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The pur pose of thi s work is to develop a uni �ed appr oach to study the dynamics of a
single-degree-of-freedom system excited by both periodic and random perturbat ions. As
a protot ype, we consider the noisy Du�ng{ van der Pol{ Mathieu equati on and achieve
a reducti on by developing rigorous methods to replace, in a limit ing regime, the original
complicated system by a simpler , constr uctive , and rational approximat ion | a lower-
dimensional model of the dynamical system. To this end, we study the equati ons as a
random pertur bati on of a two-dimensional weakly dissipati ve ti me-periodic Hamiltonian
system. We achieve the model-reducti on thr ough stochastic averaging and the reduced
M arkov process takes it s values on a graph with certai n glueing condi ti ons at the vertex
of the graph. Exam inati on of the reduced M arkov process on the graph yields many
imp ort ant result s, namely, mean exit t imes, probabilit y density funct ions, and stochast ic
bi furcati ons.
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1. In tro ducti on

This paper deals with the nonlinear responseof a single-degree-of-freedom system
under both periodic and stochastic excitat ions. The general form of the equations
studied here is given by

•qt +
∂U

∂q
(qt ) + G(qt , _qt ) _qt = ( µ0 cos(νt) + µ1ξ(t))qt + µ2η(t) , (1)

where q 2 R represents a generalized coordinate and the potent ial U : R ! R has a
single well. More precisely, we require that U 2 C1 (R; R+ ), lim j x j! 1 U (x) = 1 ,
that

f x 2 R : U0(x) = 0g = f x 2 R : U (x) = 0 g = 0 ,
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Fi g. 1. Potent ial Energy

and ω2 def
= U00(0) > 0. SeeFig. 1. In (1), G represents dissipativ e terms and ξ and

η represent mean zero, stat ionary, independent Gaussian white noiseprocesses.For
convenience,we shall de�ne

Uh (q)
def
= U (q) �

1
2
ω2q2 , q 2 R .

Sincean exact solutio n of (1) is not known, the purposeof this paper is to develop a
reduction procedure to approximate the solutio ns of (1) by a graph-valued Markov
process.

In the absence of time-dependent perturbations (both periodic and noisy;
i.e. µ0 = µ1 = µ2 = 0), Eq. (1) reduces to the well-known Lienard system
with a nonlinear potent ial. There are many physical problems whose dynamics
are described by such autonomous equat ions (seefor example, Guckenheimer and
Holmes [13]). This equation consists of both linear and nonlinear restoring and
dissipativ e terms which allow one to model various problems in mechanical and
structural dynamics. In this model, a sustained oscillation may arise from a bal-
ance between energy generation at low amplit ude and energy dissipation at large
amplitude as in the Du�ng { van der Pol equation.

In the absenceof noisy pertur bat ions (i.e. µ1 = µ2 = 0), Eq. (1) represents the
nonlinear vibr at ion of a mechanical system which has a single degree of freedom
and which is subjected to harmonic parametric excit ation. This has been studied
extensively in the liter ature(seefor example, Bolot in [3] and Nayfeh and Mook [32]).
It is well known that a small parametric excitation can produce a large response
when the excitation frequency ν is close to twice the natural frequency ω of the
system (subharmonic resonance). The problem of parametric resonance arisesin
many branchesof physics and engineering. One of the important problems is that
of dynamic instabilit y of mechanical [32] and elastic systems [3] under periodic
loads.

On the other hand, in the absenceof periodic perturbations (i.e. µ0 = 0), (1)
represents random vibrat ion of a mechanical system which has a single degree of
freedomand which is subjected to both parametric and addit ive whit e noiseexci-
tations. The additiv e noisecasehas beenextensively studied in the liter ature (see
for example, Lin [23] and Bolotin [4]). Alt hough parametrically excited nonlinear
systemshave not received similar attent ion, there are a number of papers in the
literature (see,for example, the work of Namachchivaya and co-workers [22], [24],
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[25], [27], [28] and Arnold and co-workers [1], [2] and the referencestherein) that
deal with such problems.

Our interest is the behavior of q in a certain limiti ng regime. Namely, we as-
sume that both dissipation and t ime-dependent terms are small. Let us intr oduce
a detuning parameter λ and suppose that ν is of the form ν = ω0(1 + ελ). This
will allow us to investigate the detuning e�ects near a referencefrequencyω0 (for
example, to study subharmonic resonance, we would let ω0 be 2ω). In order to in-
corporate the detuning parameter λ in the the equation of motion, we rescale time
by ν. Equation (1) can then be wri t ten as

•q"
t + κ2q"

t = ε

�
(µ cost + ν1ξ(t) + 2 κ2λ)q"

t + ν2η(t) �
∂Uh

∂q
(q"

t )
�

� ε2
�

(2λµ cost + 3κ2λ2)q"
t + G(q"

t , _q"
t ) _q"

t � 2λ
∂Uh

∂q
(q"

t )
�

(2)

where

κ =
ω

ω0
, µ =

µ0

ω2
0
, ν1 =

µ1

ω2
0

and ν2 =
µ2

ω2
0
.

Over �nite t ime intervals, the limiting dynamics of the state (q" , _q" ) as ε ! 0
are simply those of the unpertur bed system (i.e. ε = 0), but over a long t ime the
e�ects of the perturbations can be signi�ca nt. In order to understand their e�ects
on longer time scales, one should look for a slowly-varying quantit y and exploit
the separation of scales to � nd an appropriate lower-dimensional descript ion of the
system.

In the absence of dissipation and random pertur bat ions (i.e. G � 0 and
µ1 = µ2 = 0), Eq. (1) represents a non-integrable system due to the t ime-periodic
perturbations (the Mathieu term). Thus it is in general not possibleto apply stan-
dard results from the theory of random perturbations of Hamiltonian systems [11]
as done in Namachchivaya et al. [27], [28] and Sowers.[34] However, by appropriate
scaling of the nonlinear term @Uh

@q in (1), the solutio n (q" , _q" ) over any �nite interval
converges in probabilit y, as ε ! 0, to the solut ion of an averaged equation which
has a conservat ion law. The averagedequation has certain nontrivial (yet generic)
types of � xed points. The evolut ion of the � rst integral (conservation law) is exam-
ined on a rescaled t ime interval. The outcome will be a lower-dimensional model of
single-degree-of-freedom mechanical systemsunder dissipation and t ime-dependent
perturbation and a great ly-enhancedunderstanding of its stabilit y and dynamics.

In Sec.2, we state the mathemat ical structure of the problem and intr oducethe
conceptof the mart ingale problem. We also apply the classicalaveraging results of
Khasminskii [18] to ident ify the conservat ion law or the � rst integral. We discuss
the Hamiltonian structure of the averaged equations and derive the evolut ion of
the � rst integral. In Sec. 3, we recast our problem on an abstract sett ing which
focuses on the laws of processes.In this setting, we state the basic idea of the
mart ingale problem and the main theorem. In Sec.4, we provide a rigorous proof of
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the main theorem. Our main technique is to usethe mart ingale problem. In Sec.5,
we apply the main results to the Noisy Du�ng { van der Pol{ Mathieu oscillator. We
appeal to the results of Khasminskii [20] and Namachchivaya and Sowers [29] to
complete the averaging procedure with isolated � xed points. We make useof more
recent stochastic averaging results on graphs developed by Freidlin and Wentzell
[11], Freidlin and Weber [12] and Sowers and Namachchivaya [35] to complete the
problem with saddle points. Here the reduced Markov processtakes its values in
a graph wit h certain glueing conditions de�ned at verticesconnecting the edgesof
the graph.

2. Sta t ement of t he Problem

Let us start by t ransforming (2). Using the following transformations

q = x1 cos(κt) + x2 sin(κt) , _q = � κx1 sin(κt) + κx2 cos(κt) ,

we can write the evolutio n of (q" , _q"
t ) in the standard form

_x"
t = εf1(x"

t , t) + ε2f2(x"
t , t) + εg(x"

t , t, ξ(t), η(t)) , (3)

where the vector �elds are obtained by the usual t ransformat ions.
Sincewe assumethat the noiseterms ξ(t), η(t) represent independent Gaussian

white noiseprocesses,we can rewrite (2 as the Ito stochastic di�er entia l equation

dẐ "
t = εb1(Ẑ "

t , t)dt + ε2b2(Ẑ "
t , t)dt + εσ(Ẑ "

t , t)dWt , t � 0

Ẑ "
0 = x� ,

(4)

where the vectors b1, b2 and the matr ix σ are given by

b1(x, t) def=

 
f1

1 (x, t)

f1
2 (x, t)

!

b2(x, t) def=

0

@
f2

1 (x, t) + 1
2

P 2
j; k

@�1;k

@xj
(x, t)σj; k (x, t)

f2
2 (x, t) + 1

2

P 2
j; k

@�2;k

@xj
(x, t)σj; k (x, t)

1

A

σ(x, t) def=
1
2κ

 
ν1(� x2 + x1 sin2κt � x2 cos2κt) � ν2 cosκt

ν1(x1 � x2 sin2κt � x1 cos2κt) � ν2 sinκt

!

,

and where x� is a � xed initia l conditio n (which will remain �xed thr oughout). In
(4), b1, b2 and σ are 2π-periodic in the third argument (t ime), and W is a R2-valued
Wiener processgiven on some probabilit y space (
 � ,F � ,P� ); as usual, we let E�

denote the expectation operator with respect to P� . We atta ch the superscript � to
denote that this is the original probabilit y t riple.

The e�ects of the dissipation and noisecan be understood via a di�usiv e gen-
erator and a symbol. For future reference, we de� ne theseoperators.
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D e�nition 2.1. (Generator and Symbol) For each ϕ and ψ in C2(R2), de�ne

(L ϕ)(x, t) def=
1
2

X

i; j

ai; j (x, t)
∂2ϕ

∂xi ∂xj
(x) +

X

i

b2
i (x, t)

∂ϕ

∂xi
(x) ,

hdϕ, dψi (x, t) def= L (ϕψ)(x, t) � ϕ(x)(L ψ)(x, t) � ψ(x)(L ϕ)(x, t)

=
X

i; j

ai; j (x, t)
∂ϕ

∂xi
(x1, x2)

∂ψ

∂xi
(x1, x2) ,

for all x = ( x1, x2) 2 R2 and t � 0, where ai; j (x, t) def= ( σ(x, t)σT (x, t)) ij .

The operator h�, �i is known as the symbol of L . We note that i f � 2 C2(R) and
ϕ 2 C2(R2), then

L (� � ϕ)(x, t) = _�( ϕ(x))( L ϕ)(x, t) +
1
2

•�( ϕ(x))hdϕ, dϕi (x, t) (5)

for all x 2 R2 and t � 0. Ito 's rule tells us that for any f 2 C2(R2),

f (Ẑ "
t ) = f (x� ) + ε

Z t

0
(b1, r f )( Ẑ "

s , s)ds

+ ε2
Z t

0
(L f )( Ẑ " , s)ds + εM "; f

t , t � 0 , (6)

where

M "; f
t

def=
Z t

0
r T f (Z "

s )σ(Z "
s , s)dWs

for all t � 0; we note that M "; f is a mart ingale with quadrat ic variation

hM "; f i t =
Z t

0
hdf, df i (Ẑ "

s , s)ds

for all t � 0.
It is important to realize that there are several scalesin (4). The 2π-periodicit y

of the coe� cients appearson t ime intervals of order 1. The dri ft term b2 and the
di�usio n cause 
uctua t ions of order ε and ε2, whereas the dri ft term b1 causes

uctua t ions of order ε. Our interest here is when the periodic 
uctua t ions of the
coe�cien ts in a sensecancelout the 
uctuations due to b1, leaving us with 
uctu-
ations of order ε2. Hence, in this paper, we outline a uni� ed framework to study
nonlinear systems with both periodic and stochastic pert urbat ions. First, let us
make some de�nitio ns

D e�nition 2.2. (T ime-Averaging Operator) Fix ϕ 2 C1 (R2 � R) which is 2π-
periodic in its last argument . De� ne Mϕ 2 C1 (R2) by

(Mϕ)(x) def=
1

2π

Z 2�

0
ϕ(x, t)dt

for all x 2 R2.
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We shall enforce

Assumption 2.3. (Averaged Integral of Mot ion) We suppose that there is an
H 2 C1 (R2) such that

�r H(x) = (Mb1)(x)

for all x = ( x1, x2) 2 R2, where

�r H(x1, x2) def=

 @H
@x2

(x1, x2)

� @H
@x2

(x1, x2)

!

for all (x1, x2) 2 R2.

Our goal is to study the behavior of Z " under this assumption. Using Ito 's rule,
we see that

H(Ẑ "
t ) = H(x� ) + ε

Z t

0
(r H, b1)( Ẑ "

s , s)ds + ε2
Z t

0
L H(Ẑ "

s , s)ds

+ ε

Z t

0
(r H,σ)( Ẑ "

s , s)dWs .

Thus H(Z " ) is slowly-varying. To see its 
uctua t ions, we need to look at a t ime
scale of order 1/ε. Namely, consider next the stochastic di�er entia l equation

d ~Z "
t = b1( ~Z "

t , t/ε)dt + εb2( ~Z "
t , t/ε)dt +

p
εσ( ~Z "

t , t/ε)dWt , t � 0 ,

~Z "
0 = x� .

(7)

then the law of f ~Z "
t ; t � 0g is the same as the law of f Ẑ "

t=" ; t � 0g. We also see
from (6) that

H( ~Z "
t ) = H(x� ) +

Z t

0
(r H, b1)( ~Z "

s , s/ε)ds + ε

Z t

0
L H( ~Z "

s , s/ε)ds

+
p
ε

Z t

0
(r H,σ)( ~Z "

s , s/ε)dWs . (8)

It tur ns out that under Assumption 2.3, the behavior of ~Z " is tr ivial on t ime scales
of order 1 (equivalent ly, Ẑ " is not interesting on t ime scales of order 1/ε). To see
this, let z be the 
 ow generated by �r H ; i.e.

