let’s start with a pseudoperiodic Hamiltonian on R2.
Let (-, -)= be the standard inner product on R?.

Assumption 2.1. LetH in C*°(R?) and w = (wy,w>)
in R2 be such that: firstly, H is Morse, secondly, w;
and w, are incommensurable (i.e., (w, K)gp. # 0 for
all nonzero K in Z?), and thirdly, H(z + K) = H(z) +
(w,K)psforallz € R? and K € Z2 C R?.

Define! the vector field

o (OH Op
(Fop)(2) & ( L2

forall p € C®°(R?) and z = (z1,z2) € R2 (i.e.,, Y,
is the symplectic or skew gradient of H).

We now want to add diffusivity, albeit in a periodic
way. Let C2°(R?) be the set of those f € C>°(R?)
such thatf(x—i—K) f(z)forallz € R and K € Z>.
Note that H/dx, and OH/dx are both in C2°(R?).
Thus UC°(R?) C C3°(R?). We now define a diffu-
sion generator and bracket

OH 0¢p
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Assumption 2.2. Let £, be a second-order partial
differential operator of the form
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forall f € C?(R?) and z = (z1,72) € R?, where
the a(2]) s and a( )°s are in C°(R?). We require for
S|mpI|C|tythat.$ be stronglyelllptlc i.e., that

S @@ )2 )0

ije{1,2} Ozi " Oz,

forall z = (z1,22) € R? and all f € C1(R?) with
df () # 0.

Then £C°(R?) C C3°(R?).

Since the OH/dz;'s, ai"’s, and a{>)’s are all in
C°(R?), we can now move to the two dimensional

1 We shall attach the superscript e when referrring to the Eu-
clidean space R?, which we endow with the standard metric and
symplectic form.

torus T & R? /Z2. Let t : R? — T the standard cover-
ing map; i.e.,, t(x) = x + Z? for all z € R%. We then
define the vector field 4 and the second-order operator
& by requiring that (Y¢)(t(z)) = (Ye(pot))(x) and
(Zo)X(z)) = (ZLe(pot)) (=) forall p € C(T) and
all z € R2.

We will consider the Markov process on T whose gen-
erator is .= & 54 + ¢ (with domain 2(£%) >
C?(T)). We will construct this Markov process in a
canonical way, via the martingale problem (see [Ethier
and Kurtz, 1986] and [Stroock and Varadhan, 1979]).

Define the event space Q2 « C(]0,00); T). Define

the coordinate functions X (w) i w(t) forallt > 0

and all w € Q. For each t > 0, define % o
o{Xs; 0 < s < t} and define a sigma-algebra on €2 by

z ¥ V>0 F+. We can now define our principal ob-
jects of interest, starting with the original martingale
problem.

Definition 2.3. Fix z, € T. For eache > 0, let
Pe € 2(C([0,00); T)) be a solution to the martingale
problem with generator .#¢ whose domain contains
C?(T) (as a dense subset), and initial condition J,.
Let [E° be the corresponding expectation operator. This
means the following. Firstly, that P<{X, = z,} = 1.
Secondly, that if we fix f € C?(T),0 < <rg--- <
rn <s<tand{p;; j =1,2...n} C Cy(T), then

E* [{f(Xe) — f(Xo)

- / (P,

In other words, P¢ is the law of the stochastic differen-
tial equation

)du} 11 %(er)] =0
j=1

1 = £
dY; = ZU(Y;)dt +ao(Y,)dt

+ > ai(Yy) o dWy
ie{1,2}

t>0 (2

where W1 and W?2 are two independent standard
Wiener processes, and where ag, @;, and d, are smooth
vector fields on T such that (in Hormander form)

E Y @ +ao=2.

i€{1,2}

The generator ¢ is, of course, a speeded-up ver-
sion of the operator U + £2. (to get the correspond-
ing stochastic differential equation, change (2) as fol-
lows: remove the 1/¢? from the U term, put 2 in
front of ag, and ¢ in front of a; and a,). The opera-
tor U + 2. represents a combination of motion along
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the integral curves of Y and small random perturba-
tions. The change in time scale stems from a desire
to see how diffusive perturbations cause motion across
the orbits of Y.

