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Abstract

We consider a two-dimensional transport equation subject to small diffusive per-
turbations. The transport equation is given by a Hamiltonian flow near a com-
pact and connected heteroclinic cycle. We investigate approximately harmonic
functions corresponding to the generator of the perturbed transport equation. In
particular, we investigate such functions in the boundary layer near the hete-
roclinic cycle; the space of these functions gives information about the likeli-
hood of a particle moving a mesoscopic distance into one of the regions where
the transport equation corresponds to periodic oscillations (i.e., a “well”of the
Hamiltonian). We find that we can construct such approximately harmonicfunc-
tions (which can be used as “corrector functions” in certain averaging questions)
when certain macroscopic “gluing conditions” are satisfied. This provides a dif-
ferent perspective on some previous work of Freidlin and Wentzell onstochastic
averaging of Hamiltonian systems.c© 2004 Wiley Periodicals, Inc.
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1 Introduction

In a recent paper [9] we developed a PDE-based analysis (using the notion
of perturbed test functions) of certaingluing asymptotics found in the study of
diffusively perturbed conservative dynamical systems. We considered stochastic
averaging for a small random perturbation of a certain Hamiltonian system that
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modeled the behavior of a Newtonian mass in a double-well potential. The exis-
tence of the two wells implied that the Hamiltonian system had a homoclinic orbit.
Except on this homoclinic orbit, standard stochastic averaging techniques could be
applied as the strength of the random perturbation tended to 0. At the homoclinic
orbit, gluing conditions allowed us to complete the averaged picture.

These gluing conditions were understood by Freidlin and Wentzell [6] andFrei-
dlin and Weber [4, 5] (see also Neı̆shtadt [7]); primarily, they defined a sort of “coin
flip” that governed the dynamics at the homoclinic orbit. Our work of [9] repre-
sented a slight generalization of their results via a significantly different method.

The analysis of [9] relied upon solving a certain singular perturbations problem
that involved several elliptic-parabolic PDEs coupled by boundary data.Our goal
here is to develop this PDE analysis in its own right. This PDE result should be
understood as a framework for understanding general gluing conditions.

2 The Setup

Let’s start with a two-dimensionalC∞-manifold M with symplectic formω.
Fix a functionH ∈ C∞(M) and let∇̄H be the symplectic gradient ofH (i.e., ∇̄H
is the unique vector field such thatω(X,∇H) = XH for all vector fieldsX).

ASSUMPTION2.1 We assume that the setŴ
def=H−1(0) is a compact and connected

subset ofM and that the setX
def={x ∈ M : dH(x) = 0} of critical points ofH is

contained inŴ and thatH is nondegenerate (i.e.,D2H is nonsingular) at all points
of X . We assume thatH has at least one critical point.

These assumptions imply that thatX is finite.

Consider now the transport equation∇̄Hu = 0, which tells us how a particle is
moved around bȳ∇H. Of course, this PDE is satisfied by any function ofH; we
want toregularizethis PDE nearŴ.

ASSUMPTION 2.2 Let ( · , · ) be a Riemannian metric onM that isrelated to ω;
i.e., there is a smooth fiber mapJ : TM → TM such thatJ|TxM is an isometry
(with respect to( · , · )) for eachx ∈ M such thatω(X,Y) = (X, JY) for all vector
fields X andY. Let1 and∇, respectively, be the Laplace-Beltrami and gradient
operators defined by( · , · ). As usual, we define‖X‖def=

√
(X, X) for all X ∈ TM.

Let b be a vector field onM and letג ∈ C2(M) be such that infx∈M (x)ג > 0.

Define the operator

L
def= 1

2
+1ג b .

For eachε > 0, consider the PDE

(2.1) (∇̄H,∇uε)+ ε2
L uε = 0 .

Physically, this PDE describes the dynamics of a particle following the flow of∇̄H
but subject to small diffusive perturbations.
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Remark2.3. Our construction is fairly general. If the Riemannian metric and sym-
plectic form arenot related, then (since the vector space of 2-forms onR2 is one-
dimensional), we can premultiply the symplectic gradient by a scalar-valued func-
tion and, by appropriately incorporating this function intoג, reduce it to the above
problem.

For each̄h > 0, letŴ(h̄) be the connected component of{x ∈ M : |H(x)| < h̄}
that containsŴ; sinceM is locally compact (it is a manifold) andŴ is by assump-
tion compact, there is an̄h ∈ (0,1) such thatŴ(h̄) is a compact subset ofM.1

DEFINITION 2.4 DefineM def= Ŵ(h̄).