_zt (x) = �r H(zt (x)) ,

z0(x) = x .
t 2 R, x 2 R2 (9)

Then we have

T heorem 2.4. (K hasminskii [18]) Assumethat H and b1 are bounded with bounded
� rst and second derivatives. For any T > 0, f ~Z "

t ; 0 � t � Tg convergesin probabilit y
to f zt (x� ); 0 � t � Tg; i.e. for any δ > 0,

lim
" ! 0

P�
�

sup
0� t � T

k ~Z "
t � zt (x� )k � δ

�
= 0 .
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Furthermore, if we de�ne ζ"
t

def= ( Z "
t � zt (x� ))/

p
ε for t � 0 and ε > 0, then the law

of ζ" convergence in law to a Gaussian Markov process ζ0 sati sfying

dζ0
t = D �r H(zt (x� ))ζ0

t dt + �σ(zt (x� ))dWt ,

ζ0
0 = 0 ,

(10)

where �σ is a 2 � 2 matri x such that

(�σ(x)�σT (x)) ij = ( Mai; j )(x)

for all x 2 R2.

The proof is given in Appendix A.
Thus, to seethe 
uctua t ions of H , we needto look at an even longer time scale.

Guided by Theorem 2.4, we write that ~Z "
t � zt (x� ) +

p
εζ0

t . We then expect ~Z "
t to

noticeably deviate from zt (x� ) only on t ime scaleswhich are of order at least ε� 1.
Thus, we make another (�na l) rescaling. Consider the SDE

dZ "
t =

1
ε
b1(Z "

t , t/ε
2)dt + b2(Z "

t , t/ε
2)dt + σ(Z "

t , t/ε
2)dWt , t � 0

Z "
0 = x� .

(11)

Then the law of f Z "
t ; t � 0g is the same as the law of f ~Z "

t=" ; t � 0g (which is in

tur n the same as the law of f Ẑ "
t=" 2 ; t � 0g). We now have that

H(Z "
t ) = H(x� ) +

1
ε

Z t

0
(r H, b1)(Z "

s , s/ε
2)ds +

Z t

0
(L H)(Z "

s , s/ε
2)ds

+
Z t

0
(r H,σ)(Z "

s , s/ε
2)dWs , t � 0 .

Roughly, our goal is to study (11) and show that as ε tends to zero, the dynamics of
H(Z " ) tendsto a lower-dimensional Markov processand to ident ify the generator of
the limiting law. Our aim is to do this via the mart ingaleproblem. Theunderpinning
of our result is the separation of t ime scales so that the state variables of fast t ime
scalescan be averaged while the equations of the slow variables are �xed. Again,
we seethat there are thr ee t ime scales.The periodic 
uctua t ions of the coe�cien ts
occur over t ime scalesof order ε2. The drift due to b1 is of order 1/ε (thus its e�ects
can be seenon t ime scalesof order ε). The drift and di�usio n coe�cien ts of Z " are
of order 1. Not surprisingly, we will need to perform two averaging steps, one to
averageout the periodic behavior of the coe� cients, and one to averageout the
e� ect of b1. Since (9) represents an integrable Hamilt onian system, the nature of
its dynamics e�ects the dynamics of the �na l reducedstochastic model.

A typical form of H(x), intr oduced in Eq. (9), is

H(x) = �
1
4

(µ + λ)x2
1 �

1
4

(λ � µ)x2
2 + HU (x) , (12)

where HU (x) is the contributio n from the nonlinear potent ial Uh ; an example
of which is given in (31) for the noisy Du�ng { van der Pol oscillator. There are
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a number of interesting and interrelated e�ects at play in our problem. The � rst
e�ect is possiblebifurcation in (9) as the unfolding parametersλ and µ are varied.
For the problem under considerat ion, if λ < � µ then the Hamilto nian H is fair ly
simple with a single isolated elliptic critica l point (H is shaped something like a
paraboloid), and the reducedprocessis simply a Markov processon a line: a classi-
cal result (K hasminskii [20]). For λ > � µ, the Hamilto nian H has multiple critica l
points and the reducedstate spaceis a graph (which encodesthe Morsedata of H).
The verticesof this graph represent the homoclinic or heteroclinic orbit s of (9). At
the vertices,glueing condit ions needto be added in order to completely specify the
reduced model; the analysis at the vert ices (i.e. the critica l points of H) is some-
what subtle. Making useof the mart ingale formulation, Freidlin and Wentzell [11],
Freidlin and Weber [12], and Sowers and Namachchivaya [35] ident i�ed some of
the issuesrelating to boundary-layer behavior close to the homoclinic orbits of (9).
Similar rigorous results at ellipt ic are given by Namachchivaya and Sowers [29].

It is important to realize that there are thr ee t ime-scales involved in (11). The
reduction to a graph-valued processwill only be possibleif each of theset ime scales
is fully exploited while averaging.The random motions of (11) consist of very fast
oscillations (with period ε2) in the quantities that contain t ime explicitly , fast ro-
tations (with period ε) along the unperturbed tra jectoriesZ " of the system, and
slow mot ion acrossthese trajectories.The random motion acrossthe unperturbed
tr ajectories is approximated by a Markov processobtained by averaging with re-
spect to both the fast oscillations and the invariant measure concentr ated on the
closed tr ajectories of (9). Thus in this paper, we shall consider in detail the dy-
namics of (11) away from any � xed points of (9), and appeal to the results of
Namachchivaya and Sowers [29] and Sowers and Namachchivaya [35] to complete
the analysis relat ing to boundary-layer behavior close to the elliptic and saddle
points of H , respectively.

3. Problem For mulation and t he Ma in Result

It should, of course, be apparent by now that we are interested only in laws of
various processes,and issuesof convergence of such laws. The mart ingale problem
provides an ideal formulation for such investigat ions (see [7], [36]). Altho ugh our
initia l problem does not demand recourse to the full mart ingale problem, we will
later in Sec. 5 consider some generalizat ions which do (viz. in those problems the
limiting processwill not be representable by an SDE). For purposesof comparison,
we have written the proof of Theorem 2.4 in Appendix A in a more standard way.

3.1. Marti ngale problem

We will consider a (stopped) Markov processon R2. For each ϕ 2 C2(R2), the
generator for the Markov process(11) on R2 is given by

(L "ϕ)(x, t) =
1
ε

(b1, r ϕ)(x, t) + (L ϕ)(x, t) . (13)
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Let us begin by ext racting the laws of various processes;in part icular, we will
�x a common (canonical) event space and consider the laws of the Z " 's on this

space.De�ne the event space
 def= C([0, 1 ); R2). De�ne the coordinate functions

Xt (ω) def= ω(t) for all t � 0 and all ω 2 
. For each t � 0, de�ne F t
def= σfXs; 0 �

s � tg and de�ne a sigma-algebra on 
 by F def=
W

t � 0 F t . For each ε > 0, let
P" 2 P (C([0, 1 ); R2)) be the law of f Z "

t ; t � 0g; i.e.

P" (A)
def
= P� f Z " 2 Ag , A 2 B (C([0, 1 ); R2)) .

Note that we have made no assumptions on the structure of H at in�nit y, nor do
we want to. Fix H � > H� and de�ne

S def= f x 2 R2 : H� < H(x) < H � g .

Let e be the � rst t ime that X leavesS; i.e.

e def= inf f t � 0; Xt 62Sg .

We now convert (a slight generalizat ion of) (6) to our setting. Let f 2 C2(R2 � R)
be 2π-periodic in its last argument . Then

M f; "
t

def= f (Xt ^ e, t) �
Z t ^ e

0

�
∂f

∂u
(Xu , u)

+
1
ε

(b1, r f )(Xu , u) � (L f )(Xu , u/ε
2)

�
du

is a mart ingale with respect to the �ltr at ion f F t ; t � 0g under the probabilit y
measure P" with quadrat ic variation

hM f; " i t =
Z t

0
hdf, df i (Xu , u/ε

2)du

for all t � 0; i.e. E" [M f; "
t jF s ] = M f; "

s for all 0 � s � t. More exactly, if 0 � r1 <

r2 � � � < rn � s < t and f ϕj ; j = 1 , 2, . . . , ng � Cb(R2), then

E"

" �
f (Xt ^ e, t ^ e) � f (Xs^ e, s ^ e) �

Z t ^ e

s^ e

�
∂f

∂u
(Xu , u)

+
1
ε

(b1, r f )(Xu , u) � (L f )(Xu , u/ε
2)gdu

� nY

j =1

ϕj (Xr j )

#

= 0 . (14)

The second form (14) of the mart ingale property simply relies upon the fact that
functions of the form

Q n
j =1 ϕj (Xr j ) generate F 's. The value of the mart ingale

problem is that, under certain natur al assumptions, it allows us to uniquely ident ify
P" .

Rema rk 3.1. It is very important to realize that (14) is the starti ng point for the
rest of our analysis. We will never again need to refer to the original probabilit y
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spacewit h measure,P� or to the stochastic di�er entia l equation (11) for Z " . Rather,
we will only need(14); this is a re
ectio n of claim of the mart ingale problem that
(14) completely characterizesP" .

Since our goal is to show that the law of H(Z " ) converges to an ident i�a ble
limit, let us also convert this to our canonical setting. We note that H(S) = I ,
where

I def= ( H� , H
� ) .

De�ne Yt
def= H(Xt ^ e) for all t � 0. SinceY "

t takes values in �I , let us make another

canonical setup. De�ne the event space 
 y def= C([0, 1 ); �I ). De�ne the coordinate

functions Xy
t (ω) def= ω(t) for all t � 0 and all ω 2 
 y. For each t � 0, de�ne

F y
t

def= σfXy
s ; 0 � s � tg and de�ne a sigma-algebra on 
 y by F y def=

W
t � 0 F y

t .
We then de�ne

P"; y(A) def= P" f Y 2 Ag , A 2 B (C([0, 1 ); �I )) .

Our goal is to veri fy the existence and ident ify the limit

Py def= lim
" ! 0

P"; y ,

this limit being in the Prohorov topology on P (C([0, 1 ); �I )) (the space of proba-
bilit y measures on C([0, 1 ); �I ), equipped with its natural Borel sigma algebra).

In line wit h other results on averaging (seeNamachchivaya and Sowers [29] and
Sowers [34]), we should set up some notation. Although this is a minor detour, we
think that it is useful to usethis opportunit y to show that the \ general" str ucture
of averaging canbe usedhere.Of coursethe topology which �I inherits from R is the
same as the topology induced by the map x 7! H(x) from �S to �I . We also note that
�I can be written as �I = fH� g [ I [ fH � g; of course I is a one-dimensional open
C1 manifold. We also have that �I is a strati �e d space if we enforce the ordering
fH � g � I and fH� g � I . The connection of str at i�ed spacesto averaging seemsto
be a general one,and emphasizesthe behavior of the limiting processat boundaries.
Finally, we note that of course �I is Polish (by using the standard metric inherited
from R).

Let us next de� ne an averaging operator. For any ϕ 2 B(S), we de�ne A ϕ 2
B(I ) by

(A ϕ)(H(x)) def=

R
y2 H (x ) ϕ(y)k �r H(y)k� 1

R2 H 1(dy)
R

y2 H (x ) k �r H(y)k� 1
R2 H 1(dy)

=
1

T � (H(x))

Z T � (H (x ))

0
ϕ(zs(x))ds

for all x 2 S, where H 1 is one-dimensional Hausdor� measure and T � : I ! R+ is
de�ned by

T � (H(x)) def= inf f t > 0 : zt (x) = xg =
Z

y2 H (x )
k �r H(y)k� 1

T R2 H 1(dy) . (15)
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Of courseA : C(S) ! C(�). The limiting behavior of Y under P" (or alternately the
dynamics of the coordinate processunder Py) will re
ect both the t ime-averaging
operator M of De�nitio n 2.2 and A . To start to specify this generator, �r st de�ne

K(x, t) def=
Z t

0
(r H, b1)(x, s)ds (16)

for all x 2 R2 and t > 0. We note the easily-seenand important fact that K is
2π-periodic in its last argument (t ime) since

M(r H, b1) = (r H, �r H) � 0 . (17)

Next, de�ne the drift and di�usio n coe�cien ts

b(h) def= ( A (M(L H � (b1, r K))))( h) ,

σ2(h) def= ( A (MhdH, dH i ))(h)
(18)

for all h 2 I . We then de� ne the second-order operator L � on C2(I ) by

(L � f )(h) def=
1
2
σ2(h) •f (h) + b(h) _f (h)

for all h 2 I . Let us start to write down things for our main result.

D e�nition 3.2. (Limiting Domain and Generator) De�ne

D y def=
�
f 2 C( �I ) \ C2(I ) : lim

h! H �

(L � f )(h) = 0 and lim
h! H �

(L � f )(h) = 0
�
. (19)

For f 2 D y, we de�ne

(L yf )(h) def= ( L � f )(h)

for all h 2 I , and we de�ne L yf at H � and H� by cont inuit y, the de�nitio n of D y

allowing us to do so.

Our main theorem is thus

T heorem 3.3. The P"; y 's tend to the unique solution Py of the mart ingale problem
with generator L y with domain D y and wit h initial condit ion δH (x � ) . This means
the following. Firstly that PyfXy

0 = H(x� )g = 1 . Secondly, that if we � x f 2 D y,

0 � r1 < r2 � � � < rn � s < t, and f ϕy
j ; j = 1 , 2 . . . ng � C( �I ), then

Ey

" �
f (Xy

t ) � f (Xy
s ) �

Z t

s
(L yf )(Xy

u )du
� nY

j =1

ϕy
j (Xy

r j
)

#

= 0 . (20)

The proof of this result will be given in the next section.

