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The purpose of this work is to develop a uni ed approach to study the dynamics of a
single-degree-of-freedom system excited by both periodic and random perturbations. As
a prototype, we consider the noisy Du ng{ van der Pol{ Mathieu equation and achieve
a reduction by developing rigorous methods to replace, in a limiting regime, the original
complicated system by a simpler, constr uctive, and rational approximation | a lower-
dimensional model of the dynamical system. To this end, we study the equations as a
random pertur bati on of a two-dimensional weakly dissipati ve ti me-periodic Hamiltonian
system. We achieve the model-reduction thr ough stochastic averaging and the reduced
Markov process takesits values on a graph with certain glueing conditi ons at the vertex
of the graph. Examination of the reduced Markov process on the graph yields many
imp ort ant results, namely, mean exit times, probabilit y density functions, and stochastic
bifurcati ons.
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1. Intro ducti on

This paper deds with the nonlinear response of a single-degee-d-freedan system
under both periodic and stochagic excitations. The general form of the equations
studied here is given by

& + %_Z(Qt)"' G(aqt, @) a = (pocovt) + pa&(t)) g + pan(t), 1)

where ¢ 2 R represetts a generalized coordinate and the potential U: R! R hasa
single well. More precisely we require that U 2 C* (R;R.), limjp 1 U(x)= 1,
that

fr2R: UY2)=0g=fz2R: U(x)=0g=0,

E-mail: sri@nsgsun.aae.uiuc.edu
YE-mail: r-sowers@nmath. uiuc.edu



September 12,2001 8:34 WSPC/168-SD 00021

2 N. Sri Namachchivaya & R. B. Sowers

Fig. 1. Potential Energy

and w? € U%0) > 0. SeeFig. 1. In (1), G represetts dissipaiv e terms and ¢ and
7 represer mean zero, stationary, independent Gaussian white noiseprocesseskFor
cornvenience,we shall de ne

def 1
Un(g)  Ulq) szqz, q2R.

Sincean exact sdutio n of (1) is not known, the purposeof this paper isto develop a
reduction procedure to approximate the sdutio ns of (1) by a graph-valued Markov
process.

In the absence of time-dependent perturbations (both periodic and noisy;
i.e. uop = p1 = p2 = 0), EQ. (1) reducesto the well-known Lienard system
with a nonlinear potential. There are many physica problems whose dynamics
are desciibed by such autonomous equations (seefor example, Guckenheimer and
Holmes [13]). This equdion consists of both linear and nonlinear restoring and
dissipativ e terms which allow one to model various problems in mecdanical and
structural dynamics. In this model, a sustained oscillation may arise from a bal-
ance between energy generaion at low amplitude and energy dissipation at large
amplitude asin the Du ng {van der Pol equaion.

In the absenceof noisy pertur bations (i.e. u1 = p2 = 0), Eq. (1) represens the
nonlinear vibration of a medcanical system which has a single degee of freedon
and which is subjected to harmonic parametric excitation. This has been studied
extensively in theliter ature (seefor example, Bolotin [3] and Nayfeh and Mook [32]).
It is well known that a small parametric excitation can produce a large response
when the excitation frequency v is closeto twice the natural frequency w of the
system (subharmonic resorance). The problem of parametric resorance arisesin
many branchesof physics and engneering. One of the important problemsis that
of dynamic instability of mecanical [32] and elastic systems[3] under periodic
loads.

On the other hand, in the absenceof periodic perturbations (i.e. o = 0), (1)
represerts random vibration of a medanical system which has a single degee of
freedomand which is subjected to both parametric and additive white noise exci-
tations. The additiv e noise case has beenextensiwvely studied in the literature (see
for example, Lin [23] and Bolotin [4]). Although parametrically excited nonlinear
systemshave not received similar attention, there are a number of papersin the
literature (see,for example, the work of Namachchivaya and co-workers[22], [24],
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[25], [27], [28] and Arnold and co-workers [1], [2] and the referencestherein) that
ded with such problems.

Our interestis the behavior of ¢ in a certain limiting regime. Namely, we as-
sumethat both dissipation and time-dependent terms are smal. Let us introduce
a detuning parameter A and suppose that v is of the form v = wp(1 + €)). This
will allow us to investigate the detuning e ects near a referencefrequencywg (for
example, to study subharmonic resonance, we would let wy be 2w). In order to in-
corporate the detuning parameter A in the the equaion of motion, we rescde time
by v. Equation (1) canthen be written as

" " . oUn , -
a + "fZQt = ¢ (pcost+ v1&(t) +2’€2)\)qt + van(t) 8—;(%)
2 2,2y " noowy OUn ,
e (2\pcost+3r°N\)q + G(ar, @) ZAa—q(qt) 2
where
K:i, /.L:M—g, V1=M—; and yzzu—;.
wo wj wh wj

Over nite time intervals, the limiting dynamics of the state (¢ ,¢ ) ase! 0
are simply those of the unpertur bed system (i.e. ¢ = 0), but over a long time the
e ects of the perturbations can be signi ca nt. In order to understand their e ects
on longer time scdes, one shauld look for a slowly-varying quantity and exploit
the separation of scalesto nd an appropriate lower-dimensional description of the
system.

In the absence of dissipaion and random perturbations (i.e. G 0 and
u1 = 2 = 0), Eq. (1) represens a non-integrabe system due to the time-periodic
perturbations (the Mathieu term). Thusit isin general not possibleto apply stan-
dard resuts from the theory of random perturbations of Hamiltonian systems [11]
as done in Namachchivaya et al. [27], [28] and Sowers[34] However, by appropriate
scding of the nonlinear term %Lg in (1), the solution (¢", ¢') over any nite interval
converges in probability, ase ! 0, to the solution of an averaged equation which
has a conservation law. The averaged equation has certain nontrivial (yet gereric)
types of xed points. The evolution of the rstintegral (consenation law) is exam-
ined on a rescakdtime interval. The outcome will be a lower-dimensional model of
single-degee-d-freedan mechanical systemsunder dissipation and time-dependent
perturbation and a greatly-enhanced understanding of its stability and dynamics.

In Sec.2, we state the mathematical structure of the problem and intr oducethe
conceptof the martingale problem. We also apply the classicalaveraging results of
Khasminskii [18] to identify the conservation law or the rst integral. We discuss
the Hamiltonian structure of the averaged equations and derive the ewolution of
the rst integral. In Sec. 3, we recast our problem on an abstract setting which
focuses on the laws of processesin this setting, we state the basic idea of the
martingale problem and the main theorem. In Sec. 4, we provide a rigorous proof of
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the main theaem. Our main tednigue is to usethe martingale problem. In Sec.5,
we apply the main resultsto the Noisy Du ng {van der Pol{ Mathieu oscillator. We
appeal to the results of Khasminskii [20] and Namachchivaya and Sowers [29] to
complete the averaging procedure with isdated xed points. We make use of more
recent stochastic averaging results on graphs developed by Freidlin and Wertzell
[11], Freidlin and Weber [12] and Sowers and Namachchivaya [35] to complete the
problem with saddle points. Here the reduced Markov processtakesits valuesin
a graph with certain glueing conditions de ned at verticesconnecing the edgesof
the graph.

2. Statement of the Problem
Let us start by transforming (2). Using the following transformations
q = xpc09qkKt) + xoSin(kt), ¢= kKx1SiN(kt)+ Kxp COYKL),
we can write the evolution of (¢', ¢ ) in the standard form
z = ef a6+ 2f2(a 1)+ eglay £ 61, n(D) | @3)

where the vector elds are obtained by the usud transformations.
Sincewe assumethat the noiseterms £(t), n(t) represen independent Gaussian
white noise processeswe can rewrite (2 as the Ito stochastic di er ertial equaion

d2; = eb™(2; ,t)dt + 203(2; ,t)dt + eo(Z; ,t)dWy, t O
Zo=x ,
where the vectors b!, ? and the matrix o are given by

!
def fll(m’ t)

(4)

bi(x,t) =
f3(z.1)
0 =) 1
@ 1x
B+ 3 5 (o k(1)
(xt) € @ ) o A
fzz(xvt)+ % ik @—Zi(xat)o—j;k(xvt)
!
(2.) def 1 11 z2+ z1SiN2kt  x2C0S2kt)  1vp COSKE
o\xr = —
’ 2k vi(x1  x2SiN2kt 21 COS2kt) Vo Sinkt

and where x is a xed initial condition (which will remain xed throughout). In
(4), b%, b? and o are 2r-periodic in the third argument (time), and W is a R?-valued
Wiener processgiven on some probability space ( ,F ,P); asusud, welet E
denote the expectation operator with respectto P . We atta ch the superscript  to
dende that this is the original probability triple.

The eects of the dissipaion and noise can be understood via a di usiv e gen
erator and a symtol. For future reference, we de ne theseoperators.
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Denition 2.1. (Generator and Symbol) For each ¢ and ¢ in C?(R?), de ne
X 2
def 1 9%
L = _
( gO)(J),t) > ’ aI'J(m’t)axiaCL]‘

Mg, dii (z,8) €' L (pu)(a,1) o)L ¥)(x,t)  la)(L )(x,1)

X
@+ B2,
i ail'i

dp oY
= )t ) ) ’
. aij (@ )axi (71 xZ)ﬁxi (71, 72)

for all x = (21,22) 2 RZand t 0, where a;;j (z,t) €' (o(z, )07 (2,1); -

The operator h, i is known as the symtol of L . We note that if 2 C?(R) and
© 2 C?(R?), then

L( o)z t)= Lo@)(L o)z, t)+ %'( o(x))hdep, dpi (, 1) (5
forall z2 R>andt 0. Ito's rule tells us that for any f 2 C?(R?),
z t
F(Z)= flx)+e NG N2, s)ds
z t
+e? (L2 s)ds+ Mt 0, (6)
0
where
z t

MTE T2 o2, s)dWe
0

for all ¢ 0; we note that M " is a martingale with quadratic variation
Z

i = tmf, dfi (2, s)ds
0

forall ¢t O.

It isimportant to realize that there are seeral scaksin (4). The 2r-periodicity
of the coe cients appearson time intervals of order 1. The drift term »? and the
di usio n cause uctua tions of order ¢ and 2, whereas the drift term b' causes
uctua tions of order . Our interest here is when the periodic uctua tions of the
coe cien ts in a sensecancelout the uctuations due to b, leaving us with uctu-
ations of order 2. Hence, in this paper, we outline a uni ed framework to study
nonlinear systemswith both periodic and stochagic perturbations. First, let us
make same de nitio ns

Denition 2.2. (Time-Averaging Operator) Fix ¢ 2 C* (R> R) which is 2r-
periodic in its last argument. De ne My 2 C* (R?) by

2
M) E 5 et

for all = 2 R2.
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We shall enforce
Assumption 2.3. (Averaged Integral of Motion) We suppose that there is an
H 2 C* (R?) such that
r H(z) = (Mb')(x)
for all = (z1,22) 2 R?, where

Ol (1, 22)
r H(xl,xz) d:d @ ,

for all (x1,x2) 2 R2.