Define next the flow
żt(x) = ∇̄H(zt(x)), t ∈ R ,

z0(x) = x ,
x ∈ M ,

of diffeomorphisms ofM. This flow generates the characteristics of the dominant
part of the PDE (2.1). For eachx ∈ M, define

T(x)
def= inf{t > 0 : zt(x) = x} (inf ∅

def= ∞)

LEMMA 2.5 We have thatT = ∞ onŴ andT < ∞ onM \ Ŵ.

In other words,z has no periodic orbits onŴ, and all orbits onM \ Ŵ are periodic.
We will give the proof of this result in Appendix A.

We want to understand a bit about the solution space of the PDE (2.1). Ourin-
terest in the solution space is particularly focused uponboundarydata. Recall that
the solution space of a harmonic operator on a bounded domain is intimately related
to the relative likelihoods that an associated diffusion exits the domain throughdif-
ferent parts of the boundary of the domain. In lieu of a fixed boundary here, we are
interested in how the associated diffusion exits amesoscopicregion aroundŴ. Our
assumptions imply thatM \ Ŵ has a finite collection{Mℓ : ℓ ∈ 3} of connected
components, all of which are open subsets ofM, and all of which are invariant
underz; here3 is simply the index set; see Figure 2.1. Heuristically, we are inter-
ested in the asymptotic effect of diffusion between the differentMℓ’s asε ց 0. If
a particle starts in one of theMℓ’s, it will rotate (with speed ofO(1)) around the
closed orbits ofz in Mℓ and slowly diffuse across these orbits, eventually reaching
a region nearŴ (in time 1/ε2). Although it is in this neighborhood ofŴ, it will
visit all of theMℓ’s. Sooner or later, it will move a mesoscopic distance away from
Ŵ into one of theMℓ’s. The relative likelihood of making a mesoscopic excursion
into the differentMℓ’s is given bygluing conditions.

We can also look at this phenomenon from the standpoint of singular perturba-
tions. Away fromŴ, ∇̄H is nonzero, so the operator∇̄H + ε2L is, to first order,

1CoverŴ by neighborhoods inM whose closures are compact. Extract a finite subcover; this
will give an open setO containingŴ whose closure is compact. Since the compact setŴ and the
closed setM \ O are disjoint,|H| has a nonzero minimum onM \ O.



4 R. B. SOWERS

+

-

+-

-

+

+

Ŵ

x

FIGURE 2.1. Heteroclinic cycle. “+” indicates a region in3P; “−” in-
dicates a region in3W.

the vector field∇̄H. Standard methods allow us to construct outer expansions of
the PDE (2.1) in theMℓ’s. We then need an inner expansion in a boundary layer
nearŴ. In this boundary layer, the second-order operatorL enforces smoothness
between the different inner expansions. Understood in this way, we canthink of
a different inner expansion in each of theMℓ’s; starting from an outer expansion,
we want to match up these inner expansions onŴ. Since the fast drift is of order 1
and the slow diffusion is of orderε2, we want the second-order effects of the slow
diffusion to equilibrate with the fast drift. This means that the boundary layermust
be of orderH = O(ε).

Our main result is an analysis of a rescaled form of the PDE (2.1). For each
ε ∈ (0,1), define the operator

L
ε def= 1

ε2
∇̄H + L

and consider now the PDEL εuε = 0; in this rescaled PDE, we are considering
a particle that, except atŴ, has closed orbits of period of orderε2, and transversal
diffusion of order 1 across these orbits. Our main result is an inner expansion in

the boundary layer nearŴ. For everyℓ ∈ 3, defineŴℓ
def= Ŵ ∩ ∂Mℓ (i.e.,Ŵℓ is the

part ofŴ that bordersMℓ) and define agluing coefficient

Gℓ
def=

∫

z∈Ŵℓ

H(z)‖H∇‖(z)ג 1(dz) ,

whereH 1 is the one-dimensional Hausdorff measure generated by( · , · ). Define
next subsets3P and3W of 3 (corresponding to “peaks” and “wells”) as

3P
def= {ℓ ∈ 3 : H > 0 onMℓ} and 3W

def= {ℓ ∈ 3 : H < 0 onMℓ} .
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Next fix a vector(vℓ : ℓ ∈ 3) of real numbers such that

(2.2)
∑

ℓ∈3P

vℓGℓ =
∑

ℓ∈3W

vℓGℓ

(these are thegluing conditions) and define

̥(x)
def=

∑

ℓ∈3
vℓH(x)χMℓ

(x) , x ∈ M .

Note that̥ is continuous onM but that its derivatives in general fail to exist atŴ

(unless, for example, all of thevℓ’s are identical). Our main result is a corrector for
this discontinuity of derivatives.