Rema rk 3.4. We have incorporated into the de�nit ion of D y the fact that the
processXy is killed upon hitting either H � or H� .
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4. Proof of t he Ma in T heorem

We will prove Theorem 3.3 in thr ee steps. First, we will assert that the P"; y 's are
t ight ; by Prohorov's theorem, there must thus be at least one cluster point in the
weak topology of probabilit y measures on C([0, 1 ); �I ) (the proof of t ightnesswill
be deferred unt il the end of the section since it usessome other results which we
will develop). Then we prove that any such cluster point of the P"; y 's satis�es the
mart ingale problem with domain and generator satisfying (20). This will take some
work, as shown in Sec.4.2. Finally, we will show in Sec.4.3 that there is only one
probabilit y measure on (
 y,F y) which sat is�es (20), thus �nishing the proof of the
main theorem.

4.1. Ti ghtness

Logically, the �r st step is to show that some cluster points of the P"; y 's exist; this
follows from t ightnessof the P"; y 's (by Prohorov's theorem).

Proposit ion 4.1. (Tig htness)For each δ > 0 and T > 0,

lim � ! 0 sup
0<" < 1

P"

8
>><

>>:
sup

0� s< t � T ^ e

js� t j� �

jH(Xs) � H(Xt )j � δ

9
>>=

>>;
= 0 .

Thus, the P"; y 's are tight in the Prohorov topology on P (C([0, 1 ); �I )) .

The proof will be deferred unt il the end of the section.

4.2. The Marti ngale problem

We now know that the P" -laws of f Yt ; t � 0g are tight. Next we needto show that
any limit point sat is�es (20), and the following result does this.

Proposit ion 4.2. Let Py 2 P (C([0, 1 ); �I )) bea cluster point of the P"; y 's. Let Ey

be the associated expectation operator. Then (20) holds; in other words, any cluster
point of the P"; y 's satis� es the mart ingale problem associated with L y.

Here we will gather together the ideas leading to this result. Our start ing point
is clearly De�nitio n 3.2, so weshould tr y to connect elements of D y back to elements
of C2(R2). Fix an f 2 D y. We would like to use(14) with the test function f � H
and develop various limit theorems to prove (20). Note the following:

Lemma 4.3. If f 2 D y, then f 2 C2( �I ).

The proof is given in Appendix B. Unfortunately, the limit theorems we will
develop require a bit more smoothness than is available (viz. we will needbounds
on the � rst � ve derivat ives of f ). Thus we need to approximate f . The following
result will do this. Let us �x a smoothing exponent ν such that

ν <
1
5
.
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Then we have

Lemma 4.4. There is a sequence (f " ; ε > 0) of elements of C4
c (R) such that

� lim " ! 0 kf " � fkC ( �I ) = 0 .
� lim " ! 0 kL yf � L � f " kC (I ) = 0 .
� lim sup" ! 0 ε

5� kf " kC 5 ( I ) < 1 .

The proof of this result is in Appendix B.
Applying the generator to f " � H , we now de�ne

L" (x, t) def= ( L " (f " � H))(x, t) =
1
ε

_f " (H(x))( b1, r H(x, t) + _f " (H(x))( L H)(x, t)

+
1
2

•f " (H(x))hdH, dH i (x, t) (21)

for all x 2 R2 and t � 0.
Our main calculat ion is

Proposit ion 4.5. We have that

lim
" ! 0

E"
� �
�
�
�

Z t ^ e

0
f L" (Xu , u/ε

s) � (L yf )(Yu )gdu

�
�
�
�

�
= 0 .

The proof of this result will be given at the end of this section. We then have

Proof of Proposition 4.2. Fix rj 's, s, t and ϕj 's and f as in Theorem 3.3. Then

E"

" �
f " (H(Xt ^ e)) � f " (H(Xs^ e)) �

Z t ^ e

s^ e
L" (Xu , u/ε

2)du
� nY

j =1

ϕj (Xr j )

#

= 0 .

(22)

It is easy to seethat lim " ! 0 kf " � H � f � HkC ( �I ) = 0. By thisand by Proposit ion 4.5,
we have that (20) thus holds. For any closedset not containing H(x� ), we have that
PyfXy

0 2 Fg � lim " ! 0 PfH(X0) 2 Fg = 0, so indeed PyfXy
0 = H(x� )g = 1 .

Let us decomposeL" into two parts;

L" (x, t) = L"
1(x, t) + L"

2(x, t) ,

where

L"
1(x, t) def= _f " (H(x))( L H)(x, t) +

1
2

•f " (H(x))hdH, dH i (x, t) ,

L"
2(x, t) def=

1
ε

_f " (H(x))( b1, r H)(x, t)

for all t > 0 and x 2 R2. We should be able to implement standard averaging
techniques on L"

1. First, we would like to average out the fastest variation; the
oscillation of coe�cien ts (which has period ε2), and then we would like to average
over the orbits of z (these oscillations have period ε). Speci�cally, we should have

Z t ^ "

0
L"

1(Xu , u/ε
2)du �

Z t ^ "

0
(ML"

1)(Xu )du �
Z t ^ "

0
(A ML"

1)(H(Xu ))du . (23)
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We note that

(A ML"
1)(h) =

1
2
σ2(h) •f" (h) + (b(h) + ( A (M(b1, r K)))( h)) _f " (h)

for all h 2 I . We will make all of this precise; the �r st approximat ion will be
analyzed in Lemma 4.6 and the second one will be studied in Lemma 4.8. The
analysis of L"

2 is slight ly more delicate since it contains large
 uctuations (which we
will show are on averageof order 1 (by using (17); this will be done in Lemma 4.10.
This is the origin of the A (M(b1, r K)) term in the drift coe�cien t b.

Let us � rst of all average the quickly-varying periodic coe� cients.

Lemma 4.6. There is a constant C > 0 such that for any ϕ 2 C2(R2 � R) which
is 1-periodic in the last argument,

E"
� �
�
�
�

Z t ^ e

0
ϕ(Xu , u/ε

2) � (Mϕ)(Xu )du

�
�
�
�

�
� Cε(1 + t)kϕkC 2 ( �S� R) .

Pro of. De�ne

� ' (x, t) def=
Z t

0
f ϕ(x, s) � (Mϕ)(x)gdu (24)

for all x 2 R2 and t � 0. Then � ' is a bounded element of C2(R2 � R) which is
2π-periodic in its last argument . In fact, we note that there is a constant C > 0
such that

k� ' kC 2 ( �S� R) � CkϕkC 2 ( �S� R)

for all ϕ. We also note that

∂� '

∂t
(t, x) = ϕ(x, t) � (Mϕ)(x) (25)

for all t > 0 and x 2 R2. Applying the mart ingaleproblem to (x, t) 7! ε2� ' (x, t/ε2),
and making use of the generator (13), we have that

ε2f � ' (Xt ^ e, (t ^ e)/ε2) � � ' (X0, 0)g

=
Z t ^ e

0

�
∂� '

∂u
(Xu , u/ε

2) + ε(b1, r � ' )(Xu , u/ε
2)

+ ε2(L � ' )(Xu , u/ε
2)

�
du + M "

t ^ e ,

whereM " is a P" -mart ingale with quadrat ic variation

hM " i t =
Z t

0
hd� ' , d� ' i (Xu , u/ε

2)du ,
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for all t � 0. Substitut ing (25, and rearranging the terms yields

Z t ^ e

0
f ϕ(Xu , u/ε

2) � (Mϕ)(Xu )gdu = ε2f � ' (Xt ^ e, (t ^ e)/ε2) � � ' (X0, 0)g

� ε

Z t ^ e

0
(b1, r � ' )(Xu , u)du � ε2

Z t ^ e

0
(L � ' )(Xu , u/ε

2)du � ε2M "
t ^ e

for all t � 0. Standard bounds, such as the Burkholder-Davis-Gundy inequalit y
(see[17]) give us the desired result.

We next de�ne a function similar to that of (24) which will be usedin the proof
of the averaging result for the orbits of z. It is clear that T � is bounded from below
away from zero on �I since �S does not contain any � xed points of �r H . Secondly,
T � 2 C2( �I ) since �S is compact and all the quantities in (15) are in�nitely smooth
on appropriate compact sets.

Lemma 4.7. For ψ 2 C2( �S), de�ne

	  (x) def=
1

T � (H(x))

Z T � (H (x ))

0
sψ(zs(x))ds (26)

for all x 2 S. Then 	 ' 2 C2( �S) and

( �r H, r 	  )(x) = ψ(x) � (A ψ)(H(x)) (27)

for all x 2 �S. Finally , there is a constant C which does not depend on ϕ such that

k	  kC 2 ( �S) � CkψkC 2 ( �S) .

Pro of. Let us check (27). Fix x 2 �S and t 2 R, we can write

d	  � zt

dt
(x) = ( �r H, r 	  )(zt (x)) .

On the other hand, we can replacex by zt (x) in (26) to get that

	  (zt (x)) =
1

T(H(x))

Z T (H (x ))+ t

t
f s � tgψ(zs(x))ds ;

di� erentiation with respect to t yields

d	  � zt

dt
(x) = ψ(zt (x)) � (A ψ)(zt (x)) .

It is fair ly clear that 	  2 C2( �S) and that it has the stated bound.



September 12, 2001 8:34 WSPC/168-SD 00021

16 N. Sri Namachchivaya & R. B. Sowers

Let us use this to averageover the orbits of z. The proof is similar to that of
Lemma 4.6. We needto be slight ly careful, however, sincethe fast motion (of (9))
is not exactly �r H , but rather b1.

Lemma 4.8. There is a constant C > 0 such that for any ψ 2 C3(R2),

E"
� �
�
�
�

Z t ^ e

0
ψ(Xu ) � (A ψ)(H(Xu ))du

�
�
�
�

�
� CεkψkC 2 ( �S) .

Pro of. Let us consider the function 	  (x) from Lemma 4.7. We now apply the
mart ingale problem to the function x 7! ε	  (x). We get that

εf 	  (Xt ^ e) � 	  (X0)g =
Z t ^ e

0
(b1, r 	  )(Xu , u/ε

2)du

+ ε

Z t ^ e

0
(L 	  )(Xu , u/ε

2)du + εM "
t ^ e

for all t � 0, whereM " is a mart ingale with quadrat ic variation

hM  ;" i t =
Z t

0
hd	  , d	  i (Xu , u/ε

2)du .

We thus get that there is a constant C > 0 such that

E"
� �
�
�
�

Z t ^ e

0
(b1, r 	  )(Xu , u/ε

2)du

�
�
�
�

�
� C(1 + t)εkψkC 2 ( �S) . (28)

We now useAssumpt ion 2.3 and Lemma 4.7 (making use of (27)) to seethat

M(b1, r 	  )(x) = ( �r H, r 	  )(x) = ψ(x) � (A ψ)(H(x))

for all x 2 �S. Thus by Lemma 4.6, we have that there is a constant C > 0 such that

E"
� �
�
�
�

Z t ^ e

0
f (b1, r 	  )(Xu , u/ε

2) � f ψ(Xu ) � (A ψ)(H(Xu ))ggdu

�
�
�
�

�

� C(1 + t)εk(b1, r 	  )kC 2 ( �S)

for all ε > 0. We also note that there is a constant C > 0 such that

k(b1, r 	  )kC 2 ( �S� R) � CkψkC 3 ( �S) ,

so putting everything together, we get the stated result.

We can now prove

Lemma 4.9. There is a constant C > 0 such that for any ϕ 2 C3(R2 � R) which
is 2π-periodic in its last argument

E"
� �
�
�
�

Z t ^ e

0
ϕ(Xu , u/ε

2) � (A Mϕ)(H(Xu ))

�
�
�
�du

�
� CεkϕkC 3 ( �S) .

Pro of. Combine Lemmas 4.6 and 4.8.
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This will allow us to honestly carry out the approximations of (23).
Let us now get back to Proposit ion 4.5 and consider the averageof L"

2. The key
observat ion is that (17) implies that the ε� 1 term is something of a ghost, whose
real e� ect is of order 1.

Lemma 4.10. There is a constant C > 0 such that for any ϕ 2 C3(R),

E"
� �
�
�
�

Z t ^ e

0

�
1
ε

(b1, r H)(Xu , u/ε
2) + (b1, r K)(Xu , u/ε

2)
�
ϕ(H(Xu ))du

�
�
�
�

�

� CεkϕkC 3 ( �I ) .

Pro of. We apply the mart ingaleproblem to (x, t) 7! εK(x, t/ε2)ϕ(H(x)). We have
that

εfK(Xt ^ e, (t ^ e)/ε2)ϕ(H(Xt ^ e)) � K(X0, 0)ϕ(H(X0))g

=
Z t ^ e

0

�
1
ε

∂K

∂u
(Xu , u/ε

2)+ (b1, r K)(Xu , u/ε
2)+ ε(L K)(Xu , u/ε

2)
�
ϕ(H(Xu ))du

+
Z t ^ e

0
K(Xu , u/ε

2)f (b1, r H)(Xu ) _ϕ(H(Xu )) + ε(L (ϕ � H))(Xu , u/ε
2)gdu

+ 2 ε
Z t ^ e

0
hdK, d(ϕ � H)i (Xu , u/ε

2)du+ εM "
t ^ e

for all t � 0, whereM " is a mart ingale with quadrat ic variation

hM " i t =
Z t

0
hd(Kϕ), d(Kϕ)i (Xu , u/ε

2)du .