Let now 3 be the flow of diffeomorphisms of T defined

by

zeT

The novelty of our problem comes from the structure of
3, which Arnol’d [Arnol’d, 1991] identified. There is a
partition of T into a finite collection {Dg; £ € A} of
closed traps (A is simply the index set) and an open er-
godic set E. Both E and each of the D,’s is invariant un-
der 3. The interior of each trap is diffeomorphic to the
open unit disk in R2, and 8D, is a homoclinic orbit of 3
with fixed pointx,. Furthermore, for each trap Dy, there
isan Hz, € C*°(T) (a Hamiltonian) such that Hz, =
0 on 9D, and such that Y is the symplectic gradient of
Hye on Dy (ie., Y(t(z)) = THVe(Hr, o 1)) (z) for
all z € t71(Dy)) (here V. is the symplectic gradient
with respect to the Euclidean symplectic form on R?;
see (1)). In E, the orbits of 3 are dense. See Figure 1.
For simplicity, we impose an extra assumption.

Assumption 2.4. We assume that for each £ € A, there
is a unique critical point p, € Dj of Hr .

We could actually remove this assumption (see Remark
2.5). The requirement that H is Morse implies that the
pe’s are elliptic fixed points.

A general tool in considering small diffusive per-
turbations of conservative systems is the notion of
chain equivalence relative to 3 (see [Conley, 1978] and
[Robinson, 1999]). For a positive integer N, 6 € (0,1)
and T € (0, c0), we say that there is an (XN, 6)-chain of
time T fromz € T toy € T if there is a sequence
(255 = 1,2...N) of points in T and a sequence
0=ty <t1--- <ty =T oftimes such that zg = =
and zy = y and such that [|3¢,—¢,_, (zj—1) — 24| < 9
forall1 < 57 < N. We say that x = y, where z
and y are in T, if there is a positive integer N such
that for each 6 € (0,1) and T' € (0, 00), there is an
(N, 6)-chain of time T' € (T,00) from z to y. We

R

@\Y “

I

A

@ Dy’s
OE
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say that z ~ y if x = y and y = x. We note that
x ~ z foreach z € T, and that ~ is an equivalence

relation on T. Define M & T/ ~ and endow M with
the quotient topology defined by ~. For x € T, we let

[x] « {y € T : y ~ x} be the equivalence class of =
(the chain components of T). Then

M= |JT,UEU [ J{p:} (3)

LeA LeA

where T'y = {[z] : « € D \ {pe}} forall £ € A.
We note that E and the {p,}’s are all single points
in M. It is easy to see that for each £ € A, T’y is
a one-dimensional open C'* manifold (diffeomorphic
to (0,1)), and the points E and {p,} are the limits of
points in T',. This makes M into a stratified space
[Goresky and MacPherson, 1988] if we enforce the or-
dering E < Ty and {p;} < T, forall £ € A (see also
[Sowers, 2002] for another example of a Markov pro-
cess on a stratified space resulting from averaging). We
note that (3) represents M as a disjoint union of open
manifolds and a collection of boundary points; the set

I U¢ea Te consists of the open manifolds.

We also note that there is a homeomorphism between
T and a “wye” (see Figure 2). Let {vy; £ € A} be
a collection of unit vectors in R? such that for each
distinct pair £ and ¢’ of elements of A, v, and v, are
linearly independent. Define J: M — R2 by

def H (T )| Ve ifreDyforte A
A=) = {l) e ifz € E

where 0, is the origin of R2. The image of J is the
“spider” {0} UJ,c4 (0, h]ve. Since 3 is a homeomor-

phism into R2, we can define dt([z], [y]) € ||2(z) —
J(v)||e forall z and y in T, where || - || is the standard
metric on R2. Then dt is a metric on M, and we can
see that M is in fact Polish.

Remark 2.5. If we remove the assumption of Assump-
tion 2.4, then the topology of M will be more compli-
cated. Inside each Dy, we should use an analysis like
that of [Freidlin and Wentzell, 1994].



Set XM ¥ [x,] forall ¢ > 0 and define P=:t(4) €
P{XM € A} forall Ain Z(C([0,0),M)); i.e., P=t
is the law of the projection of the process ¢t — X, onto
C([0, 00), M).