THEOREM2.6 There are two sequences(8ε,+ : ε ∈ (0,1)) and(8ε,− : ε ∈ (0,1))
of elements of C(M) ∩ C2(M \ Ŵ) such that̥ + 8ε,+ and̥ + 8ε,− are both in
C1(M) ∩ C2(M \ Ŵ) for all ε ∈ (0,1) and such that

lim
εց0

sup
x∈M

|8ε,±(x)| = 0 ,

lim
εց0

inf
x∈M
(L ε8ε,+)(x) ≥ 0 , and lim

εց0
sup
x∈M
(L ε8ε,−)(x) ≤ 0 .

The proof is finalized in Section 6. The point of this is that we can asymptotically
correct (in the sense of super- and subsolutions ofL εuε ≡ 0) for the nonsmooth-
ness (i.e., loss of derivative) in̥ via small functions. The import of this is as fol-
lows: We can construct outer expansions of (2.1) in eachMℓ subject to appropriate
boundary conditions away fromŴ and subject to continuity atŴ. The dominant
part of these outer expansions will be functions only ofH, and the transversal (to
Ŵ) derivatives of these outer expansions may fail to agree atŴ. We can charac-
terize this loss of differentiability by an appropriate̥. Theorem 2.6 tells us that
we can correct for this loss of derivative in the outer expansionsif the derivatives
obey the gluing relations of (2.2). In other words,we are assured that we can
asymptotically solve(2.1) when the far-field boundary conditions imply gluable
discontinuities atŴ.

Note that Theorem 2.6 tells us that we can construct a correctorif the gluing
conditions are satisfied. We cannot at the moment prove the converse, that if the
gluing conditions are not satisfied, then we cannot construct such a corrector (al-
though the solvability criterion for the functional analysis of Appendix B probably
contains some parts of the proof of such a converse).

Remark2.7. We can also add a zeroth-order operator toL and get the same result
(using the same8ε,±’s).

We also note that these corrector functions are exactly what is needed to con-
struct perturbed test functions for proving the limit theorems of [6] (see [10]).
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2.1 Local Behavior near the x’s

Since we will be carrying out a number of calculations near thex’s, let’s develop
a common picture near those points.

Let 0 def= (0,0) be the origin ofR2. Define H̃(x1, x2)
def= x1x2 for all

(x1, x2) ∈ R2.

LEMMA 2.8 Fix x ∈ X . There is an open neighborhoodUx (contained inM) of
x and an orientation-preserving mapφx : Ux → R2 such thatφx(x) = 0, φx is a
diffeomorphism fromUx to φx(Ux), andH = H̃ ◦ φx onUx.

PROOF: Fix x ∈ X . By the Morse lemma, there is an open neighborhoodUx

of x and a charťφx : Ux → R2 such thatφ̌x(x) = 0 and such thatHφ̌−1
x (x1, x2) =

x2
1 − x2

2 for all (x1, x2) ∈ φ̌x(Ux). Define then

ι(x1, x2)
def=

{

1
2(x1 + x2, x2 − x1) if φ̌x is positively oriented,
1
2(x1 + x2, x1 − x2) if φ̌x is negatively oriented,

for all (x1, x2) ∈ R2. Defineφx
def= ι−1φ̌x onUx. �

For convenience, definẽφx
def= φ−1

x onφx(Ux).

Define‖(x1, x2)‖∞
def= max{|x1|, |x2|} for all (x1, x2) ∈ R2.

DEFINITION 2.9 Let ˇ̟ ∈ (0,1) be small enough that the set�̌
def= {x ∈ R2 :

‖x‖∞ < ˇ̟ } is contained in
⋂

x∈X
φx(Ux).

Thenφ̃x(�̌) is the neighborhood where we can start our local analysis nearx.
Let’s next push various things through theφx’s, using Euclidean geometry on

R2 as a reference. Let( · , · )E be the standard Euclidean metric onTR2, let ∇E be

the standard Euclidean gradient operator, letωE
def= dx1 ∧dx2 be the standard sym-

plectic form onT∗R2, and let∇̄E be the standard Euclidean symplectic gradient
operator; then

((∇̄EH̃) f )(x1, x2) = x1
∂ f

∂x1
(x1, x2)− x2

∂ f

∂x2
(x1, x2)

for all (x1, x2) ∈ R2 and all f ∈ C1(R2). Next fix x ∈ X . Define the second-order
operatorsL̃x andL̃ ε

x onC2(�̌) and the functioñגx ∈ C∞(�̌) by

(L̃x f )(x)
def= (L ( f ◦ φx))(φ̃x(x)) ,

(L̃ ε
x f )(x)

def= (L ε( f ◦ φx))(φ̃x(x)) ,
x ∈ �̌, f ∈ C2(�̌) ,

x(x)ג̃
def= (φ̃x(x))ג , x ∈ �̌ .
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Let’s also define a gradient associated with̃Lx. Define

g̃x,i, j (x)
def=

(

Dφx

(

∂

∂xi

∣

∣

∣

∣

x

)