Our goalis to study the behavior of Z* under this assumption. Using Ito's rule,

we see that
Zt Zt

H(2))= H(z )+ e (r HbW) 2., s)ds+ e L H(Z:,s)ds
0 0
Z t
+e  (r Ho)(2,,s)dWs.
0
Thus H(Z") is slowly-varying. To seeits uctua tions, we needto look at a time
scak of order 1/. Namely, consider next the stochastic di er ertial equaion
dz; = bN(Z, ,t/e)dt + eb?(Z, ,t/e)dt + pEU(Zt",t/E)dVVt , t 0,
Zo= 1z .

(7)

then the law of f Z;; ¢t  0g is the same as the law of fZ,_.; ¢t  0g. We also see

from (6) that
Z t Z t

H(z))= H(z )+ (r Hb*)(Z,,s/e)ds+ e L H(Z., s/e)ds
0 0

Zt
+ Pz (r H,0)(Z,,5/e)dWs. (8)
0

It turns out that under Assumption 2.3, the behavior of Z" is trivial on time scales
of order 1 (equivalertly, 2" is not interesing on time scaks of order 1/¢). To see
this, let zbethe ow gereratedbyr H;i.e.

z(x)=r H(z(x),

t2 R, z2R? (9)
2(z) = .

Then we have

Theorem 2.4. (Khasminskii [18]) Assumethat H and b! are bounded with bounded
rst and second derivatives Forany 7 > 0,fZ,; 0 ¢t Tgconvergesin prokability
tofz(z ); 0 t Tg;i.e. foranyd >0,

lim P sup kZ, z(z)k & =0.
"o 0ot T
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Furthermore, if we dene ¢ € (2  z(x ))/p efort Oande >0, then the law
of ¢" convergerce in law to a Gaussian Markov process ¢° satisfying
d¢? = Dr H(z(z )Pdt + o(z(x ))dWr,
§=0,
wher ¢ is a2 2 matri x suchthat

(o(x)o (2))j = (Mai;)(z)

(10)

for all x 2 R2.

The proof is given in Appendix A.

Thus, to seethe uctua tions of H, we needto look at an evenlongertime scale.
Guided by Theaem 2.4, we write that Z,  z(x )+ P 2¢?. We then expect Z; to
noticeably deviate from z(z ) only on time scakswhich are of order at least ¢ 1.
Thus, we make another (na l) rescding. Consider the SDE

dZ, gbl(Zt,t/ez)dt+ V2 (Z, ,t)e2)dt + o(Z; ,t/e?)dWy, t O

Zy= 1z .

(11)

Then the law of fZ,; ¢t  0Og is the same as the law of f Z_.; ¢t  0g (which is in

turn the same as the law of f 2,_.,; t  0g). We now have that
1 z t z t
H(Z)= H(@ )+ = (1 Hb)(Z,s/e%)ds+ (L H)(Zs,s/e")ds
0 0

Zt
+ (r Ho)(Z,,s/e?)dWs, t O.
0

Roughly, our goalisto study (11) and show that as e tendsto zero, the dynamics of
H(Z") tendsto alower-dimensional Markov processand to identify the generator of
the limiting law. Our aim is to do this via the martingale problem T he underpinning
of our resut is the separation of time scales so that the state variables of fast time
scalescan be averaged while the equations of the slow variables are xed. Again,
we seethat there are thr ee time scales. The periodic uctua tions of the coe cien ts
occur over time scalesof order 2. Thedrift dueto b isof order 1/« (thusits eects
can be seenon time scaksof order ¢). The drift and di usio n coecien tsof Z" are
of order 1. Not surprisingly, we will needto perform two averaging steps, one to
averageout the periodic behavior of the coe cients, and one to averageout the
e ect of b. Since (9) represens an integrable Hamilt onian system, the nature of
its dynamics e ects the dynamics of the nal reducedstochastic model.
A typical form of H(z), introducedin Eq. (9), is

H@)= Jt Nad G0 wad+ Hol), (12)

where Hy(x) is the contribution from the nonlinear potential Uy; an example
of which is given in (31) for the noisy Dung {van der Pol oscillator. There are
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a number of interesting and interrelated eects at play in our problem. The rst
e ect is possiblebifurcation in (9) as the unfolding parameters A and ;. are varied.
For the problem under consideration, if A < pu then the Hamilto nian H is fairly
simple with a single isdlated elliptic critical point (H is shgped samething like a
paraboloid), and the reducedprocessis simply a Markov processon a line: a classi-
cal result (K hasminskii [20]). For A > u, the Hamilto nian H has multiple critical
points and the reducedstate spaceis a graph (which encodesthe Morsedata of H).
The verticesof this graph represem the homoclinic or heteroclinic orbits of (9). At
the vertices, glueing conditions needto be addedin order to completely specify the
reduced model; the analysis at the vertices(i.e. the critical points of H) is some-
what subtle. Making use of the martingale formulation, Freidlin and Wentzell [11],
Freidlin and Weber [12], and Sowers and Namachchivaya [35] identied some of
the issuesrelating to boundary-layer behavior close to the homoclinic orbits of (9).
Similar rigorousresults at €ellipt ic are given by Namadchivaya and Sowers [29].

It is important to redize that there are three time-scdesinvolved in (11). The
reduction to a graph-valued processwill only be possibleif each of thesetime scales
is fully exploited while averaging. T he random motions of (11) consist of very fast
oscillations (with period 2) in the quantities that contain time explicitly , fast ro-
tations (with period ¢) along the unperturbed trajectories Z* of the system, and
slow motion acrossthesetrajectories. The random motion acrossthe unperturbed
trajectoriesis approximated by a Markov processobtained by averaging with re-
spect to both the fast oscillations and the invariant measure concertrated on the
closed trajectories of (9). Thus in this paper, we shdl consider in detail the dy-
namics of (11) away from any xed points of (9), and appeal to the resuts of
Namachchivaya and Sowers [29] and Sowers and Namachchivaya [35] to complete
the analysis relating to boundary-layer behavior close to the elliptic and saddle
points of H, respectively.

3. Problem Formulation and the Main Result

It shauld, of course, be apparent by now that we are interested only in laws of
various processesand isstes of corvergerce of such laws. The martingale problem
provides an idea formulation for such investigations (see[7], [36]). Altho ugh our
initia | problem does not demand recaurseto the full martingale problem, we will
later in Sec.5 consider some genefalizations which do (viz. in those problems the
limiting processwill not be represertable by an SDE). For purposesof comparison,
we have written the proof of Theaem 2.4 in Appendix A in a more standard way.

3.1. Marti ngale problem

We will consider a (stopped) Markov processon R?. For each ¢ 2 C?(R?), the
gererator for the Markov process(11) on R? is given by

(L ")z, 1) = %(blﬂ o)z, 1) + (L o)(z,1). (13)
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Let us begin by extracting the laws of various processesjn particular, we will
X a common (canonical) event space and consider the laws of the Z"'s on this

space.Dene the event space def C([0,1 ); R?). De ne the coordinate functions
Xi(w) ¥ wt)forallt Oandalw?2 . Foreacht 0, dene F; % of Xs: 0
s tg and de ne a sigma-algebraon by F def « oFt. For each ¢ > O, let

P"2 P (C([0,1 );R?) bethe law of f Z;; t Og; i.e.

P(A)EPfz 249, A2B(C(0,1);R?).
Note that we have made no assumptions on the structure of H at in nit y, nor do
we want to. Fix H > H and de ne

SEf,2R2: H < H(z) < H g.

Let ebethe rst time that X leavesS; i.e.

e® infft 0; X, 625g.
We now convert (a slight generalization of) (6) to our setting. Let f 2 C?(R?> R)

be 2r-periodic in its last argument. Then
z the

de

. 0
ME" € f(Xinert) /

0 %(XUau)

200 N0 (L H(Kuu/) du

is a martingale with respect to the Itr ation fF¢; ¢ 0Og under the probability
measure P* with quadratic variation
Z t
hvat iy = hf dfi (X, u/e?)du
0

foral t 0;ie E'[M jFs]= ME foral 0 s ¢t Moreexacty, if0 r <
2 <m s<tandfey;;j=1,2...,ng Cp(R?), then

Zt"e af

E f(Xirne, 1" € f(Xsne,s™ € du
she Uu

(XU ’ U)

#
1 Y
+ g(bl,r N(X,u) (L )Xy, u/e?)gdu ¢ (Xr;) =0.  (14)
i=1
The secord form (14) %the martingale property simply relies upon the fact that
functions of the form j”:l ¢j (X;) generate F 's. The value of the martingale

problemisthat, under certain natur al assumptions, it allows usto uniquely identify
P.

Remark 3.1. It is very important to redize that (14) is the starting point for the
rest of our analysis. We will never again needto refer to the original probability
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spacewith measure,P or to the stochastic di er ential equaion (11) for Z". Rather,
we will only need(14); this is a re ection of claim of the martingale problem that
(14) completely characterizesP".

Since our goal is to show that the law of H(Z") converges to an identi a ble
limit, let us also convert this to our canonical setting. We note that H(S) = 1|,
where

| CH H).

Dene v; &' H(Xire) forallt 0. SinceY; takes values in I, let us make another

canonical setup. De ne the event space Y et C([0,1 );1). De ne the coordinate
functions X7 (w) def w(t) forallt Oandal w2 VY. Forecht 0 dene

W

FYE 5fX%;0 s tgand dene asigmaalgebraon Y by FY € 7 FY.
We then de ne
PY(A) ¥ Pty 2 Ag, A2B(C(0,1);1)).
Our goalisto verify the existence and identify the limit
P £ lim PYY
"1 0 ’

this limit being in the Prohorov topology on P (C([0,1 ); 1)) (the space of proba-
bility measureson C([0,1 ); 1), equipped with its natural Borel sigma algebra).

In line with other results on averaging (see Namachchivaya and Sowers [29] and
Sowers [34]), we should set up some notation. Although thisis a minor detour, we
think that it is usefulto usethis opportunity to show that the \ general” structure
of averaging can be usedhere. Of coursethe topology which | inherits from R is the
same as the topology induced by the map = 7! H(x) from Sto | . We dso note that
| canbewrittenasl =fH g[ | [ fH g; of coursel is a one-dimensiomal open
C!' manifold. We also have that | is a strati ed space if we enforce the ordering
fHg | andfH g |.Theconnection of strati ed spacesto averaging seemso
be a general one, and emphasizesthe behavior of the limiting processat boundaries.
Finally, we note that of course | is Polish (by using the standard metric inherited

from R).
Let us next de ne an averaging operator. For any ¢ 2 B(S), wedene Ay 2
B(l') by R
p(y)kr H(y)kgsH *(dy)
(Ag)(H(x)) & YR e
yar ) KT H(y)kez H 1(dy)
1 L1
CTwE) . PO
for all 2 S, where H ! is one-dimensinal Hausdar measureand T : 1! R. is
de ned by
Z
T (H(z) € infft >0: z(z) = 2g= ke H(y)k;iH Ydy).  (15)

y2H (x)
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Of courseA: C(S)! (). The limiting behavior of Y under P’ (or alter nately the
dynamics of the coordinate processunder PY) will reect both the time-averaging

operator M of De nitio n 2.2 and A. To start to specify this generator, r st de ne

z

K(x,t) & t(r H, 0%, s)ds (16)
0

for all z 2 R? and ¢t > 0. We note the easiy-seenand important fact that K is
2r-periodic in its last argument (time) since

M(r H,bY)= (r H,r H) 0. (17)

Next, de ne the drift and di usio n coecien ts
b(h) E(AML H (1 K))(h),

(18)
o2(h) €' (A (MhLH, dHi))(R)

for all h 21 . We then de ne the secord-order operator L on C?(l ) by

def 1

(L f)h) = éoz(h)f(h)+ b(h) F£h)
for all h 21 . Let us start to write down things for our main result.