It will not be hard to show tightness.

Proposition 2.6. The P=:t’s are tight in the Prohorov
topology on Z(C([0, c0); M)).

Thus it is appropriate to investigate the existence and
uniqueness of the limit lim,. _,o P**t, this limit being in
the Prohorov topology. We want to show that in cer-
tain cases, this limit exists along a subsequence, and
can be identified as a certain Markov process. We note
that since [X] records only part of the location of X,
Pt is not Markovian for e > 0. Our goal is to show
that as e — 0, the limit is Markovian (and thus that
the discarded information can be replaced via effective
coefficients).

As long as XM stays in T, it should tend to a process

with averaged coefficients. Let m(z) © [z] forall z €
T and note thatm ' (T'a) = U, (D5 \{pe}). Definea
linear averaging operator A : C(m~1(T's)) — C(Ta).
For o € C(m=1(Ty)), define

St #9717 (d2)
Jocr 9@ (d2)

(Ap)([z]) = )

for all [z] € T, where || - || is the standard metric on
TT and where #! is standard 1-dimensional Haus-
dorff measure on T If p € C(m~=1(T'y)), then

T
(Ao)la) = Jim 7 [ o6 (a)ds

forall z € m=1(T'y). Define nextan averaged diffusive

operator

(Laef)([2]) E (A(L(f om))) ([2])

forall z € m=1(T) and f € C?(T4) (since Ty isa
C* manifold, fom € C?(m~"'(T4)). We then expect
that the limiting dynamics of X™ will given by the
generator Zae as long as it remains in T'y.

The remaining, and most interesting, question, is the
limiting behavior at [E]. The following was conjectured
in [Freidlin, 1996, p. 74]. Since .Zae is a nondegener-
ate elliptic operator on C%(I"y) we can consequently

define the nonnegative bilinear form (-, -),,, on T*T'y
by
(df, dg)ave ([2]) = (Zave(f9)) ([2])
= f([2]) (Zaeg) ([2]) = 9([z])(Lavef) ([2])

forall f and g in C?(T'y) and all [z] € T'y. We next
define area functions for each I'y. Let s#2 be standard

2-dimensional Hausdorff measure on T. For each £ €
A and each [z] € T, define

© #2{z €Dy : [Hr(2)| < |Hrel2)|}-
Q)

O¢([])

We then define the glueing operator

G f € lim_(df,dDe) o ae ([2])
[z]—[E]

[w]EFz

if this limit exists.

Lemma 2.7. Fix f € C?(T's) such that

i (Zae ()
[z]€lAa

exists. Then ¢, f is well-defined for each £ € A.

The proof of this is the same as that of [Sowers, 2003,
Lemma 1.5]. We can write & in a better way. Let o
in C>°(T) be such that o (t(z)) = (dH, dH) () for all
x € R2. We then define

def o(2) 1
o= /a e @) ©

Next, let Ap be the collection of ¢ € A such that
Hr, > 0 on Dy, and let Ay be the collection of

¢ € A such that Hr, < 0 on Dj. Define s, © 4

if £ € Ap, and define s, & —1if £ € Aw. Fix
f e CY(T'y)and foreach £ € Alet f, : R — R be
such that fe(Hr¢(x)) = f(m(x)) forall z € Dy, then
@, exists if and only if f,(0) exists (as a limit from
HT,[(m_l(D;’))), and then Y f = S[Ggf[(O).

We can now define our limiting domain and generator

Definition 2.8. Define

o L {(f,9) € C(M) x C(M) :
f € CQ(FA)v g = gavef onTly,

)=o)

LeA

and 2g([E])s#*(E

The requirement that 2g([E]) % (E) = >_,cp % f is
call the glueing condition. It means that [E] is “sticky”
(see [Harrison and Lemoine, 1981]); i.e., that, asymp-
totically, X spends positive time at [E]. See also
Remark 2.13 of [Sowers, 2002] for some motivational
comments. Finally, we don’t need to explicitly spec-
ify any boundary conditions at the {p,}s, since these
points will be inaccessible for the limiting diffusion.