We now note that
∂K

∂t
(x, t) = ( b1, r H)(x, t)

for all t > 0 and x 2 R2. Using this and the standard techniques to bound all the
terms of order ε or smaller, we get that there is a C > 0 such that

E"
� �
�
�
�

Z t ^ e

0

�
1
ε

(b1, r H)(Xu , u/ε
2) + (b1, r K)(Xu , u/ε

2)
�
ϕ(H(Xu ))du

�
�
�
�

�

� CE"
� �
�
�
�

Z t ^ e

0
K(Xu , u/ε

2)(b1, r H)(Xu , u/ε
2) _ϕ(H(Xu ))du

�
�
�
�

�

+ C(1 + t)εkϕkC 2 ( �S) .

To get the claimed result , we will use Lemma 4.6 to average the � rst term on the
right-hand side. We note that in view of (17)

M(K(b1, r H) _ϕ � H)(x) =
Z 1

s=0

� Z s

r =0
(b1, r H)(x, r)dr

�
(b1, r H)(x, s)ds _ϕ(H(x))

=
1
2

� Z 1

s=0
(b1, r H)(x, s)ds

� 2

_ϕ(H(x)) = 0
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for all x 2 R2. Thus, there is a constant C > 0 such that

E"
� �
�
�
�

Z t ^ e

0
K(Xu , u/ε

2)(b1, r H)(Xu , u/ε
2) _ϕ(H(Xu ))du

�
�
�
�

�

� Cε(1 + t)k _ϕ � HkC 2 ( �S)

The stated result now follows.

We can now prove Proposit ion 4.5.

Proof of Proposition 4.5. Let us �rst useLemma 4.10 to get e� ectively replace
L"

2 by something of order 1. De�ne

~L" (x, t) def=
1
2

hdH, dH i (x, t) •f " (H(x)) + f (L H)(x, t) � (b1, r K)(x, t)g _f " (H(x))

for all x 2 R2 and t � 0. From Lemma 4.10 we � nd that there is a constant C > 0
such that

E"
� �
�
�
�

Z t ^ e

0
f L" (Xu , u/ε

2) � ~L" (Xu , u/ε
2)gdu

�
�
�
�

�
� C(1 + t)εkf " kC 3 ( �I ) .

From Lemma 4.4, thereis a constant C > 0 such that kf " kC 3 ( �mathc alI ) � Cε� 5� for
all ε > 0; thus lim " ! 0 εkf " kC 3 ( �I ) = 0. We now use Lemma 4.9. We get that there
is a constant C > 0 such that

E"
� �
�
�
�

Z t ^ e

0
f ~L" (Xu , u/ε

2) � (A M ~L" )(H(Xu ))gdu

�
�
�
�

�
� Cε(1 + t)k~L" kC 3 ( �S� R) .

We seethat there is a constant C > 0 such that k~L" kC 3 ( �S� R) � Cε� 5� , which
implies that lim " ! 0 εk~L" kC 3 ( �S� R) = 0 . We thus have that

lim
" ! 0

E"
� �
�
�
�

Z t ^ e

0
f L" (Xu , u/ε

2) � (A M ~L" )(H(Xu ))gdu

�
�
�
�

�
= 0 .

Now note that

(A M ~L" )(h) = (L � f " )(h)

for all h 2 I . We usethe second claim of Lemma 4.4 to complete the proof.

4.3. U niqueness

To be rigorous, we � nally needto prove

Proposition 4.11. (Uniqueness)There is only one solution Py of the mart ingale
problem of (20).

Pro of. This is entir ely standard. We use [7, Theorem 4.2.2]. It is clear that D y

is clearly densein C( �I ). Secondly, since L y is an elliptic operator and in view of
the boundary conditio ns in D y at H� and H � , we have that L y satisfy the positive
maximum principle. Finally, the range of L y � λ is densein C( �I ) for all λ > 0 due
to standard PDE calculat ions (see[9] and [10]).
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Finally, let us go back to the issueof t ightness.

Proof of Proposition 4.1. Let us write down a formula for the increments of
H(Xt ^ e). We have that

H(Xt ) = H(x� ) + A1
t + M1

t +
1
ε

Z t

0
(b1, r H)(Xu )du

for all 0 � t � e, where

A1
t

def=
Z t

0
(L H)(Xu , u/ε

2)du

and where M1 is a P" -mart ingale with quadrat ic variation

hM1i t =
Z t

0
hdH, dH i (Xu , u/ε

2)du

for all 0< t < e. Applying now the mart ingale problem to εK(x, t/ε), we have that

εfK(Xt , t/ε
2) � K(X0, 0)g =

1
ε

Z t

0
(b1, r H)(Xu )du + εA1

t + εM2
t ,

where

A2
t

def=
Z t

0
(L K)(Xu , u/ε

2)du

and M2 is a P" -mart ingale with quadrat ic variation

hM2i t =
Z t

0
hdK, dK i (Xu , u/ε

2)du

for all 0< t < e. Thus

H(Xt ) = H(X0) + A1
t � εA2

t + M1
t � εM2

t

for all 0< t < e. It is easy to seethat for any δ0> 0 and T > 0, we have that

lim
� ! 0

sup
0<" < 1

P"

8
>><

>>:
sup

0<s <t<T ^ e
j t � sj<�

jAi
t � Ai

s j � δ0

9
>>=

>>;

= 0 lim
� ! 0

sup
0<" < 1

P"

8
>><

>>:
sup

0<s <t<T ^ e
j t � sj<�

jM i
t � M i

s j � δ0

9
>>=

>>;
= 0

for i 2 f 1, 2g. To prove the stated result, let us take δ0 = δ/5. Then some straight-
forward calculations show that

lim
� ! 0

sup
0<" < 1

2" kK kC ( �S � R) <� =5

P"

8
>><

>>:
sup

0<s <t<T ^ e
j t � sj<�

jAi
t � Ai

s j � δ

9
>>=

>>;
= 0 .
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We of coursealso have that

lim
� ! 0

sup
0<" < 1

2" kK kC ( �S � R) � �= 5

P"

8
>><

>>:
sup

0<s <t<T ^ e
j t � sj<�

jAi
t � Ai

s j � δ

9
>>=

>>;
= 0 ,

so the desired result is tr ue.

5. Noisy D u�ng van der Pol Ma t hieu Oscilla t or

Altho ugh the method developed in this paper is applicable for more general equa-
t ions of motion (1), we will consider in detail the prototypical example of the case
of the noisy Du�n g{van der Pol{Mat hieu oscil lator ; i.e. where

∂U

∂q
= ω2q + aq3 and G(q) = β0 � β2q

2

for all q 2 R, where β0 and β2 are some � xed parameters.This example represents
many interesting engineering applicat ions,

•q + ω2q + εaq3 + ε2(β0 � β2q
2) _q = ε(µ0 cos(νt) + µ1ξ(t))q + εµ2η(t) . (29)

More speci�cally, when β2 = 0 and µ2 = 0, (29) represents a typical applicat ion in
structural mechanics: the transversevibr at ion of a uniform elastic beam subjected
to 
uctua t ing axial end load [31].

Rema rk 5.1. The calculationsgivenbelow can beeasily adopted to other examples
such as Du�n g{Rayleigh oscillator ; i.e. where

∂U

∂q
= ω2q + aq3 and G( _q) = β0 � β2 _q2 .

In the absenceof time-dependent perturbations (both periodic and noisy) the equa-
tion reducesto the well-known Du�ng { van der Pol equation which represents the
generic normal form of the double zero codimension two bifur cation if one allows
both ω and β to be bifurcation parameters [15], and there are many physical prob-
lems whose dynamics are described by the above equation for some parameter
values.This equation consistsof both linear and nonlinear restoring and dissipativ e
terms which allow one to model various mechanical and str uctural dynamics prob-
lems. In this model, a sustained oscillation arisesfrom a balance between energy
generation at low amplit ude and energy dissipation at large amplit ude. It has been
shown that mechanical systems,such as aircraft at high angles of atta ck, exhibit
such codimension two instabilities. It has also beenshown (Holmes and Rand [15])
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that this equation represents the mot ion of a thin panel under supersonic air
 ow.
This equation also describes the dynamics of a single-mode laser with a saturable
absorber aspointed out by Velarde and Antoranz [37]. Furthermore, Knobloch and
Proctor [21] suggest that this equation describes the evolutio n of the amplitudes
of the dominant velocity mode in an overstable convection when the frequencyof
oscillation is small.

Int roducing the detuning parameter λ and rescaling time by ν (as in (2)), (29)
can be written as

•q"
t + κ2q"

t = εf (µ cos(t) + ν1ξ(t) + 2 κ2λ)q"
t + ν2η(t) � α(q"

t )3g

� ε2f (2λµ cos(t) + 3 κ2λ2)q"
t + ( ζ � γ(q"

t )2) _q"
t � 2λα(q"

t )3g , (30)

where

κ =
ω

ω0
, µ =

µ0

ω2
0
, ν1 =

µ1

ω2
0
, ν2 =

µ2

ω2
0
, α =

a

ω2
0
, ζ =

β0

ω0
, γ =

β2

ω0
.

By making useof the following tr ansformat ions

q = x1 cos(κt) + x2 sin(κt) , _q = � κx1 sin(κt) + κx2 cos(κt)

we write (30) in a standard form as in (3) are given by

f1
1 (x, t) =

1
8κ

[x2(3αx2
2 + 3αx2

1 � 8κ2λ) + 2 µx2 cos(2κt� t)

� 4µx2 cos(t) � 4x2(αx2
2 � 2κ2λ) cos(2κt) � αx2(� x2

2 + 3x2
1) cos(4κt)

+ 2µx2 cos(2κt + t) � 2µx1 sin(2κt� t) � 2µx1 sin(2κt + t)

+ 2x1(αx2
1 � 4κ2λ + 3αx2

2) sin(2κt) + αx1(� 3x2
2 + x2

1) sin(4κt)] ,

f1
2 (x, t) =

1
8κ

[� x1(3αx2
2 + 3αx2

1 � 8κ2λ) + 2 µx1 cos(2κt� t)

+ 4µ cos(t)x1 � 4x1(αx2
1 � 2κ2λ) cos(2κt) � αx1(� 3x2

2 + x2
1) cos(4κt)

+ 2µx1 cos(2κt + t) + 2 µx2 sin(2κt� t) + 2µx2 sin(2κt + t)

� 2x2(αx2
2 � 4κ2λ + 3αx2

1) sin(2κt) � αx2(� x2
2 + 3x2

1) sin(4κt)] ,

f2
1 (x, t) =

1
8κ

[� 6αλx3
2 + 1 2κ2λ2x2 � 4ζκx1 + γx2

2κx1 + γx3
1κ� 6αλx2

1x2

+ ( � 2αλx3
1 � 3γx2

1x2κ + 6αλx1x
2
2 + γx3

2κ) sin(4κt) + 4 λµx1 sin(2κt + t)

+ 8λµx2 cos(t) � 4λµx2 cos(2κt� t) + 4λµx1 sin(2κt� t)

� 4λµx2 cos(2κt + t)+ (� 12κ2λ2x2 + 8αλx3
2 + 4 ζκx1 � 4γx2

2κx1) cos(2κt)

+ ( � 2αλx3
2 + 6αλx2

1x2 + 3γx2
2κx1 � γx3

1κ) cos(4κt)

+ ( 12κ2λ2x1 + 4 ζκx2 � 2γx3
2κ� 12αλx1x

2
2 + 2γx2

1x2κ� 4αλx3
1) sin(2κt)] ,
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f2
2 (x, t) =

1
8κ

[6αλx3
1 � 12κ2λ2x1 � 4ζκx2 + γx2

1x2κ + 6αλx1x
2
2 + γx3

2κ

+ ( � 2αλx3
2 + 6αλx2

1x2 + 3γx2
2κx1 � γx3

1κ) sin(4κt) � 4λµx2 sin(2κt + t)

� 8λµ cos(t)x1 � 4λµx1 cos(2κt� t) � 4λµx2 sin(2κt� t)

� 4λµx1 cos(2κt + t) + ( 8αλx3
1 + 4γx2

1x2κ� 4ζκx2 � 12κ2λ2x1) cos(2κt)

+ ( 3γx2
1x2κ + 2αλx3

1 � 6αλx1x
2
2 � γx3

2κ) cos(4κt)

+ ( � 2γx3
1κ + 1 2αλx2

1x2 � 12κ2λ2x2 + 4αλx3
2 + 2γx2

2κx1

+ 4 ζκx1) sin(2κt)] ,

g1(x, t, ξ(t), η(t)) =
1

2κ
[(x2 cos(2κt) � x2 � x1 sin(2κt))ν1ξ � 2 sin(κt)ν2η] ,

g2(x, t, ξ(t), η(t)) =
1

2κ
[(x1 cos(2κt) + x1 + x2 sin(2κt))ν1ξ + 2 cos(κ t)ν2η] .

5.1. Fi xed poi nts, stabi li ty, and phase portr ai ts of
the averaged system

It is clear that the averagedsystem is integrable and for most init ial condit ions
the solutio ns will be periodic, �lling out the whole phase space. Fir st, we ident ify
the conservation law or the � rst integral corresponding to (3). The explicit form of
the Hamilto nian, associated with the 
 ow (9), is

H(x) = �
1
4

(µ + λ)x2
1 �

1
4

(λ � µ)x2
2 +

3α
16

(x2
1 + x2

2)2 . (31)

Next , the averaged equations, corresponding to the the Hamilt onian (31), have
certain nontrivial (yet generic) types of � xed points. The equilibr ium or �xed points
of the system can be determined from

�
1
2

(µ � λ) +
3α
4

(x2
1 + x2

2)
�
x2 = 0 ,

�
1
2

(µ + λ) �
3α
4

(x2
1 + x2

2)
�
x1 = 0 .