Denition 3.2. (Limiting Domain and Generator) De ne
DYE r2c0)\ c2(): dlm (L () =0and lim (L f(A)=0 .(19)

For f 2 DY, we de ne
def

(LYA)h) = (L f)(h)
forall h21 ,andwedene L Yfat H and H by continuity, the de nitio n of DY
allowing us to do so.

Our main theorem s thus

Theorem 3.3. The P*Y'stend to the unique sdution PY of the martingale problem
with gererator L ¥ with domain DY and with initial condition 6y (x ). This means
the following. Firstly that PYf X3 = H(x )g = 1. Secondly, that if we x f 2 DY,
0 rm<ra <m s<tandfe';j=1,2...ng C(I),then
" 7. N 4
B (X)) f(XD) i (LY A)(XYdu ¢(XY) =0. (20)
i=1

The proof of this result will be given in the next section.

Remark 3.4. We have incorporated into the de nit ion of DY the fact that the
processX” is killed upon hitting either H or H .
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4. Proof of the Main Theorem

We will prove Theaem 3.3 in three steps. First, we will asset that the P"Y's are
tight; by Prohorov's theorem, there must thus be at leastone cluster point in the
weak topology of probability measures on C([0,1 ); 1) (the proof of tightnesswill
be defered until the end of the section since it usessome other results which we
will develop). Then we prove that any such cluster point of the P"Y's satis es the
martingale problem with domain and gererator satisfying (20). This will take some
work, as shown in Sec.4.2. Finally, we will show in Sec.4.3 that there is only one
probability measure on ( Y, F ¥) which satis es (20), thus nishing the proof of the
main theorem.

4.1. Tightness
Logically, the r st step is to show that same cluster points of the PY's exist; this
follows from tightnessof the P"Y's (by Prohorov's theorem).

Proposition 4.1. (Tig htnegs) For each é >0and T > 0O,

3

im, o sup P sup  jH(Xs) H(Xy)] 6. =0.
0<" <1 _30 s<t The 3
is 1

IW ©

Thus, the P%Y's are tight in the Prohorov topology on P (C([0,1 ); 1)).

The proof will be deferred until the end of the section.

4.2. The Marti ngale problem

We now know that the P -laws of fY;; ¢ Og are tight. Next we needto show that
any limit point satis es (20), and the following result doesthis.

Proposition 4.2. Let PY 2 P (C([0,1 ); 1)) bea cluster paint of the P%Y's. Let EY
be the associated expectation operator. Then (20) holds in other words, any cluster
point of the P*Y's satis es the martingale problem associated with L V.

Here we will gather together the ideas leading to this result. Our starting point
is clearly De nitio n 3.2, so we should try to connect elemeris of DY badk to elemerts
of C?(R?). Fix an f 2 DY. We would like to use (14) with the test function f H
and dewvelop various limit theorens to prove (20). Note the following:

Lemma 4.3. If f2 DY, then f2 C?(1).

The proof is given in Appendix B. Unfortunately, the limit theorems we will
dewvelop require a bit more smoothnessthan is available (viz. we will need bounds
on the rst ve derivatives of f). Thus we needto approximate f. The following
result will do this. Let us x a smoothing exponert v suc that

1/<1'
5
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Then we have

Lemma 4.4. Thereis a sequence (f ; ¢ > 0) of elemerts of C#(R) such that

Iim"! Okf" fkc(| ) = O
lim-, kL yf L f"kC(I) =0.
lim sup., 055 kf kc5(| )y < 1.

The proof of this result is in Appendix B.
Applying the generator to f° H, we now de ne

En® (LG )= LG B+ £HEEL B

+ % I (H(x)NH, dHi (z,t) (21)

forall z2 R?andt¢ O.
Our main calculation is

Proposition 4.5. We havethat
z the
lim € FL'(Xu,u/e)  (LY(Ya)gdu =0.
: 0

The proof of this result will be given at the end of this section. We then have

Proof of Proposition 4.2. Fix rj's, s, t and ¢;'s and f asin Theorem 3.3. Then
) ) ) VA the 'L #
E f(HXe) [ (H(Xsne) L' (Xu,u/e?)du ¢ (Xyy) =0.

she j=1

(22)

It is easyto seethat lim-, okf" H f Hke(y = 0.Bythisand by Proposition 4.5,
we have that (20) thus holds. For any closedset not containing H(x ), we have that
PfX32 Fg lim+ oPfH(Xo) 2 Fg= 0, soindeed Pf X§ = H(x )g=1. O

Let us decommseL" into two parts;
L' (z,t) = Ly(z,t) + Ly(x,1),

where
Lo t) € EH@NL H)w,0)+ 31 (H@)H, dHi (1),

" def 1
Ly(x,t) = gf—(H(:c))(bl,r H)(z,1)
for all + > 0 and =z 2 R2. We should be able to implement standard averaging
techniques on L;. First, we would like to average out the fastest variation; the
oscillation of coe cien ts (which has period £2), and then we would like to average
over the orbits of z (these oscillations have period ). Speci cally, we should have
An Z An A
t t t

Li(Xy,u/e?)du (MLy)(Xy)du (AML)(H(Xy))du. (23)
0 0
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We note that
(AML;)(h) = %oz(h)f"(h)+ (b(h) + (AM(b, 1 K))(R)) £~(h)

for all » 2 1 . We will make all of this precise;the r st approximation will be
analyzed in Lemma 4.6 and the secand one will be studied in Lemma 4.8. The
analysis of L, is slightly more delicate since it containslarge uctuations (which we
will show are on averageof order 1 (by using (17); thiswill be donein Lemma 4.10.
This is the origin of the A(M(b%,r K)) term in the drift coe cient b.

Let us rst of all averagethe quickly-varying periodic coe ciernts.

Lemma 4.6. Thereis a constant C' > 0 such that for any ¢ 2 C?(R? R) which
is 1-periodic in the last argument,
., z the
E (X, u/e®)  (Me)(Xu)du Ce(1+ t)kpkez(s gy -
0

Pro of. De ne

z

t
() & telans) (M) (@)gdu (24)

forall z2 RZandt 0. Then . isa boundedeemert of C2(R> R) which is
2r-periodic in its last argument. In fact, we note that thereis a constant C' > 0
such that

k 'kCZ(S R) Ck@kcz(s R)

for all . We dso note that

Do) = o) (M) (29)

for all t > 0 and = 2 R2. Applying the martingale problemto (z,t) 7! €2  (x,t/?),
and making use of the gererator (13), we have that

e2f . (Xine, (t™ ©/€2) - (Xo,0)g

z the
O (Xu )+ <Nt (K u/e?)

+e2(L ) (Xu,u/ed) du+ Ming,

where M" is a P'-martingale with quadratic variation
z t

hW'iv= o d (X, u/e?)du,
0
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for all ¢ 0. Substituting (25, and rearrangingthe termsyields
z the
fo(Xu,u/e?)  (M@)(Xu)gdu = *f  (Xine, (12 €)/?) - (Xo,0)g

Z t/\e Z tl\e .
€ @ r ) (Xu,w)du €2 (L - )(Xu,u/az)du EZMtAe
0 0
for al ¢ 0. Standard bounds, such as the Burkholder-Davis-Gundy inequaity
(see[17]) give us the desired result. O

We next de ne a function similar to that of (24) which will be usedin the proof
of the averaging result for the orbits of z It isclear that T is bounded from below
away from zero on | since S doesnot contain any xed points of r H. Secandly,
T 2 C?(1) since S is compact and all the quantities in (15) are in nitely smooth
on appropriate compact sets.

Lemma 4.7. For 1 2 C?(S), dene

w 1 LT
() = TG o sY(zs(z)) ds (26)
for all z2 S. Then . 2 C?%(S) and
(r Hir )(z) = ¥(z) (A¢)(H(z)) (27)

for all x 2 S. Finally , there is a constant C' which does not degend on ¢ such that

Kk kexs) Ckikezs) -

Pro of. Let usched (27). Fix x 2 S and ¢ 2 R, we can write

d Z
dt

()= (r Hr ) z(2) .

On the other hand, we can replace x by z(x) in (26) to get that

1 Lo

D= ey

fs tg(zs(x))ds;

di erertiation with respect to ¢ yields

d Z
dt

(2) = ¥(z(x)) (Ay)(z(z) .

It is fairly clear that 2 C?(S) and that it has the stated bound. O
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Let us use this to averageover the orbits of z The proof is similar to that of
Lemma 4.6. We needto be slightly careful, however, sincethe fast motion (of (9))
is not exactly r H, but rather b'.

Lemma 4.8. Thereis a constant C' > 0 such that for any 1) 2 C3(R?),
Z the
E . P(Xu)  (AY)(H(Xy))du Cekikez sy -

Pro of. Let us consider the function  (x) from Lemma 4.7. We now apply the
martingale problem to the function = 7! ¢ (x). We get that
Z the
ef  (Xve)  (Xog= ("1 ) Xu,u/e?)du
0

Zing )
+ e (L WXy, u/e?)du+ eMin,
0

for all ¢t 0, where M is a martingale with quadratic variation
t

" iv= o d i(Xy,u/ed)du.
0
We thus get that there is a constant C > 0 such that
z the
E' bhr o )Xy, u/e?)du C(L+ t)ekikee(s) - (28)

0
We now use Assunption 2.3 and Lemma 4.7 (making use of (27)) to seethat

M@t )2)=(r Hr o )(2)= ¢(z)  (AY)(H(2)

for all 2 S. Thusby Lemma 4.6, we have that thereisa constant C' > 0 such that
Z the

E . fohr ) Xuu/e?) fo(Xy)  (AY)(H(Xu))ggdu

C(1+ t)Ek(b]"r )kCZ(S)
for all € > 0. We also note that thereis a constant C' > 0 such that
k(b1 kczs ry  Ckibkess)
SO putting ewverything together, we get the stated result. O

We can now prove

Lemma 4.9. Thereis a constant C' > 0 such that for any ¢ 2 C3(R? R) which
is 2m-periodic in its last argument
the

E e(Xu,u/e?)  (AM)(H(Xy)) du  Cekpkeas) -
0

Pro of. Combine Lemmas 4.6 and 4.8. O
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This will allow us to honestly carry out the approximations of (23).

Let us now get back to Proposition 4.5 and consider the averageof L,. The key
obsewation is that (17) implies that the ¢ ! term is something of a ghost, whose
real e ectis of order 1.