, Dφx

(

∂

∂xj

∣

∣

∣

∣

x

))

for all x ∈ �̌, let g̃−1
x (x) be the matrix inverse of(g̃x,i, j (x) : i, j ∈ {1,2}), and

let g̃−1/2(x) be the (symmetric) square root ofg̃−1(x). For any f ∈ C1(�̌), define
then

∇̃x f (x)
def=

∑

j ∈{1,2}
g̃−1/2

x,i, j (x)
∂ f

∂xi
(x)

∂

∂xj

∣

∣

∣

∣

x

for all x ∈ �̌. If f ∈ C2(�̌) and8 ∈ C2(R), then

‖∇( f ◦ φx)(φ̃x(x))‖2 = ‖∇̃x f (x)‖2
E ,

(L̃x(8 ◦ f ))(x) = 8̇( f (x))(L̃x f )(x)+ 1

2
8̈( f (x))‖∇̃x f (x)‖2

E ,

for all x ∈ �. Pushingω throughφx, let’s also define

B̃x
def=

d(φ̃∗
xω)

dωE
on �̌

in the usual way;2 see [1, sec. 7.33.C]. Since the chartφx is orientation preserving,
B̃x > 0 on�̌. For anyx ∈ �̌ and any vectorX ∈ TxR

2, then

B̃x(x)ωE(Dφx∇̄H(φ̃x(x)), X) = φ̃∗
xω(Dφx∇̄H(φ̃x(x)), X)

= ω(∇̄H(φ̃x(x)), Dφ̃xX)

= (Dφ̃xX)H

= X(H ◦ φ̃x) = XH̃ = ωE(∇̄EH̃, X)E ,

so

Dφx∇̄H(φ̃x(x)) = 1

B̃x(x)
∇̄EH̃(x) .

Hence, for eachx ∈ X ,

(

L̃
ε
x f

)

(x) = 1

ε2B̃x(x)
(∇̄EH̃,∇E f )E(x)+ (L̃x f )(x)

for all x ∈ �̌, ε ∈ (0,1), and f ∈ C2(�̌).

2 In other words,ω(Dφ̃x(X), Dφ̃x(Y)) = B̃x(x)ωE(X,Y) for any x ∈ �̌ and anyX andY in
TxR2.
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2.2 Boundary Coordinates

Let’s now define some boundary coordinates on theŴℓ’s. We need a coordinate
that measures position transversal toŴ and one that measures position alongŴ.
We naturally letH measure position transversal toŴ. We define a collection of
Khasminskiicoordinates to measure position alongŴ.

LEMMA 2.10 There is a2̄ ∈ C∞(Ŵ \ X ) such that

(2.3) (∇̄H,∇2̄) = H‖2∇‖ג

onŴ \ X . Furthermore,2̄ is uniformly continuous onŴ \ X .

The proof will be given in Appendix A. Our motivation for this PDE will be given
below (or see the discussion of Section 8.1 of [9]).

Next, let’s define something like a “covering map” fromR to eachŴℓ. Define

(2.4) Iℓ
def= [0,Gℓ) , ℓ ∈ 3.

LEMMA 2.11 Fix ℓ ∈ 3. There is a mappℓ : R → Ŵℓ such that

(i) pℓ(0) ∈ X ,
(ii) pℓ is a surjection,

(iii) for each x ∈ Mℓ, the mappℓ : R → Mℓ ∪ Ŵℓ is homotopic to the map
t 7→ zt(x) fromR to Mℓ ∪ Ŵℓ, and

(iv) pℓ is Gℓ-periodic.

Defining Aℓ
def= p−1

ℓ (Ŵℓ \ X ), we also have that

(v) R \ Aℓ is discrete,

(vi) pℓ is C∞ on Aℓ
def= p−1

ℓ (Ŵℓ \ X ), and

ṗℓ(t) = ∇̄H

H‖2̄∇‖ג
(pℓ(t))

for all t ∈ Aℓ, and
(vii) pℓ

∣

∣

Aℓ∩Iℓ is injective.

We will prove this in Appendix A.

LEMMA 2.12 For eachℓ ∈ 3, there is a locally constant function̄Cℓ : Ŵℓ \ X →
R such that2̄(pℓ(t))+ C̄ℓ(pℓ(t)) = t for all t ∈ Aℓ ∩ Iℓ.

We will also prove this result in Appendix A.

Remark2.13. Thuspℓ
∣

∣

Aℓ∩Iℓ is a diffeomorphism fromAℓ ∩ Iℓ to Ŵℓ \ X with

inverse2̄+ C̄ℓ.