(32)

Fir st, note that the origin, (0, 0), denoted by E0, is a � xed point for all parameter
values. The system also has two pairs of �xed points which exist only for certain
parameter ranges.One pair of � xed points, denoted by E� � , is given by

E� � :

 

x1 = �

r
2(λ + µ)

3α
, x2 = 0

!

.

This �xed point only exists when the sign of the quantit y under the radical
is positive, i.e. (µ + λ)/α � 0. The other pair of �xed points, denoted by E+ � ,
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is given by

E+ � :

 

x1 = 0 , x2 = �

r
2(λ � µ)

3α

!

.

Similarly, this pair of �xed points only exists for (λ � µ)/α � 0. It is worth point ing
out that E� � denote the nontrivial � xed points branching at the corresponding
bifur cating points λ = � µ. The value of the Hamilto nian at the �xed points E0

and E� � , are respectively

H(E0) = 0 and H(E� � ) = �
(µ � λ)2

12α
.

The linear stabilit y of each of these�xed points is determined by the eigenvalues
of the Jacobian of (32) evaluated at that � xed point . First, consider E0, the �xed
point at the origin, sincethe tr ace is zero for Hamilto nian systemsand the stabilit y
conditio n is given by the determinant of the Jacobian, i.e. jλj > µ. Comparing this
with the existence criter ia for the other two �xed points E� � and E+ � , the �xed
point at the origin is stable (eigenvalues on the imaginary axis) if either both E� �

and E+ � exist, or neither E� � nor E+ � exist. If only one of E� � and E+ � exists,
then E0 is unstable (at least one eigenvalue on the right half-plane). Next, consider
the � xed point E� � , at which the systemJacobian has the determinant

Det(A)jE � � = µ(µ � λ) .

Thus, the �xed point E� � is stable if α > 0 and E+ � is stable if α < 0. Note that
if both E� � and E+ � exist, then exactly one of them must be stable and the other
unstable. Consider the phaseport rait for a � xed value of λ.

Assumption 5.2. (Positiv e Cubic Sti�ness) Since α represents the nonlinear sti� -
ness, in the subsequent secti ons we assumethat α > 0, which is of interest in most
applications. Then the value of the Hamiltonian at the � xed points E0 and E� � can
be ordered

H(E� � ) � H(E+ � ) � H(E0) = 0

with the ellipti c � xed points E� � having the least energy.

Hencefor α = 1, a complete phaseport rait can be drawn for the system. Con-
sider the casewhere µ > 0. Then E� � doesnot branch out from E0 for any value
while λ < � µ. The �xed point E0 is a stable center, and is surrounded by a family
of periodic orbits. A representative phaseport rait , for a � xed value of µ, is shown
in Fig. 3.

Now, allow the parameter λ to vary but keep α = 1 . If � µ > λ > µ, then
E� � appears and the � xed point E0 has become an unstable saddle, with a pair
of homoclinic orbits. Meanwhile �xed points E� � are stable centers, surrounded
by families of periodic orbits. There are thr ee � xed points: a saddle at the origin,
and two centers along the x-axis. A pair of homoclinic orbits, symmetric about the
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x-axis, connects the saddle at the origin to itself. There are cont inuous families
of periodic orbits both inside and outside the homoclinic orbits. A representat ive
phaseport rait, for a given value of µ, is given in Fig. 4.

Finally, if λ > µ, then both E� � and E+ � appear. The � xed point E0 has
once again become a stable center. Fixed points E+ � are unstable saddles, with
four heteroclinic orbits connecting them to each other. Fixed points E� � remain
as stable centers, within two of the heteroclinic orbits. This caseis shown in Fig. 5
wherethere are� ve � xed points:a center at theorigin, two centers along thex1-axis,
and two saddles along the x2-axis. In this case, there are two pairs of heteroclinic
orbits (four overall) connecting the saddle points to each other. One pair of orbits
surrounds just the center at the origin. The origin also has a continuous family
of periodic orbits bounded by this pair of heteroclinic orbits. The other pair of
heteroclinic orbit s surrounds the centers on the x-axis. There is also a cont inuous
family of periodic orbits surrounding these centers, bounded by the heteroclinic
orbits. Finally, there is a continuous family of periodic orbits outside of all of the
heteroclinic orbits. A representat ive phaseport rait, for a given value of µ, is given
in Fig. 5.

Let us de�ne the points where the level sets intersect the x1-axis in the �r st
quadrant as

x�
1 (λ, µ, h) def=

r
4

3α

(
1
2

(λ + µ) �

s
1
4

(λ + µ)2 +
�

3α
4

�
4h

) 1=2

(33)

and the point where the level setshave vert ical tangency, i.e. dx1/dx2 = 0 , as

x0
1(λ, µ, h) def=

1
2

r
4

3α

s
2
µ

�
�

1
4

(λ � µ)2 �
�

3α
4

�
4h

�
.

The energy levels corresponding to the nontrivial � xed points E� � (stable centers)
and E+ � (unstable saddles) respectively are given by

h1(λ) def= �
(λ + µ)2

12α
and h3(λ) def= �

(λ � µ)2

12α
.

In additio n, the minimum energy level h2 for the vert ical tangency is given by

h2(λ) def= h1(λ) +
µ2

3α
.

Then, we parametrize the level sets by the variable x1 using

x�
2 (x1, λ, µ, h) def=

r
4

3α

(
1
2

(λ � µ) �
�

3α
4

�
x2

1

�

s
1
4

(λ � µ)2 +
�

3α
4

�
(2µx2

1 + 4h)

) 1=2

(34)

as follows.
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1. If λ � � µ, then for h � 0 the level sets in the � rst quadrant are given by

x2 = x+
2 (x1, λ, µ, h) , 0 � x1 � x+

1 (λ, µ, h) .

When h = 0, the level set in the plane consistsof the equilibr ium point at origin,
and the level sets for h > 0 are closedorbits around the origin (Fig. 3).

2. If � 1< λ � 1 and

(a) if h1(λ) � h < 0, the level sets in the � rst quadrant are given by

x2 = x+
2 (x1, λ, µ, h) , x�

1 (λ, µ, h) � x1 � x+
1 (λ, µ, h) ;

(b) if h � 0, the level sets in the � rst quadrant are given by

x2 = x+
2 (x1, λ, µ, h) , 0 � x1 � x+

1 (λ, µ, h) .

When h = h1(λ, the level set in the plane consists of two nonzero equilibr ium
points on the x1-axis. Level setsfor h1(λ) < h < 0 are pairs of closedorbits, the
level set for h = 0 is a � gure-8 double homoclinic loop, and level sets for h > 0
are large closedorbit s around all three equilibrium points (Fig. 4).

3. If λ > 1 and

(a) if h1(λ) � h � h2(λ), the level sets in the � rst quadrant are given by

x2 = x+
2 (x1, λ, µ, h) , x�

1 (λ, µ, h) � x1 � x+
1 (λ, µ, h) ;

(b) if h2(λ) < h < h3(λ), the level sets in the � rst quadrant are given by

x2 = x+
2 (x1, λ, µ, h) , x0

1(λ, µ, h) � x1 � x+
1 (λ, µ, h)

and

x2 = x�
2 (x1, λ, µ, h) , x0

1(λ, µ, h) � x1 � x�
1 (λ, µ, h) ;

(c) if h3(λ) � h � 0, the level sets in the � rst quadrant are given by

x2 = x+
2 (x1, λ, µ, h) , 0 � x1 � x+

1 (λ, µ, h)

and

x2 = x�
2 (x1, λ, µ, h) , 0 � x1 � x�

1 (λ, µ, h) ;

(d) if h > 0, the level sets in the � rst quadrant are given by

x2 = x+
2 (x1, λ, µ, h) , 0 � x1 � x+

1 (λ, µ, h) .

When h = h1(λ), the level set in the plane consists of two nonzero equilibr ium
points on the x1-axis, level sets for h1(λ) < h < h3(λ) are pairs of closed
orbits, the level set for h = h3(λ) is a double heteroclinic cycle, level sets for
h3(λ) < h < 0 are the unions of a small closedorbit around the origin and a
large closedorbit around all � ve equilibrium points, the level set for h = 0 is the
union of the origin and a large closedorbit , and level sets for h > 0 are large
closedorbits. The level sets for this case(λ > µ) for the values λ = 2 δ, µ = 2 ,
α = 4/3, are shown in Fig. 2.
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Fi g. 2. The level sets for � > 1.
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Fi g. 3. Phase portr ait and reduced space M for � � � .

In Secs.5.3.3 and 5.3.2, weshall usethesefacts in the evaluationsof thedrift and
di� usion coe� cients of the graph valued Markov process.The basic idea is that for
small pertur bat ionsof a Hamilto nian system, wecan determine the reducedMarkov
process,which takes its values on a graph, basedon solutio ns of the unpertur bed
Hamilto nian system, which in many situations can be explicitly determined.
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Fi g. 4. Phase portr ait and reduced space M for � � � � < � .
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Fi g. 5. Phase portr ait and reduced space M for � < � � .

5.2. Ti me-aver agi ng

We have pointed out that there are thr ee t ime-scales involved in such problems
(11). The reduction to a graph valued processwill only be possible if each of these
t ime scalesis fully exploited while averaging. The random motions (11) consist of
very fast oscillations (1/ε2) in the quantities that contain t ime explicitly , fast rota-
tions (1/ε) along the unperturbed tra jectoriesZ "

t of the system, and slow motion
acrossthesetrajectories.The random motion acrossthe unperturbed trajectoriesis
approximated by a Markov processobtained by averaging with respect to both the
Lebesgue measureof the fast oscillationsand invariant measureconcentr atedon the
closedtra jectoriesof H(x). Henceour �r st task according to the theory presented
in the previous section, is to averagethe periodic 
 uctuations of the coe� cients and
obtain the expressions for M(L (H) � (b1, r K))(x) and M(hdH, dH i )(x). Standard
but tedious calculations yield

M(L (H) � (b1, r K))(x) = � λS� +
1
16
µγ(x2

1 + x2
2)(x2

1 � x2
2) +

µ

4
[ζ + S� ](x2

1 � x2
2)

+
�

1
2
γh +

λ

4
(ζ � 2S� ) + 3 αS�

�
(x2

1 + x2
2)

+
�

1
16
γλ �

3α
8

(ζ � 3S� )
�
(x2

1 + x2
2)2

+
1
8
µ(µ2 + 2 8αh)x1x2 +

3
4
λαµx1x2(x2

2 + x2
1)

�
1
4
αµ2x1x2(x2

2 � x2
1) , (35)
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MhdH, dH i )(x) =
2h
3α

(12hα + ( µ � λ)2)S� �
1
4
µ2(x2

1 � x2
2)2S�

+
�
µ

6α
(12hα + ( µ � λ)2)S� + λµS�

�
(x2

1 � x2
2)

+
�
λ

6α
(12hα + ( µ � λ)2)S� +

�
6hα +

1
2
µ2 +

1
2
λ2

�
S�

�
(x2

1 + x2
2)

+
1
4
λµS� (x2

1 + x2
2)(x2

1 � x2
2) +

1
4
µ(µ + λ)S� (x2

1 + x2
2)2 , (36)

where, we have made useof the expression for the Hamilto nian (31). We shall make
use of (35) and (36) appropriately in evaluat ing the dri ft and di� usion coe� cients
of the graph valued process.

5.3. Gr aph valu ed pr ocess

In this section we extend the results of Theorem 3.3 to allow for Hamilto nians H
having critica l points. If H only has an elliptic critica l point, this involvessome of
the calculationsof Namachchivaya and Sowers [29] while if H hassaddle points, this
involvesthe calculationsof Freidlin and Weber [12], and Sowersand Namachchivaya
[35]. The averagedsystem will in general take values in a strati �e d space.

5.3.1. Strati �e d space

The strat i� ed space is exactly the chain components of the chain recurrent set of
(9). We will follow [33] in our notat ion. We say that there is a δ-chain of length
T > 0 from x 2 R2 to y 2 R2 if there is a sequence(zj ; j = 1 , 2, . . . , n) of points
and a sequenceof times 0 = t0 < t1 < � � � < tn = T such that z0 = x and zn = y

and such that kzt j � t j � 1 (zj � 1) � zj k < δ for all 1 � j � n. We note that for each
point x 2 R2 and each T > 0, there is a δ-chain of length T 0 > T from itself to
itself for each δ > 0 | the chain recurrent set of (9) is all of R2 (this is clearly
tr ue if x is on a periodic orbit of (9); it is also fair ly easy to seeit for centers and
saddles). We then de�ne an equivalencerelation � (chain equivalence) on R2 by
saying that x � y if for each T > 0 and each δ > 0 there is a δ-chain of length
T 0> T from x to y and a δ-chain of length T 0> T from y to x. This is the \ correct"
general equivalencerelation in that two points are equivalent if a combination of
a small di�usiv e pertur bat ion and the fast drift takes one point to the other and
back again. De�ne

M def= �S/ �

and endow M with the quot ient topology de� ned by � . If x 2 �S, we let [x] def= f y 2
�S: y � xg be the equivalenceclassof x (the chain components of R2) and we de�ne

π(x) def= [ x]. Note that

M =
N[

i =1

� i [
N c[

i =1

[ci ] [
N b[

i =1

~i ,
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where ci are the � xed points, the ~i 's are closed orbits whoseunion is ∂ �S, and each
� i is the π-imageof a maximal open subset of R2 which does not intersect any of
the [ci ]'s or ~i 's. We can tr eat M as a strati �e d space [14] and in fact M is Polish
[34]. The signi�cance of the strat i�ed space in the context of averaging is that it
decomposesthe state space into a collection of open manifolds (the � i 's), on which
we can de�ne di�usiv e generators, and edges or points where we need to specify
boundary conditio ns | at the [ci ]'s we need to specify glueing conditio ns and at
the ~i 's we needto kill the process.