Lemma 4.10. There is a constant C' > 0 such that for any ¢ 2 C3(R),
V4 the
1

E (b1 H)(Xo,u/e?) + (0,1 K)(Xu,u/e?) p(H(Xy))du
0

CEkgOkca‘U ) .

Pro of. Weapply the martingaleproblemto (z,t) 7! eK(x,t/e?)p(H(x)). We have
that

ef K(Xuve, (17 8)/e%)p(H(Xtre))  K(Xo,0)p(H(Xo))g

Z e 10K

0 e Ou
Zt"e

+ K(Xy,u/e)f (b',r H)(Xu)e(H(Xu))+e(L (¢ H))(Xy,u/e?)gdu
0
Z the

+2¢ MK, d(p H)i(Xy,u/e?)du+ eMa
0

(Xu,u/e?)+ (01,1 K)(Xu,u/e?)+ (L K)(Xu,u/e?) o(H(Xu))du

for all t 0, where M~ is a martingale with quadratic variation
t
hie = hi(K ), d(K)i(Xy,u/e?)du.
0

We now note that
K
0= (b ), )
for all t > 0 and = 2 R?. Using this and the standard techniquesto bound all the
terms of order ¢ or smaller, we get that there isa C' > 0 such that
the

E E(bl,r H)(Xy,u/e?)+ (0,1 K)( Xy, u/e?) o(H(Xy))du
0

Z ~e
CE t K(Xy,u/e?)(b',r H)(Xu,u/e?)o(H(Xu))du
0

+ C(l + t)EkgOkcz(S) .

To get the claimed resut, we will use Lemma 4.6 to averagethe rst term on the
right-hand side. We note that in view of (17)
z
1 S

M(K(b',r H)g H)(z) (o', r H)(z,r)dr (b1 H)(z,s)dso(H(z))

s=0 r=0

2
S (bt H)as)ds e(H() = 0
s=0
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for all z 2 R2. Thus, there is a constart C' > 0 such that
the
E K(Xu,u/e?)(b',r H)( Xy, u/e?)o(H(Xy))du
0
CE(l + f,)k(a HkCZ(S)

The stated result now follows. O

We can now prove Propostion 4.5.

Proof of Proposition 4.5. Let us rst useLemma 4.10to get e ectively replace
L, by samething of order 1. De ne

L' (x,6) € ShiH, dHi(e, )] (H@) + 1L H)(@0) N K)(z,00£ (H(x))
forall z2 R2andt O0.From Lemma 4.10we nd that thereis a constant C >0
sud that

the

E' fL (Xu,u/e?) I'(Xy,u/e?)gdu C(1+ t)ekf Kesry -
0

From Lemma 4.4, thereisa constant C' > O such that Kf Kcs(mathc any Ce > for
all ¢ > 0; thus lim+, gekf ks )y = 0. We now use Lemma 4.9. We get that there
is a constant C' > 0 such that

the

E' fE (Xu,u/e?) (AME")(H(Xy))gdu Ce(1+ )KL Kess gy -
0

We seethat there is a constant C' > 0 such that kE'kesis gy  Ce ° , which
implies that lim-, oekI'kess gy = 0. We thus have that

the

Jim E fL(Xy,u/e?) (AME)(H(X,))gdu =0.
: 0
Now note that
(AMI)(h) = (L f)(h)
for all h 21 . We usethe secord claim of Lemma 4.4 to complete the proof. |

4.3. Uniqueness

To berigorous, we nally needto prove

Proposition 4.11. (Uniqueness)There is only one solution PY of the martingale
problem of (20).

Pro of. This is ertir ely standard. We use [7, Theaem 4.2.2]. It is clear that DY
is clearly densein C(l ). Secadly, since L ¥ is an elliptic operator and in view of
the boundary conditionsin DY at H and H , we have that L ¥ satisfy the positive
maximum principle. Finally, therangeof L ¥ X isdensein C(1) for all A > 0 due
to standard PDE calculations (see[9] and [10]). O



September 12,2001 8:34 WSPC/168-SD 00021

Noisy Nonlinear Mathieu-Type Systems 19

Finally, let us go back to the issueof tightness.

Proof of Proposition 4.1. Let us write down a formula for the incremerts of
H(Xine). We have that
Z

t
H(X) = Hz )+ AR+ ME+ 2 (1 H)(X)du
0

forall 0 t e where
z t
AYE (L H)(Xy,u/ed)du
0

and where M? is a P'-martingale with quadratic variation
Z

hliy = hH,dHi(Xy,u/e?)du
0

for all 0 < ¢ < e Applying now the martingale problem to e K (z, t/¢), we have that

1 t
e K(Xit/e%)  K(Xo,000= = (b1 H)(Xu)du+ eAf + M,
0

where
z t
A2E (L K)(Xu,u/eD)du
0

and M? is a P -martingale with quadratic variation
z t
h2iy =  NK,dKi(Xy,u/e?)du
0
for all 0 <t < e Thus
H(X:)= H(Xo)+ Al A2+ M} eM?

forall 0<t<eltis easyté) seethat for any 6°> 0 agd T > 0, we have that

3 3
lim sup P’ su jAL Ay 0
10 o< <pl 2 0<s <t<'|p ’\eJ ! s/ 2
Tt si< '

8 9

3 3

=0lim sup P su iMoo Ml &0 =0
10 g« <p1 3 O<s <t<‘P "eJ ! s 3

jt sj<
for i 2 f 1,2g. To prove the stated result, let us take 6°= /5. Then some straight-
forward calculations show that

8 9

3 3
lim sup P’ sup jAl A 4 =0.
Lo 0<" <1 2 0<s <i<T "e ,3

2'kK kg (s m< =5 jit si<
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We of coursealso have that

8 9
3 3
lim sup =3 sup jA! Alj 6 =0,
1o 0<" <1 2 0<s <t<T "e i ® 3
2kKkes m =5t si< '
sothe desired result is true. O

5. Noisy Dung —van der Pol-Mathieu Oscilla tor

Altho ugh the method developed in this paper is applicable for more general equa
tions of motion (1), we will consider in detail the prototypical example of the case
of the noisy Du n g{van der Pol{Mat hieu oscil lator; i.e. where

oUu
a_q = w2q+ aq3 and G(q) = BO 62q2

for all ¢ 2 R, where 8y and 3, are some xed parameters. T his example represens
many interesting engneering applications,

g+ w2+ cag® + (B0 Baq?)a= e(uocogut) + pi&(t))q+ epan(t).  (29)

More speci cally, when 5, =0 and pp = 0, (29) represerts a typical application in
structural medanics: the transversevibration of a uniform elastic beam subjected
to uctua ting axial end load [31].

Remark 5.1. The calculationsgivenbelow can be easily adopted to other examples
such asDun g{Rayleigh oscillator; i.e. where

o= P o ad G@= o fad
In the absenceof time-dependert perturbations (both periodic and noisy) the equa
tion reducesto the well-known Du ng {van der Pol equaion which represerts the
generic normal form of the double zero codimension two bifurcation if one allows
both w and ( to be bifurcation parameters[15], and there are many physical prob-
lems whose dynamics are described by the above equation for some parameter
values. This equation consistsof both linear and nonlinear restoring and dissipaiv e
terms which allow one to model various mecdhanical and structural dynamics prob-
lems. In this model, a sustained oscillation arisesfrom a balance between eneigy
generaion at low amplitude and energy dissipation at large amplitude. It hasbeen
showvn that medanical systems,such as aircraft at high angles of attack, exhibit
such codimension two instabilities. It has also beenshovn (Holmesand Rand [15])
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that this equdion represeits the motion of a thin panel under supersanic air ow.
This equaion also descibes the dynamics of a single-mode laser with a saturable
absorber aspointed out by Velarde and Antoranz [37]. Furthermore, Knobloch and
Proctor [21] suggest that this equaion descibes the ewvolution of the amplitudes
of the dominant velocity mode in an overstable convection when the frequency of
oscillation is smal.

Introducing the detuning parameter A and rescding time by v (asin (2)), (29)
can be written as

o + r7q = ef (ucodt) + m&() + 2 k2N g + van(t)  alg)’g

e’f (2 ucogt) + 3k N q + (¢ Ya4))a  2halg)?g,  (30)

where
_w _ Mo _ M _ M2 _a _ bo _ P
K= —, ,u'__zv Vl__2; VZ__za Ot——z, C__v - .

By making use of the following tr ansformations
q = xzpcoqkt)+ xosin(kt), q= kw1Sin(kt)+ kxo cOKt)
we write (30) in a standard form asin (3) are given by
fiz,t) = %[xz(Saxg +3ax? 8k?\)+2 pxa co{2kt t)
4pux, coqt) 4x2(ax§ 2k%)) cos(2kt) o x% +3 x%) cos(4kt)
+2 pxo CO2kt + t)  2uxg Sin(2kt t) 2uxiSin(2kt + t)
+2x1(axd  Ak?A+3axd) sin2kt) + axi( 3z3+ x2) sin(dkt)],
fr(z,t) = é[ x1(3ax§ + 30@% 8k2)\) + 2 puxy cos(2t )
+4 pcogt)xy 4x1(ax% 2k2)) cos(2kt)  axa( 3x§ + x%) cos(4kt)
+2 pxg CO 2kt + t) + 2 pap SiN(2kt ) + 2uxo SIN(2KE + t)
sz(axg 4K2\ + 30@%) sin(2kt) axz( x% + 3x%) sin(4xt)],
f2(x,t) = g[ Balrs + 12k2\2xy  ACkay + yaskay + Yok Barixy
+( 2aM\ad Byalaok + 6alriad + yadk) sin(4kt) + 4 Ay Sin(2kt + t)
+8 \uxg codt) 4Aluxcoq2xt t)+ Ahpxy Sin(2kt t)
A\pzy cog 2kt + t)+ ( 126%N%xp + 8alzd + 4(kxy  Ayarskay) COS(2kt)
+( Za/\xg + 604)@%%2 + 3'yx§/<;x1 ’yl’?li) cos(4kt)

+(126%2X\221 + 4 CRao 2'yxg/<; 12a)\x1x§ + 2'yx%x2/<; 4a/\x§) sin(2xt)],
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f3(x,t) = 8_]/;;[6an? 126°N%x1  ACkap + yrirak + 6adzias + Y3k
+( 204)@3 +6 a/\x%xz + 37m§/$x1 'yx?li) Sin(4kt) 4lux,sin(2kt + t)
B \ucoqt)ry 4dAuxypcoq2kt t) dAuxaSin(2kt t)
A\pry O 2kt + t) + ( 8alas + 4vyadaar ACkwy 12x%2M\%x1) cOS(2kt)
+(3yziaak +2alad Badrixs ya3k) cos(4kt)
+( 292k + 12022z 1262\2xp + dadad + 2yadka

+4(kx1) SIN(2kL)],
g1(z,t, &(8), n(t)) = i[(xz cog2kt) a2 x1SIN2kKL) 1€ 28n(kt)ven],

g2(x,t,£(t),n(t)) = i[(ﬂ?l COY2kt) + 1 + w2 SiN(2kt)) 11§ + 2 Ok t)v2m] .