Let’s understand the behavior of2̄ nearX ’s. Define

Ŵ̃
def= {x ∈ �̌ : H̃(x) = 0} .
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Fix x ∈ X . Set

2̄∼
x (x)

def= 2̄(φ̃x(x))− lim
tց0

2̄(φ̃x(t x))

for all x ∈ Ŵ̃ \ {0} (the uniform continuity result of Lemma 2.10 implies that the
limit exists). Define

F̃x(x1, x2)
def= ,x(x1ג̃ x2)B̃x(x1, x2)‖∇xH̃(x1, x2)‖2

E

= ,x(x1ג̃ x2)B̃x(x1, x2)
{

g̃−1
x,1,1(x1, x2)x

2
2

+ 2g̃−1
x,1,2(x1, x2)x1x2 + g̃−1

x,2,2(x1, x2)x
2
1

}

for all (x1, x2) ∈ �̌; then2̄∼
x satisfies the PDE

(∇̄EH̃,∇E2̄
∼
x )E = F̃x on Ŵ̃ \ {0} ,

lim
x→0

x∈Ŵ̃\{0}

2̄∼
x (x) = 0 .

Define

f̃ V
x (x2)

def= F̃x(0, x2)

x2
2

= ,x(0ג̃ x2)B̃x(0, x2)g̃
−1
x,1,1(0, x2) ,

f̃ H
x (x1)

def= F̃x(x1,0)

x2
1

= x(x1,0)B̃x(x1,0)g̃ג̃
−1
x,2,2(x1,0) ,

for all x1 andx2 in I ∗
1

def= (− ˇ̟ , ˇ̟ ). We thus have that

x1
∂2̃x

∂x1
(x1,0) = x2

1 f̃ H
x (x1) and − x2

∂2̃x

∂x2
(0, x2) = x2

2 f̃ V
x (x2)

for all x1 andx2 in I ∗
1 . Defining

℧̃H
x (x1)

def=
∫ 1

0
z f̃ H

x (x1z)dz and ℧̃V
x (x2)

def=
∫ 1

0
z f̃ V

x (x2z)dz

for all x1 andx2 in I ∗
1 , we have that

2̃x(x1,0) =
∫ x1

0
z f̃ H

x (z)dz = x2
1℧̃H

x (x1) ,

2̃x(0, x2) = −
∫ x2

0
z f̃ V

x (z)dz = −x2
2℧̃V

x (x2) ,

for all x1 andx2 in I ∗
1 .

Remark2.14. Sinceג is strictly positive,B̃x is positive on�̌, andg̃−1
x,1,1 and g̃−1

x,2,2

are strictly positive oň�, F̃x(0, x2) and F̃x(x1,0) are strictly positive forx1 andx2

in I ∗
1 . Thus both f̃ H

x and f̃ V
x are strictly positive onI ∗

1 and hence2̃x(0, x2) ≤ 0

and2̃x(x1,0) ≥ 0 for all x1 andx2 in I ∗
1 .



10 R. B. SOWERS

We want to extend̄2 away fromŴ. We will do so by means of aretract. We
want this retract to interact nicely with̄2 nearX . To force this to happen, define

2̃x(x1, x2)
def= x2

1℧̃H
x (x1)− x2

2℧̃V
x (x2)

for all (x1, x2) ∈ �̌.

LEMMA 2.15 (Retract)There is a retract℘ : M → Ŵ such that

(i) the setX def= {x ∈ M : ℘(x) ∈ X } is an immersed manifold of codimen-
sion1,

(ii) ℘ is C∞ onM \ X,
(iii) for eachx ∈ X , 2̄∼

x ◦ φx ◦ ℘ is C∞ on℘−1(φ̃x(�̌)), and

(iv) for eachx ∈ X , there is a neighborhoodVx of x such thatVx ⊂ φ̃x(�̌) and
℘(Vx) ⊂ φ̃x(�̌) and such that̄2∼

x ◦ φx ◦ ℘ = 2̃x ◦ φx onVx.

We shall give the proof of this result in Appendix A. Being a retract,℘ is required

to be continuous onM. For convenience, let̟ ∈ (0,1) be such that�
def= {x ∈ R2 :

‖x‖∞ < ̟ } is contained in
⋂

x∈X
φx(Vx). For eachx ∈ X , defineBx

def= φ̃x(�).

Define alsoN
def= M \ (X ∪ Ŵ), and for eachx ∈ X , defineÑx

def= φx(Bx ∩ N ).

We now define2(x)
def= 2̄◦℘ onM and for eachℓ ∈ 3, we defineCℓ

def= C̄ℓ◦℘
and2ℓ

def= 2+ Cℓ on (Mℓ ∪ Ŵℓ) \ X. Forx ∈ X , define

2̃⊕
x (x)

def=
∑

ℓ∈3
2ℓ(φ̃x(x))χMℓ

(φx(x))− 2̃x(x) , x ∈ Ñx ,

then2̃⊕
x is locally constant onÑx; it is the correction function betweeñ2x and the

2ℓ ◦ φ̃x’s.