To make our analysis slight ly easier, let us take advantage of the fact that M
looks like a bunch of intersecting lines. Let us map each � i into an interval I i . For

each 1 � i � N , let I i
def= Hπ� 1(� i ). We can then treat M as

G def=
N[

i =1

�I i ,

this being interpreted asa disjoint union. To makethis rigorous,weneeda nontrivial
topology on G which re
ects the fact that various ends of di�er ent �I i 's should be
ident i�ed (since they should be considered as the [ci ]'s, where di�er ent π� 1(� i )'s
meet. Instead of directly setting up this topology, let us �r st de�ne a not ion of
cont inuous functions. We give each I i its standard topology. We say that f : G ! R
is in C(G) i f f

�
�
I i

is uniformly cont inuous on I i (i.e. it has limits at the endsof I i )
and if furthermore

lim
y ! x

y2 � � 1 (� i )

f jI i (H(y)) = lim
y ! x

y2 � � 1 (� j )

f jI j (H(y))

for all x 2 π� 1(� i ) \ π� 1(� j ). We can then de� ne the topology on G as the smallest
topology with respect to which all elements of C(G) are cont inuous (seealso [8]).
We then want to �nd a Markov processon G which represents the limiting dynamics
of [X ]. To this end, we de�ne for each 1 � i � N an elliptic operator L i on C(I i )
as

(L i f )(h) def=
1
2

•f (h) + b(h) _f (h)

for all h 2 I i , where σ2
i and bi are as (18) with x restricted to π� 1(� i ). We want

to put these L i 's together to get a Markov processon G with generator L y
G and

domain D y
G . Finally, For notational convenience,when N � 2, we also de�ne

fi
def= f

�
�
I i

for all 1 � i � N .

5.3.2. Stochastic averaging on a line [20], [29]

For the problem under considerat ion, for λ � � µ, the Hamilto nian H is fair ly

simple with a single elliptic critica l point at o def= ( 0, 0) (H is shaped something like
a paraboloid). Thus (9) has a nondegenerate center at o. Here,

G = �I = [ 0, H � ]
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and thestochastic averaging result is fair ly classical (Khasminskii [20]). The limiting
domain for this caseis

D y
G =

�
f 2 C( �I ) \ C2(I ) : lim

h! 0
(L f )(h) exists and lim

h! H �
(L f )(h) = 0

�

and for f 2 D y, the generator is

(L y
Gf )(h) = lim

h0! h
h2I

(L f )(h0) = b(h) _f (h) +
1
2
σ2(h) •f (h) (37)

for all h 2 �I , where the averageddri ft and di� usion coe� cients are given by

b(h) def= ( A M(L � (b1, r K)))(H(x))

= � λS� +
1
4
µ(ζ + S� )

�
E�

T
(h) +

1
4

(2γh + λ(ζ � 2S� ) + 1 2αS� )

�
E+

T
(h)

+
1
16
µγ

�
E+ �

T
(h) +

1
16

(λγ � 6α(ζ � 3S� ))

�
E++

T
(h) ,

σ2(h) def= ( A MhdH, dH i )(H(x))

=
2h
3α

(12hα + ( µ � λ)2)S� �
1
4
µ2S�

�
E��

T
(h) +

1
4
λµS�

�
E+ �

T
(h)

+
1
4
µ(µ + λ)S�

�
E++

T
(h) +

�
µ

6α
(12hα + ( µ � λ)2)S� + λµS�

� �
E�

T
(h)

+
�
λ

6α
(12hα + ( µ � λ)2)S� +

�
6hα +

1
2
µ2 +

1
2
λ2

�
S�

� �
E+

T
(h) ,

where
�

E� (h) def=
I

C(h)
(x2

1(s) � x2
2(s))ds ,

�
E�� (h) def=

I

C(h)
(x2

1(s) � x2
2(s))2ds ,

�
E+ � (h) def=

I

C(h)
(x2

1(s) + x2
2(s))(x2

1(s) � x2
2(s))ds ,

where C(h) represents closed curve of the energy level H(x) = h and T(h) is the
period of the periodic orbit.

5.3.3. Stochastic averaging on graphs [12], [35]

For λ > � µ the Hamilto nian system (9) has multiple �xed points. The �r st ex-
tension of averaging to include multiple �xed points with homoclinic orbits was
given by Freidlin and Wentzell [11]. As we have discussedin Sec.5.1, there are two
dist inct casesfor the parameter values � µ � λ � µ and λ > µ, and for each of this
casethe reducedMarkov processis de�ned, as in [35], on a strat i�ed space M .
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Case 1. Three � xed points. For � µ � λ � µ, the Hamilto nian system (9) has
thr ee � xed points: a saddle, c0, at the origin, and two centers, c1, c2, along the
x1-axis. A pair of homoclinic orbits, symmetric about the x1-axis, connects the
saddle at the origin to itself. There are cont inuous families of periodic orbits both
inside and outside the homoclinic orbits. Here the reduced state space is M =S 3

i =1 � i [
S 3

i =0 [ci ] [ ~, Fig. 4, where

� 1
def=

[

x =( x 1 ;x 2 )2 �S
H (x )< 0

x 6= c1

x 1 < 0

[x] , � 2
def=

[

x =( x 1 ;x 2 )2 �S
H (x )< 0

x 6= c2

x 1 > 0

[x] , � 3
def=

[

z2 �S
H (x )> 0

[x] ,

and ci 's are the critical points. Let us de�ne the value of the Hamilto nian at the

saddle as hs
def= H(c0) = 0.

Case 2. Five � xed points. For λ > µ, the Hamilto nian system (9) has � ve �xed
points: a center, c0, at the origin, two centers, c1, c2, along the x1-axis, and two
saddles, c3, c4, along the x2-axis. In this case, there are two pairs of heteroclinic
orbits (four overall) connecting the saddle points to each other. One pair of orbits
surrounds just the center at the origin. The origin also has a continuous family of
periodic orbits bounded by this pair of heteroclinic orbits. The other pair of hetero-
clinic orbit s surrounds the centers on the x1-axis. There is also a cont inuous family
of periodic orbits surrounding these centers, bounded by the heteroclinic orbits.
Finally, there is a continuous family of periodic orbits outside all the heteroclinic
orbits. Here the reducedstate space is M =

S 4
i =1 � i [

S 4
i =0 [ci ] [ ~, Fig. 5, where

� 1
def=

[

x =( x 1 ;x 2 )2 �S
h3 >H (x )>h 1

x 6= c1 ; x 6= c3

x 1 < 0

[x] , � 2
def=

[

x =( x 1 ;x 2 )2 �S
h3 >H (x )>h 1

x 6= c2 ; x 6= c3

x 1 > 0

[x]

� 3
def=

[

x =( x 1 ;x 2 )2 �S
0>H (x )>h 3

x 6= c0 ; x 6= c3

j x 1 j < j x �
1 (c3 ) j

j x 2 j < j x �
2 (c3 ) j

[x] , � 4
def=

[

x =( x 1 ;x 2 )2 �S
H (x )>h 3

x 6= c3

j x 1 j > j x +
1 (c3 ) j

j x 2 j > j x +
2 (c3 ) j

[x] ,

ci 's are the cri t ical points and x�
1 (c3) and x�

2 (c3) are de� ned by (33) and (34),

respectively. Onceagain de�ne the value of the Hamilt onian at the saddleashs
def=

H(c3) = H(c4) = h3.
We present the results of the reduced processfor both casesby denot ing the

number of legsof the graph by N : N = 3 and 4 for the cases � µ � λ < µ and λ > µ,

respectively. As explained in Sec. 5.3.1, for each 1 � i � N , let I i
def= Hπ� 1(� i ).



September 12, 2001 8:34 WSPC/168-SD 00021

32 N. Sri Namachchivaya & R. B. Sowers

We can then treat M as

G def=
N[

i =1

�I i ,

this being interpreted as a disjoint union. The limiting domain for this caseis

D y
G =

8
<

:
f 2 C(G) \ C2

 
N[

i =1

I i

!

: lim
h! H (ci )

(L i f i )( h) exists 8 i; lim
h! H �

(L N f N )( h) = 0

and
NX

i =1

f� g lim
h! h s

(
�� 2

i f 0
i )( h) def=

NX

i =1

f� g
�� 2

i (O)f 0
i (O) = 0

9
=

;
;

where the \ + " sign is taken if the coordinate h on the leg I i is greater than hs and
the \ � "' sign is taken otherwise.Then for f 2 D y

G , the generator is

(L y
Gf )(h) = lim

h0! h
h2I i

(L i fi )(h0) = bi (h) _fi (h) +
1
2
σ2

i (h) •fi (h) (38)

for all h 2 �I i , where the averageddri ft and di� usion coe� cients on each leg I i are
given by

bi (h)
def
= ( A M(L � (b1, r K)))(H(x))

= � λS� +
1
4
µ(ζ + S� )

�
E�

i

T i
(h) +

1
4

(2γh + λ(ζ � 2S� ) + 1 2αS� )

�
E+

i

T i
(h)

+
1
16
µγ

�
E+ �

i

T i
(h) +

1
16

(λγ � 6α(ζ � 3S� ))

�
E++

i

T i
(h) ,

σ2
H i

(h) def= ( A MhdH, dH i )(H(x))

=
2h
3α

(12hα + ( µ � λ)2)S� �
1
4
µ2S�

�
E��

i

T i
(h) +

1
4
λµS�

�
E+ �

i

T i
(h)

+
1
4
µ(µ + λ)S�

�
E++

i

T i
(h) +

�
µ

6α
(12hα + ( µ � λ)2)S� + λµS�

� �
E�

i

T i
(h)

+
�
λ

6α
(12hα + ( µ � λ)2)S� +

�
6hα +

1
2
µ2 +

1
2
λ2

�
S�

� �
E+

i

T i
(h) ,

where
�

E�
i (h) def=

I

Ci (h)
(x2

1(s) � x2
2(s))ds ,

�
E��

i (h) def=
I

Ci (h)
(x2

1(s) � x2
2(s))2ds ,

�
E+ �

i (h) def=
I

Ci (h)
(x2

1(s) + x2
2(s))(x2

1(s) � x2
2(s))ds ,



September 12, 2001 8:34 WSPC/168-SD 00021

Noisy Nonlinear Mathieu-Type Systems 33

whereCi (h) representsclosedcurveof the energy level H(x) = h, which corresponds
to a speci�c edgeIi of the graph, and T i (h) is the period of the periodic orbit.

Rema rk 5.3. Now we interpret the results.We show that the limiting process(as
ε tends to zero) is simply a Markov processon G (a graph) with the generator L y

G
whosedomain D y

G consists of all functions f that are cont inuous on G such that

1. f is twice di�er entiable in
S N

i =1 I i , the interior of G,
2. the �nite limits

lim
h! H (ci )

(L i fi )(h) exists 8 i

at each �xed point ci , and
3. the processis killed when the energy reachesH � .
4. the glueing conditio n roughly means the following. De�ne

α
def=

nX

i =1

�
σ 2

i (O) .

If the limiting processstarts in leg I 1 of the graph � , it evolves according to
(L y

Gf1)(h) for h 2 I 1. Upon reaching the vertex O, it 
ips an n-sided coin to
decidewhere to go next. It will go back to leg 1 with likelihood σ2

1 (O)/α, to leg 2
with likelihood σ2

2 (O)/α, and to legn with likelihood σ2
n (O)/α. Once it is in any

of theselegs, it will evolveaccording to (L y
Gfi )(h) with σ1 and b1 replacedby the

appropriateσi and bi . When it again hit s the vert ex, the coin-
ipping procedure
is repeated (with a new coin).

The glueing conditio ns are evaluated for the following two cases.
Case 1. Three � xed points. Here Ci (h) represents closedcurve of the energy level

H , which corresponds to a speci� c edge Ii of the graph, and T i (h) is the period
of the periodic orbit. Then the glueing conditio n for the vertex (saddle point) O is
explicitly given by

3X

i =1

(� )
�
σ 2

i (O)f0
i (O) =

�
σ 2

3(O)f0
3(O)�

�
σ 2

2(O)f0
2(O)�

�
σ 2

1(O)f0
1(O) = 0

and the \ + " sign is taken if the coordinate h on the leg� i is greater thanH(O) = 0
and the \ � " sign is taken otherwise. The coe�cien ts in the glueing conditio n are
de�ned explicitly as

�
σ 2

i (O) def= �
1
4
µ2S�

�
E��

i (O) +
1
4
λµS�

�
E+ �

i (O) +
1
4
µ(µ + λ)S�

�
E++

i (O)

+
h µ

6α
(µ � λ)2S� + λµS�

i �
E�

i (O)

+
�
λ

6α
(µ � λ)2S� +

1
2

(µ2 + λ2)S�

�
�

E+
i (O) ,
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where
�

E�
i (O)

def
=

I

Ci (O )
(x2

1(s) � x2
2(s))ds ,

�
E��

i (O)
def
=

I

Ci (O )
(x2

1(s) � x2
2(s))2ds ,

�
E+ �

i (O) def=
I

Ci (O )
(x2

1(s) + x2
2(s))(x2

1(s) � x2
2(s))ds .

(39)

It is important to realize that Ci (O) for i = 1 , 2 are the left and right homoclinic
orbits of the �g ure-8 double homoclinic loop, while C3(O) represents the whole
�g ure-8 double homoclinic loop (Fig. 4).

Case 2. Five � xed points. The integrals I i (h) are de� ned in (39) and once again
Ci (h) represents closedcurve of the energy level H , which corresponds to a speci� c
leg � i of the graph, and T i (h) is the period of the periodic orbit. The the glueing
conditio n for the vertex (saddle point) O is explicitly given by

4X

i =1

(� )
�
σ 2

i (O)f0
i (O) =

�
σ 2

4(O)f0
4(O)+

�
σ 2

3(O)f0
3(O)

�
�
σ 2

2(O)f0
2(O)�

�
σ 2

1(O)f0
1(O) = 0 ,

onceagain the \+" sign is taken if the coordinate h on the leg � i is greater than

H(O) = h3
def= � (µ � λ)2/12α and the \ � " sign is taken otherwise.The coe�cien ts

in the glueing conditio n are de�ned explicitly as

�
σ 2

i (O) def= �
1
4
µ2S�

�
E��

i (O) +
1
4
λµS�

�
E+ �

i (O) +
1
4
µ(µ + λ)S�

�
E++

i (O)

+ λµS�

�
E�

i (O) + λµS�

�
E+

i (O) ,

where the integrals
�
I i (O) are de� ned in (39). It is important to realize that Ci (O)

for i = 1 , 2 are the left and right heteroclinic orbits of the double heteroclinic
cycle, while C3(O) represents the heteroclinic closed orbit around the origin and
C4(O) represents the double heteroclinic cycle which orbit s around all three center
equilibrium points (Fig. 5).

Rema rk 5.5. It is very important to realize that the limiting di�usio n coe�cien ts
lim z! h c

i

�
σ 2

i (z) and lim z! h s

�
σ 2

i (z) play an important role in determining the bound-
ary and gluing conditions of the reducedgraph valued process.Hence consider

σ2
i (h) def= ( A (MhdH, dH i ))(h) =

 

A

 

M

X

i; j

ai; j
∂H

∂xi

∂H

∂xj

!!

(h)

for all h 2 I i , where we have usedDe�nitio n 2.1 for the symbol hdH, dH i . Then at
the regular nondegenerate elliptic �xed points hc

i , i = 1 , 2, . . . , N � 1 we have,

lim
z! h c

i

�
σ 2

i (z) = lim
z! h c

i

I

C(z)

 

M

X

i; j

ai; j
∂H

∂xi

∂H

∂xj

!

(xs)ds = 0 , (40)
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due to the fact that r H = 0 and the period is �nite at the �xed points hc
i . However,

at the saddle �xed point hs, r H goesto zero exponent ially fast as t ! � 1 and ai; j

is bounded for all t. Hencethe following integralsover the homoclinic or heteroclinic
orbits exists and are not necessarily zero,

lim
z! h s

�
σ 2

i (z) = lim
z! h s

I

C(z)

 

M

X

i; j

ai; j
∂H

∂xi

∂H

∂xj

!

(xs)ds 6= 0 . (41)

Convergence of such intergrals is discussedin Guckenheimer and Holmes [13] in the
context of Melnikov functions.

6. Probabilit y D ensit y and M ean Exi t T ime

We now look at various quant ities of engineering interest; to do so, we start with

the fact t hat i f E(h)
def
= f (x1, x2) 2 R

2: H(x1, x2) = hg and h = H(x, y) and η = x2

are the new independent variables, then a double integral is t ransformed as
ZZ

f (x1, x2)dx1dx2 =
ZZ

f (x1, x2)

j @H
@x1

j
dhdη =

Z
dh

I

E (h)

f (x1, x2)
kr Hk

ds , (42)

where the length of arc s of the curve E(h) is the new variable of integration. In
aditio n if f (x1, x2) = f (H(x1, x2)), then

ZZ
f (x1, x2)dx1dx2 =

Z
f (h)dh

I

E (h)

ds

kr Hk
=

Z
f (h)TH (h)dh . (43)

Hencethe usual de�nitio n of the inner product with respect to the Lebesgue mea-
sure can be transformed to an appropriate inner product in the local coordinate h

as
ZZ

A (h)
f (x1, x2)g(x1, x2)dx1dx2 =

Z

H =h
f (z)g(z)TH (z)dz , (44)

where A (h) is the area bounded by E(h). Equation (44) can also be de�ned using
the relat ion A 0(h) = TH (h) (where the prime denotesdi� erentiation with respect
to the energy level, h), and (43. We shall make useof this inner product in the local
coordinate h in deriving the Fokker{Pl anck equat ion.

6.1. Fokker Planck equati on (FPE )

We shall now derive the Fokker{Pl anck equat ion for the density of f �ht ^ �e; t � 0g.
We present a rigorous derivation which takescare of the killed processat H � and
examine the stat ionary behavior of the Fokker{Pl anck equat ion whenH � = 1 . We
assume that there is a p 2 C1 ((0, 1 ) �

S N
i =1 I i ) and a p~ 2 C1 (0, 1 ) such that

for any D y
G

E
" [f (�ht ^ �e)] =

NX

i =1

(� )
Z h c

i

h s

fi (z)pi (t, z)T i (z)dz + fN (H � )TN (H � )p~ (t) (45)



September 12, 2001 8:34 WSPC/168-SD 00021

36 N. Sri Namachchivaya & R. B. Sowers

where \ + " sign is taken if the coordinate h on theedge I i is greater than hs = H(O)
and the \ � " sign is taken otherwise, and p(t, �) and p~ (t) are the density of the
law of �ht ^ �e relat ive to Lebesgue measure on

S N
i =1 I i and a Dirac mass at H � . In

(45), hc
i for i = 1 , 2, . . . , N � 1, denotes the energy associated with the elliptic �xed

point on leg I i and hc
N = H � . Sincewe kill �h at H � , massmay accumulate there,

necessitating a Dirac measureat H � . Di�er entia t ing (45) with respect to time yields

∂

∂t
E

" [f (�ht ^ �e)] =
NX

i =1

(� )
Z h c

i

h s

fi (z)
∂pi

∂t
(t, z)T i (z)dz

+ fN (H � )TN (H � )
∂p~

∂t
(t) . (46)

On the other hand
∂

∂t
E

" [f (�ht ^ �e)] = E
" [(L � fH )( �ht ^ �e)]

=
NX

i =1

(� )
Z h c

i

h s

(L � fi )(z)pi (t, z)T i (z)dz

+ ( L � fN )(H � )TN (H � )p~ (t) . (47)

From (46) and (47) and making use of the properties of D y
G , and integrating the

right-hand side of (47) by parts yields

NX

i =1

(� )
Z h c

i

h s

�
∂pi

∂t
(t, z) � L adj

i pi (t, z)
�
fi (z)T i (z)dz + fN (H � )

∂p~

∂t
(t)

=
NX

i =1

(� )f Ji (t, z)fi (z)gh c
i

h s
+

NX

i =1

(� )
�

1
2
σ2

i (z)f0
i (z)pi (t, z)

� h c
i

h s

,

where

L adj
i pi (t, z) def= � 1

T i

h �
bi (z)pi (t, z)

i 0
+ 1

2T i

h
�
σ 2

i (z)pi (t, z)
i 00

Ji (t, z) def=
�
bi (z)pi (t, z) � 1

2

�
�
σ 2

i (z)pi (t, z)
� 0
,

hs < h < hc
i

hc
N = H � and Ji (t, z) is the probabilit y 
ux or current at z at t ime t in leg I i .

Hence,for f 2 D y
G , the boundary conditio n for pi is derived from

�
∂p~

∂t
(t) � JH n (t,H � )

�
fN (H � ) �

N � 1X

i =1

Ji (hc
i )fi (hc

i ) �
NX

i =1

Ji (hs)fi (hs)

=
1
2

�
σ 2

H (H � )f0
N (H � )pN (t,H � ) +

N � 1X

i =1

1
2

�
σ 2

i (hc
i )f

0
i (h

c
i )pi (t, hc

i )

�
NX

i =1

1
2

�
σ 2

i (hs)f0
i (hs)pi (t, hs) .
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Sincehc
i , i = 1 , 2, . . . , N � 1 are regular (nondegenerate) elliptic �xed points, it is

clear from (40) that limz! h c
i

�
σ 2

i (z) = 0, lim z! h c
i
f0

i (z) are �nite (seeLemma 4.3
in [27] for similar results), and lim z! h c

i
pi (z, t) has to be integrable (normalizable),

the second term on the right-hand side vanishesin the above expression. The glue-
ing conditio ns are evaluated at the saddle �xed points. Then according to (41),
�
σ 2

i (hs) 6= 0. Then assumingthat pi (t, z) is cont inuous at h3, last term vanishesdue
to the glueing conditio ns. The properties of f de�ned by D y

G will not eliminate any
other terms in the above expression.Hencepi satis�es

1. the Fokker{Pl anck equat ion,

∂pi

∂t
(t, z) = L adj

i pi (t, z) for t > 0 and z 2 (hs, h
c
i ) , i = 1 , 2, . . . , n

2. conservation of probabilit y 
ux at the vertex O,

�
NX

i =1

Ji (hs) = 0 ,

i.e. the 
ux entering O must be equal to that exit from O.
3. the zero probabilit y 
ux conditio n at each elliptic �xed point,

bi (hc
i )pi (hc

i , t) �
1
2

(σ2
i (hc

i )pi (hc
i , t))

0 = 0 , i = 1 , 2, . . . , N � 1 ,

i.e. the 
ux entering bi from the interior is zero.
4. and the processis terminated when the energy reachesH � , i.e.

lim
z! H �

pN (t, z) = 0 .

The dynamics of p~ are de�ned by

∂pN

∂t
(t,H � ) = bN (H � )pN (t,H � ) �

1
2

(σ2
N (H � )pN (t,H � ))0,

i.e. the rate of change of probabilit y in the cemetery state H � is equal to the 
ux
entering H � from the interior.

Altho ugh a stationary density may not exist when the processis killed at some
�nite H � ; with small dissipation and noisethe processwill eventually leaveany �nite
energy level. We examine the stat ionary behavior of the Fokker{Pl anck equat ion
whenH � = 1 , approximat ing the behavior on the unbounded region �S = R

2. Then
the stationary density is given by

L adj
i pi (z) = �

1
T i

h�
bi (z)pi (z)

i 0
+

1
2T i

h
�
σ 2

i (z)pi (z)
i 00

= 0 , z 2 I i . (48)

The solutio n of (48) is obtained as

pi (h) =
1

�
σ 2

i (h)
exp

(

2
Z h

h c
i

�
bi (η)
�
σ 2

i (η)
dη

) "

Ci

Z h

h c
i

exp

(

� 2
Z �

h c
i

�
bi (ξ)
�
σ 2

i (ξ)
dξ

)

dη + Di

#

,
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where the 2N constants Ci 's and Di 's are yet to be determined. The zero-
ux
conditio ns at the exterior vertices indicated by hc

i ,

Ji (hc
i ) = 0 , i = 1 , 2, . . . , N � 1 and JH n (1 ) = 0 ,

guarantee that the Ci 's are ident ically zero. Upon applying the n � 1 continuit y
conditio ns of pi (h) at t he vertex O, we obtain

Di +1
�
σ 2

i +1 (hs)
exp

" Z h s

h c
i +1

2
�
bi +1 (η)

�
σ 2

i +1 (η)
dη

#

=
Di

�
σ 2

i (hs)
exp

" Z h s

h c
i

2
�
bi (η)

�
σ 2

i (η)
dη

#

, i = 1 , 2, . . . , N � 1 ,

which eliminates all but one constant, say DN . Finally the normalizat ion conditio n

NX

i =1

(� )
Z h s

h c
i

pi (z)dz = 1 (49)

yields the �na l constant DN .

6.2. Me an �r st passage ti me

De�ne the mean exit t ime u" (x) def= Eε[e]. Since e is a function of U or loosely a
funct ion ofH(X), we thushave that lim " ! 0 u

" (x) = E[�e] (to rigorously con� rm this,
we needto verify that eand χf e� t g can be approximatedby cont inuous functions of
�S-valued paths and similarly that �e and χf �e� t g can be approximated by cont inuous
functions of the paths of �h | we leave this to the reader). In order to �nd the mean
time to reach either z1, z2, . . . , or zn , i.e. E[�e], we �nd the unique bounded solutio n
of the elliptic PDE

bi (h) _ui (h) +
1
2
σ2

i (h)•ui (h) = � 1 , h 2 I i (50)

with the boundary and glueing conditio ns

ui (zi ) = 0 for i = 1 , 2, . . . , N and
NX

i =1

(� )
�
σ 2

i (hs)u0
i (hs) = 0 ,

then u(H(x)) = E[�e]. The generator (50 is de�ned for cont inuous functions ui (h),
h 2 I i . Hence,at the vertex O we have

ui +1 (hs) = ui (hs) , i = 1 , 2, . . . , N � 1 . (51)

Thus, we have six boundary conditio ns for determining uniquely the mean � rst
passage time. Imposing the boundary conditio ns at h = z1, z2, . . . , zn the solutio n
of (50) is given by

ui (h) = � 2
Z h

z i

� Z �

z i

mi (ξ)dξ
�
si (η)dη + βi [Si (h) � Si (zi )] , i = 1 , 2, . . . , N , (52)
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where h is an interior point for each edge I i . By the calculations of Sec. 6.1, we see
that the scale function S and speedmeasureM of �h of (38) are given by

Si (h) def= �
Z bi

h
si (η)dη and Mi (A) def=

Z

A
m i (η)dη ,

where

si (η) def= 2
Z h

bi

�
bi (s)
σ2

i (s)
ds ,

m i (η) def=
1

si (η)σ2
i (η)

=
2

Rh
bi

bi (s)
� 2

i (s) ds

σ2
i (η)

for η 2 � i . Thus the mean exit time is determined by imposing the glueing conditio n
and the fact (51).