5.1. Fixed points, stability, and phase portr aits of
the averaged system

It is clear that the averagedsystem is integrable and for most initial conditions
the solutio ns will be periodic, lling out the whole phase space. First, we identify
the consenation law or the rst integral corresponding to (3). The explicit form of
the Hamilto nian, associated with the ow (9), is

1 1 3«
Hz)= 0+ Ned 200 wad+ TGk + ad)?. (31)

Next, the averaged equations, corresponding to the the Hamilt onian (31), have
certain nontrivial (yet generic) types of xed points. The equilibrium or xed points
of the system can be determined from

1 3«
E(M A)+ Z(x% +a3) =0,
(32)

1 3a
5(/“‘ A) 7(37%*' a3) 1=0.

First, note that the origin, (0,0), denoted by Ey, isa xed point for all parameter
values. The system also has two pairs of xed points which exist only for certain
parameter ranges.One pair of xed points, denoted by £ , is given by

r !
200+ 1)

E . r1 = 3

J)zzo

This xed point only exists when the sign of the quantity under the radical
is positive, i.e. (u+ A)/a 0. The other pair of xed points, denaed by E. ,
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is given by
|

r
2\ p)

E: a:1:0, T2 = 30

Similarly, this pair of xed points only existsfor (A u)/a 0. It isworth pointing
out that £ denote the nontrivial xed points branching at the corresponding
bifurcating points A = u. The value of the Hamilto nian at the xed points Ep
and £ , arerespectively

(n N)?

12
The linear stability of each of these xed points is determined by the eigenvalues
of the Jacobian of (32) evaluated at that xed point. First, consider Ey, the xed
point at the origin, sincethe trace is zero for Hamilto nian systemsand the stabilit y
condition is given by the determinant of the Jacobian, i.e. jAj > . Comparing this
with the existence criteria for the other two xed points £ and E. , the xed
point at the origin is stable (eigenvalues on the imaginary axis) if either both E
and E, exist, or neither £ nor E, exist. If only oneof £ and E. exists,
then Ej is unstable (at least one eigervalue on the right half-plane). Next, consider
the xedpoint £ , at which the systemJacobian has the determinant

Det(A)je =y A).

Thus, the xed point £ isstableif « > 0 and FE; is stable if « < 0. Note that
if both £ and E; exist, then exactly one of them must be stable and the other
unstable. Consider the phaseportrait for a xed value of \.

H(Fo)=0 and H(E )=

Assumption 5.2. (Positiv e Cubic Sti ness) Since « represents the nonlinear sti -
ness,in the subsguent sections we assumethat « > 0, which is of interest in most
applications. Then the value of the Hamiltonian at the xed points Ep and £ can
be ordered

H(E ) H(E: ) H(Ey)=0
with the elliptic xed points £ having the leagt energy.

Hencefor « = 1, a complete phase portrait can be drawn for the system. Con-
sider the casewhere x> 0. Then £ doesnot branch out from Ep for any value
while A < . The xed point Ej is a stable certer, and is surrounded by a family
of periodic orbits. A represerative phaseportrait, for a xed value of p, is shown
in Fig. 3.

Now, allow the parameter A to vary but keepa = 1. If pu > A > pu, then
E  appears and the xed point Ey has becane an unstable saddle, with a pair
of homoclinic orbits. Meanwhile xed points £  are stable centers, surrounded
by families of periodic orbits. There are three xed points: a saddle at the origin,
and two centers along the z-axis. A pair of homoclinic orbits, symmetric about the
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x-axis, connects the saddle at the origin to itself. There are continuous families
of periodic orbits both inside and outside the homoclinic orbits. A represertative
phaseportrait, for a given value of p, is givenin Fig. 4.

Finally, if A > u, then both £ and E. appear. The xed point Ey has
once again becone a stable certer. Fixed points £, are unstable saddles, with
four heteroclinic orbits connecting them to each other. Fixed points £  remain
as stable centers, within two of the heteroclinic orbits. This caseis shown in Fig. 5
wherethereare ve xedpoints:acerter at theorigin, two certers along the z;-axis,
and two saddles along the z,-axis. In this case,there are two pairs of heteroclinic
orbits (four overall) connecting the saddle points to each other. One pair of orbits
surrounds just the certer at the origin. The origin also has a continuous family
of periodic orbits bounded by this pair of heteroclinic orbits. The other pair of
heteroclinic orbits surrounds the certers on the z-axis. Thereis also a continuous
family of periodic orbits surrounding these centers, bounded by the heteroclinic
orbits. Finally, there is a continuous family of periodic orbits outside of all of the
heteroclinic orbits. A represertative phaseportrait, for a given value of p, is given

in Fig. 5.
Let us de ne the points where the level sets intersect the x;-axis in the r st
quadrant as
r_( ] ) 1=2
def 4 1 1 3«
= — —(\+ Z(\+ 24 =
z1 (A, ps h) 3 Z(A 1) 4(A ) 7 (33)

and the point where the level setshave vertical tangency; i.e. dz1/dx, =0, as
r S

dgef 1 4 2

1 3a
— = = 2 I ah .
TR A z

The energy levels corresponding to the nontrivial xed points £ (stable certers)
and E. (unstable saddles) respectively are given by

e A+ p)? w (A p)?
12 12
In additio n, the minimum enemy level h, for the vertical tangencyis given by

ha(A) and hs()\)

2
ha(N) B hy (V) + £
3a

Then, we parametrize the level sets by the variable x; using

r—(
def 4 1 3«
Ty ((L’l,)\,,qu}L) :e @ E()‘ /j‘) I (I,'%
S 1 3 ) 1=2
2O W2+ = (2uat+4n) (34)

as follows.
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1.If A i, then for b O thelevel setsin the rst quadrant are given by
X2 = (E; (xlaAvﬂa h)v 0 1 (I,'I (>‘7/1'7h) .

When h = 0, thelevel set in the plane consists of the equilibrium point at origin,
and the level sets for h > 0 are closedorbits around the origin (Fig. 3).
2.1f 1<Xx 1and

(@) if ha(\) h <0, thelevel setsin the rst quadrant are given by
x2 = x5 (21, A\, 11, h) g (A, h) w1 x] (A, h);
(b) if h 0O, thelevel setsin the rst quadrant are given by
x2 = xy (21, \, 1, ) 0 21 a7\ h).

When h = hi(), the level set in the plane consists of two nonzero equilibrium
points on the x;-axis. Level setsfor h1()\) < h < 0 are pairs of closedorbits, the
level set for h = Ois a gure-8 double homoclinic loop, and level setsfor h > 0
are large closedorbit s around all three equilibrium points (Fig. 4).

3. IfA>1and

(@) if ha(A) h  ha2(N), thelevel setsin the rst quadrant are given by
w2 = ay (v, N h) s xp(Aph) @ a (A h);
(b) if ho(N\) < h < hz(A), the level setsin the rst quadrant are given by
x2 = x5 (21, N\, 11, h) x?()\,u, R) x1 oz (A, h)
and
w2 = @y (w1, A h), 2N k) m w (Aph);
(c) if h3(A) h 0, thelewel setsin the rst quadrant are given by
x2 = x5 (21, N\, 11, h) 0 =1 7 (\uh)
and
T2 = Ty (1, A, 1, B) 0 =1 zy(\ph);
(d) if h > 0, thelewel setsin the rst quadrant are given by
w2 = x5 (21, A\, 11, h) 0 z1 z;(\mh).

When h = hy()), the level setin the plane consists of two nonzero equilibrium
points on the x;-axis, level sets for hi(A\) < h < hsz(\) are pairs of closed
orbits, the level set for h = hg()) is a double heteroclinic cycle, level sets for
h3(A) < h < 0 are the unions of a small closedorbit around the origin and a
large closedorbit around all ve equilibrium points, the level set for h =0 isthe
union of the origin and a large closedorbit, and level sets for h > 0 are large
closedorbits. The level setsfor this case(A > p) for the values A = 24§, u = 2,
a =4 /3, are shown in Fig. 2.
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<

Fig. 2. The level sets for > 1.

) b,

=
N

by

Fig. 3. Phase portrait and reduced space M for

In Secs5.3.3and 5.3.2, we shall usethesefacts in the evaluations of the drift and
di usion coe cients of the graph valued Markov process.T he basic idea isthat for
smadl pertur bations of a Hamilto nian system, we can determine the reducedMarkov
process,which takesits values on a graph, basedon solutio ns of the unpertur bed
Hamilto nian system, which in many situations can be explicitly determined.
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Xo bs
\_ N/ §
by

PN

Fig. 4. Phase portrait and reduced space M for <

) by
bs
X o
by b,

Fig. 5. Phase portrait and reduced space M for <

5.2. Ti me-aver aging

We have pointed out that there are three time-scdesinvolved in such problems
(11). Thereduction to a graph valued processwill only be possibleif ead of these
time scalesis fully exploited while averaging. T he random motions (11) consist of
very fast oscillations (1/£?) in the quantities that contain time explicitly , fast rota-
tions (1/¢) along the unperturbed trajectories Z, of the system, and slow motion
acrossthesetrajectories.The random motion acrossthe unperturbedtrajectoriesis
approximated by a Markov processobtained by averaging with respect to both the
Lebesgie measure of the fast oscillations and invariant measure concertr ated on the
closedtrajectoriesof H(x). Henceour r st task accarding to the theay presened
in the previous section, isto averagethe periodic uctuations of the coe cientsand
obtain the expressonsfor M(L (H) (b, r K))(z) and M(hH, dHi)(z). Standard
but tedious calculations yield

R AN R (D A

M(L (H) (' r K)(z)= XS + 6

v Zah+ 5 25)+3a5 (i + o)

1 Ko
1—6’Y>\ @(C 35) (af + 25)°

} 2 § 2 2
+ 8,u(u +28ah)riao + 4/\aux1x2(a:2 + x1)

1
Zaulexg(xg x%) , (35)
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MhlH, dHi)(z) = g—Z(mm(u N3)S %uz(xf x3)28
+ g(12hat(p NS + S (af o)
+ i(thm(u N32)S + 6ha+ }u2+ v s (22 + 23)
6o 2 2

1 1
+ S @+ af) @l aB)+ Julut NS (@i a3)?, (36)

where, we have made useof the expressim for the Hamilto nian (31). We shall make
use of (35) and (36) appropriately in evaluating the drift and di usion coe cients
of the graph valued process.

5.3. Graph valued process

In this section we extend the results of Thearem 3.3 to allow for Hamilto nians H
having critical points. If H only has an dliptic critical point, this involvessame of
the calculations of Namachchivaya and Sowers[29] while if H has saddle points, this
involvesthe calculations of Freidlin and Weber [12], and Savers and Namachchivaya
[35] The averagedsystem will in gereral take values in a strati e d space.