LEMMA 2.16 The function2 is C∞ on M \ X. There is a constant K> 0 such
that for all x ∈ M \ X

(2.5)
|2(x)| ≤ K , ‖∇2(x)‖ ≤ K , |L2(x)| ≤ K ,

|(∇̄H,∇2)(x)− |H(x)‖2∇‖(x)ג ≤ K |H(x)| ,
and for all x ∈ X and x∈ �,

|2̃x(x)| ≤ K‖x‖2
∞ and ‖∇E2̃x(x)‖ ≤ K‖x‖∞ .

The proof is in Appendix A.

For eachℓ andℓ′ in 3, define nowγℓ,ℓ′
def= (Ŵℓ ∩ Ŵℓ′) \ X . Fix ℓ andℓ′ in

3 such thatγℓ,ℓ′ 6= ∅. There is no assurance that2ℓ and2ℓ′ will agree onγℓ,ℓ.
Let’s define atransition mapin this case; namely, defineιℓ,ℓ′(θ)

def=2ℓ(pℓ′(θ)) for
all θ ∈ 2ℓ′(γℓ,ℓ′). Recalling Remark 2.13, we have thatιℓ,ℓ′ is a diffeomorphism
from2ℓ′(γℓ,ℓ′) to2ℓ(γℓ,ℓ′). In fact, the mapθ 7→ ιℓ,ℓ′(θ)− θ is locally constant on
2ℓ′(γℓ,ℓ′) (on2ℓ′(γℓ,ℓ′), ιℓ,ℓ′ is C∞ and its derivative is identically 1).
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�

φx(M)

φx(X)

Ŵ̃

FIGURE 2.2. Local coordinates.

3 Approximations

We now construct several approximations to the8ε,±’s of Theorem 2.6. If

O is some open subset ofM \ X andψ ∈ C∞(R × R) and if we setψε(x)
def=

ψ(2(x), H(x)
ε
) for x ∈ O andε ∈ (0,1), then

(L εψε)(x) = 1

ε2

{

∂ψ

∂θ
(∇̄H,∇2)(x)+ 1

2

∂2ψ

∂2h
H‖2(x)∇‖ג

}

+ 1

ε
ג

{

∂ψ

∂h
(L H)(x)+ ∂2ψ

∂θ∂h
(∇H,∇2)(x)

}

+ ג

{

∂ψ

∂θ
(L2)(x)+ 1

2

∂2ψ

∂θ2
‖∇2‖2(x)

}

for all x ∈ O andε ∈ (0,1), where the various derivatives ofψ are all evaluated
at (2(x),H(x)/ε). The PDE (2.3) equates the coefficients of the dominant terms
on Ŵ, meaning that ifL εψε is to be of ordero(1) on Ŵ asε ց 0, thenψ should
satisfy the heat equation

∂ψ

∂θ
+ 1

2

∂2ψ

∂2h
= 0 .

The significance of the following result is now partially clear: DefineRℓ
def= (0,∞)

if ℓ ∈ 3P and defineRℓ
def= (−∞,0) if ℓ ∈ 3W.

PROPOSITION3.1 There is a collection{9ℓ : ℓ ∈ 3} of functions such that the
following hold:

(i) PERIODICITY CONDITION. For eachℓ ∈ 3,9ℓ ∈ C∞(R × Rℓ) and

(3.1) 9ℓ(θ, h) = 9ℓ(θ + Gℓ, h)

for all θ ∈ R, and h∈ Rℓ.
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(ii) PDE CONDITION. For eachℓ ∈ 3,9ℓ ∈ C∞(R × Rℓ) and

(3.2)
∂9ℓ

∂θ
(θ, h)+ 1

2

∂29ℓ

∂2h
(θ, h) = 0

for all (θ, h) ∈ R × Rℓ.
(iii) D ECAY CONDITIONS. For each multiindexα such that|α| ≥ 1, there is a

constant K> 0 such that

(3.3)
∣

∣Dα9ℓ(θ, h)
∣

∣ ≤ K exp

[

−
√

π

Gℓ
|h|

]

for all ℓ ∈ 3, θ ∈ R, and h∈ Rℓ such that|h| ≥ 1.
(iv) M ATCHING CONDITIONS AT THE BOUNDARIES. If ℓ andℓ′ in3 are such

thatγℓ,ℓ′ 6= ∅, then

(3.4) lim
h→0
h∈Rℓ

9ℓ( · , h) = lim
h→0

h∈Rℓ′

9ℓ′(ιℓ,ℓ′( · ), h) in L2(2ℓ(γℓ,ℓ′))

and

(3.5) lim
h→0
h∈Rℓ

∫

θ∈Iℓ

{

∂9ℓ

∂h
(θ, h)+ vℓ

}

ϕ(θ)dθ =

lim
h→0

h∈Rℓ′

∫

θ∈Iℓ

{

∂9ℓ′

∂h
(ιℓ,ℓ′(θ), h)+ vℓ′

}

ϕ(θ)dθ

for all ϕ ∈ C∞
c (2ℓ(γℓ,ℓ′)).