7. Conc lusions

In this paper a nonstandard method of stochastic averaging is developed to reduce
the dimension of a single degree of freedom nonlinear system under both periodic
and stochastic excit ations. The reduction to a graph valued processwas possible
due to the three time scales involved in this problem, and each of which is fully
exploited while averaging.We consideredin detail the reduction of (11 in R

2n�xed
points, and appeal to the rigorous results given by Namachchivaya and Sowers [29]
and Freidlin and Weber [12] (seealso, Sowers and Namachchivaya [35]) to complete
the analysis relat ing to boundary-layer behavior close to the center and saddle
�xed points, respectively. The most str iking feature is the fact that the original
single-well potent ial evolves under periodic parametric excit ation into a mult i-well
potent ial (depending on the unfolding parametersλ and µ), and the e�ect of noise
on the original system is governed by the structure of this multi-w ell potent ial.

The deterministic problem depends on two unfolding parameters, namely the
amplitude of the periodic perturbation µ and the value of the detuning parameter λ.
As one of theseparameters is varied, stochastic averaging yields a reduced Markov
processwhich takes it s values on a graph or a line. We determined the generator
and its domain for each of thesecases.In additio n, results are obtained for several
important problems such as the determinat ion of the mean � rst passaget ime and
stat ionary probabilit y density. In this paper, we have presented the main results,
the proofs of the main theorem and the applicat ion to noisy Du�n g{van der Pol{
Mathieu oscil lator. A shorter version of this paper without the proofs was presented
in Namachchivaya et al. [30].

In this context it is also important to point to the work of Borodin and Freidlin
[5] and Cogburn and Ellison [6], where they considered fast oscillating random
pert urbat ions of dynamical systemswit h � rst integrals.Here, under suit able regu-
larit y and ergodicit y condit ions, it was shown that the evalut ion of � rst integrals
in an appropriate t ime scale is given by a di�usio n process.The main emphasis in
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thesepapers is the mixing properties of fast oscillating random pertur bat ions. The
method used in our paper and the assumptions on the noise terms are di�er ent,
and the presenceof Mathieu-t ype terms exhibits subharmonic resonance. Numer-
ical evaluation of the mean � rst passage time and stationary probabilit y density
for noisy Du�ng { van der Pol{ Mathieu oscillator under both real and white noise
excitations, with applicat ion to elastic beam subjected to 
uctua t ing axial force is
considered in [31].

It is important to note that the averagedHamilt onian under Assumption 2.3has
homoclinic orbits and the deterministic t ime-dependent perturbations at the higher
order are not Hamilt onian. Even though oneseeshomoclinic orbit s in the averaged
equations, after a t ime rescaling, the higher order time-dependent (deterministic)
perturbations become rapidly oscillatory. Hence,even in the determinstic context
(in the absenceof noise) the Melnikov type of integrals leadsin generalto exponen-
t ially small quant it ies after intergrat ion. Thus the standard Melnikov results [13]
do not apply. Henceone needsto appeal to the results of Holmeset al. [16] where
it was shown that exponent ially small split t ing of the separatrics; region of chaos
is exponent ially small in ε. Therefore it was not necessaryto discuss the e� ects of
noise on chaos and vice versa.

Finally we note that in this paper we have examined only one part icular type
of scaling: noise and periodic perturbations are of the order ε while damping is
of the order ε2. However if the periodic excitations are of the order ε2, then we
can use the results of Khas'minskii [19] to obtain a di�er ent limiting processas
in Namachchivaya [26]. Furthermore, if the original nonlinearities are of the the
order one, then we have to consider an in�nit e number of parametric resonances
and discussthe e� ects of noiseon chaosand vice versa,which is beyond the scope
of this study.

App endi x A

Here we give the proof of Theorem2.4. In comparisonto our proof of Theorem 3.3,
our proof here will be basedon standard Ito calculus.

The proof is similar to that of Theorem 3.3. First we show tightness.

Lemma A .1. (Tig htness)For each δ > 0 and T > 0,

lim � ! 0 sup
" 2 (0 ;1)

P
�

8
>><

>>:
sup

0� s< t � T

js� t j� �

jζ"
t � ζ"

s j � δ

9
>>=

>>;
= 0 . (A.1)

Pro of. We compute that

ζ"
t � ζ"

s =
1

p
ε

Z t

s
f b1( ~Z "

u , u/ε) � �r H(zu (z� ))gdu

+
p
ε

Z t

s
b2( ~Z "

u , u/ε)du + M "
t � M "

s , (A.2)
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where

M "
t =

Z t

0
σ( ~Z "

u , u/ε)dWu

for all t � 0. Let us rewrite part of (A.2); we have that

1
p
ε

Z t

s
f b1( ~Z "

u , u/ε) � �r H( ~Z "
u )gdu

=
Z t

s

�r (H( ~Z "
u )) � �r H(zu (z� ))

p
ε

du +
1

p
ε

Z t

s
f b1( ~Z "

u , u/ε) � �r H( ~Z "
u )gdu .

Since we have assumed that H has bounded � rst derivat ive, it is Lipshitz-
cont inuous, so there is a constant κ > 0 such that












�r (H( ~Z "
u )) � �r H(zu (z� ))

p
ε












� κkζ"
u k

for all u 2 [s, t]. Let us gather together various error terms. and wri te

� "
� =

3X

i =1

� "
�; i ,

where

� "
�; 1

def= sup
0� s< t � T

js� t j� �

p
ε










Z t

s
b2( ~Z "

u , u/ε)du








 ,

� "
�; 2

def= sup
0� s< t � T

js� t j� �

p
εkM "

t � M "
s k

� "
�; 3

def
= sup

0� s< t � T
js� t j� �

p
ε










1
p
ε

Z t

s
f b1( ~Z "

u , u/ε) � �r H( ~Z "
u )gdu








 .

Thus we have that

kζ"
t � ζ"

s k � κ

Z t

u= s
kζ"

u � ζ"
s kds + � "

�

for all 0 � s � t � T . Thus, by Gronwall's inequalit y, we have that

sup
0� s< t � T

js� t j� �

kζ"
t � ζ"

s k � e{ T � "
� .

Let us get back to (A.1). We divide the calculation into thr ee parts. De�ne δ0 def=
δe� { T /3. It is fair ly clear that

lim � ! 0 sup
" 2 (0 ;1)

P
� f � "

�; i � δ0g = 0 (A.3)
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for i 2 f 1, 2g. In thecaseof i = 2, oneshould write themart ingaleasa time-changed
Brownian mot ion. The t ime change will be Lipshitz-cont inuous with Lipshitz con-
stant not depending on ε.

To complete the proof of (A.1), we should prove (A.3) for i = 3 . We use an
analogue of Lemma 4.6. Looking at the proof of Lemma 4.6, we realize that we
can �nd a bounded function 	 2 C2(R2 � R; R

2) which is one-periodic in its last
argument such that

1
p
ε

Z t

s
f b1( ~Z "

u , u/ε) � �r H( ~Z "
u )gdu = εf �( ~Z "

t , t/ε) � f �( ~Z "
s , s/ε)g

�
p
ε

Z t

s
D�( ~Z "

u , u/ε)b
1( ~Z "

u , u/ε)du �
p
ε

Z t

s
D�( ~Z "

u , u/ε)b
2( ~Z "

u , u/ε)du

�
p
ε

Z t

s
D�( ~Z "

u , u/ε)σ( ~Z "
u , u/ε)dWu �

1
2
ε3=2

Z t

s
A( ~Z "

u , u/ε)σ( ~Z "
u , u/ε)dWu ,

(A.4)

where A(x, t) is a vector whose ith entr y is hd� i , d� i i (x, t) with � i representing
the ith entr y of the vector-valued function �. Calculations as above give us (A.3)
for i = 3, completing the proof.

Then we have

Lemma A .2. (Mart ingale Problem) Fix 0 � s � t, f 2 C2(R2), times 0 � r1 <

r2 < � � � < rn � s, and f ϕj ; j = 1 , 2, . . . , ng � C(R2). Then

lim
" ! 0

E
y

2

4
�
f (ζ"

t ) � f (ζ"
s ) �

Z t

s
(L K;t f )(ζ"

u )du
� nY

j =1

ϕy
j (ζ"

r j
)

3

5 = 0 , (A.5)

where

L K;t f (x) def= ( r f (x), D �r H(zt (z� )) +
1
2

Trace(�σT (zt (z� ))D2f (x)�σ(zt (z� ))) .

We also have that lim " ! 0 P
� f ζ"

0 = 0 g = 1 .

Pro of. We have that

f (ζ"
t ) = f (0) +

4X

i =1

Z t

0
S"

i (u)du + M "
t ,

whereM " is a mart ingale, and where, after some rearrangement , we have

S"
1(u)

def
=

1
p
ε
Df (ζ"

u )f �r H( ~Z "
u ) � �r H(zu (z� ))g ,

S"
2(u) def=

1
p
ε
Df (ζ"

u )f b1( ~Z "
u , u/ε) � �r H( ~Z "

u )g ,
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S"
3(u) def=

p
εDf (ζ"

u )b2( ~Z "
u , u/ε) ,

S"
4(u) def=

1
2

Trace(σ( ~Z "
u , u/ε)D

2f (ζ"
u )σ( ~Z "

u , u/ε)) .

Clearly

lim
" ! 0

E
�

� �
�
�
�

Z t

0
S"

3(u)du

�
�
�
�

�
= 0 .

By the analogue of (A.4), we also have

lim
" ! 0

E
�

� �
�
�
�

Z t

0
S"

2(u)du

�
�
�
�

�
= 0 .

Similarly, we have that

lim
" ! 0

E
�

� �
�
�
�

Z t

0
S"

2(u)du

�
�
�
�

�
= 0 .

Next, let us handle S"
1 via a Taylor expansion. In light of the assumpt ion that

H has bounded second derivativ es and the fact that ζ" is stochastically bounded
(Lemma A.1), we have that

�r H( ~Z "
u , u/ε) � �r H(zu (z� )) = D �r H(zu (z� ))ζ"

u +
p
εE" (u) ,

where

lim
L !1

lim
" ! 0

P
�

� �
�
�
�

Z t

0
E" (u)du

�
�
�
� � L

�
= 0 .

This implies that we can neglect the
p
εE" term. Using this expansion and again

using an averaging tr ick like (A.4), we get that

lim
" ! 0

E
�

� �
�
�
�

Z t

0
f S"

1(u) � �S"
1(u)gdu

�
�
�
�

�
= 0 ,

where

�S"
1 (u) def= Df (ζ"

u )D �r H(zu (z� ))ζ"
u .

Lastly, let us consider S"
4 . We can write that

S"
4(u) = S"

4;1(u) + S"
2(u) ,

where

S"
4;1(u)

def
=

1
2

n
Trace(σ( ~Z "

u , u/ε)D
2f (ζ"

u )σ( ~Z "
u , u/ε))

� Trace(�σ( ~Z "
u )D2f (ζ"

u )�σ( ~Z "
u ))

o

S"
4;2(u) def=

1
2

Trace
�

�σ( ~Z "
u )D2f (ζ"

u )�σ( ~Z "
u )

�
.

Averaging shows that

lim
" ! 0

E
�

� �
�
�
�

Z t

0
S"

4;1(u)du

�
�
�
�

�
= 0 .
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As in our t reatment of S"
1 , we use the boundednessof ζ" to verify that for any

δ > 0,

lim
" ! 0

E
�

� �
�
�
�

Z t

0
f S"

4;2(u) � �S"
4;2(u)gdu

�
�
�
�

�
= 0 ,

where

�S"
4;2(u) def=

1
2

Trace(�σ(zu (z� ))D2f (ζ"
u )�σ(zu (z� )) .

This completes the proof.

Collecting things together, we get

Proof of T heor em 2.4. Clearly it is su� cient to prove that the laws of ζ" 's con-
verge; this will imply that ~Z " convergesto z. T ightnessand the limiting mart ingale
problem are in the above lemmas. Uniquenessis standard.

App endi x B

Let us now prove Lemma 4.4.

Proof of Lemma 4.4. The proof is standard. Let us �r st �x F 2 C( �I ) and consider
solutio ns of the PDE

L � u = F . (B.1)

We note that on I , σ2 is bounded away from zero and b is bounded from above.
De� ne the integrating factor

I(h) def= 2
Z h

H �

b(s)
σ2(s)

ds

for all h 2 I . We then get that any solut ion of (B.1) is of the form

u(h) = C1 + C2

Z h

H �

e� I (s)ds + 2
Z h

s= H �

Z s

r = H �

exp[� (I(s) � I(r))]
F (r)
σ2(r)

dr (B.2)

for some constants C1 and C2. We furthermore see that

lim
h! H �

u(h) = C1 ,

lim
h! H �

u(h) = C1 + C2

Z H �

H �

e� I (s)ds

+ 2
Z H �

s= H �

Z s

r = H �

exp[� (I(s) � I(r))]
F (r)
σ2(r)

dr .

Let us now � x a molli�er function η 2 C1
c (R; R+ ) such that

R
R η(z)dz = 1. Let

�F 2 Cc(R) be an extension of L � f , and de�ne

F " (h) def= ε� �
Z

s2 R
η

�
h � z

ε�

�
�F (z)dz .
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It is easy to seethat there is a constant C > 0 such that

kF " kC 5 ( �I ) � Cε� 5� . (B.3)

We now de�ne f " as the solutio n of

L � f " = F " ,

f " (H� ) = f (H� ) ,

f " (H � ) = f (H � ) .

Using (B.2, we have that

f " (h) � f (h) =
Z h

h= H �

2
Z h

s= H �

Z s

r = H �

exp[� (I(s) � I(r))]
f (F " (r) � (L � f )(r)g

σ2(r)
dr

for all h 2 I . Thus claim (i) holds. We clearly have claim (ii). We can alsodi�er en-
tia te (B.2) �v e t imes and use(B.3) to get claim (iii).
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