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Abstract

We consider a two-dimensional transport equation subject to smalsdifper-
turbations. The transport equation is given by a Hamiltonian flow neama co
pact and connected heteroclinic cycle. We investigate approximatelyoh&am
functions corresponding to the generator of the perturbed transpaatien. In
particular, we investigate such functions in the boundary layer near tiee he
roclinic cycle; the space of these functions gives information about tleé-lik
hood of a particle moving a mesoscopic distance into one of the regiorne whe
the transport equation corresponds to periodic oscillations (i.e., a “oEthe
Hamiltonian). We find that we can construct such approximately harnfiong:
tions (which can be used as “corrector functions” in certain averagiegtipns)
when certain macroscopic “gluing conditions” are satisfied. This prewddif-
ferent perspective on some previous work of Freidlin and Wentzetachastic
averaging of Hamiltonian systemgC) 2004 Wiley Periodicals, Inc.
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1 Introduction

In a recent paper [9] we developed a PDE-based analysis (usingottoa n
of perturbed test functions) of certagiuing asymptotics found in the study of
diffusively perturbed conservative dynamical systems. We consldgehastic
averaging for a small random perturbation of a certain Hamiltonian system tha
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modeled the behavior of a Newtonian mass in a double-well potential. The exis-
tence of the two wells implied that the Hamiltonian system had a homoclinic orbit.
Except on this homoclinic orbit, standard stochastic averaging techniquigstoe
applied as the strength of the random perturbation tended to 0. At the hoimoclin
orbit, gluing conditions allowed us to complete the averaged picture.

These gluing conditions were understood by Freidlin and Wentzell [6Fagid
dlin and Weber [4, 5] (see also Kéatadt [7]); primarily, they defined a sort of “coin
flip” that governed the dynamics at the homoclinic orbit. Our work of [9freep
sented a slight generalization of their results via a significantly differentadeth

The analysis of [9] relied upon solving a certain singular perturbatiooisigm
that involved several elliptic-parabolic PDEs coupled by boundary d@ta.goal
here is to develop this PDE analysis in its own right. This PDE result should be
understood as a framework for understanding general gluing corglition

2 The Setup

Let's start with a two-dimensiondl>-manifold 2t with symplectic formw.
Fix a functionH € C>* (1) and letVH be the symplectic gradient &f (i.e., VH
is the unique vector field such tha{ X, VH) = XH for all vector fieldsX).

ASSUMPTION2.1 We assume that the slé‘gH‘l(O) is a compact and connected
subset ofJt and that the sef{dzef{x e M : dH(x) = 0} of critical points ofH is
contained inl" and thatH is nondegenerate (i.eD?H is nonsingular) at all points
of Z°. We assume that has at least one critical point.

These assumptions imply that thaf is finite.

Consider now the transport equati®itiu = 0, which tells us how a particle is
moved around byH. Of course, this PDE is satisfied by any functionthfwe
want toregularizethis PDE neal .

ASSUMPTION2.2 Let(-,-) be a Riemannian metric dit that isrelatedto w;

i.e., there is a smooth fiber map: TO — T such thatd|r,on is an isometry
(with respect td -, -)) for eachx € 9t such thato (X, Y) = (X, JY) for all vector
fields X andY. Let A andV, respectively, be the Laplace-Beltrami and gradient
operators defined by, -). As usual, we definQXHd:efm forall X € TON.

Let b be a vector field oMt and let] € C2(9) be such that infey J(X) > 0.

Define the operator
def 1

For eachke > 0, consider the PDE
(2.1) (VH, VUu) + £2.2u° = 0.

Physically, this PDE describes the dynamics of a particle following the floitbf
but subject to small diffusive perturbations.
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Remark2.3. Our construction is fairly general. If the Riemannian metric and sym-
plectic form arenot related, then (since the vector space of 2-form®diis one-
dimensional), we can premultiply the symplectic gradient by a scalar-valued fu
tion and, by appropriately incorporating this function idtaeduce it to the above
problem.

For eacth > 0, letI'(h) be the connected component{gfe 9t : |[H(X)| < h}
that containd’; sinced is locally compact (it is a manifold) and is by assump-
tion compact, there is ame (0, 1) such thafl' (h) is a compact subset 8ft.*

DEFINITION 2.4 DefineM d=Ef1‘(h).

Define next the flow
5#(X) = VHGi (X)), t e R,
30(X) =X,

of diffeomorphisms oM. This flow generates the characteristics of the dominant
part of the PDE (2.1). For eache M, define

eM,

Tx) Einf{t > 0: 5.0 =x}  (info o)

LEMMA 2.5 We have thaf = coonT and¥ < coconM\ T.

In other wordsj has no periodic orbits oR, and all orbits orM \ T are periodic.
We will give the proof of this result in Appendix A.

We want to understand a bit about the solution space of the PDE (2.1)nOur
terest in the solution space is particularly focused upmndarydata. Recall that
the solution space of a harmonic operator on a bounded domain is intimateldrelate
to the relative likelihoods that an associated diffusion exits the domain thiifigh
ferent parts of the boundary of the domain. In lieu of a fixed bounderg,we are
interested in how the associated diffusion exites@soscopicegion around”. Our
assumptions imply tha¥l \ T' has a finite collectiofM, : £ € A} of connected
components, all of which are open subsetdvihfand all of which are invariant
unders; hereA is simply the index set; see Figure 2.1. Heuristically, we are inter-
ested in the asymptotic effect of diffusion between the diffehdris ase N\ 0. If
a particle starts in one of thd,’s, it will rotate (with speed 0fO(1)) around the
closed orbits of in M, and slowly diffuse across these orbits, eventually reaching
a region neafl (in time 1/¢2). Although it is in this neighborhood dF, it will
visit all of theM,’s. Sooner or later, it will move a mesoscopic distance away from
I' into one of theM,’s. The relative likelihood of making a mesoscopic excursion
into the differentM,’s is given bygluing conditions

We can also look at this phenomenon from the standpoint of singular ba+tur
tions. Away fromI', VH is nonzero, so the operat®iH + ¢2.Z is, to first order,

1coverr by neighborhoods it whose closures are compact. Extract a finite subcover; this
will give an open set) containingl’ whose closure is compact. Since the compacftsand the
closed sefit \ O are disjoint,|H| has a nonzero minimum ant \ O.
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FIGURE 2.1. Heteroclinic cycle.+" indicates a region im p; “—" in-
dicates a region i .

the vector fieldVH. Standard methods allow us to construct outer expansions of
the PDE (2.1) in theM,’s. We then need an inner expansion in a boundary layer
nearT. In this boundary layer, the second-order operatoenforces smoothness
between the different inner expansions. Understood in this way, wéhaan of

a different inner expansion in each of thk’s; starting from an outer expansion,
we want to match up these inner expansiond'osince the fast drift is of order 1
and the slow diffusion is of order, we want the second-order effects of the slow
diffusion to equilibrate with the fast drift. This means that the boundary langest

be of ordeH = O(e).

Our main result is an analysis of a rescaled form of the PDE (2.1). Fér eac
¢ € (0, 1), define the operator

1 -
2 E VH .7
&

and consider now the PDEZ°u® = 0; in this rescaled PDE, we are considering
a particle that, except at, has closed orbits of period of ordet, and transversal
diffusion of order 1 across these orbits. Our main result is an innemsigrain

the boundary layer nedt. For every? € A, definel’, L'rn oM, (i.e.,T'; is the
part of I' that borderdvl,) and define gluing coefficient

@, f 10 IVH@)|# d2),

zel'y

where# is the one-dimensional Hausdorff measure generated by). Define
next subset# p andAyw of A (corresponding to “peaks” and “wells”) as

ApEteA:H>00nM,} and AwE' (e A:H<0o0nM,}.
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Next fix a vector(v, : £ € A) of real numbers such that

(2.2) Yo=Y v,

leAp leAw

(these are thgluing condition¥ and define

F (X) d=G“f2:ng(x)x,\,|((x), X eM.

e

Note thatf is continuous oM but that its derivatives in general fail to existlat
(unless, for example, all of the’s are identical). Our main result is a corrector for
this discontinuity of derivatives.

THEOREM2.6 There are two sequencé®®* : ¢ € (0, 1)) and(®*~ : ¢ € (0, 1))
of elements of QM) N C2(M \ T') such thatf + ®** and F + &%~ are both in
CIM)NC3M\ I forall ¢ € (0, 1) and such that

lim sup|®®*(x)| =0,
e\0 xeM

lim inf (Z¢®*T)(x) >0, and limsupZ¢®*")(x) <O0.

e\0xeM ENOyem
The proof is finalized in Section 6. The point of this is that we can asymptotically
correct (in the sense of super- and subsolution&6fi® = 0) for the nonsmooth-
ness (i.e., loss of derivative) i via small functions. The import of this is as fol-
lows: We can construct outer expansions of (2.1) in édgkubject to appropriate
boundary conditions away frofi and subject to continuity d&. The dominant
part of these outer expansions will be functions onlHpfand the transversal (to
I') derivatives of these outer expansions may fail to agree. atVe can charac-
terize this loss of differentiability by an approprigte Theorem 2.6 tells us that
we can correct for this loss of derivative in the outer expansibtise derivatives
obey the gluing relations of (2.2). In other wordge are assured that we can
asymptotically solvé2.1) when the far-field boundary conditions imply gluable
discontinuities af’.

Note that Theorem 2.6 tells us that we can construct a corrécthe gluing
conditions are satisfied. We cannot at the moment prove the convers,ttea
gluing conditions are not satisfied, then we cannot construct suchrectar (al-
though the solvability criterion for the functional analysis of Appendix Boaduly
contains some parts of the proof of such a converse).

Remark2.7. We can also add a zeroth-order operataft@nd get the same result
(using the same®*’s).

We also note that these corrector functions are exactly what is needed-to ¢
struct perturbed test functions for proving the limit theorems of [6] (468 ]
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2.1 Local Behavior near they's

Since we will be carrying out a number of calculations neagthdet’'s develop

a common picture near those points.

Let 0 £ (0,0) be the origin ofR2. Define H(x;, %) = x;x, for all

(X1, X2) € R2,

LEMMA 2.8 Fixr € 2. There is an open neighborhoayd. (contained ind)t) of
r and an orientation-preserving mafy : % — R? such thaip,(x) = 0, ¢, is a
diffeomorphism fron/; to ¢, (%), andH = H o ¢, on%,.

PROOF. Fixyr € 2. By the Morse lemma, there is an open neighborh@od
of r and a chart, : % — R? such thaip, (x) = 0 and such thatlg;(x1, X2) =
x2 — x3 for all (x, x2) € ¢(%,). Define then

o) & L(X1+ X2, X2 — X1)  if ¢, is positively oriented
b7 T(x1+ X2, X1 — X2)  if @, is negatively oriented

for all (X1, Xo) € R2. Defineg, = 1~1¢, on%. O

For convenience, deflng Lo ong ().

Define | (x1. X2) [l & max{|xa]. x|} for all (xy, xp) € R2.

DEFINITION 2.9 Letsr e (0, 1) be small enough that the sét &' (x e R? :

IX|lo < @} is contained wﬂxe% O (U,).

Then&x(ﬁ) is the neighborhood where we can start our local analysismear
Let's next push various things through th¢s, using Euclidean geometry on
R? as a reference. L&t , - )g be the standard Euclidean metric &2, let Vg be

the standard Euclidean gradient operatorquI@td:ef dx; A dx be the standard sym-
plectic form onT*R?, and letVg be the standard Euclidean symplectic gradient
operator; then

o~ of of
((VEH) f)(X1, X2) = Xla—(Xl, X2) — XZB—(XL X2)
for all (x1, x2) € R®and all f € C*(R?). Nextfixy € 2. Define the second-order

operators,zﬂ andff on C2(0J) and the functloril e C>(D) by

(L )00 E' (L 09 (e (X)),
(2 )00 L (L4 (F 0 )G (X)),

def ~

100 = 1(@:00) x e .

e, f e C¥D,
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Let's also define a gradient associated with Define

def ad 9
w0 (on ] 005

for all x € OJ, let g;l(x) be the matrix inverse ofg, ;(x) : i, ] € {1,2}), and

let §~2/2(x) be the (symmetric) square root@f(x). For anyf € C*(0J), define
then

VE0 =Y g )—( )2

je(1,2) 9%

forallx € 0. If f € C2()) and® € C2(R), then
IV(f 0 g (@ ONIZ = IV FOIE
(Ze(@ o 1)) = D(f (X)L F)(X) + %éb<f<x)>||%f<x>||é,
for all x € OJ. Pushingw throughg,, let’s also define

d(d*w .
By def (9: ) onJ

da)E

in the usual way; see [1, sec. 7.33.C]. Since the chgyis orientation preserving,
B, >0 onL]. For anyx € []and any vectoX € T,R2, then
B 0we (D VH(: (X)), X) = ¢i (D VH( (X)), X)
= @(VH(@;(x)), D X)
= (D¢ X)H
= X(Ho ¢;) = XH = we(VeH, X)e,
SO

6EH(X) .