5.3.1. Strati ed space

The strati ed space is exactly the chain components of the chain recurent set of
(9). We will follow [33] in our notation. We say that there is a §-chain of length
T > 0from z 2 R? to y 2 R? if there is a sequence(z; j = 1,2,...,n) of points
and a sequenceof times 0 = ¢y < #1 < <th=Tsuhthat zo=zand z, = y
and such that kz, ¢ ,(z; 1) zk<dforall 5 n. Wenotethat for eath
point = 2 R? and each T' > 0, there is a J-chain of length 7° > T from itself to
itself for each 6 > 0| the chain recurent set of (9) is all of R? (this is clearly
true if x is on a periodic orbit of (9); it is alsofairly easy to seeit for certers and
saddles). We then de ne an equivalencerelation  (chain equivalence)on R? by
saying that «  y if for each T" > 0 and each § > O there is a J-chain of length
T°> T from z to y and a §-chain of length 7° > T from y to z. This is the \ correct"
general equivalencerelation in that two points are equivalent if a combination of
a small di usiv e perturbation and the fast drift takes one point to the other and
back again. De ne

Q.

M &/
and endow M with the quotient topologyde ned by .If 22 S, we let [x] def fy2

S:y g bethe equivalenceclassof x (the chain componerts of R?) and we de ne
m(z) €'[2]. Note that

[N P‘c b
M = il [&ll ®i ,
1

i=1 i= i=1
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where g arethe xed points, the ®;'s are closed orbits whoseunion is 9S, and each
i is the m-image of a maximal open subset of R? which does not intersect any of
the [G]'s or ®;'s. We can tread M asa strati ed space [14] and in fact M is Polish
[34]. The signi cance of the stratied spacein the context of averagingis that it
decanposesthe state space into a collection of open manifolds (the ;'s), on which
we can de ne diusiv e genertors, and edges or points where we needto specify
boundary conditions | at the [G]'s we needto specify glueing conditio ns and at
the ®;'s we needto kill the process.
To make our analysis dlightly easier, let us take advantage of the fact that M
looks like a bunch of intersectinglines. Let us map each ; into aninterval I ;. For

eahl i N,letl; € gr 1( ;). Wecanthen treat M as

G« y li,
i=1
this being interpreted asa disjoint union. To makethis rigorous, we needa nontrivial
topology on G which re ects the fact that various ends of di er ert 1;'s shauld be
identi ed (sincethey should be considered as the [G]'s, where dier ent = 1( ;)'s
meet. Instead of directly setting up this topology, let us r st de ne a notion of
continuous functions. We give eech | ; its standard topology. We say that f: G! R
isin C(G) if f y is uniformly continuouson I; (i.e. it has limits at the endsof I ;)
and if furthermore
lm o S (H@) =l S (H ()

]
y2 () y2 ()

foral z2 = 1( i)\ = 1( j). Wecanthen de nethetopology on G as the smallest
topology with respect to which all elemens of C(G) are continuous (seealso [8]).
Wethen want to nd aMarkov processon G which represertsthe limiting dynamics
of [X]. To this end,wedene foreachl i N an elliptic operator L on C(l;)
as

def 1
(Lif)(h) = 5 F(h) + b(h) Fh)

for all h 2 1, where o2 and b; are as (18) with x restricted to = ( ;). We want
to put these L j's together to get a Markov processon G with gererator L ¢ and

domain DY . Finally, For notational convenience,when N 2, we also de ne
def

fi=f, forall i N.
5.3.2. Stochagic averaging on a line [20], [29]

For the problem under consideration, for A 1, the Hamiltonian H is fairly
simple with a single elliptic critical point at od:ef(O, 0) (H is shaped something like
a paraboloid). Thus (9) has a nondegererate certer at o. Here,

G=1=[0H ]
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and the stochastic averaging result is fairly classicd (K hasminskii [20]). The limiting
domain for this caseis

DL= f2C()\ C¥l): rI1i|m0(L f)(h) exists and  lim (L f)(h)= 0
and for f 2 DY, the gererator is

. 1
(LEf)(h) = hlg)lmh (L £ = b(h) fh) + Eoz(h)f(h) (37)
h2l
for all h 2 |, where the averageddrift and di usion coe cients are given by

b(h) E'(AML (%1 K)(H(z))

1 E 1 E*
= AS + Zu(§+ S )T(h)+ Z(Z'yh+ AM¢ 25 )+12aS )T(h)

E .

L1 E
Y T

16 T

()+ (v 6a(C 35))

o2(h) € (AMNH, dHi)(H(z))

E+
T

_2h ) 1, E 1
= 32ha+(p N)S 7S —=—(h)+ Zhus (h)

1 E L 5 E
*gilnt NS ——(M)+ ~(12hat(p NS + S —(h)
+ %(uhm(u N?)S + 6ha+ %uh %)\2 S E?(h),
where | |
E (n% =

(z3(s)  25(s))ds, E (0= (z7(s)  a5(s))%ds,
C(h) C(h)

I
NORS C(h)(x%(S)-'- a3(s)(ai(s)  a5(s))ds,

Q.

where C(h) represerts closed curve of the energy level H(z) = h and T(h) is the
period of the periodic orbit.

5.3.3. Stochadic averaging on graphs[12], [35]

For A > p the Hamilto nian system (9) has multiple xed points. The r st ex-
tension of averaging to include multiple xed points with homoclinic orbits was
given by Freidlin and Wentzell [11]. As we have discussedin Sec.5.1, there are two
distinct casesfor the parametervalues p A pand A > pu, and for each of this
casethe reducedMarkov processis de ned, asin [35], on a stratied space M.
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Case 1. Three xed points. For A p, the Hamilto nian system (9) has
three xed points: a saddle, ¢, at the origin, and two certers, ¢, ¢, along the
xp-axis. A pair of homoclinic orbits, symmetric about the x;-axis, connectsthe
saddle at the origin to itself. There are continuous families of periodic orbits both
§|S|de andsout5|de the homoclinic orbits. Here the reduced state spaceis M =

iz il IO[0.][ ®, Fig. 4, where

def def def
1 - [xla 2 = [xla 3 = [xla
x=(Xx1;X2)2 S x=(X1;X2)2 S z2 S
H(x)<0 H(x)<0 H(x)>0
X6 c1 X6 C2
x1<0 x1>0

and ¢'s are the critical points. Let us de ne the value of the Hamilto nian at the

saddle as hs def H(gp)= 0.

Case 2. Five xed points. For A > pu, the Hamilto nian system (9) has ve xed
points: a certer, ¢, at the origin, two certers, ¢, ¢, along the z;-axis, and two
saddles, ¢z, &, along the z,-axis. In this case, there are two pairs of heteroclinic
orbits (four overall) connecting the saddle points to each other. One pair of orbits
surrounds just the certer at the origin. The origin also has a contin uous family of
periodic orbits bounded by this pair of heteroclinic orbits. The other pair of hetero-
clinic orbits surrounds the certers on the z1-axis. Thereis also a continuous family
of periodic orbits surrounding these certers, bounded by the heteroclinic orbits.
Finally, there is a continuous family of perlcgilc orbltssout5|de all the heteroclinic

orbits. Here the reducedstate spaceisM = 2, [ O[0.][ ®, Fig. 5, where
def [ def [
1= [2], 2 = [*]
x=(X1;X2)2 S X=(X1:X2)2 S
hs>H (x)>h 4 hs>H (x)>h 4
X6 cyp; X6 C3 X6 cy; X6 C3
x1<0 X1>0
def [ def [
3 = [=], 4 = [2],
x=(x1;X2)2 S x=(x1;X2)2 S
0>H (x)>h 3 H(x)>h 3
X6 Cp; X6 C3 X6 C3
ix1j<jxy (cs)j jxaj>jx7 (c3)j
iX2j<jX, (c3)j jx2j> x5 (c3)j

G's are the critical points and z; () and z, (c3) are de ned by (33) and (34),
respectively. Once again de ne the value of the Hamiltonian at the saddleas hg def

H(cs) = H(cs) = has.
We presen the results of the reduced processfor both casesby denaing the
number of legsofthegraph by N: N =3 and 4for thecases A< pand A > pu,

respectively. As explainedin Sec.5.3.1,foreach 1 i N, let |; C e ).
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We canthen treat M as
[N
G d—ef |

i=1
this being interpreted as a disjoint union. The limiting domain for this caseis
8 !

i

< N
Y= f2C(G)\ C? i :m“ﬂch””m)aSwgkrmﬂ (Lnfn)(h)=0
: i=1 : ' '

D

9

X x
and £ g lim (M E " 1 g F0)%0)=0
i=1 S i=1

wherethe\ +" sign istakenif the coordinate h onthelegl; is greater than hs and
the \ ™ signistaken otherwise.Then for f 2 Dy the gererator is

(LEN)(h) = Ilm (L SRS = bi(h) fi(h) + —o.z(h)f.(h) (38)
h2| i
for all h 2 I, where the averageddrift and di usion coe cientson each legl; are
given by
() E(AML (01 K)(H(2))

= \S + %M(C"' S )i_.(h)-'- %(27h+ M¢ 28 )+12aS )E"—.(h)

E
T 16T

(0 6a(C 35) E

o (h) €' (AMNH, dHi)( H(x))

= Zaza+(p VIS 375 )+ s E
3« 4

+ u(u+ NS E++ (h)+ %(12}“”(“ VIS * s i_i(h)

A 5 1 1, E
t ga@2hat(p NS + 6ha+-2u A S Ti(h),

where

E (b=

&« h)(x%(s) w3(s)ds, E (h)E

(3(s)  @5(s))?ds,
G (h)
|

E (nE (22(s) + 23(s)(a3(s)  a3(s))ds,
G (h)
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where G (h) representsclosedcurve of the energy level H(x) = h, which corresponds
to a speci c edgel; of the graph, and T;(h) is the period of the periodic orbit.

Remark 5.3. Now we interpret the results. We show that the limiting process(as
¢ tends to zero) is simply a Markov processon G (a graph) with the generator L é
whosedomain D consists of all functions f that are cortinuous on G such that

S
1. fistwice dier entiable in iN:1 I'i, theinterior of G,
2. the nite limits

N IimCi)(L i fi)(h) exists 8

at eath xed point ¢, and
the processis killed when the enemgy reaches H .
4. the glueing conditio n roughly means the following. De ne

w

X
T 5200,

i=1

If the limiting processstartsin leg 1, of the graph , it evolvesaccordingto
(L 2 f1)(h) for h 211 1. Upon reaching the vertex O, it ips an n-sided coin to
decidewhere to go next. It will go back to leg 1 with likelihood 02(0)/a, to leg 2
with likelihood ¢3(0)/a, and to leg n with likelihood 02(0O)/a. Onceit isin any
of theselegs, it will evolveaccarding to (L £ fi)(k) with o1 and b; replacedby the
appropriate o; and b;. Whenit again hits the vert ex, the coin- ipping procedure
is repeated (with a new coin).

The glueing conditio ns are evaluated for the following two cases.