Remark 2.9. It is not surprising that the glueing coef-
ficient at [E] involves #2 near E (see (5)). Assume, for
the sake of discussion, that the P-law of X has a den-
sity with respect to 2-dimensional Lebesgue measure
(i.e., 5#2) for each t > 0. This density is described by
a PDE both in E and outside of E. To uniquely specify
this density, we need only specify some boundary con-
ditions which relate the densities inside and outside OE.
Of course the P dynamics of X have no singularities
at JE, so it should be enough to specify that the density
is continuous at JE, and that the flux across 9E should
sum up to zero. These boundary conditions at OE im-
plicitly use the fact that the densities are with respect
to standard Lebesgue measure on both sides of 9E. The
glueing conditions give us continuity and conservation
of flux when we are #2 on both sides of E. Note that
the definition of the 0,’s would not change if we would
replace Hz in (5) by some homeomorphism of Hr;
the important issue is that we are using 2-dimensional
Lebesgue measure.

To formalize the theory surrounding <, we make the
usual setup on the event space Ot i C(]0, 00); M).
Define the coordinate functions X (w) i w(t) for all
t>o0andallw € Qf. Foreacht > 0, define #} ¥
o{X!; 0 < s < t} and define a sigma-algebra on QF

def
by #1 = VtZO ftf'

Proposition 2.10. ot generates a strongly continu-
ous, positive, contraction semigroup on C(M); i.e.,
there is a unique Pt € 2(Qt) which solves the mar-
tingale problem with generator </t and initial distri-
bution d(,.;. In other words, there is a unique P' €

2(Qt) such that PH{X] = [2,]} = 1 and such that
for (f,9) € #T,0<r <ry---<r, <s <t and

{elii=12...n} cC(M),

E [{r(xh) - £(xh)

-/ tg(XDdu} T =o,

j=1

where Ef denotes the expectation operator associated
with Pt

To properly state our results, we need some restric-
tions on the ratio o ] 5—; which is by assump-
tion irrational.  First, let’s construct the continued-
fraction expansion of p. For all z € R, define |z| i
max{j € Z:j < z}andu(z) - |z]. Definek; il
o, and for n € N (as usual N o {1,2...}), recursively

define k41 o @. For each n € N, we then de-

fine k,, & [k,]. Foreachj € N, define [[j]] £ j,
and if we have defined [[j1,j2 - - - jn]] € (0, c0) for all

(j1,72 -.-jn) € NV for some N € N, we then define

o def .
o dnenal = 0 5y

forall (ji,ja2 - - - jn41) € NN+ this will of course be
positive. We then define on £ [k1,ks. .. k] for each
nonnegative integer N. This is the continued-fraction
expansion of p. We can write oy as gny = ag\?)/ag\‘;)
where ag\?) and ag\‘? are relatively prime integers; then
d
agv) oo,
Our main theorem is

Theorem 2.11. Fix vy > 0. Assume that g is such that

(as\?)) 721/14+’y
lim =0. @)
N—oo ag\’?}—l
Define
105/4+7/2

def 1
EN = @ (8)

ay

for all N € N. Then limy_, o, Pe~:t = Pt

The reason why complicated exponents appear is given
in [Sowersc]. We can in fact consider sequences other
than that given by (8); again, see [Sowersc].

The crucial idea is the following. Fix (f,g) € &/t
Define

fouer(®) € FED + Y fe(OHTe(2)x, (2)

LeA

forall x € T. As we will see, this is a good approxi-
mation of f om near E. The main technical result is the
following

Proposition 2.12. Assume that (7) and (8) hold. Then
there is a sequence (¥<¥; N € N) of functions such
that for each N € N, U~ + foue is in C1(T) and is
C? except on a codimension-one subset of T, and such
that im0 ||~ ||c(1) = 0 and

im & [{ [ ez

N—oo u=s

~g(EDxe(X)}du}”| =0

forall0 <s < t.

The point of this result is that we can find a small cor-
rector which compensates for the loss of smoothness
of fouer; @s we shall see, we can find such a correc-
tor precisely when the glueing conditions are satisfied.



This is connected with the collection of ideas known
as perturbed test functions; see Remark 7.4 of [Sow-
ers, 2003] for an explanation. In PDE terminology, we
need to be able to construct a boundary layer with the
correct smoothness.