D¢, VH (¢, (X)) = =0
)3

Hence, for each € 2,

. 1 _ - 3
(1000 = 35 5 (TR Ve Do + (2 D)
forallx € 0J, ¢ € (0,1), and f € C2(J).

2|n other wordsw (D (X), Dy (Y)) = B (wg (X, Y) for anyx € [J and anyX andY in
TxR2.
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2.2 Boundary Coordinates

Let's now define some boundary coordinates onlithie. We need a coordinate
that measures position transversallt@nd one that measures position aldng
We naturally letH measure position transversalFo We define a collection of
Khasminskiicoordinates to measure position aldng

LEMMA 2.10 There is a® € C®(T' \ 2) such that
(2.3) (VH, VO) = J||VH|?
onT \ 2. Furthermore® is uniformly continuous ol \ 2"

The proof will be given in Appendix A. Our motivation for this PDE will be giv
below (or see the discussion of Section 8.1 of [9]).
Next, let’s define something like a “covering map” frdinto eachl’,. Define

def

(24) Ig = [O, g() , LeA.
LEMMA 2.11 Fix £ € A. Thereisamap, : R — I', such that
(i) pe(0) e 27,

(i) p¢ is a surjection,

(iii) for each xe My, the mapp, : R — M, U I', is homotopic to the map
t — 3 (x) fromR toM, UT,, and

(iv) p¢is%,-periodic.

Defining A def p;l(l‘g \ Z7), we also have that

(v) R\ A, isdiscrete,
(vi) p,isC®on A & p, (T, \ Z), and
VH

(1) = -
Pe (D) 1HI2

(Pe(®)

forallt € A,, and
(vii) pe| acz, 1S injective.

We will prove this in Appendix A.

LEMMA 2.12 For each? € A, there is a locally constant functid®, : Iy \ 2" —
R such that® (p,(t)) + C,(pe(t)) =t forallt € A, NZ,.

We will also prove this result in Appendix A.

Remark2.13 Thusp, is a diffeomorphism fromA, N Z, to ', \ 2" with

inverse® + C;.

{ AcNZ,

Let’'s understand the behavior & near.2"’s. Define

FLxell:Ax =0).
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Fixy e 2. Set
=~ d f
OF (X) = O (X)) — lim 6@ (1))

for all x e T \ {0} (the uniform continuity result of Lemma 2.10 implies that the
limit exists). Define

~ d f~ ~ ~
Fe(X1, X2) = Je(Xe, X2)Be (X1, X2) | Ve H(X1, X2) |2
= Jr (X1, X2)B, (X1, XZ){g;il(Xl, X2) X3
+ 20, 7 5(X1. X2)Xa Xz + G, 3 5(Xe. X2) X5 }
for all (x4, o) € ﬁ; then@; satisfies the PDE
(VeH,Ve®))e =F, onT\ {0},
)|(I2’]O O, (x)=0.

xel'\{0}
Define
F 0, x ¢ - .
fY(x )d—ef%—lx(o, X2): (0, X)G; L 1(0, %) ,
2
F X1, 0
00 & 00D = 5,0, 008 00,063 ,06,0)
1

+ def

for all x; andxy in 1 = (—or, ). We thus have that

30, 30 .
X1—(x1.0) =x{ fl(x) and  —x——5(0. %) = x5 ¥ (x2)
X X1 3X2

for all x; andxz in I. Defining

O (x) d_ef/ zfl(x2dz and O (xo) d_ef/ zfY (x22)dz
0

0
for all x; andx, in |, we have that

O, (X1, O)=/ 1zf H(@dz= X0 (x),
0

©,(0, x2) = —/ szV(z)dz_ —szV(xz)
0
for all x;, andxz in 1.

Remark2.14 Sincel is strictly positive ; is positive on(J, andg, 1, andg; 3,
are strictly positive onJ, If; (0, xo) and If;(xl, 0) are strictly positive fox; andx,
in 1. Thus bothf! and f are strictly positive orl; and henced, (0, xz) < 0
and®,(x1, 0) > 0 for all x; andxz in ;.



10 R. B. SOWERS

We want to extend® away fromI'. We will do so by means of eetract We
want this retract to interact nicely wit® near.2". To force this to happen, define

def o

Op (X1, X2) = XZOH (x1) — X5TY (%2)

for all (xq, %) € L.
LEMMA 2.15 (Retract)There is aretrack : M — T such that

() the setX def {x e M: p(x) e Z}is animmersed manifold of codimen-
sionl,
(i) pisC®onM\ X,
(iiiy foreachy € 2, ©; o ¢, o p is C* on (¢ (1)), and
(iv) foreachy € 2, there is a neighborhood; of ¢ such that¥; c ¢, (CJ) and
9 (%) C ¢:(0) and such thaB; o ¢, o p = O o ¢, ON%.

We shall give the proof of this result in Appendix A. Being a retrgcts required

to be continuous oll. For convenience, letr € (0, 1) be such that] def {x e R?:

IX]loo < @} is contained irﬂxegg ¢ (7;). For eachy € 27, defineB, def qSF(D).
Define alsaV &' M\ (X UT), and for each € 2", defineN;, &' ¢.(B, N A).

We now define® (x) def ®ogp onM and for eaclt € A, we defineC, def Ciop
and®, e + C, on(M, UT,) \ X. Fort € 2, define

O2(x) E D" (e () xm, (@ (X)) — B (), x € N,
leA

then(:);‘a is locally constant orlV; ; it is the correction function betweed, and the
O o ¢,’s.

LEMMA 2.16 The function® is C* on M \ X. There is a constant K> 0 such
that forall x e M\ X

O <K, [[VOX| <K, [£0X| <K,
[(VH, VO)(x) — I()[VHX) 12| < KHX)],
and forally € 2" and xe O,
0.0 < K[Ix[IZ, and  [[VEO(X)]| < K|[X]loo -

(2.5)

The proof is in Appendix A.

For each¢ and{’ in A, define nowy, ¢ def T, NTe)\ Z. Fix £ and{' in
A such thaty, » # @. There is no assurance th@t and®, will agree ony, ;.
Let’s define atransition mapin this case; namely, defin@g/(e):e®g(pg/(0)) for
all & € Oy (y,.¢). Recalling Remark 2.13, we have that is a diffeomorphism
from @ (y.¢) 10 O (ye.¢). In fact, the map +— ¢, (0) — 6 is locally constant on
O (ye.er) (ON Oy (Ye.rr), Lo 1SC* and its derivative is identically 1).
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; ¢ (M)

FIGURE 2.2. Local coordinates.

3 Approximations

We now construct several approximations to the*'s of Theorem 2.6. If

O is some open subset M \ X andy € C*®(R x R) and if we sety*(x) def

Y (O(x), 1% for x € O ande € (0, 1), then
.. 1oy - 10%y )

(ZY)(X) = ?{@(VH, VO)(X) + Eaz—hJIIVHll (X)}

%y

2000h

2
+J{%($®>(x) 419 ‘an@nz(x)}

36 2002
forall x € O ande € (0, 1), where the various derivatives ¢f are all evaluated
at (®(x), H(x)/e). The PDE (2.3) equates the coefficients of the dominant terms
on T, meaning that ifZ*v¢ is to be of orden(1l) onT ase \ 0, theny should
satisfy the heat equation

+ %J{%—K<XH)(X) + (VH, V@))(X)}

d 192
W L1
90 292h

The significance of the following result is now partially clear: DeﬂhgedzEf (0, 00)

if ¢ € Ap and defineR, & (o0, 0) if £ € Aw.

0.

PrRopPosSITION3.1 There is a collectio{¥, : £ € A} of functions such that the
following hold

(i) PERIODICITY CONDITION. Foreach? € A, ¥, € C*(R x R;) and
forall 8 € R, and he R,.
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(i) PDE cONDITION. Foreach? € A, ¥, € C*(R x R;) and

N 192y,
3.2 —@,h)y+=——@0O,h) =0
(3.2) 55 O+ 570 )
forall (0,h) e R x R,.
(iii) D ECAY CONDITIONS. For each multindext such thatjee| > 1, there is a

constant K> 0 such that

(3.3) |D*Ww, (0, h)| < K exp[—\/gw]

forall ¢ € A, 0 € R, and he R, such thath| > 1.
(iv) MATCHING CONDITIONS AT THE BOUNDARIES If £ and¢’ in A are such
thaty, » # @, then

(3.4) Jim @y (- hy = lim W e (). h)in LAOc(yer))
heR, heR,
and
: o,
hER[ 961’[

. AWy

rLILno / {a—hl(te,e’(@), h) + Ve/}@(Q)de
hER@/ QEI(

fOY a.” (/S Cgo((ag(yg![/)).

(V) ENERGY ESTIMATE.

W, 2
Z/ f(ﬁ(e’h)) dodh < co.

CeAneR, 0eT,

The proof will be given in Appendix B. We can in fact do a bit better, tlank
to well-known properties of the heat equation. It turns out thatltfie can have
singularities near the points m;l(%) x {0}. For eachy € R, defined,(9) =
infe,epz_l(% |6 — 6’|. Also, defing?% maxca 4. For each nonnegative inteder

define
def [ 1 h? T
sk(@,h) = {|9|—k/2 eXp[—M]X(o,o@(@) + 1} eXp[—‘/ §|h|}

for all  andh € R. The functionsy has exponential decay |h| for |h| large and

has a singularity of ordeB|~%/2e~"*/4¢) whenh andé are near 0. We also note
that there is a constant > 0 such that

sk(@,h) < K ex[\/?h}
k(,)_m P — §||

forallk € {0, ..., 4} and all6 > 0 andh € R such thaté| + |h| > 0.

For? e A, definef , (0, h) & f,(0)h for all 6 € R andh € R,.
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PROPOSITION3.2 Fix £ € A. Then there is a K> 0 such that for every re Z
and every multiindex;j, k) with j +k < 2,

gitky,
'aeiahk

(©, h)‘ < Kszj1k(de(0), h)

forall6 €e Randhe R,. Forany¢ and?’ in A such that, , # &, any multindex
a,andallg € @g(]/@’g/),

r|1imo D*(W, + F )0, h) = rlmimo D*(Wy + F o) (e (0), h).
h:R@ he?z[/

PrROOF. The proof is essentially the same as that of proposition 8.7 of [Q].

We can now make the basic part of té*'s of Theorem 2.6. Fot < (0, 1),
define
. def H(X)
AP (@)z(X), T)xw X)

LeA

for all x € M. We note that the prefactor efis needed to get the appropriate
Neumann data dt = 0.

LEMMA 3.3 For eache € (0, 1), the functiond?, + F is Ctat (T UX) \ 2.

PROOF Fix e € (0,1). Nextfixx € T'\ Z". Thenx € y,  for somel € Ap
and somée € Aw. In a sufficiently small neighborhoa® of x,

. H(x)
LX) = eV, (®Z(X), T)X(O,oo)(H(X))

H
N s\W(@e/(x), %)X(m,mm(x))

H
_ ey, (@Ax), %)xmm)m(x))

H(X)
+ eWy (w,z(@z(x)), T)X(—OO,O)(H(X)) ,

and we now use Proposition 3.2.

Next fix x € X'\ Z". To show thatd’, is smooth ax, we will use some of
the machinery of Appendix A; in particular, we use the notation of the probfs
Lemmas 2.11 and 2.15. F& € M, as at the start of the proof of Lemma 2.11. By
Lemma A.2, there ar€" andA* in R such thatx = e, (3:+(x*)). Since the map
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(t, A) = 5 Ge=(X¥)) is full rank, it is a local diffeomorphism. Thus it is sufficient
to verify that the map

ft.n) £, <®e(5o;2 Gee (X)),

HX" (1 —A)
)

H (g5 G- (X*)) >
&

def

de Wg(@(g(&o (e (X)),

is smooth att*, 1*).
Define first
R £'0,(p Gi(x*) = O@®) + Co(q())
for allt € R. ThenR is C® on A. Fix nextr € 2 andt* € q~*({x})) C
9 1(¢(0)). Then there is a neighborho@of t* such thag: (x*) € (¢ (D))

fort € O. Define nextR, & (0] o ¢y 0 P)(3u(x*) fort € O. ThenR is C®

onO andR — Ris locally constant or© \ {t*}. Hence all derivatives oR have

well-defined limits at*.

Next definef* &' ¢ (t*) — [1(t%)/9,1%, € T,. If £* € (0,%,), then

lim R = lim (®; o py)(s) = t*,
t—>t* s—f*
in which caseR is continuous at*. If f* = 0, then
t“\T* R = L'Q?)(@z opy)(s)=0 and t%n R = J'/r%((@e opP)(s) =%,
in which caseR has a jump of siz¢, att*. Combining things and using tté-

periodicity of ¥, in its first argument, the desired smoothness becomes apparent.
O

This means that we can extend the domaid@ftoM \ 2. Fore € (0, 1), define

@500 £ lim &), xeM\ 2,
XN
&5 00 £ 05 0 6, ond\ {0} forr e 2.

Fix nowyr € 2°. We need to modify things atitself due to the singularities
of they,’s nearp;l(%) x {0} (as characterized in Proposition 3.2). We start by
returning to(6, h)—coordinates. Note that there are four (not necessarily distinct)
indicests(x), £2(z), £a(x), andé4(x) in A such that € (_, M, and such that
¢I(M51(I)HBX) C Ry xR, ¢;(Mzz(;)ﬂ5;) C R_xR,, (ﬁ(r(MgS(;)ﬂBp) CR_xR_,
and¢, (Mg, N By) C Ry x R_. The vector fieldvgH points inward along the
vertical axis{0} x R and points outward along the horizontal aRis {0}; the stable
manifold ofj aty contains theg?bIE image of{0} x R, and the unstable manifold gf

atr contains thefbx image ofR x {0}. Note that
[xeO: 6,0 =0} = {x eO: x0T} (x0) = %0 (x2)} :
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then define
o E{0a, %) € 0:%0Y 06) > aldf o)},
b = {(X1. %) € O %0V (x2) < —[xa[OF (x0)} .
RE (4, %) €O x10Y (x1) > [%2|0F (%)} ,
L E %) € 03B (x0) < —[%2l0H (x)} .
Set

Uy E'sup{G30) : Xl < w,r e 2,5 € [H, V)],
6. Llinf {330 : x| <, x e 2, s€{H,V}};

then0< U_ < U, < and

O
CiuUCp C {(XL X2) € R?: [xq| < U_+|X2|}’
(3.6) o
CeLt UGR C {(xl, X2) € R?: [xo| < 6—+le|}-

Foreach € {1, 2, 3, 4}, define

ef
q@ L Tim 0,x)
XGF@ (x)
X' =t

(we could alternately have used the jily Lemma 2.12, either the lirandlim

agree or differ by exactly;). Defining now¥ gt mingc %, we define the four
functionsu,  , u; r, Uz.u, andu, p by

u (t h) def \Dfl(p) (Cl(?) - ta h) + ij_():)h If (tv h) € (Ov g) X (Ov OO)
&Y Wiy (€2) — 1. h) + Viuh if (8, h) € (0,9) x (—o0, 0),

u (t h) def \ng(p) (CS(?) - ta h) + Vfg(}:)h If (tv h) € (Ov g) X (Ov OO)
P ‘~I—‘g4(:£)(C4(§) —t, h) + Vg4(r)h if (t, h) € (O, g) X (—OO, O),

u (t h) def lIlfg(p)(CZ(?) _t h) + sz():)h If (tv h) € (_g7 0) X (_009 0)
5L \I—‘EB(I)(C3(§) t, h) + ng(r)h if (t, h) € (—g, 0) X (O, OO),

u (t h) def \Dfl(p) (Cl(?) - ta h) + ij_():)h If (tv h) € (_g7 0) X (oa OO)
ER \I—‘g4(:£)(C4(§) —1, h) + Vg4(r)h if (t, h) € (—g, 0) X (—OO, 0)

(note that(:); is positive on the horizontal axis inl and negative on the vertical
axis ofJ); see Remark 2.14—this is the reason for choosing, 0) for u, | and
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U,,r and(0, ¢) for u, y andu, p). Definingﬁ;dzefF o ¢, on[J, we have that

. i N H
D ) +F (X)) =¢ Z u;,s(—(@;(x), %)xax,s(x)

se{L,R,U,D}

for e € (0, 1) andx € .
Note that we can define thg 's ath = 0 by continuity (this is possible due to
Lemma 3.3); i.e.,
ux,s(t’ O) = J]ID;]O ux,s(t» h)
h+£0
fort € (0,9)if se {U,D}andfort € (-¥¢,0) if s e {L, R}. By (3.2), we have
thatforalls € {L, R, U, D},

AUy s _ 10%us
ot U= 550
on(0,9)xRifse {U, D}andonon—¥¢,0)xRif s € {L, R}. From Proposition
3.2 (or alternately by using the fact that the heat equation smooths in fbtives),

the function

(3.7)

(t,h

° def |.
us s(h) = !I;T(\) Ugst,h), heR,
exists and is irC* for s € {L, R}. Defining

uw ) ifh>0

o h) =
Ue.u (M) [u;L(h) if h <0,
3.8) :
w () ifh>0

o h) =
Ue.o (M) [u;,R(h) if h <0,

we also have that

° def |.
up s(h) = 1'{% Ugs(t,h), heR\({0},

fors € {U, D}. Thusug ¢

, €CMRY) andus ¢

R g €C®[R_)forse {U,D}.

Remark3.4. There isnoassurance that

nuo nuo ng o dnuo
i (00 =~ (0-) or — 22 (04) = — 22 (0-).

Thus we can have singularities in y andu, p at (0, 0), butu, g andu, | are
smooth. Equivalently, this means thaf , may have (complicated) singularities
at the origin inC, y U C; p.

Thus we should look a bit more closely é\;,; in C;,u andC; p. From the
standpoint of singular perturbations, this is natural; we need to make somethin
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“corner expansion” nead. This corner expansion should be valid wrfeg and
|[H/e| are small. If(x1, X2) € C;,u UC;.p ande € (0, 1), then

O, ~ (8)
X1l = vIxalxal < | U—+|H(X1, X2)| < \/SU_+

S0 if (X1, X2) € Cr,u UGy p and [H(xq, X2)/€| is small, thenx;| is small (i.e., we
are near the vertical part df), and we should be able to replace the coordinate
O, (X1, X2) by ©,(0, x2). To carry this out, foe € (0, 1) define for(xy, x;) € O
such thaix, £ 0

H(Xq, Xo)
g

El

D (X1, X2) = ¢

def | €Uy u (—C:);(O, X2), M) if o> 0
8u;,D(_®I(oa X2)7 M) |f X2 < o

and define for alk € B, such thatp,(x) ¢ R x {0}

o () £ 0 (9 (%))

To studyciﬁB’x, define

~ def X1 ~ def ~
Dea(X1, Xo) = ———  and T, 2(x1, X2) = X2\ UY (X2)

VOV (x2)
def

for all (X1, x2) € O. Forz € R, defines(z) def z/|z| if z # 0, and set(0) = 0.
Then

H(x1, X2)

v —0:(0. X2)

for all (x1, X2) € O such thatx, # 0. Define also the heat kernel

(3.9) / —0,(0, X2) = 5(X2) Dy 2(X1, X2) and = 5(X2) Dy 1(X1, X2)

1 2
a(2 e~ % , ZeR.

Nz

LEMMA 3.5 Fore € (0, 1), CBSBJ + F . is smooth af(x1, X) € O : X, = 0} and
furthermore

- . © /5 .
(3.10) CD%,F(X) +F(X)=¢ /_Og<%(x) — z) u; r(9y2(x)2)dz

Z:

0 -
+ sf g(ﬂl‘%(x) - z) us | (D 2(0)2)dz

—=—00

for all X = (X1, X2) € O such that x # 0.
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ProOOF. We recall (3.8) and use (3.9). We also gde explicitly solve the heat
equation (3.7). Fix andx as required. Ik, > 0 (hence/ -6, (0, X2) = ¥ 2(X)),

DL () + F (0 —ef Hex/e -

zeR \/_® (O, X2)9<\/—® (0, x2)

H -
=¢ f g L) —z)u;u(ﬁx,z(x)z)dz

r 8y —6:0. %)

and this agrees with (3.10). % < 0 (hence,/—@)p(o, X2) = —f}p,z(x)),

>u;yu(z)dz

B4, 00 + F (%) —s/ Hx)/e -

zeR\/ B:(0, %) (\/ 6:(0, %)

—¢ f g(L — Z)U;D(—f};,z(x)z)dz

zeR 8%
=& /OO g<_ ﬁ;,l(x) _ Z) u;‘L(_;’LZ(X)Z)dZ
2=0 &
0 ~
+ 8/ g<_ ﬂ;,z(x) _ z) u;,R(_;’;,Z(X)Z)dZ
0 ~
—° ,/__ g(_%(x) + Z) u;,L(éx,Z(X)Z)dZ

% 9. 1(X -
+e f g(—%() + z)u;,R(ﬁ;,z(x)z)dz,
z=0

and we now use the fact thgt is even; again, this agrees with (3.10). We now
have the stated representation&eg’x. The stated regularity follows easily from
this representation; note thét , ands,,, are smooth. 0

)u;’D(Z)dz

Fore € (0, 1), we define

ef

&J*?B’;(x) o I!(rr)l_)XcDB (X1, %), xel,
1,42
X270
(X1,%2)eld
def
‘1’85;_‘1’65;0% onB,.

We will later, in Lemma 4.3, use (3.10) to show tIQ%YfCD?B is small.
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Nearr, we want to useb . instead ofd%,. In view of the heat singularities that
occur neat, define

D5 (x) "‘”{|® X2 + &

} , Xel,
DL (x) LD (¢ (%)) , X € B;.

We can comparé; to the Euclidean norm via the following:

LEMMA 3.6 There is a constant & > 0 such that for alls € (0, 1),r € 27, and
X e [,

Xl < Kag{@DEx)Z + DEx))4],
IXlloo < Kag{@ixDE + ¢}, and [AX)| < e(Dix)2.

N

PROOF Fix ¢, ¢, andx as required. To see the last bound, we simply write that

Aol = e F'ix) < ey/Decx).
We next observe that
XI5 < X{ +x5 < U_la{(XfUH(Xl” + 050 (%)%}
< U—l%{(xfisjj (x1) — X350 (x2))? + 2x3x50H (x) TY (x2) }
< Uiz { (O (X1, X2))? + 202 H3(x1, %) }
%{(©€(x))2+202 e?D5(x)},

and hence

1 1 ~ ~ 1
IXlloo < —= max{1, 24 /O, H{(®;(x)? + 20500} *
21/4 1 ~ 1 1 ~ 1
= —= Max{1, 28 VO, {(D100)2 + 82 (D)) 4}

Sincee € (0, 1), this gives the first stated bound. By Young’s inequality, we
consequently have

21/4

1 3 xeond | €

and this gives us the second bound. a

X][oo <
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For eachs > 0, define

B Ef{xe0: D0 <8} and B3 L'6.(B:9)).

Fix nows € (0, 1) such that

(3.11) 5 < (2}26)4.

Thenifs € (0, 8), ¢ € (0, 1), andr € 2,
1X]loo < K3.6{8% +3Zl‘} = K3.65‘l‘{1+5‘l‘} < 2K3ed? <

for all x € B:(8); i.e., B¢ (8) € OI.
Let’'s now put things together. First, we need a cutoff function.

DEFINITION 3.7 (Cutoff Function) Let) € C°(R; [0, 1]) be even and such that
n(u) = 1 when|u| < 1 andn(u) = 0 whenju| > 2.

Foralls € (0, 8), ¢ € (0, 1), andr € 2, define

D3(X)
e def
7’];S (X) __e T]< x(S

)XB;(X), X eM;
theny?* is smooth and

suppy’® € Bi(25) and supp{l— > 77;3’8} cM\ ( Bi®).

e e
For all§ € (0, §) ande € (0, 1), define now
e def & I3 & &
W00 E 1= Y 00} @R00 + D n 005 00, xeM,
e e

and for each € 27, define

@00 Lur (g ), xel.

Define

E(2) dﬁfexp[—}\/g\/zz+l], zeR;

2
then& is smooth and there is a constaft 12) > 0 such that

! ex[ 1\/?|z|}<8(z)<K ex[ 1\/?|z|}
Ka.12) P 2V @ - = e 2V g

for all z € R. The main result of this section is the following:

(3.12)
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THEOREM 3.8 There are positive constantszK and s g such that for alls €
(0, 5) ande € (0, 1) such thate/v/8 < 35 and for all x e M,

U (x)| < Kas,
Ksg . H(X) IVHX)|2 <H<x)>
Leude — & — K £
|u(x>|sﬁ<8)+3.8 , 5
Kss |: 1 «/5]

+ ——exp,
&

(3.13)

Kzg ¢

We will prove this result at the end of Section 4.
To begin to understand what goes into this theorem, let’s explicitly agfly
to u-¢,

LEMMA 3.9 Forall § € (0, 5), ¢ € (0, 1), and xe M,

4
gsuﬁ,g(x) — Z I‘ié,s(x)
i=1

where
000 E1- 3 oo [ (£ v 0.
e
De0 €Y (270h,) 0ne (%),
e
550 €Y (9,00 — ©500) (L5 12) ().
e
300 Y (V@ — DR, Vil ().
e
PrROOF. The proofs are straightforward calculations. a

4 Calculations and Estimates

Let’'s now start bounding things. We need to do the following:

(1) boundZ*®} onM\ |, » B;(8) (Lemma 4.1),

(2) boundZ*®%  onB;(25) (Lemma 4.3), and

(3) comparebi, anddg , (and their first derivatives) ofi; (26) \ B; (8) (Lem-
mas 4.4 and 4.7).

LEMMA 4.1 There is a K> 0 such that ifs € (0, §) ande € (0, 1),

Ze0500] < S-fas (%)3}5(Hix>)

forallx € M\ U,co B; (9).
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PROOF Fix ¢ € A. For§ ande as required and € M, N/,

(VH, Vo) (x) — JI1(x) VHI*(x)
&

{—(WE(X))(B%H)(X) + -'I(X

A
(Z2@5)(x) = —‘(‘Hx))

eah (X)) (VH, VO@)(X)}

J(x) 3%y,
+8{—(—is(x))(«$®z)(x)+ % 592 LCTFENIVEL| (X)}

where‘lg(x) (@g(X) H(x)/¢). Since

2
inf{dg(®[(x))+ lw tee 0D, xeN\ B;}

e

is positive, we have the desired boundn U;E% B,. The only complication is
the first term. Here we use Lemma 2.16 and observe that there is a cdfstait

such that
Eex _\/i|_l—l| < Kex ——\/7“_||
P g e |~ P 2V @ ¢

)
onMforall ¢ € (0, 1).

Now fixr € 2°NT,. We want to boundf"‘dﬁ\x in Ny \BE(S) Define
‘I‘?(x) (@ X) + ®®(x) H(x)/¢) for all ¢ € (0,1) andx e N There are then
positive constant& and K’ such that

W, =, ((VH, VO) — J|IVHI®) ($: (%))

H
() v
& &
_ KIH®)| K’s\/Di(X)_ K’ K’

<

T eDi(x) eDEx) [Dex) ~ VB

H Low, - S -
(5( OO)) ST OO0 <

K

Do Ve

HOO\\ 7| 02%, =, )
(5( & )) aeah(_I (X)) (VeH, Ve®)e(x)

K [Ix]%,
T (DE(x))32
K@i +¢e2 ([ 1 g2 g1 €
Y e L
(DE(x))32 [Bex)  (D500)%2 Ve o &Y
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oV, -~ o~ o~
a—J(‘lE(x))(%@;)(x)

=<

A

Ke
3 )

D(x)

9

()
()

062
KlIx|2.¢
< —
(D:(x))?
(De(x))2 D) (D(x))?

(TE )1V O [12(x)

5 T 52

for all § ande as required and aXl € A; \ B:(8) such thatp,(x) € M,. Combining
things, we get that there is a consté&ht- 0 such that

K e & & H(x)
2l = e G 5 me ()

for all § ande as required and all M \[5‘;’(8) such thatj?x(x) € M,. The stated
conclusion readily follows from this. O

Fix nowr € 2°. We next want to stud;@f&)g’;. We start with an auxiliary
result. For convenience, defigg(x) dzefflx(x)éx(x)||@;{§‘;,1(x)||2E for all x e 0.

LEMMA 4.2 We have that
_ o~ - 1-~ -
(VEH, VED 1)E(X1, X2) = Eﬁ;,l(xl, %2)£:(0, X2) ,
_ o~ - 1- -
(VeEH, VED 2)E(X1, X2) = —Eﬁ;,z(xl, %2)&: (0, X2) ,

for all (xq, xo) € 0. Also, there is a constant K 0 such that forie {1, 2} and
X e [,

IVED il <K and L0 (0] < K.

PrROOF The stated regularity bounds are fairly obvious. In light of this regu-
larity, it suffices to carry out our calculations @}. For (X1, X2) € N,

f .
~(X1, X2) i_xzf)@; o, Xz)}
2(—0,(0, x2))%/2 9%z
F. (0, X2)
— O (X1, X2)

(VeH, Ved1)E(X1, X2) = 5(X2)

1.
= 519;,10(1, X2)
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I 90
(VEH, VEU; 2)E(X1, X2) = —5(X2) —Xp—(0, Xz)}

eyt
2,/—0.0,x) L %

1. F.(0, X2)
= —=1U, (X,X)f—.
2 PTG (xa x2)

We now calculate that

30, %80, %28, 110, %) F(0, %) _ Fi(0, %)

£(0, Xp) = - - =
e 3Y (%) XZOY (%) —0,(0,x2)

for all (x4, X2) € [J, and this gives us the claimed PDE fy; andd, ». O

The heart of our analysis oﬁfé%,; is the standard fact that (z2) = —zg(2)
forallz e R.

LEMMA 4.3 There is a K> 0 such that for alls € (0, §) ande € (0, 1),

2
XI5

| L (0] < K{1+T}, X € B(25).

PROOF. Let | be either the intervaR, or R_, and letp be a smooth function
oni such thaip and¢ are bounded. Recalling Proposition 3.2 and the comments
preceding Remark 3.4, we know that, andu, r fit these requirements. For all
andx as required, define the function

T8 (X) défg/g(ﬁ‘%(x) — z><p(5\x,2(x)z)dz.

zel

Fix such are andx = (xq, X). Then
(ZETH)(X) = E(X) + E5(X) + E5(X)

where

(%) = / { g<1>(l9x,z(x) ~ Z) (VeH. Vedrne® 3. 2002

£28,(X)

zel

P (D 2(X)2)

N 9(2)(5;,1@) _ Z> 1001 VeDea ()12
€ 2

’ 3 VeH, Ved
+29(%(X)_z>¢(0;,2(x)z)( E EgE(X;)’Z)E(X)}dZ,
L
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5 L i
E5(X) = / g(”(%(x) — z){(%ﬂ;;)(xxow;,z(x)z)

zel

+ 3.0 (Vi By 1, Vid 2)E(X)Z9(F 2(X)2) }d Z,

9 - _
Bs(X)=¢ [ g Pral®) _ Z | (0 2) (X)Z9 (D 2(X)2)
&

zel

1.~ -~ -
+ Elgx)||V;m,2<x>||2Ez2¢(m,z(x>z)}dz.

We can integrate by parts to get that fot {1, 2},

(4.1) /g(”<ﬁ"%(x) — Z)w(z%,z(X)Z)dZ=
zel

N g<i1)<l%’z(x)><p(0) + P20 / g(il)(w — z)¢(5‘p2(x)z)dz
zel

where we choose- if | = R, and— if | = R_. By carefully calculating, one can
see that{(x) = g} ;(X) £ €] ,(X) where

. def 1 @[ Pea®0 _ )N
Gt {g ( 2 - 2)E00
ro P10 ) (2100 0.

x Uy 2(X)@ (D¢ 2(X)2)d Z

€l

1 (l)<1§I,1(X) . ) ~ _z ~ Lo~
00 / 0 (P22~ 2) (£ 00 — £(0,%)1,.209.F, 2002102
zel

and

. oodet 1 9100 ) Dp.1(X) - (1)<z%,1(x))~ }
El,z(x) = 28§F(X) {g( e ) f;(o, X2) + ¢ e Sx(x) ¢(0)

&
_ 1 @ 75;,1()() P _ £
= 28,00 (78 ){5; (X) — &:(0, X2)}¢(0) .

Note now that there is a constalt> 0 such that
€0, X2) — Ec(x1, X)| < K[Fp1(Xe, %), (X1, %) € 0.
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Furthermore, recall that is assumed to be bounded and observe gHais inte-
grable. Thus there is a constadfit> 0 such that for alk andx as required,

|9 1(X) D 2(X)] X112
1100 < K—= ’ =K—=,
ERICSI -

&

9100\ | 1P (X)]
€100 <K ‘g“)( = )‘ L < Ksuplzg® (@)
& & zeR
Let's next bounds;. Change the variable of integration and use the factghat
andy are bounded to find positive constaktsandK’ such that for ale andx as
required

3 3 2
50| < Ke / g(w){ @ﬂuh Zea) 4, }dw
(4.2) weR
, 92002 , iuxnio},
§K8{1+782 }5K{1+U—8 ;

one must use Young’s inequality and the triangle inequality to get the secand lin

To bound&;, we first integrate by parts, as we did in (4.1). For eaeh(0, 1),
we get that) = &5, & &5, onL], where we choose- or — as we did in (4.1), and
where

o . ~ -
B1(X) = /9(%()() - Z){(Zél?;,l)(X)l‘/‘;,z(X)f/')(l?;,z(X)Z)

zel

+ ) (VeBp1, Ve 2)E(X)
X (¢ (D 2(X)2) + 20, 2(X)§ (T 2(X)2)} }dz

5 - -
E52(X) = 9(%()())(%19;,1)@)(0(0) -

Bounding now as in (4.2), we have that there are positive constaatsd K’ such
that for alle andx as required,

xl()

5,0 <K / |9(w)|{|1§‘;,2(x)|+1+ +w‘|1§‘;2(x)|}

welR

2
< K’{1+ IIXIIOO}’

&

|5,(0)| < K;

the last bound is a direct one. Combine things to get the stated bound. O
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Now let's compare thé;’x andi)’g,p on l§’§(25) \1”5’; (8). We first carry out this
comparison ot . U C, g; recall thatu, . andu, r are smooth.

LEMMA 4.4 There is a K> 0 such that fore € (0, 1) and xe C;L U C; R,

|~I£ () i gA (X)| = K8“X||2 + Keexp| —— “Xllgo
B.r 2 — 00 2 s
i :I:~8A 2 ” ”2
“ E(IBJ ,Jﬂ)(x)”E = K”X||00{8+||X|| }+Ke p — ez |°

PROOF First note that, 19, » = H on . Fix ¢ € (0, 1). Fors € {L, R} and
X = (X1, X2) € Cys, define

1500 Ee / g(ﬁ"z(x) - z)!u;s(ﬁx’z(x)z) - u;%@)}dz

zeR

=g / g(w){u‘;)s(@ — 5;,2(X)w> — U;.:,(@) }dw
R

we

Define nextT,(2) def uy r(2 —uz | (2) for all z € R and then define

0 {9 -
T3 r(X) d=ef—e/ g<%(x) — z) T (W 2(X)2)dz, X € CyRr,
/9. 1(X -
5, (%) d—efs/ g(%() - Z)T;(z?;,g(x)z)dz, X el .
z=0

Finally, define forx = (X1, x2) € Cy s

de H
0 (1) {8000, %)|

Fixnows € {L. R}. We then have thaby  —®% . = Y7, 7, 0nCy.s (remember
to add and subtragt, in carrying out this calculation).

Let's first consider( i, and note thati, r andu, . are smooth. We can com-
pute that for alk € (0, 1) andx € C, s,

Wes (o H(x)
9 ()—VE®(X)

0
s Hx)\ .. (HX) -
5 ) ()

VeT5(X) =
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It is now fairly easy to find positive constartsandK’ such that

75 00] < Kel®,0| < Ke|Ix|1%,
[ VeTs 0| < KiellXlloo + 1001 VEHX) I}
< K'{elxlloo + X113} -

Let's next considefr; ;. Define
def !
Es(z, h) = u; s(h+2) —uy (h) —uy ((h)z = 22/ (1 -9 s(h +s2ds
s=0
forall zandh in R. Then there is & > 0 such that

0
les(z, h)| < KZ%, ‘a—'j(z, h) < K|z,

OEg
<K]Jzl, and ‘a—h<z,h)

forall zandh in R. Thus for alle € (0, 1) andx € C; s,

£ . (HOO\ ~ H(x)
Tis(X) =¢ / g(w){_up,s(T)ﬁ;,z(X)w + Es<—wz9x,2(x), T) }dw

weR

=¢ / g(w)ES<—wz§x,2(X), @)dw

welR

H(x)

0Eg - -
VETS (%) = / g(w){—ewa—'zz(—wm,z(x), T)Vg&;;(x)
weR

JEs - H -
n a—Eh<—wz9;,2(X), %)VEH(X)}dw

where we have used the fact thats even. It is now fairly easy to find positive
constantK andK'’ such that for alk € (0, 1) andx € C; s

|75 (0] < Kelde 2017 < K'e|Ix]1%,
IVETE (0| < Kielde 20| + 15,200 P VEHO 1}

< K'{ellxlZ, + 1x12.} .

Finally, let's considerrg’s. To do so efficiently, for each € (0, 1) andx =
(X1, Xo) € [, define

o 3
TE(X) def —e/ g(—w + z) T (5(X1) P 2(X)2)d Z;

Z=—00
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then (keeping in mind tha is even)T¢ = Y5z onCrandY: = Y5, onCr.
Integrating by parts and then differentiating, we get that

0 -
restwdea00 [ g (—'ﬁ“lﬂ T z)ﬁ;<s<xl>5x,z<x)z>dz
7=—00
_pgD (_ |z>‘;,l<x>| )_[; ©
B¢, 1()|/& 1 . (X)
+ 85(X1)l9; 2(X) / - )(w)‘l;(s(xl)ﬂx 2X)w + —)
~ 2 -
VET; (X) = 5(&)9(-@)‘& (0)VEDy,1(X)
[Dr,1(X)]/& 1 R (x)
+ 85(X1)/ g(7 )(w)_I (S(Xl)ﬂ; 20w + _>dva19; 2(X)
Z=—00
- 5 -
— B 20g P <—M>-‘;(O)VEI9;,1(X)

D 1001/¢

500 P20 / a D), (s(xlwx 200w + Q)

x {& s(x)wVEDy.2(X) + VEH(X)}dw,

forall e € (0, 1) andx = (X1, X2) € C; s (note that them(f}x,l(xl, X2)) = 5(X1))-

We now use the fact that the functions> g2 (2)e#/2 andz > g2 (2)e*/2
are bounded of—oco, 0). There is thus a constaKlt > 0 such that for alk andx
as required,

2
< 007
2
[vetioo] < K exp[ - M}
&

To finish, we note that fox = (X1, X2) € C;,L UCy R,

O O -
IX]loo < max{l, U—+}|x1| < max{l, U—*}\/mwx,l(xm.
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Now let’s carry out a similar comparison @ﬁ;} and @85,; onC,y U Cp.

Define for convenienc@®® (xy, xz)dzefc:);(o, Xo) for all (xq, Xo) € O; then for any
¢ €(0,1),

(43)  p.0=e) W, (éf(x) + 62,

e

H(x)

&

)xMx«;Sx(x)), xeO.

LEMMA 4.5 There is a constant ks > 0 such that for ally € 2" and x e [J,
|OS(x) — O, (x)| < KaglHX)| and | VEOS(X)] ¢ < KasllX[|oo -
PROOF. The proof is clear from the explicit formula fg,. O
We also have the following:
LEMMA 4.6 For§ € (0,8),e € (0,1),r € 27, and xe J,

. - - Hx) > 1 - e
inf }A@F(x) +(1- A)@f(x)\ +|— = —@i(x){l — \/§K4,5~7} .
2€[0,1] e V2 /©§(X)
PROOF. Fors, ¢, ¢, andx as required and € [0, 1],
Hx) |?

20:(X) + (1= 1VOF ()| +

2

H . 3
PO _ (1= 1|60 — 60|

> |0,(X)] + 'T

We then have the following:

LEMMA 4.7 There is a K> 0 such th~at for all6~ € (0, ) ande € (0, 1) such that
e//8 < 1/(2/?K45), and for all x € BE(28) \ B:(8) such that xe Cp.y U Cy.p,

2
|, (%) — P (0] < K—s,
* W=7
~ ~ Ke|x
[Ve(@, — 85, )00] ¢ = =0

PROOF. Fix £ € A such that € I',. For anye € (0, 1) andx € /\7; such that
X € Cey UC,.p and such thap, (x) € My,

| P 0 — D5 ()| < (X,
V(@ — P )0 < B+ 500+ FE (%),
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where
30 Ee we(®;<x)+®?(x),@) = (®°<x>+@@(x) i)) ,
o0 &2 (@ () + 62 (%), SO)
- %(@C(x) +®@(x) )‘HVEH(x)uE,
3500 Ee| 20 (@ 00 + 6200, 1 )‘MVE@) Ml
Lo L 889 (®C<x>+®@<x> , )‘nvEé)f(x)nE.

For anyé, ¢, andx as required,

1
> D50,

We can now find a positive constalitsuch that foii € {3, 4} ands, ¢, andx
as required,

dnf 16,00 + (1 - x)®c(x)|+

3¢ KellXllo _ KeéllXlloo
P (X) < — < .
DE(X) 8

Consider next)f and J;. Fix j € {0, 1}. Fore € (0, 1) andx € A such that

¢:(X) € M, we have that

?)hf <® (X) + 0% (x), M) — %(@E(X) +0%(x), Q)

/1 H.l@‘ (t@ X) + (1 - DO (X) + OL(x), L)dt(@ (x) — OS(x))
<o 0hide £ '

We now use Lemmas 4.5 and 4.6. Fora#t (0, 1), x € [J, andt € [0, 1]

Aol _ Kasey D0 Kaee
(De(x)1/2H T (De(x))1/2H T (D (x)) U2
Thus there is a constakt > 0 such that for alb, ¢, andx as required

Ke? Ke? Ke|x Kellx
3 () < —— Ef and J5(x) < ellXlloo _ KelXlloo

H 0 I

Dz (x)

g

We can now bound the various terms of Lemma 3.9. Some final estimates are
needed, however.
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LEMMA 4.8 There is a constant Kg > 0 such that for alls € (0, 1),r € 27, and
X e [,
X2 1 {\/5200 iv;(x)}
e '

X > min
82 B K4_8 82

PrROOF. From the explicit formulae fo@;, (:)I, andFI, there are two positive
constantK andK'’ such that for alk, ¢, andx as required,

2 4
: 1]
} <K {||x||§o+ 82“};

thus, eitherK’|[x||2, > D%(x)/2, in which case

-, - H(x)
DE(X) < K{|®;(x>| + ‘T

||x||§o> 1 DiX)
g2 T 2K!' g2

or K'||x[[#/e? > D%(x)/2, in which case

I 1 YR

&2 2K’ ¢

We also have the following lemma:

LEMMA 4.9 There is a constant K- 0 such that for als € (0, §), ¢ € (0, 1), and
X eM,

jweool = K1t (22 Dm0
Ny = NG XBg(25)(X),

K 4
\(ggnﬁ’s)(xﬂ < ;{14— (%) }XB;(zs)(X)-

PrROOF. To avoid differentiating square roots, define

H*(x)

g4

"2 (V2. 2> 0.

def

D*(x) = (DEX)? = (O:())% +
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Thenn* is smooth and the support ¢f and#* are both contained in the inter-
val [1, 4].

Fix 8, ¢, andx as required. Then
VED*(X) = 20, (X) VEO, (X) + — ( i )) VeHX),
(ZDN(X) = {26,()(Z0)(X) + IV;0,(X)|I2}

1 HOON? o oz .
+ ;((TX)> {AH) (ZH)(X) + 6|V HXIIE ],

(VEH, VEDME(X) = 20, (X)(VeH, VEO)E(X),

and
(DE(X)2\ | ||V, D
anig(d);(X))‘ _ T] ( ) || T 82()()||E ’
©a(x>)2 (VEH, VEODE(X)  (ZD")(X)
(Leng®) 00 = ( ){ %00 8 }
; <(©6(x))2)|m®*(x>||é
2 52 54 '

We can then find a positive constdfitsuch that for alb, ¢, andx as required,

3 DE(x))3/2 .
K{’Di(x)—l—%}{,/@;(x)—ks}
(DE(x))? e )2
=K—E {1+ - } :
‘. NHES)
@i(X) e 2
K{1+ > }{@I(X)+£}
e 2 2 2
_K@*(;()) {1+ ° } ,
Dz(X)

IA

IVED* ()|

A

1(ZD") (X

&

|(VeH, VED")e(X)| < KDE(){DE(X) + &2

2
K(@i(x))z{1+ - } .

D(x)

The stated results now follow fairly easily, keeping in mind the suppor*of
andij*. O
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PROOF OFTHEOREM3.8: First, fix§ ande as required and € 2. If X €
B; (29), then|H(x)/¢|?> < 26, and hence we have that

%) < ex |:1 T { H(x) H
XBg(25) = exp N7 o5
NE H(x))
< K ex — |& s X eM s
< K@.12) p_ 7 | (8\/g

and sincef is decreasing o0, oo) and is even, we also have that

[ 1./HX)
X8 2s)(X) < K(3_12)exp_ @_8( - ) xeM.

Next, definesrz g > 0 to be such that
inlq 1
x38 < Min s 23/2—K45 .

If § ande are then as required, we can use Lemma 4.7, and furthermore, Lemma
4.8 tells us thafx||% /e > (1/K4g)(v/5/e) forally € 2" andx € B (28) \ B (3).

We also note that there is a const#nt> 0 such thaf|X|, < K ||@Il:|(x)||,2E
forallx e Dandy € 2.

We can now start to bound the errors. We clearly have positive con$teentsl
K’ such that for alb, ¢, andx as required

16,6 H(X)
[y (X)|<75( . )

- VH(X) |1
3¢ 0] < K{1+ W} > X0

re?
H VHX)|I2 .(H
< g (X) +K’” ) £ (X) '
f e e
Fix nextr € 2". Combining Lemmas 4.4 and 4.7, we can find a condant 0
such that for al ande as required and aK € B;(28) \ B;(8),

-, - g2 K 18
| D% () — PF ()| < Ke{e||x||§o + %} +— exp[—RT]
1 \/_}

| Ve(@y, <I>%;>(x)||E<K{e+||x|| +7}||Xl|oo+Kexp[—R?,

Note that

{s+||x||§o ﬁ}||x||m_{2%+||x|| }
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for all x € 0. Combining things and using Lemma 4.9, we can find positive
constantK andK’ such that for alb, ¢, andx as required

VHX) |12 K 1
[0 < K{% + w}xw(m)(x) + — eXp[—R%}
HX)\ | o IVHOOI? . (HOO 1.5
<% < )*K : ‘9(8f>+_ Xp[‘@?]

fori e {3, 4}. Combining things, we get the desired boundghu’-<.

To get the bound om®* itself, we can use Proposition 3.2 to directly bound
the contribution fromd4, and, by means of (4.3), to bound the contribution of the
&JEB_;. We get that there are positive constakitand K’ such that for alb, ¢, and
X as required

w0l < K 5( x )> +Ke Y amon(0 < Kle.

e
]

While Theorem 3.8 gives us bounds o and.Z*u’¢, we might also in cer-
tain cases want a bound oru’¢ (for example, if we multiplyu®¢ by a cutoff
function).