Case 1. Three xed points. Here G (h) represerts closedcurve of the energy level
H, which corresponds to a speci ¢ edge I; of the graph, and T;(h) is the period
of the periodic orbit. Then the glueing condition for the vertex (saddle point) O is
explicitly given by

() af(0)fA0) = ¢5(0)f3(0) 3(0)f3(0) ¢1(0)fI(0)=0
i=1
and the\ +" sign istakenif the coordinate h ontheleg ; isgreaterthan H(O)= 0
and the\ " sign is taken otherwise. The coecien tsin the glueing condition are
de ned explicitly as

0)E Fi2S B (0)+ S B (O)+ ulu+ NS E” (0)

hu i
+ g NS + S E (0)

A 1 +
* o N?S +§(u2+ N?)s  E(0),
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|
def 2 2 2
(21(s)  x5(s))%ds,
0)
(39)

where |
& O)(xi(s> #(s)ds, E (O)

E (O)
| Gi(
(0) ¥ (23(s) + 5())(2(s)  a3(s))ds.
G (0)
It is important to redize that G(O) for « = 1,2 are the left and right homoclinic
orbits of the g ure-8 double homoclinic loop, while G(O) represens the whole

Q.

E+
g ure-8 double homoclinic loop (Fig. 4).

Case 2. Five xed points. Theintegrals1i(h) arede ned in (39) and once again
G (h) represerts closedcurve of the energy level H, which correspondsto a speci ¢
i of the graph, and T;(h) is the period of the periodic orbit. The the glueing

leg
condition for the vertex (saddle point) O is explicitly given by

( ) 02(0)fX0) = 03(0) fXO)+ 03(0)fO)

X4
i is greater than

i=1

73(0)f3(0) ¢£(0)f(0)=0,
sign is taken if the coordinate h on the leg
(1 MN?/12c and the\ " sign istaken otherwise. The coecien ts

onceagain the \+"
H(O)= hs &
in the glueing condition are de ned explicitly as
qgef 1 1 1
= WS B (O)+ S B (O)+ Zu(u+ NS BT (0)

a?(0) =

+AuS E (O)+ AuS E (0),
wherethe integrals | ; (O) arede ned in (39). It isimportant to realize that G(O)
for « = 1,2 are the left and right heteroclinic orbits of the double heteroclinic
cycle, while G(O) represens the heteroclinic closedorbit around the origin and
G (O) represenms the double heteroclinic cycle which orbits around all three certer

ary and gluing conditions of the reducedgraph valued process.Hence consider
!
OH 0H

()

Remark 5.5. It is very important to redize that the limiting di usio n coecien ts
X
1 B 0y

equilibrium points (Fig. 5).
limgzy pe o?(z) and lim, n, o?(z) play an important rolein determining the bound-

©AMMH, dH)(h) = A M
i
for all h 21, where we have usedDe nitio n 2.1 for the symbol hlH,dHi. Then at
,1=1,2,...,N 1 we have,
I
(40)

o2 (1) %

the regular nondegenerate dlliptic xed points A
I .
X H OH
lim o2(z) = lim M ai;,-a—a— (zs)ds =0,
z! h{ zl hf ¢(z) i oz 8.23]
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dueto the fact that r H = Oand the period is nite at the xed points if. However,
at the saddle xed point hs, r H goesto zer exponentially fast ast ! 1 and aj;
is boundedfor all . Hencethe following integrals over the homoclinic or heteroclinic

orbits exists and are not necessaly zero,
|

I H
X
lim o?(z)= lim M OH OH
z! hsg

e ds60. 41
2l hs o) . ai; j Ozi Oxj (ws)ds (41)

Convergerce of such intergralsis discussedin Guckenheimer and Holmes [13]in the
context of Melnikov functions.

6. Probabilit y Density and M ean Exit Time

We now look at various quantities of engineering interest; to do so, we start with
the fact that if B(h) € f(x1,22) 2 R?: H(x1,22) = hgand h = H(z,y) andn = a2

are the new independent variables,then a double integral is transformed as
7 7 Z |

F(@1, 22)derdes = %dhdn: dh f@nz2) oy

where the length of arc s of the curve E(h) is the new variable of integration. In

adition if f(z1,22) = f(H(z1,22)), then
77 z | z

A _ r)Th (h)dh. (43)

E(h) kl’ Hk

f(z1, 22)dzrda, = f(h)dh

Hencethe usud de nitio n of the inner product with respect to the Lebesgie mea
sure can be transformed to an appropriate inner product in the local coordinate h

as
Y4 Y4

f(@1, 22)g(w1, w2)dardzs = f(2)9(2)Th (2)dz, (44)

h) H=h
where A (h) isthe area bounded by E(h). Equation (44) can also be de ned using
the relation A (k) = Ty (h) (wherethe prime denotesdi erertiation with respect
to the energy level, h), and (43. We shdl make useof this inner product in thelocal
coordinate A in deriving the Fokker{PIl anck equation.

6.1. Fokker —Planck equation (FPE)

We shall now derive the Fokker{P| anck equation for the density of fhire; ¢ 0g.
We presen a rigorous derivation which takescare of the killed processat H and
examinethe stationary behavior of the ch<ker{PI anck equationwhenH =1 .We
assume that thereisap 2 C* ((0,1) Mo li)andap- 2 Ct (0,1) such that
for any D¢

E'[f(hne)l = () fi@pi(t, 2)Ti(2)dz+ fn (H )Tn(H )p- (1) (45)

i=1 hs
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where\ +" sign is taken if the coordinate » ontheedgel; isgreaterthan hs = H(O)
and the\ " sign is taken otherwise, and p(tS) and p- (t) are the density of the
. N .
law of hine relative to Lebesgle measue on 2, |; and a Dirac massat H . In
(45), hffori=1,2,...,N 1, dendesthe enemy assaiated with the dlliptic xed
point on leg I; and hy = H . Sincewekill h at H , massmay accurrulate there,
necessitaing a Dirac measureat H . Di er entiating (45) with respectto time yields
Z ¢
a N X\‘ hi a "
SE(eal= () )5 (ETi()d
hs

i=1 t
+ fuCH T () 2y (46)
On the other hand
CEUGed = ETL fiu)(henol
N L
=7 () NEREATI(EE
i=1 s
S(L f)CH )T (H Yp- (1) (47)

From (46) and (47) and making use of the propertiesof DY, and integrating the
right-hand side of (47) by parts yields

X L o 4
CO G L AETEE S D0
X e X 1, h
= (OfAAAES: * () 7@MD
i=1 i=1 hs
where
' h io h i 0o
Lpi(t,2) € L b (mi(t2) + A o2(2)pi(t,2)
' ' hs < h < h{

KL E b it b o2Gmts)

hi = H and Ji(t,z) is the probability ux or current at z at time ¢ in leg |;.
Hence,for f 2 D, the boundary condition for p; is derived from
ap- K 1 X
2 B I (GH ) fn(H) Ji(hi) fi (A7) Ji(hs) fi(hs)
i=1 i=1
1
= LR R )+ o2 S 1)
-~ 2 H N PN T, 5 Ci\) ]l pilL, Ny
i=1

2 02 ha) fAhIpi(1 )
i=1
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Sincehf,i=1,2,...,N 1 areregular (nondegenerate) elliptic xed points, it is
clear from (40) that limz; ne 0 2(2) = 0O, limz ne fXz) are nite (seeLemma 4.3
in [27] for similar results), and lim, ne pi(z,t) hasto be integrable (normalizable),
the secand term on the right-hand side vanishesin the above expressian. The glue-
ing conditions are evaluated at the saddle xed points. Then accading to (41),
o?(hs) 6 0. Thenassumingthat p;(t, z) is continuous at h3, last term vanishesdue
to the glueing conditio ns. The properties of f de ned by D will not eliminate any
other termsin the above expression.Hencep; satis es

1. the Fokker{PI anck equation,

opi
ot
2. conservation of probability ux at the vertex O,

(t,2)= L™ pi(t,2) for t >0 and 22 (hs, k), i=1,2,....n

Ji(hs) = 0,
i=1
i.e.the ux entering O must be equd to that exit from O.
3. the zero probability ux condition at each elliptic xed point,

1 .
bl(hlc)pl(hlcvt) E(O—lz(hlc)pl(hf:vt))ozoa 1= 172a"'7N 17

i.e. the ux entering b; from the interior is zero.
4. and the processis terminated when the enemy reaches H , i.e.

Z!Iirn pn (t,2) = 0.
The dynamics of p- are de ned by

Jpn

ot
i.e. the rate of change of probability in the cemetery state H is equd to the ux
ertering H from the interior.

Altho ugh a stationary density may not exist when the processis killed at some
nite H ; with small dissipation and noisethe processwill eventually leaveany nite
energy level. We examine the stationary behavior of the Fokker{Pl anck equation
when H = 1, approximating the behavior on the unboundedregon S = R2. Then
the stationary density is given by

(. )= b (H w1 H ) 5(0% (o (6, H ),

adj 1h o 1 h, oo
LTz = 7 b (pi(2) + o= of(@m(z) =0, =21, (48)
I I
The solutio n of (48) is obtained as
Zipw ) e U2y ) !
pi(h) = exp D g ¢ exp 2 2lde dn+ Dy

o?(h) he 0P (1) he he o2(8)
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where the 2N constarts Ci's and D;'s are yet to be determined. The zero- ux
conditions at the exterior vertices indicated by hf,

Ji(h)=0, i=1,2,...,N 1 and Jy,(1)=0,

guarantee that the Cj's are identically zero. Upon applying the n 1 continuity
conditio ns of p;(h) at t he vertex O, we obtain

Z, #
2Di+1 ox ° 2bi2+l (ﬂ)d
04 (hs) he,y 0 (M)
o N ”
= ZD' ex Zb'z—(”)dn . i=1,2,...,N 1,
ot (hs) he  of(n)
which eliminates all but one constant, say Dy . Finally the normalization condition
oo,
() nixdz=1 (49)
i=1 hf

yields the nal constant Dy .

6.2. Mean r st passage time

De ne the mean exit time u (z) G Ec[g. Sincee is a function of ¥ or loosely a
function of H(X), wethushavethat lim-, ou"(z) = E[€ (torigorously con rm this,
we needto verify that eand xse (g Can be approximated by continuous functions of
S-valued paths and similarly that eand xse {4 Can be approximated by continuous
functions of the paths of | we leavethis to the reader). In orderto nd the mean
time to reach either 21, 2,,..., or zy, i.e. E[g], we nd the unique bounded solutio n
of the eliptic PDE

bi(h)w(h)+%oi2(h)ui(h): 1, h2l; (50)

with the boundary and glueing conditio ns

X
ui(z)=0for i=1,2...,N and () o?(hs)u’(hs) = 0,
i=1
then u(H(x)) = E[€. The generator (50 is de ned for continuous functions w;(h),
h 21 ;. Hence,at the vertex O we have

Ui+1(hs): Ui(hs)v i:172a"'aN 1. (51)

Thus, we have six boundary conditions for determining uniquely the mean rst
passaye time. Imposing the boundary conditions at h = 21, 22, ..., 2y the solution
of (50) is given by

Z, Z
ui(h)= 2 mi (§)d¢ si(n)dn + Gi[Si(h) Si(z)], i=1,2,...,N, (52)

Zj Zj
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where h is an interior point for eat edgel ;. By the calculations of Sec. 6.1, we see
that the scale function S and speedmeasure M of h of (38) are given by
z, z
Si(m = si(dy and  Mi(A)E  mi(n)dy,
h A

where

Z h _
s 2 22((58’) s

Rnp
i (S)
def 1 2y ?(S)ds

Cosipoi(n) - o)
for n 2 ;. Thusthe mean exit time is determined by imposing the glueing conditio n
and the fact (51).

mi ()

7. Conc lusions

In this paper a nonstandard method of stochastic averaging is developed to reduce
the dimension of a single degee of freedan nonlinear system under both periodic
and stochastic excitations. The reduction to a graph valued processwas possible
due to the threetime scdesinvolved in this problem, and each of which is fully
exploited while averaging. We consideredin detail the reduction of (11 in R?n xed
points, and appeal to the rigorous resuts given by Namachchivaya and Sowers [29]
and Freidlin and Weber [12] (seealso, Sowers and Namachchivaya [35]) to complete
the analysis relating to boundary-layer behavior close to the certer and saddle
xed points, respectively. The most striking feature is the fact that the original
single-well potertial evolves under periodic parametric excitation into a multi-well
potential (depending on the unfolding parameters A and 1), and the e ect of noise
on the original system is governed by the structure of this multi-w el potential.

The deterministic problem depends on two unfolding parameters, namely the
amplitude of the periodic perturbation p and the value of the detuning parameter .
As one of these parametersis varied, stochastic averaging yields a reduced Markov
processwhich takesits valueson a graph or a line. We determined the generabr
and its domain for each of thesecases.In additio n, results are obtained for seeral
important problems such asthe determination of the mean rst passagetime and
stationary probability density. In this paper, we have presened the main results,
the proofs of the main theorem and the application to noisy Dun g{van der Pol
Mathieu oscillator. A sharter version of this paper without the proofs was presened
in Namachchivaya et al. [30].

In this context it is alsoimportant to point to the work of Borodin and Freidlin
[5] and Cogburn and Ellison [6], where they considered fast oscillating random
perturbations of dynamical systemswith rst integrals.Here, under suitable regu-
larity and ergodicity conditions, it was shown that the evalution of rst integrals
in an appropriate time scale is given by a di usio n process.The main emphasisin
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thesepapers is the mixing properties of fast oscillating random pertur bations. The
method usedin our paper and the assumptions on the noise terms are di er ert,
and the presenceof Mathieu-type terms exhibits subharmonic resonance. Numer-
ical evaluation of the mean rst passage time and stationary probability density
for noisy Du ng {van der Pol{ Mathieu oscillator under both red and white noise
excitations, with application to elastic beam subjectedto uctua ting axial forceis
considered in [31].

It isimportant to notethat the averagedHamilt onian under Assumption 2.3 has
homoclinic orbits and the deterministic time-dependent perturbationsat the higher
order are not Hamilt onian. Even though one seeshomoclinic orbitsin the averaged
equdions, after a time rescding, the higher order time-dependert (deterministic)
perturbations became rapidly oscillatory. Hence,even in the determinstic context
(in the absenceof noise)the Melnikov type of integrals leadsin generalto exponen-
tially small quantities after intergration. Thus the standard Melnikov results [13]
do not apply. Henceone needsto apped to the results of Holmeset al. [16] where
it was shown that exponentially small splitting of the separatrics; region of chaos
is exponertially smdl in . Therefore it was not necessaryto discussthe e ects of
noise on chaos and vice versa

Finally we note that in this paper we have examined only one particular type
of scding: noise and periodic perturbations are of the order ¢ while damping is
of the order 2. However if the periodic excitations are of the order 2, then we
can use the results of Khas'minskii [19] to obtain a dier ent limiting processas
in Namachchivaya [26]. Furthermore, if the original nonlinearities are of the the
order one, then we have to consider an in nit e number of parametric resonances
and discussthe e ects of noiseon chaosand vice versa,which is beyond the scope
of this study.

App endi x A

Here we give the proof of Theorem2.4. In comparisonto our proof of Theorem 3.3,
our proof here will be basedon standard Ito calculus.
The proof is similar to that of Theaem 3.3. First we show tig htness.

Lemma A.l. (Tightness)For gach 0>0and T >0,

9
3 3
im, o sup P sup ¢ Cj 6. =0. (A.1)
20 30 s<t T 2
js tj '
Pro of. We compute that
z
P 1 7t .
G G = P= fo'(Zy, u/e) v H(za(z))gdu
S
Zt

+ & bA(Z,,u/e)du+ M, M, , (A.2)
S
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where
Z t

M, = o(Z,,u/e)dWy
0

for all ¢ 0. Let usrewrite part of (A.2); we have that
Z

1 7! . .
p_g fbl(Zuau/E) r H(Z,)9du
s

Z'(
duﬂal—g (2 ufe) 1 H(Z)odu.

S € S
Since we have assumed that H has bounded rst derivative, it is Lipshitz-
continuous, so there is a constant s > 0 such that

r (H(Z,)) o H(z(z )
S

_St ) i)

2k, k

for all u 2 [s,t]. Let us gather together various error terms. and write

x3
= [
i=1
where
p Z
" def — "
2 F sup e V(Z,,u/e)du
0 s<t T S
is tj

Q.
1L

(5]

", = sup pEkMt" Mgk

0 s<t T
is tj
p_ 1 2
s E sup TE op= fONZ,u/e) 1 H(Z)gdu
0 s<t T € s
is tj
Thus we have that .
t
kG Gk ose kG Cokds+
u=s

foral 0 s t T.Thus,by Gronwall's inequdity, we have that
sup kG GkoetT

0 s<t T

is 1t
Let us get back to (A.1). We divide the calculation into three parts. De ne §° det
se {T /3.1t is fairly clear that

imy,osup Pf ", §%9=0 (A.3)
"2(0:1)
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fori 2 f 1,2g. Inthecaseof i = 2, oneshauld write the martingale as a time-changed
Brownian motion. The time change will be Lipshitz-continuous with Lipshitz con-
stant not depending on ¢.

To complete the proof of (A.1), we should prove (A.3) for i = 3. We use an
analogue of Lemma 4.6. Looking at the proof of Lemma 4.6, we realize that we
can nd abounded function 2 C?(R? R;R?) which is one-periodic in its last
argument such that

Z

t
o T0Zufe) ¢ HZge= o (740 f (Zes/o)g
S

Z, Z,
e D( Z,,u/e)(Z,,u/e)du pE D ( Z,,u/e)b*(Z,,u/e)du

S S

z t z t
" " 1 .- " "
D ( ZU,U/E)O'(ZU,U/E)dWU 553_2 A(ZU,U/E)O'(ZU,U/E)dWU 9

S S

p

p-
€

(A.4)

where A(x,t) is a vector whoseith entry ishd ,d ji(z,t) with ;| represening
the ith entry of the vector-valued function . Calculations as above give us (A.3)
for + = 3, completing the proof. |

Then we have

Lemma A.2. (Martingale Problem) Fix 0 s t, f2 C?(R?),times0 171 <
< <m s,andfeg;i=1,2...,ng C(R?). Then
2 3
.. . L U
fim B4 f(G) f(G) (L kit /)(C)du ¥l(¢,)° =0, (A.5)
s j=1
where
Lk 7)€ (r f(a), Dr H(a (= ) + 3 Tracelo™ (2(= ) D f(a)o(a(z )

We also havethat lim-; oP f(; =0g=1.

Pro of. We have that
x L
f(G)= fO)+ . Si (u)du+ M,
i=1
where M is a martingale, and where, after some rearrangement, we have

S & DI HZ) 1 H(a(: ),

S5 € B DACINZ, ufe) 1 H(Z)g,
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Sy € PED A2 /e,

der 1 Trace(o(Z,,u/e) D?£(()o(Z,,u/e)) -

S;(U) = 5

Clearly
z t
lim E Sy(u)ydu =0.
"0 0

By the analogue of (A.4), we also have

t
lim E Sy(u)du =0.
"0 0

Similarly, we have that
z t
lim E Sy(u)ydu =0.
"0 0

Next, let us handle S; via a Taylor expansion. In light of the assumption that
H has bounded secand derivativ es and the fact that ¢ is stochastically bounded
(Lemma A.1), we have that
. . P
r H(Zy,u/e) 1 H(z(z)) = Dr Hzu(z )¢+ £ (v),
where
z t

lim lim P E'(wdu L =0.

L "o 0
This implies that we can nedect the pEE" term. Using this expansion and again
using an averaging trick like (A.4), we get that

t
ImE £S5  Si(uedu =0,
: 0

where

Sy(u) €' DF(C)Dr H(za(z ))C -

Lastly, let us consider S,. We can write that
Sa(u) = Sga(u) + Sy(u),

where

def 1

n
£ S Traceo(Zy, u/e) D2 [(G,)o( 2y u/e))

0
Trace(o(Z,)D*f((y)o(Zy))

S;;l(u)

Shalu) € 3 Trace o(Z) D 1(C,)o(Z0)

Averaging shows that
z t

lim E Syq(uydu =0.
o 0 4
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As in our treatment of S;, we usethe boundednessof ¢" to verify that for any

6 >0,
Z t
.,lilmo E 1:542(7‘) S42(“)gdu =0,
: 0
where
Shau) % 2 5 Trace(o(zu(= )) D* f(G)o (= ).
This completes the proof. |

Collecting things together, we get

Proof of Theorem 2.4. Clearly it issu ciernt to prove that the laws of ¢"'s con-
verge; this will imply that Z* corvergesto z. Tightnessand the limiting martingale
problem are in the above lemmas. Uniquenessis standard.

App endix B
Let us now prove Lemma 4.4.

Proof of Lemma 4.4. The proof is standard. Let us r st x F'2 C(I ) and consider
sdutio ns of the PDE

L u=F. (B.1)

We note that on |, o2 is bounded away from zero and b is bounded from above.
De ne the integrating factor

z h
def b(é’)
I(h) =2
o?(s )
for all h 21 . Wethen get that any solution of (B.1) is of the form
z h z h z S F( )
wh)= C1+ Co, e 'Ods+2 exp[ (I(s) I(m)] zr dr (B.2)
H s=sH r=H a?(r)
for some constants C; and C,. We furthermore see that
h!lru u(h) = C1,
z H
lim w(h)= C1+ Cs e 'Gds
hi H H
Zy Z,
F(r
+2 expl (I(s) 109 o dr
s=H r=H ( )

Let us now x a mollier function n 2 C! (R;R.) such that Rn(z)dz = 1 Let
F 2 C:(R) be an extension of L  f, and de ne
Z

I
F'(h) %« n —=
s2R

F(2)dz.
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It is easy to seethat there is a constant C' > 0 such that

kF'kesy Ce ° . (B.3)
We now de ne f as the solution of
L [ =F,
f(H)= fH),
S(H)= f(H).

Using (B.2, we have that
z h z h z s "
f(h) f(h) = 2 exp[ (I(s) I(r))] fOE(r) (L f)(?“)gdr

h=H s=H r=H 0'2(7")
forall h 21 . Thusclaim (i) holds. We clearly have claim (ii). We can alsodi er en-
tiate (B.2) v etimesand use(B.3) to get claim (iii).
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