(v) ENERGY ESTIMATE.

∑

ℓ∈3

∫

h∈Rℓ

∫

θ∈Iℓ

(

∂9ℓ

∂h
(θ, h)

)2

dθ dh< ∞ .

The proof will be given in Appendix B. We can in fact do a bit better, thanks
to well-known properties of the heat equation. It turns out that the9ℓ’s can have
singularities near the points inp−1

ℓ (X ) × {0}. For eachθ ∈ R, definedℓ(θ) =
infθ ′∈p−1

ℓ (X ) |θ − θ ′|. Also, defineG
def= maxℓ∈3 Gℓ. For each nonnegative integerk,

define

sk(θ, h)
def=

{

1

|θ |k/2 exp

[

− h2

4|θ |

]

χ(0,∞)(θ)+ 1

}

exp

[

−
√

π

G
|h|

]

for all θ andh ∈ R. The functionsk has exponential decay in|h| for |h| large and
has a singularity of order|θ |−k/2e−h2/(4|θ |) whenh andθ are near 0. We also note
that there is a constantK > 0 such that

sk(θ, h) ≤ K

(|θ | + h2)k/2
exp

[

−
√

π

G
|h|

]

for all k ∈ {0, . . . ,4} and allθ ≥ 0 andh ∈ R such that|θ | + |h| > 0.

Forℓ ∈ 3, define ˆ̥ ℓ(θ, h) def= ḟℓ(0)h for all θ ∈ R andh ∈ Rℓ.



HETEROCLINIC BOUNDARY LAYER 13

PROPOSITION3.2 Fix ℓ ∈ 3. Then there is a K> 0 such that for every n∈ Z

and every multiindex( j, k) with j + k ≤ 2,

∣

∣

∣

∣

∂ j +k9ℓ

∂θ j ∂hk
(θ, h)

∣

∣

∣

∣

≤ Ks2 j +k(dℓ(θ), h)

for all θ ∈ R and h∈ Rℓ. For anyℓ andℓ′ in3 such thatγℓ,ℓ′ 6= ∅, any multiindex
α, and allθ ∈ 2ℓ(γℓ,ℓ′),

lim
h→0
h∈Rℓ

Dα(9ℓ + ˆ̥ ℓ)(θ, h) = lim
h→0

h∈Rℓ′

Dα(9ℓ′ + ˆ̥ ℓ′)(ιℓ,ℓ′(θ), h) .

PROOF: The proof is essentially the same as that of proposition 8.7 of [9].�

We can now make the basic part of the8ε,±’s of Theorem 2.6. Forε ∈ (0,1),
define

8ε
A(x)

def= ε
∑

ℓ∈3
9ℓ

(

2ℓ(x),
H(x)
ε

)

χMℓ
(x)

for all x ∈ N . We note that the prefactor ofε is needed to get the appropriate
Neumann data ath = 0.

LEMMA 3.3 For eachε ∈ (0,1), the function8ε
A + ̥ is C1 at (Ŵ ∪ X) \ X .

PROOF: Fix ε ∈ (0,1). Next fix x ∈ Ŵ \ X . Thenx ∈ γℓ,ℓ′ for someℓ ∈ 3P

and someℓ ∈ 3W. In a sufficiently small neighborhoodO of x,

8ε
A(x) = ε9ℓ

(

2ℓ(x),
H(x)
ε

)

χ(0,∞)(H(x))

+ ε9ℓ′

(

2ℓ′(x),
H(x)
ε

)

χ(−∞,0)(H(x))

= ε9ℓ

(

2ℓ(x),
H(x)
ε

)

χ(0,∞)(H(x))

+ ε9ℓ′

(

ιℓ′,ℓ(2ℓ(x)),
H(x)
ε

)

χ(−∞,0)(H(x)) ,

and we now use Proposition 3.2.