LEMMA 4.10 There is a K> 0 such that for alb € (0, §) ande < (0, 1) such that
e//8 < szgand for all x € M such thatH(x)| > ev/25,

VU ()] < KS( i“)

PROOF. For, ¢, andx as required, the fact thati(x)| > eN25 implies that
Di(x) > 25 forally € 27, and hencer’¢(x) = ¢®%(x). The claimed estimate
follows then from the fact that

‘H(X)

2
inf {d((@((X)) +|—

€ (0, 1),'@ z\/ﬁ}

is positive for eaclf € A. 0

5 Correctors

Here we construct some corrector functions to bound the effects ofrths te
(3.13) that boundZ?u’-¢. See Section 6 of [9] for similar calculations.
Define
S
ml() “—efzf gr)drds, heR.
s=0

r=0
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Then%i(h) = £(h) for all h € R, and there is a constaKt > 0 such that

(5.1) 3| < Klh| and [2(h)] <K, heR,
for all h € R.
Fors € (0, 8), ¢ € (0, 1), andx € M, set now
H(x)
Ve (x) & 83( )
1 (X) & 8\/3

LEMMA 5.1 There is a constant &; > 0 such that for alls € (0, 5), ¢ € (0, 1),
and xe M,
g(H(X)) IVH(X)|2
8\/5 £

PrROOF. The bound on/‘i’f is straightforward from (5.1). For all, ¢, andx as
required, we also have that

£y.8 HOO '\ IVHXO 12 -<H<X))
' = 8| —= H .
(2V*) (%) 5(eﬁ> , ++/63 5 (ZLH)(x)

Again use (5.1). d

< (L") (%) + Ks/8 and [V ()| < Ks1v/6.

This takes care of the second term on the right of the second line of (3.13)

To bound the effect of the first term on the right of the second line oBj3vie
need some extra calculations at element€afwhereVH vanishes. Define

k4 V2 y 2
W(z):/ {e‘?/ e?dz}dy
y=0 z=0

def

for all z € R. Set
(x) = In(e+ |x|7Y
forall x > 0. Thenl > 1 andl(x) ~ In ﬁ whenx — 0.

LEMMA 5.2 We have that
. . . 2 [Z 2
W@ +W(@z=1 and W(2) =s(2e 2 f ezdu
u=0
for all z € R. Also, there is a constant K 0 such that

W@ < Ki(zZI™) and |W(2)| <

zeR.

lz] +1°

PROOF. The expression folV is easy to check, and the PDE fatthen follows
easily. Noting thatW(0) = 0 and thaW is even, it suffices to show that there is a
constantk > 0 such that

(5.2) W(2)| < 2T e
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for all z € (0, 00). Since bothW andx 1/(x + e) are continuous o010, co),
to prove (5.2), we really only need to check near 0 and neaSinceW(0) = 0,
this bound trivially holds near 0. By I'Hopital’s rule, we can finish the propbn
calculating that

im (x + W00 = lim =09
Im((X -+ ¢€ X)=1m —————
X,/'00 x /o0 (X + e)—lex2/2
ex’/2
x/00 {X(X + €)1 — (X + @) ~2}ex/?
O
Set
(5.3) noa, X)) Ex2 42, (x1, %) € R?,

and define the constants

2

def
\/min{jx(x)gxil(x)sx(x) :xeOandre 27}
2

def

a2min(J ()G 1,(x) : x e Dandr € 27}

WE(X) def SZ,BW(a?>5<HZX))n<22T()2()>

for all x = (x1, X2) € 0. Note thatw® € C2°(0J).

Then define

LEMMA 5.3 There is a constant &s3 > 0 such that for alls € (0, 1) and x € [J,

8(@)n<2n(x)) < (,,?Z;VNVS)(X)—{— K5,3x/g[(8)

ZD'Z
H) ' IV HX) |12
+K5.3t<s>5< , ) NG

W ()] < Ke?l(e) .
PROOF. The bound ow itself is fairly obvious. Define next

2
X1(X1. X2) = x and n'(x) d=efn( nw()z())

for all x = (X1, X2) € R?. Then fore andx as required,

&

. H >
(LW (x) = A(x)5< (X))nT(X) + B Z & (X)
i=1
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where
def W X1(X) aXy(X) X1(X)
A0 = { ( ) X)gxll(X)Jr ;(X)8W<a € )}
£ 00 £ ( Xl(x)) ( )NEH,VEnUE(x)

)(%xl, VeH) e O (),

< 1(X)>
E5(X )d—ef%W< Xl(x))s(

E3(X) Ll eaW (a Xlix) )6

e x) & W(axlix))5< 0 ){(%H)(X)WT(X) + (VeH, VD).

€
(X)

)IIV;F'IIZE(X)nT(X),
(X)

){(fxl)(x)n ) + (Vexa, VenHe(0}

&

e£(x) &' e?W (a Xlix) )6 ( HOo ) (ZH(X).

We first compute that for suchandx,

Ao = IB{ZW< Xli )) ZjI(X)Gx_il(X) + OtX1(X)W(aXl(x))}

Be (X)e €
2 (06, 1,00 {W< Xl(X))

2 e

L 2 (tfxl(X))W<a Xl(X)) }
@23 (0§ 1 (0B (X) \ Be(X)e €

>1.

Next, we can find a constakt > 0 such thatW(ax;/¢)| < Kl(e) for all ¢ andx
as required. It is thus fairly easy to find a constéint- 0 such that

E5(X)| < Ke, |50 < Kel(e), and [E5(X)| < Ke?l(e),

for all suche andx. Note that there is a constakit > 0 such thaté(z)| < KE(2)
and|£(2)| < KE&(2) forall z € R. Thus there is a constakt > 0 such that for all
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¢ andx as required,

H - o~
£00] < Kc‘?(g)IIV;H(X)II%,

i . H(X)
51 (0] = K{l(e) + l}”V;H(X)”Efs(T)

~ ~ H
< 2K[<s>||V;H(x>||EE($)

VAN 2
< K[(g){ﬁ+ ”Vch(X)HE}g(H(x))

Je €
V.HXIZ L (H
< KI(e)v/z + Kie) Ve (X)Ilgg( (X));
Je 3
the bound o, requires Young's inequality. d

Let’'s now construct a second corrector function. Define
_ def.

F 2finf {||VH(X)||2 x ¢ | delxe0:inm) < wz}},

e
and note that > 0. Fore € (0, 1) andx € M, define
o def . |2 |Ks3l(e) 1 H(x)
00 &30 W (90016, 00 +82{T i F}:‘( 8 )
e
LEMMA 5.4 There is a constant &, > 0 such that for alls € (0, 1) and xe M,

5(@) < (V) + Ksal(e)y/e  and  |[Vi(X)| < Ks4l(e)y/e .

PrRoOOF The bound orv; itself is easy to see. Ferandx as required, we can
compute that

HX)\ H(x) 2n(¢ (X))
5(7)‘%“5( 2 ()
H(x) 2n(¢ (X))
o0 ) TP

< D (L) (G:00) + |2 |Ks 3le) Ve

e
|2 |Ksal(e) 1 H(x) 2
-+ {T + F}5<T)IIV;H(X)H
< (ZLVH(X) + | 2 Kssl(e) Ve

12 Ksal(e) 1]/ HOO
+S{T+F}:<T)($H><x).
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The result is then easy to confirm. O

6 Proof of Main Result

PROOF OFTHEOREM2.6: Fore € (0, 1), set

5. = Ve
this will make several errors of equal size. Then note that fer %;‘(g, e/\/8e =
3% < 338 Fore € (0,1) such thak < 75 andx € M, define
Kss
D5 (%) L 0B (x) + Ka g (%) + —8 ve(x ,
) (X) + Kagvy™ (X) N 2(X)
_ o def . P Kzs
O57(X) = U™ (X) — Kagvy (X) — V5(X) .
) (X) = Kagvy™ (X) N 2(X)

Then for all sucke andx,

|D5E(x)]

A

€
K3.8{8 + Ks1v/8: + Ks.4l(e), / 8_}

= Ksgfe + Ksaed + K5,4[(8)8711} .
We can then see that for all suefandx,
(L°D5T)(X) > and (ZL°P*7)(X) <k
where

£
Ee S Ks.s{ Ks.1v/8e + K5'4[(8)‘/8_} = K3g{Ks1+ K5.4[(8)}8‘_1‘ .

Appendix A: Global Aspectsof 3

For anyx € M and any subse® of R, definezs(x) def {3:(X) : t € S}

PrROOF OFLEMMA 2.5: The proof is fairly simple, but we include it for the
sake of completeness.

Fix firstx € M\ I'. Seth def H(x), and definel (h) def {x € M: HXX) = h}.
Note thatjr (x) € L(h). Fort € (0, (X))

t = / ;%1((12) S / ;%1@%) .
IVH@I g IVHX) |

ze310,t1(X) x'eL(h)

SinceH is continuous,L (h) is a closed subset of the compact Me(recall the
choice ofh before Definition 2.4) and is thus compact. Sindd = 0 only on the
finite setZ”, which does not intersect the closed séh), infyci ) IVH(X)|| > O.
For each poink’ € L(h), sincedH(x") # 0, there is an open neighborho6Uof
X’ such thatZ*(ONL(h)) < 1. CoveringL (h) by such open sets and extracting a
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finite subcover, we have tha#’*(L (h)) < oo. Combining all of these arguments,
we have thaf(x) < oo.

Fix nowx € T. Assume thaf(x) < oo, and hence that— 3;(x) is periodic.
Thenzr(X) = 3j0.5x)1(X), SO3r(X) is compact and thus a closed subsel'ofOn
the other hand, periodicity implies th&tH = 0 on all of 3zr(x). By constructing
standard coordinate systems at each poinkoX) [2, theorem 3.14, p. 128], we
can also easily conclude thgt(x) is an open subset d@f. Thusjg(x) is a con-
nected component df, and by Assumption 2.1, it is in fact all &. This violates
the assumption tha®™ is nonempty. O

Fix now a connected componentof T \ 27, and fixx* € y. Standard local
analysis [2, theorem 3.14, p. 128] implies that eggtx*) is an open subset of
'\ 2. We can also see thgk(x*) = 3r(X*) N (T \ £, so3r(x*) is a closed
subset of" \ Z". We thus have thak (x*) is a connected componentbf, 2" that
intersects/; thus, in fact,y = 3r(x*). Similarly, if y is a connected component of
e\ &, theny = 3r(x*) for eachx* € y.

PROOF OFLEMMA 2.10: Fixx* € I'; \ 27; we will define® on 3r(x*). The
mapt — 3 (x*) fromRR to 3g (x*) is clearly surjective. SincE contains no periodic
orbits, it is also injective; thus the map— 3 (x*) is a bijection. For each € R,
we then define

t

IGsOXNIVHGs(x*)|°ds

s=0

_ / 12)|VH@ |24 d2 .

z€30,s) (X*)

Ot (x*))

It is easy to check thab is C> onjr(x*). To show tha® is uniformly continuous,
it is sufficient to show tha® (3:(x*)) has limits ag  co andt N\, —oo. This
follows from regularity of integration agains#’* and from the fact that

/ 1@ |VH@) || (d2) < 4, < oo.

ze3R (X¥)

g

We now define a useful flow oil. This flow will help us define the retract of
Lemma 2.15. First, for eaghe 2, note that

sV

5 vV 290y 0
VEO (X1, X2) = 1 —2%0, (X2) — X5 (X2) { ——
X2 0X1 (X.%2)
(A1) ) :
~H L0 0
+ 1 —2x0, (X1) — X{ (X1) f =—
0X1 X2 (X1.%2)
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for all (x1, X2) € L. Define the vector field

vex) &

D¢ZI6E@; (([);(X))
for all x = (X1, Xp) € J. Note that

(A2) (V2 VH)(@:(X) = (VEO(Ho $)(X) = (VEO,, VEH)E(X) =

2 26H 26V 386;4 386;/

— 2{x;0 (x1) + x50, (x2)} — {3 oy (X1) + X5 . (X2)

for all x e C. SinceGH (0) andGY (0) are both positive an@> on ], there is an
open neighbhorhoo®; of 0 that is contained in] and such thatVe, VH) < 0

on ¢, (O1) \ {r}. Let O, be any neighborhood d such thatD, c Oy; then by
standard extension methods, there@randa, in C*°(M \ 2") such that

(Ve, VH) (Ve, VH)
ar=———— and arx=———
[VH]| VH]|

on O, and such that; < 0 onM \ Z". Define then

def VH VH
V =g g{!a + as }
"I IVH IVH]

on all of M; thenV is a smooth vector field ol such thal = V; on &x(Oz) and
such that(V, VH) < 0onM\ 2. Note that this last fact implies thet € M\ 2" :
V(X) = 0} = 2. Define next the vector field

v def 1

&< VH
(V, VH)

onM\ Z.

Fixnowx e M. If x e M\ .27, we let{p;(X) : t € Iy} be the maximal solution
[2, pp. 126, 134] of the ODE

HF(X) = —HXV (97 (X)), tely,

A.3
A3 Po(X) = X.

If x e 27, we definely d:efR and sefp;(X) d:‘Efx forallt € I,. If x € T, then by
uniquenessy = R andg;"(x) = x for allt € R. The ODE (A.3) implies that for
X e M,

(A.4) H(p{ (X)) = HX)(L—-t), tely.

If x e M\T, pf(x) ¢ Z forallt € [0,1) N Iy, so by uniqueness of maximal
solutions,ly D [0, 1). In sum,l, D [0, 1) forall x € M.
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Similarly, for anyx € M, we let{n;(x) : t € |} be the maximal solution of the
ODE

(X)) =V(m(X), telg,
Do(X) = X.

RemarkA.1. It is easy to see from (A.1) that eaglis a hyperbolic fixed point of
the vector fieldv. Defining

def / H
VEE (xeM:R, C I and fimv: (0 =1},

def / H
PUE [xeM:R.C I and _lim v, () =1},

we have that boti%’/x's and%u are immersed one-dimensional submanifoldof
If X ¢ Xxdzef%“ U “//f, then{gp{(X) : t € |4} is contained iy (x) : t € 1}, which

does not intersegt
We next claim that for alk € M, the limit

def |. %
(A.5) X)) = {I/rq ©f (X)
te[0,1)

is well-defined. Ifx € M\ U;eﬁf X, then the vector fieIdH(x)\7(p{"(x)) :

t € [0, 1)} is bounded by Remark A.N(only blows up nearZ’), so the map
t = g (x) from [0, 1) to M is uniformly continuous. Assume next thate X,.
SinceM is compact, we may and will assume that,Jim, #r, (X) exists for some
sequencet, : n € N) such that, ~ 1. The limit point must then be ifx <
X_x : H(x) = 0} = {r}; thus lim -1 ;" (x) = r. We claim that (A.5) is the desired
retract. Note that we have proven thgt C p~1({r}). Remark A.1 implies that
P (x) # rif x € M\ X, 50X, = o~ ({x]).

PROOF OFLEMMA 2.15: We can easily see (using (A.4)xfe M\ I') that
g (x) e T forall x € M; thusp : M — T. We can also easily see thatis the
identity map onr . Furthermorexd:efgo‘l(%) = U;egz' X,, and this is indeed a
one-dimensional immersed submanifold\vbf

Fix nowx € M\ X. Using Remark A.1 and then smoothing the vector field near
Z, standard results on the regularity of solutions of ODEs with respect to initial
conditions and parameters imply thais C*> at x.

Let’s next fixz € 2" and look atp in a neighborhood of. First of all, define
the vector field o
W, VES

(VE®,, VEH)E

for x € O, \ {0}. ThenV(x) = D¢, W,(¢,(x)) for all x € ¢.(O2) \ {z}. Recalln
of (5.3). Using (A.2), it is fairly easy to find K > 0 such that(V~\/I, VeEN)g| < K
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forall x € O, \ {0} and ally € 2. Thus ifx € O, ande, (p; ($,(X))) € O, for
all0 <t < t* forsomet* € (0, 1), then

(07 @ 00N |2, < (e (07 (e 0))
< N(X) + [H(@: (X)) Kt

< n(x) + [HX)|Kt

Kt
En(x){l—i- 7}

< X% {24 K}.

Fix nowz* € (0, 1) such thafx € R? : ||X|lo < @*} C O,. Define then

ZD-*
05 & {Xe(’)z IX]loo < ﬁ}

If x € O3 andy e R?is such that|y||2, < 2+ K)[|x||%,, then|ly[. < =* and
hencey € O,. The above calculation means thakit Os, then

{$e (95 (§:(¥))) : t € [0, 1)}
is contained ir0,. Thus ifx € O3, theng, (p (¢,(X))) € O, and
Oc(9: (9 (@:00)) = M O(¢e (77 (@c())) = O: (%)

Set”, £'$.(03). Note thatp (7) C ¢:(O2) C $:(O1) C (0.

We now return to the issue of continuity. We already know ghds C* on
M\ X; fixing axr € Z°, we need to show thagt is continuous aKX,. Fixx € 7;NX,.
Assume thatx, : n € N) is a sequence of pomts M such that M- o Xn = X.
SinceM is compact, we may and will assume thas iMoo (xn) exists. Since
Yy is openx, e v, for sufficiently largen, soz € p (7;) C ¢;(D) By continuity
of ® on L], we thus have that

Or($:(2) = liMm O:(¢( (X)) = liM O (¢ () = O (¢ (X)) =
O (¢: (9 (X)) = O (¢ (1)) = ©,(0) =0

and thusg,(z2) € {x € T : ©,(x) = 0} = {0} soz = . In other words,
iMoo o (Xn) =t = $(X), SO is continuous o/, N X,, and more gener-
ally on all of 7; by using the previously verified continuity. Fix next axy= X,.
Then there is & € (0, 1) such thatp; (x) € 7;. Furthermore, there is then a small
neighborhood) of x that is contained iM such thatp; (x’) € #; for all X' € O.
Forx’ € O, we have thap (X') = g (g (X)) by uniqueness of solutions of ODEs.
The continuity ofp;” on O and the continuity ofp on 7; give us continuity ax.
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Fixing ar € 427, we finally need to show thﬁ;mbxop isC>on gfl(é;(ﬁ)).
By previous smoothness arguments, we really only need to showthaip, o o
is C* at all points ofX;. Since®; o¢, 0 = O, o, ONY;, OF 0 ¢ 0 g is Clearly
C® on 7;. Fix nextx € X;. As above, there iste (0, 1) such thatp;(x) € 7;
and a small neighborhoo@ of x that is contained iM such thatp(x") € 7;
forall X € 0. Forx’ € O, ©7 o ¢, 0 p(X') = (07 o ¢ 0 )(f (X)), so the
smoothness ob;” o ¢, o p atx follows from the smoothness 6. o ¢, o  On7;
and the smoothness gf on O. O

Let’s next characteriz¥,.

LEMMA A.2 Fix x* € M. Then
+h — H(x*)

M, = {@I(at(x*)) 't e Rand— o0

<A<l},

where we choose if £ € Apand—if £ € Aw.
ProOOF, For convenience define
+h — H(x*
g% (_Tgx) 1) and AZ {orGix) : (t,A) e R x ).

It is fairly easy to see that the map 1) — e} (G:(x*)) fromR x J to M is full

rank, so it is a local diffeomorphism. Hen@e|s an open subset &fl,. Assume

next thatz, = o} (3t,(x*)) for eachn and thatz' lim, z, exists and is ifM,. Then
def H(2) . H(z,)

o= 1— = lim 1— = lim A,.
H(x*) n— o0 H(x*) nooo

f Et - Lt J()
g

SinceT(x*) < oo, we can assume (by extracting a subsequence if necessary) that

A def
f = lim_ « f, exists. Then

Z= n'Lmoo £ (Gt (X)) = 5 G, (X))

Forn € N, define next

soz € A. HenceA is a closed subset &fl,. Being both closed and open in the
topology inherited fronM,, A = M;. O

PROOF OFLEMMA 2.11: Fixx* € X N M, and define

<n@pwu» teR,

i ) L orGex®), 2 el0,1], teR.

Clearlyq is continuous and the maps—> ;n(x*) andt — q(t) fromRtoM, UT,
are homotopic; alsq(0) € 2. Defining AL {t e R:q(t) € Z7}, we have thag
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isC®onA;sinceR\A={teR:q(t)e 2} C{teR:z(x*) eX}andVHis
transversal tX \ 27, R\ Alis discrete.
def

We first claim thatg, VH(q)) > 0 on A. Seth=H(x*), fix t € A, and define
%25 (x*). By Remark A.1, we can solve the ODE

00 =hV(r(x),  Ael[01],

(A.6) ro(X) = X,

for X € 3i—s.t+5) (X*) for some sufficiently smalli. By uniqueness of solutions of
ODEs, we must have that(x) = g (x) for all X € 3i—s.t+5(X*). Thenq(t) =
Dr1(VH(X)). The structure of (A.6) implies that there is ane C([0, 1]) such
that Dr;, (VH(X)) = a,VH(r; (X)) for all » € [0, 1]. We have that, = 1, and
sinceDr; is full rank onTgM for all A € [0, 1], we must have that, # 0 for all
€ [0, 1]. By connectednessg(t), VH(q(t))) > 0.
Define now

r(t) & / 1G99GS, TH@E©)ds, teR.

Clearlyt is continuous and strictly increasing aBe® on A. Furthermoref > 0

on A. Thus its inverse* &' —1is also continuous and strictly increasing, &1
ont(A). Furthermorez (A) is discrete, anad*(t) > 0 ont(A). We then define

pe) L'qe* (1)), teR.

Clearlyp, is continuous an€> on r(A) = A, (whereA, was given in the state-
ment of the result). Defining

Ha(h, 1) ' qir ) + (1 — Mt
forall » € [0, 1) andt € R, we then see that the magandp, fromR to M, U T,
are homotopic.

Next, for anyx € M,, we claim that the maps— 3;(x) andt — 3;(x*) from
R to M, U I';, are homotopic. Sinc#l, is connected, it is arcwise connected, so
thereis & € C([0, 1]; M,) such that (0) = x and¢ (1) = x*. Defining

Ha(u ) & 50 (1)
forall » € [0, 1] andt € R, we have the desired homotopy.

We next claim thap,(R) = I',. Clearlyq(R) c I',. By solving the ODE (A.6)
backwards in time and using Lemma A.2, we can concludelthatZ c q(R).
Sinceq is periodic and continuousy(R) is closed (it is the forward image of
a sufficiently large closed interval through a continuous function). Thus—
T,\ 2 c q(R). We further claim that is injective onA N [0, T(x*)). Indeed,
if q(t) = q(t’) for some distinct andt’ in AN [0, %(x*)), then by solving (A.6)
backwards, we would have thgt(x*) = 3¢ (x*), which is impossible since the
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period oft — 3 (x*) is T(x*). Itis also clear thag(t + T(x*)) = q(t) for all
t € R. We can then calculate that

T(x*)
T(T(X)) =/_0 J@E)IVH@G)Ige)lIds

=fxmwmm%WD=%.

aR)

Thust*(t + %) = t*(t) + T, sopy is indeed periodic of perio,. Furthermore,
p. is injective ont (AN [0, T(X*)) = A, N Z,. O

PROOF OFLEMMA 2.12: First, note thap,(0) = p¢(¥4,) € Z°, so A, cannot
contain either 0 of,. Second, sinc® \ A, is discrete, we must have thAnZ, =
an;é(aj,ajﬂ) for somea;’s such thatag = 0 anda, = ¥,. The differential
equations fop, and® imply that for eachj < {0, ..., n}, there is a constar
such that®(p,(t)) =t + ¢j forallt € (a,a;+1). We then define€, by setting

Ce(pe(t)) = —¢j forallt € (a,a;+1). Remark 2.13 ensures th@y is well-
defined. d

PROOF OFLEMMA 2.16: The smoothness gf and® imply that® is C* on
M\ X. For any fixedt € 27, © differs from the smooth functio®;” o ¢, o p by

a function that is locally constant gn—(¢, () \ X. This implies the bounds of
the first line of (2.5) orp—l(i)x(D)). The smoothness i \ X implies the bounds
on the first line of (2.5) oM \ U, 5 9~ (@ (0)).

Fix nowyr € 2. By the explicit formulafor(:)x, there is a constard > 0 such
that

10,01 < KX, [IVE®OX| < Kl|X|lo. and [D?6,(x)| <K,

for all x € 0. This gives the stated bounds &q andVe®, on[l.
It only remains to prove the last bound of (2.5). Define first

2
def w-U_
S={xeM:|HX| < ——1.

{ € HX)| = > U+}
By smoothness, there clearly ika> 0 such that (2.5) holds avl \ S. Consider
next the serAd:efS\ Ugco By. From (3.6), we know thah N X = @. SinceA
is compact and does not interseGtthere is a uniform bound ofV (g (X)) : t €
[0,1), x € A}. Writing

(VH, VO)(X) — ) IVHO) > = {(VH, VO)(X) — (VH, VO) (9 (X))}
— {JC0IVHOO I = (0 0O IVH(p () 117}
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we get the last bound of (2.5) ok Finally, fixingr € 2, we have that

(VH, VO) (¢ (X)) — (¢ (X)) | VH (¢ (X)) |12

1 3@ 3@
_ BF(X) { 1—(X1, X2) — Xza—(Xl, Xo) — F (X1, XZ)}

1 0
= {—( 1 2)——(X1,0)}

Bx (X)

1 8@ 1

ép(x)xza—xl( 1, X2) — 5000

X2) — Fe (X1, 0))

for x = (X1, %) € 0, and using the above bounds Ba®, andD?®,, we can get
the last bound of (2.5) o, (C,.. UC, r). Similar calculations og,(Z;.u UCy.p)
complete the proof of (2.5) oB,. O

Appendix B: Khasminskii PDE

We copy some of the arguments of [9]. Essentially, we want to construct the
¥,’s of Proposition 3.1 by Neumann-Dirichlet operatorslarNote that

r=|Jr.=Jr.

leAp leAw

Recall that by Remark 2.13, there is a correspondence betlyadr(2.4) andl’,.
Define the Cartesian products

L2(+) £ xpenps LT and L2(H) & xpen, LT ;
i.e., elementg ™ andé’ of L2(+) andL?(—) are, respectively, vectorg,” : ¢ €
Ap) and (¢, : £ € Aw) of functions. LetB(I') be the collection of bounded
and measurable functions dh Each fixedf € B(I') definesﬁ;‘l e L2(+) and
£" € L2(—) by the formulae
def

EDe®) E
EDeo) =

f(pe(0)) foré e Apandd €Z,,

(B.1) dof
f(pe(®)) foree Awandd € Z,;

this allows us to construct elementslof(+) andL?(—) from elements oB(I").
By reversing these formulae, we can conversely recover functiofs\o2™ from
elements of eithel 2(4) or L?(—) (we need to be careful at elements®f since

;1({;}) N Z, may contain more than one element; one of the advantages$-of
functions is that they are defined only up to sets of measure zero).
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Let's next define some transition maps. Bor € L2(4+) and&é~ e L?(-),
definer_ . (%) e L2(—) andi,_(£7) € L2(+) by setting

(x ), O F > & weO@)x0,5,)O) . LA, 0 €Ty,
l'eAp

(4-E), O E D 6 @) X007, ©0). L€ Ap, €T,

'eAw

Then:_ _ ande, _ are inverses of each other, andfife B(T') and$+f ands_f are
asin (B.1), then_ &/ =¢'.
Let’s next definesmoothfunctions. For € A, k € Z, and¢ € L?(Z,), define

def _ 2nkoy/=1
conlg] & — / £y 25 do
4
96.’[@
For eacht € A, define

def

Cr ) & {g € LT = Y leelE1PL+[KI") < oo for all positive integersl};

keZ

any element o€7°(Z,) defines a smooth arig-periodic function orR. Define

CE(H) £ xerpCF(T) and CF(—) £ xep, CF () -

Insert word “define” Let's finally classes oAdmissiblgunctions. Set
between “finally” and def def
“classes™? A+) =Cr () N —CP(—) and A(—) =CF(—) N1 CF(+).

Fix now ¢ € A andé € C°(Z¢). Suppose that we have boundary data®,
onT,. We can then solve the PDE (3.2) subject to the periodicity requirement of
(3.1), the decay requirement of (3.3), and Dirichlet datth = 0. We can then
read off the Neumann data. Foe A andk € Z, set

\/%./m(l— J=1) ifk>0
ek E 0 ifk =0

\/%m<1+ﬂ) if k < 0.

Also, defines, %1 fore € Ap ands, % _1fore € Ay. Set

[znkeﬁ

b[£160) E —s Y Aewexp 7

keZ\{0}

]Cl,k[g] , 0€el,.

Define therb.. : C¥(+) — L2(+) andb_ : CF(—) — L%(—) by (b:8)¢ = by&,
for ¢ € Ap ands € C¥(+) and(b_£), = by, for £ € Ap andg € CF(-).
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Define nowP,. € L?(+) as(P,), = v, foreach? e Ap and defind_ e L?(—)
as(P_), = v, for each? € Aw. Fix & € 2(+) and assume that it comes from
Dirichlet dataf onT (as in (B.1)). The continuity conditions (3.5) require that

l+,_(b_l_,+($) + P—) = b+$ + P+ ;
i.e., we would like to solve
(82) Re =P

whereKé €0, _(b_1__, (£))—b. & forall& € A(+) and wherd P, —1, _P_.
As in [9], we cannot necessarily filde 2((4) satisfying (B.2); we can, how-
ever, do so in a larger space. Define first an inner progluct), 2, onL?(+) in
the usual way, by defining
def

(€ o = ) EED L2,

leAp
for £ andg in L2(4). Also, foré e L?(+), define € L?(+) x L2(—) by setting

E, &g for ¢ € Ap and by settingg, &' (t_ &), for £ € Aw; this extends
elements of 2(+) to elements of 2(—) in a way that respects . We then have
the following:

LEMMA B.1 For &€ € A(+),

1 _
(KIEL &) oy = —= Y ekl leekl&].

\/z LeA

keZ\ {0}
For & and&’ in 2A(+),

NI
Nl

KIELE o = | D0 leelB P a0 TeesdEIP e}
LeA LeA
keZ\{0} keZ\{0}
PrROOF. The proof is essentially the same as that of lemmas 9.2 and 9.3 of [9].
We leave the details to the reader. O

Let’s finally start to set things up. For dllandé’ in 24(+), define
D7 PheklenlEle o [E1 + (€. &) L2

leA
keZ\{0}

def

<$9 $/>H =

wherex* is the complex conjugate offor anyx € C. Define also

def -
1600 EVE S ={ D Trewl leeslBl P+ e N2z |
kedAlo)
for &€ € A(+). We note that thus((+) is a normed linear space with nofim ||
and with inner product-, - ). LetH be the closure d#((+) with respect td| - ||

Nl
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(see [8, theorem 7.4]). We also define the bilinear mapBingl(+) x 24(+) — R
by setting
def

Bk, &1 = (KIE], &) 24
for all £ and&’ in A(+).

LEMMA B.2 The spacé is a Hilbert space that is compactly embedded #i+).
Furthermore, there is a unique extensiorBy to a bilinear bounded mapping on
H x H.

PROOF. The proof is the same as the proof of lemma 9.4 in [9]. O

Now let1 e L2(+) be defined as
1( = l, L e Ap.

P L2y = Z Gy — Z GiVe;

leAp leAw

Note that

thus the gluing conditions of (2.2) mean exactly ttl%;tl)Lz(+) =0.
Note now the following:

LEMMA B.3 If £ € L?(+) is such that, «[£,] = Oforall £ € A and ke Z\ {0},
thené is in fact constant; i.e., there is a€ R such that, = c forall £ € A.

PrROOF. Under the assumptions, for eaéhe A there is ac, € R such that
& = c,. Define f (x) gef Y ven Coxm,(X) for all x € M\ T. Since¢ € H, the
function

(B.3) fx) &

I|m f(x")

X —X
x'eM\I'
exists for allx € M\ .27; in particular, the limit exists o \ .2".2 Thus f is
a continuous function. Sinckl is a smooth, connected manifold, it is arcwise
connected. Removing’, we can verify thaM \ 2 is also arcwise connected.
Thus f is a continuous and arcwise-constant function on an arcwise connected

space. Hencd is in fact constant, so all of the’s coincide. O

We now have the following:

PROPOSITIONB.4 If F € L?(+) is such that(F, 1), 2., = O, then there is a
& € H such that

Bkl€. ¢l =(F. )2

3 Approximate by elements @(+) and integrate against smooth (e.g., mollifier) functions; we
get that the limit of (B.3) exists a#’1-almost every point of \ .2’; since the functions are in fact
constants, the limit exists at all points Bf\ .2".
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for all ¢ € H and such that

— 1
@\ 2
B [§,£] < (—) IF Iz, -
v
PrRooOF. The proof is similar to the proof of lemma 9.5 of [9] (see also [3,
lemma 6.2.4]); due to the complexity of the argument, we shall give the full proof
For eachf € L2(+), define

def
Le[&1 = (f, &)2s)

for all ¢ € H. By the compact embedding result of Lemma B.2,is a bounded

linear operator omid. Define the bounded linear operator

def

1
= Bkl§, ¢+ —=(&, 02

BIE, ¢] 7

forall £ and¢ in H. Thus by Lemma B.1,
1
V2

BI£, £1] < (1+ %)IISIIHIICIIH, §,0eH.
By the Lax-Milgram lemma, for each e L?(4), we can find a uniqua[f] e H
such that

Bl£, &1 = —=II€I3, £€H,

BIA[f],¢]1 = L¢[¢]

for all ¢ € H. By coercivity, the boundedness bf, and the compact embedding
result of Lemma B.2A is a compact linear operator frob(+) into itself. We
thus want to find & € L2(+) such that

1 1
B.4 =A[F+—&|=A[F]+ —=A
(8.4) e=AlF+se| = AFI+ Al
in L?(+). By the Fredholm alternative, we can do this if and onhAifF] is
orthogonal inL2(+) to {¢ € L2(+) : ¢ = (1/v/2)A*[¢]}, whereA* is theL2(+)-
adjoint of A. Equivalently, we can solve (B.4) if and only i is orthogonal in
L2(+4) to the subspace

m 2 {A*[;] . ¢ e L2(+) and¢ = —}2 A*[g]}
1
= L2 N = —A>k
{§ eL(+):¢ NG [(]}

of L?(4). We want to show thall consists only of constants; by Lemma B.1, we
want to show thaB[¢, ¢] = 0 for¢ € M. It is easy to see that for a§l and¢’
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in A(+), Blg, A*[¢']] = L./[£]. By coercivity and compact embedding, we can
show thatA*L2(+) ¢ H; thusM ¢ H. For allu € H,

— 1
Bk [Alul, ¢1 = B[A[ul, ¢] - 7 (ALUT, £)iacy

1
= (U, Oy — N (AL Sz

1
= (U, {)2) — 7 (U, A*[¢D)L2y) = 0.

We would like to takeu € L?(+) such thatA[u] = ¢, but our above arguments
don’t immediately imply that is in the range ofA. Thus, we shall approximate.
Let (¢n; n € N) be asequence Bi(+) such that lim - [|Zn—¢|ln = 0, and define
undZEfK [en] + (1/4/2)¢n (since thery’s are inQA(+), theu,’s are well-defined; we
can also check that[u,] = ¢, for all n € N). Then

lim JA[Un] = £llw = lim [y = ¢l =0,

S0 sinceB is continuous in thél-norm, we have tha [¢, ¢] = 0, so by Lemma
B.3, ¢ is constant, as we wanted to show (use Lemma B.1). Nhunsists of
constant functions, so we can solve (B.4) if and onl¥ ifs orthogonal in_?(+)
to the constant functions, which is exactly the stated requirement.

Defines’ £'& — (£, 1), 24, 1. Since(F, 1) 2.,, = 0, we have that

1
7 ZEZAP hexl leexl€e]|? = Bk £, €]
keZ)\{0} = (F, &)Lz

- (Fv $/>L2(+)
< IF iz 1E Lz

< IF e | 2 leetEIP)

e
keZ

Nl

Clearly cklé)] = cxlé]forall ¢ € A andk € Z \ {0}. We also claim that
c,0l€,] = Oforall ¢ € A. More precisely, we need to show ttis orthogonal
(in L2(+)) to the set

SE'E e L2(4) : qklE] =Oforall¢ e A andk € Z \ {0}} .
However, Lemma B.3 tells us that
S={ eL®(+): & = (£, 121}

Clearly£’ is orthogonal tdl, so we have thay o[€,] = O for all ¢ € A, as desired.
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To proceed, we now note thatdfe A andk € Z \ {0},
ekl %
= K2 < |Aekl

Z Mokl leekl€l” = B €, €] <

and thus

teAp
keZ\{O}
7\ :
= 2
<4—) IFllecn | Y- hexllex &2}
T leA
keZ\{0}
which leads to the stated upper bound. O

We can now give the desired proof:

PrROOF OFPROPOSITION3.1: We use the same arguments as in the proof of
proposition 8.6 of [9]. We now use Proposition B.4 above instead of [sitipn 9.5
of [9]. O
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