Neglecting complications, we should then roughly
have that

FXM) - ; 9(x})ds
= {(f om)(X¢) + ¥*(Xy)

_ /Ot(ga(f om + \IJE))(Xu)du} — U (Xy)

Mt(f’g) d=6f

+ [ emx)
0
(g o m)(X.)} xre(Xu)du

- /0 {(Z7T%)(Xu) — g([EDxe(Xu)} du.

Since f o m is constant on E, .£°(f o m) vanishes
there. The martingale problem ensures that the term in
braces is a martingale. Proposition 2.12 implies that ¥©
should be asymptotically negligible. Stochastic averag-
ing should show that the two penultimate lines asymp-
totically cancel each other. Proposition 2.12 also im-
plies that the last line is asymptotically nonnegative.
Thus M9 is asymptotically a submartingale. Since
/1 is a vector space, it contains (—f, —g). Thus the
exact same arguments show that M (=/=9) = —p1(f:9)
is a submartingale, so M (/:9) is asymptotically a mar-
tingale (cf. the submartingale problem of [Stroock and
Varadhan, 1971]). This implies the convergence of
Theorem 2.11.

Inside the D,’s, standard stochastic averaging calcula-
tions give us the corrector function (see [Sowersa]). In
E and near the 8D,’s, we need to glue; this is the goal
of the next two sections.

3 Relaxation of the Hamiltonian

We now construct a sequence of approximate Hamil-
tonians on R2. The salient features of these will be that
they generate a flow on T which i) agrees with 1 on the
D,’s, for which ii) all of the z,’s are on the same hete-
roclinic cycle, and iii) the flow is periodic on E except
on this heteroclinic cycle.

It is not hard to show that there is a disjoint collection
{Dy, £ € A} of open subsets of T such that for each
¢ € A, Dy CC D, and such that t is evenly covered
over D, (see [Fulton, 1995] for the definition of even
coverings). For each £ € A, letz¢ € R? be the unique
point in [0, 1) such that t(zcﬁ) =14, and let D¢ be the
connected component of t~*(D,) which contains r¢.
. is a diffeomorphism; we let {, be its inverse.

For each K € A, we can find an open subset D; of T
such that D, CC D, CC D,. Define D} « t(Dy)

and Dy° = L TE)) ") forall £ € A. Foreach £ € A, let
wy € C“’(RZ [0 1]) be such that @, = 1 on D, and
supp w¢ C Dj.

Next, fix £ € A. Since p is irrational, there are integers
Jz(\})e and Jz(\?)e such that

IS e+ I3, - < [unf?,

H(?)
w2

where uN = g — on. Set JN,,: = (JJ(\})[,J(Z)) and

HN L “H (z§ — In,e). We note that thus
e = HGE) = Tpor = T

— oo { T 00— 50
[0%5) ’

50 Juv,e] < wallvn]?.
Defininge; 2 (1,0) € R?, set

|:|N($) d_Ef [#%)) { <ZE,61)R2

Kez?
LeEA
HNe
- E we(r — K)—=. z € R?
2 UN
KeZ
LEA

We then define the perturbed Hamiltonian H y ®H +

vnHy and the perturbed frequency vector w © o
wae1VN = (w20N,w2).

Lemma 3.1. Fix a positive integer N. For any 2 € R?
and K € Z% Hy(z + K) = Hy(2) + (wn, K)ge.
Secondly, Hxy — H is locally constant on t~*(D,) and
furthermore Hx (2 — Iw,¢) = 0.

Analogously to (1), we now define the vector fields
eNandquonRQ by

@« (OHy 9p  OHn Op
(qe,Nip)(!E) o (6.%‘2 61’1 (9.%‘1 6:122 JE)
; w (OHy 0p _ OHy Op
(q&NSD)(m) o <6.€L‘2 6.1'1 a."L'l 6.23'2 1’)

forall p € C®(R?) and z = (z1,22) € R2, and
similarly to the definition of Y preceding Definition
2.3, we then define vector fields Y and LAIN on T by
requiring that (Unp)(t(x)) = (Ye,n(p o t))(z) and
(Une)(t(2)) = (Te,n (0 0 1)(z) forall p € C(T)
andz € R, ThenUy = U + vyUy forall N € N,
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Lemma3.2. Foreach/ e Aand N € N, Uy = 4
on [Jyca De. Secondly, for N large enough, {z € T :
Un(z) =0} ={z € T:Y(x) = 0}.

Let 3V be the flow of diffeomorphisms of T defined
by

Q.

it (2) EYUNGY(z) t>0

30 (x)

z€eT

x.

By Lemma 3.2, 3/ = 3; on [J,c, De forallt € R Let
now ~ n denote chain equivalence with respect to 3%,
and let [z]n « {' € T:2" ~yz}foralz e T.
Since 3 = 3 in the D,’s and 3 is periodic in Dy, all
points in all of the D,’s are chain-recurrentand {[z]~ :
z € D} ~ (0,Hr(pe)] for £ € Ap and {[z]n : = €
D} ~ [—Hr,e(pe),0) for £ € Aw. We next claim that
{[z]~; € E} is acircle. Define ry i =% for all
N

N eN. Forall K = (ky, k) € Z2,

Hn(xf + K) = Hn(xf — In,e)
+waon (T, + 1) + wa(Jie) + k)
= iy {aly (IR} + k1) +ad IR, + o) |

hence Hy (3§ + K) € INZ.
Foreach V € N, next define the codimension-one sets

v € t{z € t7(E) : Hy(z) € Zry}

Cn dzeft{a: €t 1(E) : Hy(x) € (Z-{- %) rN};

see Figure 3.

Lemma 3.3. For large enough N € N, vy N (EU X)
and ~yn are path-connected and all orbits of 37V in E \
~n are periodic.

Thus v is the unique heteroclinic cycle of 3% in T,
and furthermore all points in E are chain-recurrent un-
der 3.

We next claim that there is a local Hamiltonian in T \
Cn.

Lemma 3.4. Foreach N € N, thereisan H'Y € B(T)
such that H'f\’,c is C* on T \ Cp, and such that

HN(ZL') 1 r
I'n 2 N

HEF (1) = H(o) = | P40 4 4

for all z € t~1(E) and such that H'S(z) = Hr ¢(z) for
allz € Dy forall £ € A.

This tells us that {[z]n; = € E} is the circle of circum-
ference ry. Since vy contains the dD,’s, which are
limit points of the D,’s, we have that {[z]n; z € T}
is a whiskered circle, where one whisker is attached for

each trap. Define W & (—1/2,1/2) we thus have that
HII(\J]C : E\CN = rNW.

Remark 3.5. By removing Cn, we have approximated
E by a long and thin ribbon. More precisely, the width
of E \ Cn, as parametrized by H'%, is ry (the width of
ryW). Since the area of E\ C is equal to that of E (we
have removed only the one-dimensional manifold Cy),
the “length” of the ribbon should be of order 1/ry.

4 Dominant Analysis

We now want to use the machinery of [Sowers, 2005]
to “glue” at yn. We have two questions to answer. First
of all, if we start on yn, what is the relative likelihood
of going into each of the D,’s, versus the relative like-
lihood of going back into E? Secondly, if we start in E,
how long does it (on average) take to get to vy, where
we are back to the first question. The first question
is one of glueing, and the second question should in-
volve some sort of Poisson equation (recall that one
usually studies occupation times by solving Poisson
equations). The combination of the likelihood of go-
ing back into E and then returning to yy at a later time
should give the stickiness coefficient, and the relative
likelihood of going into the different D,’s should give
the ¢;’s. Lemma 4.4 is the result which brings all of this
into focus.

The long-term behavior of 3 in E should (and will) be
important in our calculations. For ¢ € C(E), define

URE) E gy | ot

then for any z € E,

T
lim / 0Gs(2))ds = (Ap) ([E]);

T—oo T s=0

this is an extension of (4).