Next fix x ∈ X \ X . To show that8ε
A is smooth atx, we will use some of

the machinery of Appendix A; in particular, we use the notation of the proofsof
Lemmas 2.11 and 2.15. Fixx∗ ∈ Mℓ as at the start of the proof of Lemma 2.11. By
Lemma A.2, there aret∗ andλ∗ in R such thatx = ℘∗

λ∗(zt∗(x∗)). Since the map
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(t, λ) 7→ ℘∗
λ∗(zt∗(x∗)) is full rank, it is a local diffeomorphism. Thus it is sufficient

to verify that the map

f (t, λ)
def= 9ℓ

(

2ℓ(℘
∗
λ∗(zt∗(x

∗))),
H(℘∗

λ∗(zt∗(x∗))

ε

)

def= 9ℓ

(

2ℓ(℘ (zt∗(x
∗))),

H(x∗)(1 − λ)

ε

)

is smooth at(t∗, λ∗).
Define first

Rt
def= 2ℓ

(

℘(zt(x
∗))

)

= 2̄(q(t))+ C̄ℓ(q(t))

for all t ∈ R. Then R is C∞ on Â. Fix next x ∈ X and t∗ ∈ q−1({x}) ⊂
℘−1(φ̃x(�)). Then there is a neighborhoodO of t∗ such thatzt(x∗) ∈ ℘−1(φx(�))

for t ∈ O. Define nextŘt
def= (2̄∼

x ◦ φx ◦ ℘)(zt(x∗)) for t ∈ O. Then Ř is C∞

onO and Ř − R is locally constant onO \ {t∗}. Hence all derivatives ofR have
well-defined limits att∗.

Next definet̂∗ def= τ(t∗)− ⌊τ(t∗)/Gℓ⌋Gℓ ∈ Iℓ. If t̂∗ ∈ (0,Gℓ), then

lim
t→t∗

Rt = lim
s→t̂∗

(2ℓ ◦ pℓ)(s) = t̂∗ ,

in which caseR is continuous att∗. If t̂∗ = 0, then

lim
tցt∗

Rt = lim
sց0
(2ℓ ◦ pℓ)(s) = 0 and lim

tրt∗
Rt = lim

sրGℓ

(2ℓ ◦ pℓ)(s) = Gℓ ,

in which caseR has a jump of sizeGℓ at t∗. Combining things and using theGℓ-
periodicity of9ℓ in its first argument, the desired smoothness becomes apparent.

�

This means that we can extend the domain of8ε
A to M \ X . Forε ∈ (0,1), define

8ε
A(x)

def= lim
x′→x
x′∈N

8ε
A(x

′) , x ∈ M \ X ,

8̃ε
A,x(x)

def= 8ε
A ◦ φ̃x on� \ {0} for x ∈ X .

Fix now x ∈ X . We need to modify things atx itself due to the singularities
of the9ℓ’s nearp−1

ℓ (X ) × {0} (as characterized in Proposition 3.2). We start by
returning to(θ, h)–coordinates. Note that there are four (not necessarily distinct)
indicesℓ1(x), ℓ2(x), ℓ3(x), andℓ4(x) in 3 such thatx ∈

⋂4
i=1 Mℓ1(x) and such that

φx(Mℓ1(x)∩Bx) ⊂ R+×R+, φx(Mℓ2(x)∩Bx) ⊂ R−×R+, φx(Mℓ3(x)∩Bx) ⊂ R−×R−,
andφx(Mℓ4(x) ∩ Bx) ⊂ R+ × R−. The vector field∇EH̃ points inward along the
vertical axis{0}×R and points outward along the horizontal axisR×{0}; the stable
manifold ofz at x contains thẽφx image of{0} × R, and the unstable manifold ofz

at x contains thẽφx image ofR × {0}. Note that
{

x ∈ � : 2̃x(x) = 0
}

=
{

x ∈ � : |x1|℧̃H
x (x1) = |x2|℧̃V

x (x2)
}

;
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then define

Cx,U
def=

{

(x1, x2) ∈ � : x2℧̃
V
x (x2) > |x1|℧̃H

x (x1)
}

,

Cx,D
def=

{

(x1, x2) ∈ � : x2℧̃
V
x (x2) < −|x1|℧̃H

x (x1)
}

,

Cx,R
def=

{

(x1, x2) ∈ � : x1℧̃
Y
x (x1) > |x2|℧̃H

x (x2)
}

,

Cx,L
def=

{

(x1, x2) ∈ � : x1℧̃
V
x (x1) < −|x2|℧̃H

x (x2)
}

.

Set

℧+
def= sup

{

℧̃s
x(x) : |x| < ̟, x ∈ X , s ∈ {H,V}

}

,

℧−
def= inf

{

℧̃s
x(x) : |x| < ̟, x ∈ X , s ∈ {H,V}

}

;

then 0< ℧− ≤ ℧+ < ∞ and

(3.6)
Cx,U ∪ Cx,D ⊂

{

(x1, x2) ∈ R2 : |x1| ