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ABSTRACT

In this paper we establish a large deviations principle for the invariant measure of the non-Gaussian stochastic
partial differential equation (SPDE) d;v¢ = Lv¢+ f(z,v¢) +eo(x,v¢)Wye. Here L is a strongly-elliptic second-
order operator with constant coefficients; Lh := DH,, — ah, and the space variable = takes values on the
unit circle S'. The functions f and ¢ are of sufficient regularity to ensure existence and uniqueness of a
solution of the stochastic PDE, and in particular we require that 0 < m < o < M where m and M are some
finite positive constants. The perturbation W is a Brownian sheet. It is well-known that under some simple
assumptions, the solution v¢ is a C*(S')-valued Markov process for each 0 < k < 1/2, where C*(S?) is the
Banach space of real-valued continuous functions on S! which are Hélder-continuous of exponent k. We
prove, under some further natural assumptions on f and o which imply that the zero element of C*(S?) is
a globally exponentially stable critical point of the unperturbed equation 9;v° = Lv° + f(z,v°), that v¢ has
a unique stationary distribution v*¢ on (C*(S'),B(C*(S"))) when the perturbation parameter € is small
enough. Some further calcuations show that as € tends to zero, v*¢ tends to v*0, the point mass centered
on the zero element of C*(S'). The main goal of this paper is to show that in fact v*¢ is governed by
a large deviations principle (LDP). Our starting point in establishing the LDP for v*¢ is the LDP for the
process v¢, which has been shown in an earlier paper. Our methods of deriving the LDP for v*¢ based on the
LDP for v are slightly non-standard compared to the corresponding proofs for finite-dimensional stochastic
differential equations, since the state space C*(S') is inherently infinite-dimensional.
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1. Introduction.

In this paper we study the long-term behavior of the stochastic partial differential equation (SPDE)
vt = Lo + f(z,0) + eo (2, v) Wia (1)

where £ is a time- and space-invariant second-order elliptic operator, f and ¢ are functions of sufficient
regularity, and where W is a Brownian sheet. As the parameter € tends to zero, the solutions v¢ of (1) will
tend to solutions of

O = L% + f(z,00). (2)

We shall find that, for some natural specifications of the boundary behavior of (1) and under some natural
conditions on the function f, v¢ is a Markov process in the proper state-space, and that v¢ possesses a unique
stationary distribution v¢. We can also impose conditions such that v© = 0 is a unique asymptotically stable
equilibrium point of (2). Then by continuity, we would expect that v¢ tends to v°, the unique stationary
distribution of v°, which is concentrated on the identically zero function. The goal of this paper is to establish
a large deviations result for v¢ as a perturbation of 1, i.e., the first term in a logarithmic expansion, as €
tends to 0, of v¢(A), where A is a given set in the phase space of v¢. This result is a natural extension of
the large deviations result proved in [16].

To place the problem in the proper setting, we consider the following. The space variable z we assume
to be in S* := {e? : § € IR}; the solutions to (1) will in general not be well-defined functions if the space
variable is in IR™ for n > 2 (see [18]), and we enforce periodicity in order to avoid specifying boundary
conditions. The differential operator £ we take to be Lh := Dh,, —ah where D and « are positive constants
and where differentiation is with respect to the natural metric on S* (see Section 2). The class of admissible
initial conditions we take to be C'(S1). In order to ensure the existence and uniqueness both of the solution
of (1) (with a fixed initial condition) and of the stationary distribution of v¢, we require f to satisfy the
following conditions:

(A.1) For all z in S, f(z,0) = 0. Also, there are positive constants F' and f such that
|f(.’L',U)|SF and |f(.’L',U)—f(.’L',’U)|SfT|U—U|

for all z in S! and all 4 and v in IR.
Similarly, we shall also assume the following about o;

(A.2) The function ¢ is continuous as a function of both arguments and furthermore there are positive
constants m, M, and & such that

m < o(z,u) <M and lo(z,u) — o(z,v)| < alu—v|

for all z in S' and all v and v in IR.

Under these assumptions, we consider the equation (1). The random perturbation W, is to be inter-
preted as the formal derivative of a Brownian sheet W on IR, x S!, W being defined on some underlying
(complete) probability triple (2, F, P). By a Brownian sheet on IR, x S!, we mean a random set function
W on the Borel sets of IR x S* such that

i) for A a Borel subset of IR, x S', W(A) is a zero-mean Gaussian random variable
i) for A and B Borel subsets of IR, x S, E[W(A)W(B)] = Leb(A N B), Leb being the natural
Lebesgue measure on (IR4 x S, B(IR; x S1)). (see [18]).
We can make a natural identification of S1 with the interval [0,27], and upon doing so, the random field
W(t,z) := W ([0,t] x {€? : 0 <8 < z}) is a regular Brownian sheet on IR x [0,2x]. Given the Brownian
sheet W, stochastic integration against Wy, follows in the expected way.
With the above in mind, we may use [18] to see that there is a unique solution to (1), that is, to the

SPDE -
Opv® = L€ + f(z,v°) + eo(x, v )Wy,

o] = ¢, 20



for each fixed initial condition ¢ in C'(S'). By a solution to (3), we mean a solution in the weak sense; a
random field, which is in L2([0,7"] x S x Q) for each T > 0 (the solution will in fact be in C(IR4 x S1))
for which P-a.s.

t
/ Uf(ta JU)CP(IE)d:U = C(;L')(p(gj)dm +/ / UE(S,SU)EQO(.’L')de:U
St St o Jgt
+A /S1 f(-z.; Ue(sam))SO(z')dsdm + 6/0 /;1 (p(z-)o- (:L.,,Ue(s’ Z')) W(ds,d;p)

for every ¢ in C%(S') and for all + > 0. When we wish to emphasize the dependence of v¢ on the initial
condition ¢ of (3), we shall write v¢. In a similar way, by ’Ug we shall naturally mean the solution to (2) for
a fixed condition ¢ in C'(S?).

2. Notation.

In order to completely understand the goal of this paper, we shall need to develop some notation for the
topological function spaces in which the solutions to (3) exist. The estimates found in [18] give us that the
solution of (3) with f =0, 0 = 1, and { = 0 is P-a.s. H6lder-continuous jointly in ¢ and z with exponent
0 < k < 1/4, and for each t > 0, it is P-a.s. Holder-continuous of exponent 0 < k < 1/2 as a function of z.
Given these facts, it is natural that we carry out our investigations in a collection of Hélder spaces.

To fix the notation, let r be the standard metric on S'. For each 0 < k < 1, we shall define [-], to be
the Holder seminorm of exponent k for real-valued functions on S, that is,

x —
[Pl == sup{"p(gi(’o(y)' cx,y €Sz # y}
(2, y)
for each mapping ¢ : S' — IR. Also let || - ||¢(s1) be the supremum norm on real-valued functions of S*.
We then define the norms || - [lo := || - [|c(s1), and for each 0 < & < 1, || - [|x := || - [lc(s1) + [+ ]s- For any

0 < k < 1 welet C*(S) be the vector space of those mappings ¢ : S' — IR which are continuous and for
which ||¢||. is finite. For any 0 < k < 1 we also denote by p, the metric on C*(S') defined by the norm
|| - ||«. Finally, for any T} < T in IR, define the pseudometric p”*72 on the class of real-valued functions
whose domain contains [T}, Tz] x S* by pT212(pq, ) := SUD(¢,2)¢e [Ty, 1] x 51 |#1 (8, %) — p2(t, 7)| for any such
functions ¢; and ;.

3. Statement of the Large Deviations Principle.

Having established the notational prerequisites, we now continue our thoughts of Section 1, now being
able to state precisely the goal of this paper. We wish to investigate the behavior of the stationary distribution
of v¢ as € tends to zero; the following statement is thus necessary:

Theorem 1. For every 0 < k < 1/2 and € > 0 the process v¢ is a Markov process in C*(S). For every
0 < k < 1/2, this Markov process has unique stationary distribution v'¢ for € > 0 small enough. For such

a sufficiently small € > 0, v™¢ is the weak limit of the family {v™*T;T > 0} of probability measures on
(C(81), B(C™(S"))) given by

1 T
PET(T) = /0 P {vg[] € T} dt T e BCH(SY) (4)

for every T > 0.

We shall prove this theorem in Section 10. We note that by the uniqueness result, if 0 < k¥ < k' < 1/2

and € > 0 is small enough that both v*¢ and v* ¢ exist, then v ¢ is equal to the restriction of v*° to

B(C* (S')). One can also show that in fact v¢ is a strong Markov process (see Lemma 3.3 in [13]). Also,

one may relax the requirement that € be small in order to ensure a unique invariant measure (see [12]).
The large deviations principle for v*¢ as a measure on (C*(S'), B(C*(S'))), for any 0 < k < 1/2, thus

requires us to find an action functional V from C*(S1) to [0, 0o] such that the following assertions hold;

2



(B.1) The level sets of V, i.e.
®(s) :={&£eCr(S"): V(&) < s}

are compact in the p.-topology.
(B.2) For &* in C*(S!) and positive numbers & and -,

v {6 e C*(S") : pul&,€") <6} >exp (—%)

for € > 0 small enough.
(B.3) For positive numbers s, d, and 7,

phine {§ e C”(Sl) t Pk (E,(I)(S)) > 6} < exp (_S 6_27>

Of course it is not too hard, reviewing the literature of large deviations for stochastic ordinary differential
equations, to guess the form of the action functional V. We should use the action functional for the process
v¢ (see [16]); for any fixed times Ty < T and any real-valued function ¢ with domain containing [Ty, T»] x St
such that the restriction 90|[T1,T2]>< g1 18 continuous, we define

ST (p) =

1
i f[T1,T2])<Sl (7(-,(,0)
0 if (’0|[T1,T2]><Sl S C([Tl,Tg] X Sl) ~ WQ(Tl,TQ)

2
w‘ (t,z)dtdr if ‘P|[T1,T2]><sl € W2 (T1, T>)

where Wy (T1,T5) is the closure of C*°([T1,Ts] x S') in the norm

1/2
llollwe () = {/ lol? + |2 + |p2]* + |S5m|2dtd~77} .
T1,T2]><Sl

We claim that the action functional for {v"¢;e > 0} will be
V() = inf {ST(¢) : p € C(0,T] x §), T >0, ¢[0] = 0, p[T] = €} (5)

for each ¢ in C*(S'). Note that in view of the uniqueness of action functionals and the above comments
concerning the uniqueness of the invariant measures, the action functional for {v*¢;e > 0} and {1/'“"6; e >0}
must agree on C*' (S1), for 0 < k < &' < 1/2. This allows us to ignore the index & in writing the action
functional V.

In the case where o is an identically constant mapping, v¢ will be a continuous transformation of a
Gaussian field, so that v™¢ may be described in terms of a Gaussian measure on (C*(St), B(C*(S!))) as
in [4] or [19]. But here the dependence of o on v¢ precludes such an approach. We could also consider the
approach of [5], Theorem 4.4.3, in representing the invariant measure for v¢, but then we would need to
develop the theory of [7] for infinite-dimensional diffusions. Instead of these two approaches, we shall present
a proof of (B.1)-(B.3) which almost directly follows from the large deviations principle for v¢.

This paper is organized into ten sections. In the next two sections, Sections 4 and 5, we review some
basic representational results and bounds for equations of the form (3). Then, in Sections 6 through 8,
we prove the assertions (B.1)—(B.3). We do not, however, directly argue these assertions for an arbitrary
0 < k < 1/2, but only for k = 0; it is slightly simpler to argue (B.1)—(B.3) from the large deviations principle
for v¢ when k = 0. Then in Section 9 we shall use some exponential tightness, introduced in Section 5, to
transfer the large deviations principle from the case k = 0 to the complete results for 0 < k < 1/2. Finally,
in Section 10, we shall prove Theorem 1—the existence and uniqueness of a stationary distribution for v¢;
because of the technicality of our arguments, we delay this task to the end of the paper.
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4. Stochastic RDE’s—the Green’s function and some representation results.

We shall here quickly review how to represent the solution of (3) using the Green’s function of the
equation dyu = Lu; this notation will be needed in our calculations.

Let {¢x; k = 1,2,...} be an orthonormal basis of L?(S!) consisting of eigenfunctions of £ and let
{Ar; k=1,2,...} be the corresponding eigenvectors. For concreteness, we shall take

1 1
dor_1(z) := 1—/2§R(sck) and o (z) := m%(:ﬁ’“), reSHLk=1,2,...
m T

with @9 = W, where R(z) and $(z) are the real and imaginary parts of any element of S'. The

corresponding eigenvalues are then
A2k71=)\2k:Dk2+a k=1,2,...

with A9 = a. The Green’s function for the equation dyu = Lu is
Gi(x,y) = x{t > 0} Y _ e oy ()¢ () (t,z,y) € IRy x ST x ST (6)
k=0

where for any set A, xA is the indicator function of the set A. For ¢ in L?(S), set T¢ to be

72(1’,.%‘) = 51 Gt(xay)g(y)dy (t, .Z’) (S 1R+ X Sl

If we have any f' in C(IR; x S'), the unique solution of

O = Lu + f'
v =Lu+ | (t,2) € Ry x S* (7)
ul0] =
can then be represented as
t
ut.)) =Te(t.0)+ [ [ Gislo)f (s, duds. (t,2) € IR, x §"
0 Jst

Of course there is another representation of the solution to (7) using the heat kernel. The solution to (7)
can also be written as

(z—2)? (z—z)
) exp[ 1Dt [ 4D(i— S)] i
u(t,e’™) = et L Jc(ef* dz+/ / —alt= s) ,e*)dzds 8
( ) /1R 4w Dt VArD(t — s) s | &) ®)

for all t > 0 and e*® in S'.

If we now take o' in L®(Q x IR, x S!) such that ¢’ is P-a.s. continuous as a function of (¢,z) in
IR, x S, and such that for each (t,z) in IR, x S, o'(t, z) is measurable with respect to

Fi:=a{W(A): A€ B(0,t] x S")}, te IR,y (9)
then we may represent the solution of

du=1"L " o' Wi
[t(; utfiro W (t,2) € Ry x S' (10)
ul0] =

as
t t
uta) =Tt + [ [ Gsw)sndus + [ [ Giosto.n)o (5.9 W s,y
(t,.’li') € 1R+ x St (11)



up to P-a.s. uniqueness. From this we see that the solution of (3) must P-a.s. satisfy the stochastic integral
equation

v(ta) = Telt) + [ [ Geoal) 10,055, 0)duds

, oS (12)

+ e/ Gi—s(@,y)o(y, v¢(s,y))W (ds, dy)
0 St

We note without further elaboration that this integral equation naturally defines a Picard iteration of Fy-
predictable elements of L?(IR, x [0,T] x ) for each T > 0, and that standard procedures may be used to
show the existence and uniqueness of an F;-predictable solution in L2([0,7] x S x Q) for each T > 0 (see
[18] Chapter 3 or [9] Sec. 5.1). See [18] and [11] for general discussions of stochastic parabolic PDE’s.

5. Some Estimates of Continuity.

In this section we investigate, using the representation results of the previous section, the continuity
of the solutions v° and v¢ of (2) and (3). Although some of our estimates, namely those of Propositions
1 through 4 take us slightly far afield of our goal of proving assertions (B.1)—(B.3), we feel that these
estimates and techniques, in addition to being necessary for our purposes, are of independent interest for
theory of the continuity of non-Gaussian random fields. The reader eager to proceed with the proof of
assertions (B.1)—(B.3) may jump to Section 6 and refer to this section as needed.

Let us start with 7¢, for some ¢ in (S'). Using (8), it is easy to see that for all ¢ > 0 and all z and y in
S,
1Tctlllosy < e ®Cllosy and  |Te(t, @) = Te(ty)| < e™*w(r(z,y)), (13)

where w is the modulus of continuity of {. Thus if ¢ is in C*(S!) for some 0 < x < 1, then for all ¢t > 0,
Te[t] is also in C*(ST), with || T¢[t]||s < e *!||¢||s. Now let us consider u solving the deterministic PDE (7),
where f’isin C(IR; x S') and ¢ is in C(S'). Using (8), we can easily show that

t
lult]llcsty < e I¢]logs +/0 e~ 9| f's]ll o (s ds
. 1
<e “¢lleesy + a||f'||3-

We also have that, using the mean value theorem,

[u(t, z) — u(t,y)| < e w(r(@,y)) + r(z,y)(xDa) "/ /oo s e ds| £
0

for all + > 0 and all z and y in S!, where again w is the modulus of continuity of ¢. Thus we find that if ¢
is in C*(S!) for some 0 < k < 1, then u[t], where u solves (7), is also in C*(S*) for all ¢ > 0, with

lultlle < e I¢lle + Axllfllcqo.gxsh) (15)

1 1-2k o
A== +4/ T / s~1/2e 5.
o' Da J,

By a similar calculation using (8), we have that that for all ¢ > 0 and all ¢ in C*(S?), for any 0 < k < 1,

where

t
el < e el + 7 [ e ugfsllds
0
under assumption (A.1) so that by Gronwall’s inequality

10[e]llx < exp[=(a = H)]lI¢Il (16)
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for all t > 0 and all ¢ in C*(S!), for any 0 < k < 1.

Let us now consider the stochastic PDE

8= = LE+ o'Wy,

=[0] = o, (t,z) € IRy x St (17)

or equivalently solutions of the integral equation
Sta) = [ Gieala)o (s, p)W(ds.dy), (t.a) € Ry x S' (18)
1R+ xSt

where o' is in L (Q x IR x S) such that ¢’ is P-a.s. continuous as a function of (¢,) in IR, x S1, and such
that o' (¢, ) is measurable with respect to F; as given in (9) for each ¢ in IR, . We shall first demonstrate
some relevant deterministic results concerning the Green’s function G of (6), and then use these to estimate
the continuity of Z solving (17). All of our estimates revolve around the following estimate, given in [6]
Lemma 1, [18] Theorem 1.1, and [1] Lemma 3.3.3:

Proposition 1. Let ¥ be a continuous and positive function from IR to IR which is convex increasing,
symmetric about 0, and such that lim,_,, ¥(x) = co. Let p be an increasing function from IR, to IR such
that p(0) = 0. Let C™ denote any n-dimensional cube in IR"™. Then if g is a measurable real-valued function

on C™ such that (@) »
B / T (M) dedy
vcon Jyeon  \D(|T —y|/v/n)

is finite, then there is a set K C C™ of Lebesgue measure 0 such that for all x and y in C" ~ K,

|z—y|
9(2) - gv)| < 8 / B,

Our first result is an enhanced version of Lemma 3.9 of [18].

Proposition 2. For 0 < k < 1/2 there is o positive number L1, such that for all 0 <t < 0o and all x and
y in ST,

1/2
{/ |G (2, 2) — Gr(y,z)\2deZ} < Ly er(z,y)".
m+)<51

Proof. Take z and y in S*. Then

oo

2 . 1 9
/1R+><51 |G (,2) — Gr(y,2)|" drdz = Z N lbe(z) — di(v)|? -

Clearly for £ =0,1,...

’

and by the mean value theorem also

k’l"(.%‘, y) < ’\;£2—1T($7 y)

I$26-1.(2) = Sz (W) < =T~ < =

and

k /\1/2
o) = ot « B < S
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We then calculate

/msl Geor(w:2) = Guorly, 2 drds < 3 7 194(0) = L) 6n(2) — dul)

= L7 cr(@,y)*"

where Ly, := {(212%/(xD")) S5, (1/A,~%)}*/? which is finite since 2(1 — &) > 1. B
Similarly,

Proposition 3. We have that

[} 1/2
Ly { s [ |Gs<w,y)|2dsdy}
0 St

zeS?!

is finite.
Proof. Obvious from the previous proof. [ ]

We now use these two propositions and Proposition 1 to establish the following estimate of the Hoélder norm
of Z[t] of (17) for any fixed ¢ > 0. This estimate will be heavily used.

Proposition 4. For each 0 < k < 1/2 there are positive constants K° and K' depending only on k such
that for all t > 0,
- 2
P{[|2[t]llx > L} < exp (_(L/||UI||L°°(Q><H¥+><SI)) K;)

for all L > 0 such that L/||o'|| g (ox m, xs1) > K2
Proof. Fixing a 0 < k < 1/2, let k' := (k+1/2)/2. Fix also a t > 0, and let z* be any element of S'. Then

IELIs < 1= 27)] + (1 +77)[E[E]]x (19)

We shall separately analyze the two terms in this sum in order to prove the lemma. For convenience, set
0l = ||o’||Lee (@x 4 x s1) and normalize = by setting = := Z/o7(,,.
Consider first the second term in (19); we proceed as in the proof of Proposition A.2 of [16]. Define

p(u) := Ly wu® for all u > 0, and ¥ (x) := exp(x>/4) for all z € IR. Define also

o E(t,2) = E(t,)
b= /sl /sl v ( p(r(z,y)) ) ddy-

Let us estimate E[B]. Set

g(r,z) := Gt r(2,2) — Gt (y, 2) UI(T;’ 2)

T, 2 1
p(r(z,y)) ol (r,2) € IRy x S

and let M, be the right-continuous J;-martingale with associated quadratic variation

Mu:z/ / g(r,2)W(dr,dz) and <M>u:=/ / (g(r, 2))* drdz. u>0
0o Jst 0o Jst

By standard results, there then is a Brownian motion B, perhaps on an augmented probability triple, such
that M, = B_p;. for all u > 0. We now can use Proposition 2 to see that sup, >y < M >, <1 P-a.s., so

é(tax)_ (Say)
‘I’< P(r(@v)) )

>

[1]2

E <E [11; (Mgo/4)]

1 2
o (s o) )

<E




< 4v2;

But it is not hard to prove that

1 2

E lexp {Z (0213%(1 |B"|) }
one may, for example, apply Doob’s maximal inequality to the submartingale exp[(B,)?/8] (see [3], Propo-
(20)

sition 2.2.16(b)). We consequently know that
E[B] < (27)% -4 -2'/2.

Using Proposition 1, we have that for all z and y in S*,
B
—2> dp(u)

. B r(z,y)
Sto)-epl<s [ v (
0 u
< i (g B)'* +1i5) r(a, )"

where ( 2y1/2
1 ' Ing u~
s .93/2 |k =k Eoe (! K—K +
flo := 8- 2Ly m and 3 :== (k' /K)T ilipo (2

Thus
Eltlle < oboiz ((Iny B2 +77°)

P(Ei. > Ly < P, BY > S
,L~ —ﬁ3> ) ;

< {(277)2 4. 91/ +1}exp (— (U :

and so for L > 0,
L _f’3}

where we have used (20) and the calculation
Elexp(Iny B)] < Efexp(In B) + x{B < 1}] < (2r)* -4-2'/? 4+ 1.

Now we consider the first term of (19). We have that Z(t,z*)/Ly = M?, where the F;-martingale M}
* !
Gea@®2) 08 2) gy 4 .

is defined as N
M} = /
o Jsr  La -
A proof similar to that of (20) will give us that
gle (26| < g [exp ((M* )2/4)] <4912,
L2 - o0 -

2(t, z*)

The representation
E(t, .Z'*) = U(IDOLQ L2

then implies by Chebychev’s exponential inequality that for every L > 0
, 7 2
P{|E(t,z*) | > L} <4-2"2exp | — .
{I=,27) | } ¢ ( (20(’”L2) )
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Combining (21) and (22), for all L > 0,

PA{lELs > L} < P{[E[t]]x > L/(2(1 + 7))} + P{[E(t, 27)| > L/2}
< {(27r)2 .4.912 4 l}exp (— <m - ﬁ3> )

2
+4-2"2exp [ - L i
40'éoL3

This clearly will give us the required result. Note that 73 and 7j3 do not depend on t. [ ]

We can now make a useful decomposition of the SPDE (3) into a coupled pair of equations, the first of
which is of the form (7) and the second of which is of the form (17). From (12), for any ¢ in C(S!) and any
€ > 0, we write that

vE = ug + ePi (23)

where ug is
ug(t,2) = Te(t,z) + /Ot . Gi—s(z,y) f(y,v¢(s,y))dsdy
and .
vets) = [ [ Gislwn)oly. vt W(ds.dy)
for all (t,z) in IR, x S*. Comparing these equations with (10) and (11), we see that ug is the solution of

Oyug = Lug + f(-,v¢)

1
uZ[O] _ C (t,(ll’) € .ZR+ x S

and ¢ solves
Oupé = LY + o (-, 05 ) Wia
U] = o.
This decomposition is significant to our efforts in that 4% may be analyzed for almost every fixed w in 2 by
using deterministic representations such as (8), while ¢2 may be estimated by Proposition 4. Note that as

a result of this decomposition, example, for every ¢ in C(S?'), for every 0 < k < 1/2, every € > 0 and every
t > 0, we have from (15) and (23), that

(t,.’E) € .ZR+ x St

oE[Elle < NTeltlllon(sty + AxF + ellwEltllx. (24)

This immediately gives us the following important result which shall be crucial to our calculations of Sections
7 through 10.

Proposition 5. For any fized 0 < k < 1/2 and any fized ¢ in C(S*),

P{|[vE]llx > L} < exp l_ (L - Anlzﬂ}lch[t]lln) K;]

(25)

for alle >0, L >0, and t > 0 such that
eM

This implies in particular that for each fized 0 < k < 1/2 and each fized € > 0, the family of probability
measures {v%T; T > 0} given by (4) are tight in C%(S*). Secondly, for any fizred 0 < k < k' < 1/2,

> KO.

=N\ 2
V“%ﬁG(T%SW=|MHM3>L}SeXp{—(£;é%iE) Aﬁ} (26)
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for any € > 0 and L > 0 such that v"¢ ezists and is unique and such that

L—AuF

> K9,
eM - F

Thus the family of probability measures {v* ;e > 0} is exponentially tight.

Recall that the family {P.; e > 0} on a Polish space X with Borel sigma-field B(X) is said to be exponentially
tight if for each R > 0 there is a compact subset Kr of X’ such that

limsup €? In P.(~ Kg) < —R.

e—0

See [2], Chapter 2.

Proof. The bound (25) comes from combining (24) and Proposition 4. Since C*' (S*) is compactly embedded
in C*(S") for any 0 < k < k' < 1/2 and using the fact that ( = 0 € Ng<,c1/2C*(S") in (4), we immediately
get tightness of {v*T; T > 0}. By weak convergence, we then arrive at the bound (26). The exponential
tightness of {v"¢;e > 0} comes from the bound (26) and the fact that C*' (S1) is compactly embedded in
CH(Sh). |

6. Compactness of the level sets for x = 0.

Let us for a moment recall the large deviations theory for the invariant measure of a stochastic differential
equation; see for example Chapter 4 of [5]. In that case we have that the action functional for the invariant
measure is continuous in the topology of state space, so the compactness of the level sets follows if one
can show that these level sets are totally bounded. If we try to proceed in a like manner for our SPDE, we
immediately are faced with the problem that V' as in (5) cannot be continuous in C*(S') for any 0 < x < 1/2.
If V(&) is finite, then there must be a T'> 0 and a ¢ € W2(0,T) with ¢[0] = 0 and ¢[T] = &, and from this
we can show that ¢ must be in Ny<,<1/2C*(S"); that is,

{ceC(s"): V() <oolC [] C*(SY)

0<k<1/2

and thus the action functional V is necessarily discontinuous in the C*(S') topology for each 0 < k < 1/2.
Indeed, if 0 = 1, then one can find an explicit formula for V and see that V' (£) is finite only for those £ which
have a square-integrable generalized derivative (see [4]). Given these remarks, it is not surprising that our
arguments will naturally be more detailed than in the finite-dimensional case.

Instead of directly proving the C(S')-compactness of the sets ®(s) of assertion (B.1), we shall prove a
deeper result from which (B.1) will naturally follow. As a point of departure for our proof, we first recall
the compactness result for the process-level C'(S!)-large deviations principle (see [16]):

(C.1) For each 0 < Ty < Tb, each s > 0, and each compact set K in C(S'), the set
B (s) == {p € O(T1,To] x §') : STH™2(p) <5, ¢[0] € K}

is a compact set in C'([T1,T»] x S1).

We now introduce the following notation. Let W, *>® be the space of those elements ¢ of C ((—o0,0] x S*)
which have one generalized time derivative and two generalized space derivatives such that for every T' < 0,

/[T et 197 H 10 1gal s Pt < 0.
0]
Let the action functional S=°°° be given by

2
S0 () = %f(foo,O]xsl 7&“’7:(?’;{("“0) (t,x)dtdr if p € W)>°

00 if p € C ((—00,0] x ') ~ Wy>*

10



for ¢ in C ((—o0,0] x S'), and define the level sets

300 (5) = {go €0 (00,0 x §1) : S™0p) <5, lim po(lt],0) = o}
oo
for each s > 0. Let us now endow C' ((—oo, 0] xS 1) with the topology S generated by open sets of the form

{¢ € C((—o0,01 x S*) : p"(p,¢*) < n}

where ¢* runs over all of C' ((—oo, 0] xS 1), T runs over all nonpositive reals, and n over all positive reals.
We then claim

Proposition 6. The set ®°0(s) is compact in the S topology.

Proof. Our approach is similar to the proof of Lemma 3.3 in [17]. It is not difficult to see that the
topological space (C ((—oo,O] xS 1) ,S) satisfies the second axiom of countability; the Stone-Weierstrass
theorem implies this. Thus, since compactness is equivalent to the Bolzano-Weierstrass property, we should
take {¢pn}n in ®7°0(s) and show that there is a ¢* in $7°0(s) to which some subsequence {@, }, of
{¢n}n converges in the S topology.

In our proof we shall naturally consider compact subsets of C(S1), so by fixing a 0 < k < 1/2, we may
pass to considerations of boundedness in C*(S') to investigate compactness in C(S?).

We need the following lemma, which we shall prove at the end of this section:
Lemma 1. There is a positive number B such that if ¢ is in ®=°%(s), then for all t <0, ||¢[t]||x < B.

Now define the set
K:={Ce(s"): Il < B}

and consider the sets @I}n’o(s) for each positive integer n. By assertion (C.1) we can find a subsequence
{Pn, tny of {@n}n and a ¢! in C([—1,0] x S') such that the restriction ¢, |[71,0]><S1 tends to ¢! in the
supremum norm for C([—1,0] x S1), and by (C.1) we must have S~1%(p!) < s. We can then find a
subsequence {¢n, }ny Of {¢n, n, Which is convergent in the supremum norm for C([—2,0]xS'). Proceeding by
means of this diagonal argument, we arrive at a subsequence {¢n }, of {¢n}n and a ¢* in C ((—00,0] x S*)
such that {¢,}» converges to ¢* in the S topology and such that S=>%(p*) < s. A simple argument gives
us that for each t <0, ||p*[t]||x < B; that is, ¢*[t] is in the compact set K for each ¢t < 0.

To complete the proof of Proposition 6, we now need only to demonstrate that S~>%(¢*) < oo implies
that lim;,_ po([t],0) = 0. Suppose not; then there is a 0 < n < B and a sequence {t,}, of negative
numbers tending to —oo such that [|@*[t,]||c(s1) > 7 for all n. A standard argument (see [5], Lemma 4.2.2,
or [17], Lemma 5.4) gives us the following.

Lemma 2. There is a To > 0 and a 8 > 0 such that if ||*[t]l|c(s1) >, then STT0t(p*) > 3.

Proof. By (16), we can always find a Ty such that ||v2 [To]llc(sry < m/2 for all ¢ in K. Define the set
H = {p € C([0,To] x §') : [0] € K and [l¢[To]llo(s1) >} -

Clearly H is closed, and by our choice of Tp, it cannot contain any trajectory of (2). It follows from the
lower semicontinuity of S%7¢ that 3 := inf{S%70(p) : ¢ € H} is strictly positive. ]

We can thus take a subsequence {tp, }n, of {tn}n such that ¢ < tn, — Tp; then for all L,

Nk41

L L
§70p) 2 Y St (pt) > Y8 = L,
=1 =1

contradicting the fact that S=°°°(¢*) is finite. Thus we have shown that necessarily

lim po(¢*[t],0) =0,

t——o0

11



which concludes the proof that ®°%(s) is S-compact. ]
We now begin to prove the compactness of ®(s). We start with
Proposition 7. For ¢ in C(S1),

V() =min {5750 1 p € C((-00,0] x 81, lim_polplf, 0) =0, 410 = ¢ | 1)

Proof. An easy argument using the S-compactness of the level sets ®~°°:0(s) for each s > 0 shows that the
infimum on the right hand side of (27) is attained, so that the minimum exists.

Take any ¢ in C([0,T] x S') with T > 0 such that ¢[0] = 0 and [T] = £. Then define

—_— ift < -T
olt] = o[t +T] if —T <t<0.

Clearly
SO () = §7°°(p) > min {s—m"’«o)  lim_po(l,0) =0, [0] = 5}
SO

V(© > min{s00)  lm_pm(sl0) =0, ¢l = ¢ (28)

To prove the other direction of inequality, let ¢ be the minimizer of the right-hand side of (27). For
each n > 1, let ¢, in Wa(—n,0) be given by

= { EHmelt] i n<t< il
P el if —n+1<t<O0.

Note that gon[ n] =
S7H(p) < 570

Ovpnlt] — Loonlt] = F(, pnlt]) = (¢ + n) (Oeplt] — Lelt] — £ (-5 #lt]))
+olt] + (E+n) f(0lt]) — (-, (E+ n)elt])

0 and ¢[0] = & Let us calculate S~ ™%(p,). We clearly have S~ "+19(yp,) =
). We can also can calculate that for —n <t < —n+1,

so that by a simple bound using the fact that |t + n| < 1 for —n <t < —n + 1, we have

1
ST () < = [(Bep — Lo — f(-9)) (t, )| dtdz
m? [-n,—n+1]x St

1 _
+— 11+ 2F%|p(t, )|*dtds
[=n,—n+1]x St
M2 1 2 r 1
< ZWS_”’_"JF (p) +2rm 2 (1 + 2f)? (llell=n* ) .

Thus )

M _
§7m0(p) < §70(p) + 2205 ) 4 2em 21+ 272 (ol )’
it is easy to see that S~™%(p,,) > V(£), so

S70%p) 2 V(€) - 2]\75—25 M () = 20m T (14 26)? el TR (29)

for all n > 1. But since S~>%(y) is finite (otherwise the opposite direction of inequality (28) would be
trivially true), necessarily lim,, S~™~"+1(p) = 0, and since lim;_,_, po(¢[t],0) = 0, also lim,, ||80||_n+1 -0
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Thus we conclude the opposite direction of inequality (28) by passing to the limit in (29), completing the
proof of Proposition 7. [ ]

Finally, we can prove that ®(s) is compact. Again since C(S') with the normal topology is separable,
this is equivalent to showing the Bolzano-Weierstrass property. Take {{,}, in ®(s) ; then by Proposition
7, for each n there is a ¢, in ®=°%(s) with ¢,[0] = &, and S=°%(p,) = V(&,). By the compactness of
@ °%(s), {pn}n has an accumulation point ¢ (in the S topology) which is also in @ °0(s). Now if ¢,
tends to ¢ in the S topology, then &, = ¢,[0] must tend to £ := [0] in C(S!), and by Proposition 7, we
must also have V(£) < §70%(p) < s, so £ is in ®(s), completing the proof. ]

We now check Lemma, 1.
Proof of Lemma 1. Fix ¢t in (—o0,0] and take T' < t. Note that we can decompose ¢ as

olt] = Torm)[t — T] + @a[t] + paft],
where ¢; and @, respectively obey the PDE’s

Orp1 = L1 + f(=, )
¢1[T] =0

and
Oup2 = La + (0sp — Lo — f(z,9))
(pQ[T] = 0.

Now from (14), we have that ||¢1[t]||x < AxF and from Propositions 2 and 3, it is simple to check that
[o2[tlls < L1,eMV2s  and  [lp2ft]llogsty < LaMV2s

for all ¢ < 0. Thus in view of (13) and (14), we see that
leltlllosyy < llelTllosty + AxF + LaMV/2s

and

o, ) — (t,9)| < 20lelTllc(sy + (AnF + L1 o MV2s)r(z,y)"
for every = and y in S'. Letting T tend to —oo, the result immediately follows, since ¢ < 0 was arbitrarily
chosen. =

7. Lower bound for x = 0.
Our proof almost directly follows from the lower large deviations bound for v¢ (see [16]);
(C.2) For any T > 0 and any positive numbers d, 7, and sg, there is an €y > 0 such that

S*T(p) + 7)

P{po,T(vE,Lp) < 5} > exp (— =2

for all 0 < € < €, ¢ in C(S'), and ¢ in <I>2’T(so).
Of course we need only prove the assertion (B.2) for £* in C(S!) such that V(£*) < oo.

By the definition of V(£*), there is a T > 0 and a ¢ in C([0,T] x S1) with ©[0] = 0, p[T] = £*, and
SOT(p) < V(€*) +7/3. Fix a 0 < k < 1/2 and define the C(S')-compact set K by

K :={£€C(S"): |l¢llx < 24:F}.
Proposition 5 then gives us that
V¢ (~ K) < exp (—(A.F/Me)*K},) (30)
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when 0 < € < (A,F)/(MK?) and € > 0 is small enough that v*¢ exists. We shall need the following claim
in our proof.

Lemma 3. There is a T' > 0 such that for every ¢ in K, there is a corresponding @ in C([0,T"] x S*) such
that ¢[0] = ¢, §[T'] = 0, and ST () < /3.
Proof. Fixing a T' > 0, consider the function

Then we find that
(POl — (CPOlE - 1Pl = yodle + T ol = £ (T otte )

for all 0 < ¢t < T", so that, in view of (16), a simple bound for S%T" (,) is given by the calculation
, 1 ' _
SO (p <7/ / 1+ 2ft)02(t, x)|*dtd
(‘pC) = 2m2(T,)2 o m651( + f) |U§( ,.’L‘)| T
<IN —2 TI(1 +2ft)2e 2o Digy
= c(sh) 2m2(T')? J,_,

™ *© _ iz
< ||C||20(51)W/0 (14 2ft)% 2(a=Ft gy

Then by taking T" large enough that

24, F 2L/m 1+ 2f1)2e~2@=Ntgr < /3.
( ) (e ), (1+2ft)%e dt <~/3
we have the lemma. ]
We then do the following. For each ¢ in K, define ¢¢ in C([0,T" + T] x S') by
5ol = { Pl ifo<t<T
PA= Vot -1 T <t<T +T.

This gives us that ST +7(p¢) < V(£*) + 2v/3 for every ¢ in K. By using (30) and the lower bound (C.2),
we then have for € > 0 small enough,

PUEE (S pl6€) <) = [ Pans GHT +T)E") < 6} 4(d0)
c(Ssh)
> [ o P T tp0 <00
> (K inf P{p™" 4T (0, 5) < 6

ST () +7/3>

> v*(K) exp (— =

o -1

€

>

which completes the proof. |

8. Upper bound for x = 0.
We with to argue (B.3) from the following process-level large deviations bound:

14



(C.8) For any T > 0 and any positive numbers §, 7, and sq, there is an €y > 0 such that

PP (v, () 2 8} < exp (=257

for all 0 < € < €, ¢ in C(S'), and 0 < s < s¢.
We begin with the fact that for any set I' in B (C(S')),

VO,e — e VO,E
0= Pldery @

for all t > 0 and all € > 0 small enough that v%¢ is well-defined and unique. In particular, for all ¢ > 0 and
all small enough € > 0,

W (€ O(SY) : pol€,B(s)) > 8} = / P {po(u¢ 1], ®(s)) > 8} v (dC). (31)
o(sh)

Let us now fix a 0 < k < 1/2 and define the C(S')-compact set
K:={£€C(S"): |iElls < d}

where d := M(s/K.)'/? + A, F. For the moment, we need only the constant d; our usage of the set K will
appear later. Nevertheless, let us now note a natural connection of K with the upper bound (C.3). Namely,
that for 0 < e < (s/K})'/2/K? and € > 0 small enough that v%¢ exists and is unique,

W (~ K) < e/ (32)

as in the proof of Proposition 5.

Recall now our proof for the lower bound (B.2). We chose a function ¢ on a finite time interval and
with initial point 0 which approximated the infimum in (5), or more exactly, approximated the minimizer
in (27). We now wish to do a similar thing for the upper bound. Let us now define for each A > 0 the
C(S1)-compact set

K(A):={£€C(S"): |Igll. < A}

Then we have the result
Lemma 4. There is a A >0 and a T' > 0 such that for all T > T',

{11+ 0 € 8375 ()} C {&: pole 0(s)) < 3/2}.

Proof. Suppose not. Then there is a sequence {A,}, tending to zero, an unbounded increasing sequence
{T:}n, and for each n, a ¢, in @%{Zn)(s) such that po(¢n[Tn], ®(s)) > §/2. Recall now our arguments and
notation of Section 6. Define @,, in C([—T,,0] x S*) for each n by @,[t] := @[t +T}] for =T, <t < 0. Then
by a diagonal argument similar to that used in the proof of Proposition 6, there is a subsequence {@n }ns
of {Pn}n and a ¢ in C((—o0,0] x S*) such that S=C(p) < s, po(p[0], ®(s)) > §/2, and for each t < 0,

lim,,r p?0(Ppr, ) = 0. Tt is not hard to deduce, in a way similar to the proof of Lemma 1, that

leltlllosty < Ao + AxF + LoMV2s
for all ¢ < 0. As in Lemma 2, this and the fact that S=°0(y) is finite are enough to imply that
limy—,_ oo po(¢[t],0) = 0 so that ¢ is in ®=°%(s), implying that V(p[0]) < s by Proposition 7. But
po(p[0], ®(s)) > §/2; thus a contradiction results, proving our claim. |
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This lemma allows us to transfer from the set ® °°:°(s) on an infinite interval and zero ‘initial condition’, to
the set @?{’{A) (s), with T' > T", which is a collection of functions on a finite time interval with initial point
close to zero. The specific calculation we want is that for any T > T' and any ( in K(A),

P {po(o¢[T], &(s)) > 8} < P {7 (wf, &%15 (s)) > 6/2}

33
< PLOT g, 807() > 6/2) )

The first of these inequalities is not directly obvious. Take w in 2 such that po(v¢[T], ®(s)) > 4. Take any ¢
in @%{A) (). Then by Lemma 4, po(¢[T], ®(s)) < 6/2, so by the triangle inequality, po(v¢[T], p[T]) > 6/2.
Hence pO’T(’UZ,(p) > §/2, so since ¢ was arbitrary in @%?A) (s), we see that pO’T(vé,ég(’fA) (s)) > d6/2. The
second inequality naturally follows from the first as we have assumed that ¢ is in K(A). From (33), we then
have from (B.3) that for each T' > T,

sup P {po(uf[T), (s)) > 5} < e==1/2)/¢ (34)
CEK(A)

for all 0 < € < €1(T"), where we note the dependence of €; on the value of T, which is as yet unspecified.

We would now like to manipulate (31) to resemble the left-hand side of (34), that is, to restrict in (31) the
initial point to be in K'(A). Let us show that with large enough probability, v¢ with initial point distributed
according to ¢, as in (31), reaches K (A) during some finite collection of integer times {n : n = 1,2,..., No},
with Ny a positive integer yet to be chosen. We first use the estimate (32) to bound (31) by

PLEEC(S): i, 8(s) 20} < e+ [ P {mfIT) 8(9) > 6} 14(a0) (35)

(eEK

which holds for all 7' > 0 and all 0 < € < €3, where here €2 will not depend upon the choice of T'. By this,
we can assume that the Markov process CR begins in the compact set K. We may immediately see from the

estimates (16) that for some large enough integer n, vg [n] € K(A) for all ¢ in K, that is, for some large

enough time, all the nonrandom trajectories v? of (2) with initial point in K will be in K(A). A similar
result is probabilistically true for the trajectories of v¢ starting with ¢ in K. We should define for each

positive integer N the set Hy in C([0, N] x S!) by
Hy :={p € C([0,N] x S') : ¢[0] € K but ¢[j] ¢ K(A) for all j =0,1,...,N}.

We have

Lemma 5. For Ny large enough,
inf {S®No(p) 1 p € Hy,} > s. (36)

Proof. Suppose not. Then

lim sup (inf {S%"(p) : ¢ € H,}) < s.

n

For each n, select any ¢, in H,, such that

S9™(p) < 2inf {S*"™(p) : p € H,};
then for n large enough, S%"(y,) < 2s. By arguments similar to those of Lemma 1, we have that then

lloltllle < d+ AeF + (L1 + Ly) MV/4s

for all 0 <t < n and all n large enough. But now by arguments similar to those of Lemma 2,

B := inf {So’k(cp) Nl0]lls < d+ AF + (L1 + Lo) M4, ||o[K]||s > A}
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must be positive for some k large enough. Thus for all n large enough,
25 > S (pny) > nf

which is clearly impossible. ]
Standard arguments using (36) give us that

sup P {v§ € Hy,} < e (s=1/2)/€ (37)
CeK

for 0 < € < €3, where €3 will not depend upon our choice of T'. We now can reduce (31) to the proper form
of (34) by using (35) and (37). We have that for € > 0 small enough,

v {€€ C(8Y) : po(€, ®(s)) > &}
<e /¥ 4 sup P{v¢ € Hn,}
CeK

[P ¢ Hve, po T, 05 2 5 4(d0) 39
(EK

E2

< et/ e a=1/2)/

+/ P {v§[n] € K(A) for some n = 0,1,..., No, po(v¢[T], ®(s)) > 6} v>(dC).
(EK

This is true for all ' > 0 and all 0 < € < min{ez, €3}. Let us now finally select our T to be T := Ny + T".
In the last term of the last line of (38), we know that v¢[n] will be in K'(A) for some n =1,2,..., No. Then
at time 7', the trajectory will be outside a §-neighborhood of ®(s), so we can use (34) on the portion of the
process from n to T'. We condition upon the first time at which v¢ is in K (A) and use the Markov property
of v¢ to find

/ p {fuz[n] € K(A) for some n =0,1,..., No, po(v¢[T], ®(s)) > 8} %€ (dQ)
CeK

No
< sup P ve[T —nl], ®(s)) >4} .
_;CEK&) {po(W¢[T — n], ®(s)) > 6}

Inequality (34) then gives us
/ P {v¢[n] € K(A) for some n = 0,1,..., Ny, po(v§[T], ®(s)) > 6} v*(d() < Noe™ C=1/€
(eK

for 0 < € < min{e; (T — n),e3,€e3;m =1,2,..., Ng}, so (38) is continued as
VO {€€ C(SY) 1 pol€,®(s)) > 6} < e /< + (No+1)e (-1/2/€,
This completes the proof of (B.3). |

9. The full result: the cases 0 < kK < 1/2.
At this point we have the result

Theorem 2. The family {v°¢} of probability measures on C(S*) satisfies a large deviations principle with
action functional V' given by (5).

We now show that this is in fact sufficient to prove the assertions (B.1)—(B.3) for any 0 < k < 1/2, using
Proposition 5. Our main tool for transferring from the C(S!) topology to the C*(S') topology, for any
0 < k < 1/2, is the following result found in [8], Lemma 1.5:
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Proposition 8. Let X and X' be two Polish spaces. Let {P.;e > 0} be an exponentially tight family of
probability measures on (X,B(X)). Let F : X — X' be a continuous injection, and define the probability

measures
P/(I"):=PfzeX: F(z) €'} ' € B(X"))

on (X',B(X")) for each € > 0. Suppose that {P!;e > 0} obeys a large deviations principle with action
functional I'. Then the family {P.;e > 0} also obeys a large deviations principle, with action functional I
given by

I(z) := I'(F(x)). re kX

Let us fix now a 0 < k < 1/2. In our case here of course C*(S1) plays the role of X and C(S') plays the

role of X'. We let {v"™;¢ > 0} be the family {P.;e > 0} of probability measures; recall that in Proposition 5

we proved the exponential tightness of {v"¢;e > 0}. We of course let F be the injection mapping of C*(S!)
into C(S1). Then the family {P!;e > 0} is defined as

P/(T) := v~ {e € C"(SY): £ €T} T € B(C(SY))

By the remarks following Theorem 1 concerning the uniqueness of the invariant measure, we then have that
for € > 0 small enough,

VO(T) = (O (S NTY) = vo<(C™(S") NTY) = P/(T)

for all TV in B(C(S')), using the fact that v%¢(C*(S')) = 1. Having proved in the preceding sections
that {v%¢ e > 0} obeys a large deviations principle with action functional V' given by (5), Proposition 8
immediately gives us that {v"¢;e > 0} also obeys a large deviations principle with action functional

VEE) = V(F(E) =V (E). §eCr(sh)

Thus we have transferred our results of Theorem 2 to the full result:

Theorem 3. For each 0 < k < 1/2 the family {v*¢} of probability measures on C*(S) satisfies a large
deviations principle with action functional V' given by (5).

10. Existence and uniqueness of the stationary distribution.

We now return to the proof of Theorem 1; that for every € > 0 small enough, the process v¢ is a Markov
process in C*(S!) with unique stationary distribution v*¢. Of course we are primarily interested in the
existence and uniqueness of a stationary distribution; by using (12), one can easily show that the process v¢
is Markovian, and by Proposition 5 clearly v¢ is C*(S*)-valued if ¢ is in C*(S).

To prove the existence and uniqueness of a stationary distribution v*¢ for a specific 0 < k < 1/2 for
v¢, we shall consider the family of distributions {v*¢T; T > 0} of (4). We have from Proposition 5 that
the measures {v®%T; T > 0} are tight; from standard arguments this will then imply the existence of at
least one stationary distribution. We then show uniqueness by considering another stationary distribution.
We show that asymptotically in time the effect of the initial condition of v¢ dies out, so that the second
stationary distribution must coincide with the one generated by {v™¢1;T > 0}.

Fix now a 0 < k¥ < 1/2 and consider the question of existence. In Proposition 5 we proved the tightness
of the family of measures {v*¢T; T > 0} on C*(S'). From [3], Theorem 9.3, this is then enough to imply
the existence of at least one stationary distribution v¢ of v¢ on C*(S!), this stationary distribution being
the weak limit of some subsequence of {v*:¢T; T > 0}. Furthermore, from known results (see [15], Theorem
VIL5.1), this is also sufficient to imply that for all bounded g in C(C*(S)),

lim g (QV™T(de) = / 9(Qv™(d0), (39)

T Jon@sy o=(sY)
i.e., all subsequences of {v**T; T > 0} converge to the same measure v on C*(S%).
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Consider now the question of uniqueness. We shall need the following statement that v{[t] — v5[t]

converges in probability to 0 in C*(S!) as t tends to infinity. The technical nature of the proof causes us to
delay its proof until the end of the section.

Lemma 6. For each 0 < k < 1/2 there is an €g > 0 such that for all 0 < € < €9 and all ¢ in C*(S'),
Pllv¢[t] = vglt]llx = 6} =0

for all 6 > 0.

To show uniqueness of the stationary distribution for a specific 0 < k¥ < 1/2, we should now take another
stationary distribution 7*¢ and compare it with v%:¢. Take any bounded function g in C'(C*(S')). For any
T > 0 it is easy to check the following inequalities;

/ g(Qv™oT(d() — / g(oﬂ“’f(do‘
Cr(S1) Cr(S1)

/ Elgi[)] df — — / / oo Elo D] 7~ (@)

1 MK, €
</ N(Sl)f [ B llg(uole) — o(ucle)] e (ac).

From Lemma 6 it is obvious that

it [ B o) ~ gtegi] ae =0

for all 0 < € < € and all ¢ in C*(S'). In light of the boundedness of g, we can thus apply dominated
convergence to see that

/ 9(Qv™e(dC) - / g(cw“(do‘
cx(S1) cx(S1)

/ g (V=T (dC) — / g(@ﬂ“(do‘
Cr(S1) Cr(S1)

< limsup
T

=0,

recalling (39). Since g in C(C*(S')) was arbitrary, 7®¢ and v*¢ coincide, so the stationary distribution
must be unique. |

Now we furnish the proof of Lemma 6. The proof is rather technical.

Proof of Lemma 6. In fact the essence of the proof is the result for Kk = 0; we can use Proposition 5 and
some standard interpolation results for Holder norms to transfer the result from k =0t0o 0 < k < 1/2.

We are interested in the difference A := v§ —vg. Using the decomposition (23) and the bounds of (14),
it is not hard to see that for all € > 0, all ¢ in C'(S'), and all t > 0

1At llosy < e Cllogst +f/ “ AL sl ogsryds + ellg altlllesy
where wz A= wz —9§. By Gronwall’s inequality, then
_ ot _
ALl esty < e D¢l oesr) + €f/0 e~ @ N9y A[s]llosryds + ellvE alt]llesy (40)

for all € > 0, ¢ in C(S!), and t > 0.
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The next step would naturally be to take the expectations of both sides of (40). We then would hope
to find that E[[¢¢ A[t]llc(s) is bounded in some sense by E[|A¢[t][|c(s1); clearly as Af becomes small we
would expect that ¢¢ o also be small. We then would have another Gronwall-type integral inequality which
we could use to bound E[|A¢[t]lllc(st) in terms of [|([|c(s1). This approach to continuing (40) is in fact not
sufficient; the only relevant tool we have at our disposal is Proposition 4, and from this we cannot easily get
an appropriate bound for E[[y¢ A[t]llc(s1) in terms of E[|A[t][|c(s1). What we can do, however, is to use
this approach after raising both sides of (40) to a large enough power. To be specific, let us take any even
integer N > 4. Denote @ := a — f, and let a* be a number such that 0 < a* < a@. Hereafter we shall let
K be a constant which may change from line to line, but which depends only on our choice of N and a*.
Raising both sides of (40) to the N-th power, we have that for all € > 0, ¢ in C'(S'), and all ¢t > 0,

1A & s
" N
< Ke " MY|¢||T 51y + K€Y (/0 e_a(t_s)||¢Z,A[S]||C(sl)d8) + KeV|lpg altlll S sy
* 0 = * Nil t *
< Ke™® Nt”dlg(sl) + KeN (/0 e—(a—a )(N/(N—l))“du> . (/0 e~ N(t_s)||¢E,A[3]||g(51)d5)
+KeN[9¢ AN sty
so that
¢
e” Nt||A [ (st < K||C||C(sl) + KeV /0 e” Ns||¢2,A[3]||g(sl)d3+K€N€a N g altlllesr)-
Now we take expectations of both sides to get that

t
e N'E [IIA [t]||c<51>] < K|l¢llesr + Ke™ /0 e” V°E [||¢27A[s]||g(51)] ds

+ KeVe® Nt||¢Z,A[t]||C(Sl)-

(41)

To bound E [||1/}2’ Als] ||g( sl)] by E [||A2[t]||g( 51)] in the hopes of achieving a manageable integral inequality,
we shall use the following result:
Lemma 7. There is a K depending only on N and o* such that for all e > 0,  in C(S'), and t > 0,

e NB [0 alllFen] < KoV sup e B [IALS]IE s

The proof of this Lemma 7 involves estimates similar to the proof of Proposition 4, so we delay the proof
until the end of the proof of Lemma 6.

Inserting the estimate of the lemma into (41), we get that

QNWNAWMy]ﬂM<KMMm+€UK/mCdﬁﬂéam&) (42)
where
m¢(t) := sup e” N E [”A [S]”C(Sl)] (43)
0<s<t

for all ¢, ¢, and ¢. But then from (42) and the fact that m§ is increasing, we have that when eNoN K < 1

K NgNg [t

mg(t) < WHCH&SQ + W mg¢(s)ds.
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By a final simple argument using Gronwall’s inequality we get that

K K
eIV * N_N
E [”Ag[t]”c(Sl)] < mexp [— (04 - WG o > Nt] ||C||C(Sl)-

Of course this gives us the conclusion of Lemma 6 when k = 0.

Consider now the case 0 < k < 1/2. Let us choose a &' with k¥ < &' < 1/2, and use the fact that for any
@ in C% (1),
1-k/K k/K'
lellx < Bllellesty el (44)

We have by Proposition 5, that for any d > 0, € > 0, and ¢ in C*(S*) such that
d> eMKY + A F + e=|[Cllosn (1 + /2% (D1)1/2), (45)

the bounds B
P{llog[t]llx > d} < exp[—(d — A F)* /(2 M*)K ] (46)

and

(47)

_ ' 2
d—AmF—eﬂmamwga+w“*nunr“%> K

PW@WWE@<WP—( )

hold. Here we have used the calculation, available from (8), that

1Tl < e 1+ (xDt) ) ICllcs

for all t > 0 and all ¢ in C'(S*). Thus for all d > 0, € > 0, ¢t > 0 and (¢ in C*(S*) satisfying (45), we may use
(44) to get the bound

PAllvglt] — vp[tlllx > 0}
< P{llvg[tlllxr = d} + P{[Jo¢[t]llx = d}

&' /(r'—K)
+P{||U2[t] —vgltlllc(sty > (W) }
< exp[—(d — BuF)*/(€ M*)K /]

_ ’ 2
d— B.F— —at 14+ 1/2—k Dt —1/2
+“p_< e n o) 1)

S &' /(K" —K)
+2 Il = s > (5mere )

which is valid for each § > 0. We then argue Lemma 6 for 0 < k¥ < 1/2 by taking first ¢ to infinity and
using the result for K = 0, and then taking d to infinity using (46) and (47). This is enough to prove the
conclusion of Lemma 6 for the general case. [ ]

To finally complete the proof of Lemma 6 we now must prove Lemma, 7.

Proof of Lemma 7. Let us fixa0 <k < 1/2—2/N,an ¢ > 0, a ¢ in C(S1), and a t > 0. We shall again
let K be a constant which may change fom line to line but which depends only on our choice of N and «.

We bound the expectation E I:”AZ[t]”cv( 51)] in two steps. If we choose any z* in S', we may write that

10 altllIE(sr) < 2V [WE alt, )N + 2V 7 N[ A1 (48)

and find the expectation of each term separately. We can calculate the expectation of the first term by
straightforward methods using representation (18). We can use Proposition 1 to bound the expectation of
the second term. QOur calculations are similar to those used in proving Proposition 4.
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Consider the first term in (48). By the Burkholder-Davis-Gundy inequality ([10], Theorem 3.2.8),

(/Ot /Sl Gis(@*,y) (o(y,vE(s,9)) — oy, v5(s,1))) W(ds,dy))N]

(//G ,|mm%w@m]

Now if we follow through the proof of Proposition 4, we can see that

[, Gt sty < L[5 e sl

E [[9¢a(t,a)M] = B

<KE

(49)
< [ 51— e NG s
where for all u > 0,
1 & 2(Ax—a™)
p— - k— u
=13 ,
k=0
which is an integrable function. By Holder’s inequality we may continue, as
) (N=2)/2 ot .
E[|9¢,a(t,2")N] < Ko™ ( /0 ﬂl(u)du) : /0 Bu(t = 5)e™ NIE [||Ags]l1§ s | ds
oo N/2
< K&Ne*a*Nth(t) (/ B1 (u)du> .
0
where m¢ is defined as in (43); thus
E[[y¢ alt,z")N] < K5Ne * N'mé(t) (50)

for all € > 0, all ¢ in C(S'), and ¢ > 0. This takes care of the first term of (48).

To bound the expectation of the second term of (48), we may again use Proposition 1 to estimate
[¢ A[t]]x- Define ¥(z) := 2" for all & in IR and p(u) := u**/Y for all u > 0. Set

B, /Sl /Sl (¢CA (t, 3'3)(3!j ;P)E)A(t;y)> dzdy.

Then by Proposition 1, we have similarly to our calculations in the proof of Proposition 4, that

. k+2/N
W all), <872 g

so that

B llve sl <8V (“F2N) pis

As in the proof of Proposition 4, we now must calculate E[B;], making sure that it is finite. For any z and
y in S, again the Burkholder-Davis-Gundy inequality gives us that

5 [111 (¢2A(p()(— LING y))]

© )y s
s .'17 Z (Y, 2 B .
[(/ /51 L (2,7) 2n+t4/N 2||A<[s]||20(51)dzds> ] .
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Proceeding as in (49), we compute

()

<K—NE - 2k (t—s) 2 PAnmN )‘k RN A€ 2 d
S Ao Ze 2 D 1AE[s]llE(s1yds

k=1

N/2
(/ Ba(t — s)e 2" (1= S)HAE[ ]||%*(sl)d3) ]

where the integrable function f» is given by

N/2

< KiVE

2272n74/N 0 a(h—a®) wt2/N
Ba(u) = (7an+2/N ) Ze A
k=1

for all w > 0. Hence by Holder’s inequality,

E [\I} (¢Z,A(t;)f:(;71;)sz(t,y)>:| < KoV Nime (1) (/Ooo 52(u)> N/2

analogously to (50). Hence

E[B)] < KoNe™ Nimé(t)

and thus .
E [[g¢ altlN] < KoNe ™ Nimg(t).

Combining this, (48), and (50), we get the result of Lemma, 7. |

11. Conclusion.

In this paper we proved two main results concerning the long-term behavior of the Markov process
defined by the stochastic PDE (1). We showed that v¢ has a unique stationary distribution v¢ for € > 0
small enough, and we showed that this stationary distribution obeys a large deviations principle with action
functional (5). If we compare our proofs with the corresponding standard proofs concerning the stationary
distribution of an ordinary stochastic differential equation (see [5], Theorem 4.4.3), we find that our proofs
are significantly more technically involved, this primarily being due to the fact that the state space C*(S*)
of the Markov process v¢ is inherently infinite-dimensional. Nevertheless, our proof here stemmed more
directly from the large deviations principle (B.1)-(B.3) for v¢, than do the corresponding proofs for ordinary
stochastic differential equations. It is possible that the spirit of our proofs, with only minor modifications,
can be adapted to more general Markov processes.
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