Let’s first focus on . Recall that [Sowers, 2005]
gives us a solvability condition for correcting for a
smoothness defect in certain types of test functions near
a homoclinic orbit. Let’s write down the function we
wish to correct. Define oy € C*°(T) by requiring that



on(t(z)) = (dHx,dHy) (z) for all z € R?. Recall
the ¢’s of (6), and define

. def on(z) .,
N = ————— " (dz). 9)
/zewNnE 9~ (2)|
Local calculations show that imy_—eo rvony = 1,

where 7% (Ao)([E]) #2(E).
Now define Fx : T — R as follows. If x € E and
H!%(x) > 0, define

F(z) € %N { > szz(o)} HF (),

LeEAwW

while if z € E and H' () < 0, define

rv 2 5L wiio o

{eAp

if 2 € Dy, define F y(z) € £,(0)H'®(z). This cap-
tures, to first order, the behavior of f o m on the D,’s
near OE. We claim that we can find a small correc-
tor function which compensates for the loss of smooth-
ness of F v across vy. To see this, we first decom-
pose T \ ~yx into connected components (see [Sowers,
2005]). Note that

{z € T: HY(2) > 0}

={z € E: HF(z) >0}u |J Do
LEAP
{z e T:H¥) <0}
={z € E:Hf(z) <0}u J Dy,
leAw

both of these being disjoint unions. We then have that

v N&{z € T : H¥(x) > 0}

{’VNOE U 6D(}UU6D(
leAw leAp

v Nd{z € T : H¥(x) < 0}

{nynE U aDZ}u J ape.
{eAp ZEAW
We thus have that

> afe(0)
{EAP
{GN+ 5 }{ 5 Gmm)}
LeEAw LeEAw

R Y efe0)+ Y eefe(0)

LeAp LEAW

~ Y afe0)

LeAw

{GN+ Z Gz} { Z szz(o)}-
{eAp {EAP

This should allow us to glue as in [Sowers, 2005]. To
make this precise, define

ot ¥ Y ey oefe(0) {1 _ IneN

EEGAP ¢ J
I'n }
_N o
J LeAw
oy & def Drehp st f2(0) {1 _ IneN
EKGAW J
I'n }
_N o
J LEAP
Frn(@) € Fa) + 0% Y HE@)xo, (@)
LeAp
+Ux > HR(@)xo, (2).
leAw

Then we exactly have that

D el fe(0) +UX}

LeAp
{GN+ 5 }{ 5 Gefe(o)}
LeEAw LEAW
= > «fe(0)+ Y cfe(0)

{eAp LeEA W
= > «{fe(0) + U}
LeEA W

+ {EN-F Z Gg} {%V Z Ggf:g(())} .
teAp LeAp

Using the asymptotics of Gy (given right after (9))
and the fact that limy_,oor;y = 0, we have that
limy o0 U] = limy_eo [UF] = 0. We now can
carry out the main task of glueing.

Proposition 4.1. There is a collection {¥=~; N € N}
of functions such that for all N € N, ¥~ + £y isin
C(T \ Cx) and is C* except on Cy U N, and such
that limpy —,c0 || &5~ [|o(ry = 0 and

(LT (2) > 0

lim inf
N—ro0 TZET\(CnUTN)



The proof of this is fairly detailed, and relies upon the
ideas of [Sowersb], which in turn depends upon the
ideas of [Sowers, 2005]; see [Sowersc].

Let’s now look inside E, i.e., at the issue of the Pois-
son equation. Here we want to solve the PDE £°u ~
g([E]) such that £ n captures the nonsmooth behavior
of u near yn. Since yn and £ n are both given in terms
of H', let’s look at the effect of ¢ on functions of
H%*. Define &x € C5°(T) by requiring that

def

En(t(z) & - (T.H, V. Hn). ()

L9\

forall z € R2. If u(z) = U(H'S(z)/rn) (this scaling
turns E \ Cy into a reference strip of unit width) on
some open subset O of E \ Cn, where U € C%(R),
then (note that &y o t = (VeH, VeHn)e)

(Z5u)(z) =

atule) ()

EQI'N I'n

4 Bn@)y (Hlf(f;(m)> (10)

N

forall z € O, where B85 € C*(T) is defined by re-
quiring that By (t(z)) = (LHy)(z) for all z € R2.
The first two terms are the dominant ones.

The theory of averaging tells us that we should re-
place the coefficients in (10) by constants. The operator
¢ generates a drift of size 1/¢2 in the direction of U;
keeping in mind that we are using Y as an approx-
imation of U, we have a drift along yx of size 1/2.
Comparing this to the drift and diffusion in the VH'%-
direction, we should have a separation of scales, and be
able to replace £n and o by their averages over the
orbits of 3V (which is an approximation of the average
with respect to 3).

Lemma 4.2. Thereis a K > 0 such that

w2

H*(E)

(Agn)([E]) — < Klvn]|

forall N € N.
Forall N € Nand e € (0,1), define now

o (w2/H”(E)) vNIN

w2 UNIN

BNe = o) [E) e T e

Then pp . is the ratio of the asymptotic averaged drift
to asymptotic averaged diffusion coefficients in (10).

Let’s now get back to our Poisson equation in E. For
N eNande € (0,1), define

1 {h _ 1—exp[—2un,h] }
1 —exp[—2un.]

forall h € R. The importance of up® is the following.

Lemma 4.3. Foreache € (0,1)and N € N, up* €
C?([0,1]) and

"Ne 1.Ne
pneUp (k) + 50p7(h) =1, he(0,1)

uNe(1) = ul#(0) = 0, and Up°(1) — Up* (0) 2.

Furthermore, there is a K > 0 such that ‘u ‘ <
K and ‘uﬁ’f(h)| < K forall h € [0,1], € € (0,
and N € N,
Let’s now define two constants; set
N, aef | g([E])up
upyt = {7 Z Gefe
(Ao)([E]) JéeA
+ 0%
e g [ g([EDUY }
Uu_" = —F——<—=—" Z Gefe
{ (Ao) [E] ] Pyl
+ Uy
for all e € (0,1) and N € N. In light of the

asymptotics of Uﬁ (given just prior to Proposition 4.1)
and the bound on u}f’f in Lemma 4.3, we have that

N
0 ¢| =0.

£ .
‘ =limny o

. AN,
Imy oo ‘ uy
0 e—0

ey X
Finally, define

def AN,
UNs Z ay EHTZ
LeAp

+ Z a ’EHTe

leEAw
loc
g™ ((FR)) e

forallz € T, e € (0,1),and N € N (where ¢ is as was
defined after Proposition 2.10).

It is fairly easy to see that for each ¢ € (0,1) and
N e N, UN®isin C(T) and is C on T \ yn. We
also have

Lemma 4.4. Foreache € (0,1) and N € N, UN* —
F N + fouter is C! atyn.

XDz( )

XDe( )

Proof. The important question is differentiability at
points of yx N E. We need to show that

9(E) _ .Ne Iy :
mrNU’P 1) - 7 Z oe fe(0)

{eAp

__9UED . neg N o
= ap(0) = 5 Y wefel0);
(Ao)(ED P 1 gw e



the first term is the transversal derivative of UN* —
F N + fouter When we approach yx N E from the di-
rection where H' < 0, and the second term is the
transversal derivative of uﬁf — Fn + fouer When we
approach yn N E from the direction where H'S > 0. In
light of the definition of T (given right after (9)), this is
equivalent to showing that

g(ED {i (1) — i} *(0)}
= 4%02;05) { D afel0) = > Gefz(o)},

LEAP LEAW

and substituting the claim of Lemma 4.3 involving
uﬁ’E(O) and up©(1), this is in turn equivalent to
showing that 2g([E])#2(E) = 3 ,ca, cefe(0) —
D terw cefe(0). This is exactly the glueing condi-
tion. O

Of course to use this, we need to show that it is
good enough that Ug’f satisfies the appropriate av-
eraged ODE in E; we can use [Sowersa] to bound
these averaging errors. Since Ug’”’ + eN 4 Souter =
{UNN — PN + fouer} + {¥°Y + Fn}, the above
lemma means that UN® + BV + foue is C at yw.
This is the main idea in the construction of the ¥¢~’s
of Proposition 2.12 near E.

5 Conclusions

We have studied the behavior of a randomly-perturbed
2-dimensional pseudoperiodic system. The time scale
of interest is of the order such that we can see tran-
sitions between the different parts of the phase space
identified by Arnold; i.e., traps and an ergodic class.
In a weak sense, we have shown that this system con-
verges to a diffusion on a graph with a “delay” (sticki-
ness) at the vertex. We hope that these techniques will
be of use in the general ongoing investigation into the
effect of small noise upon dynamical systems.
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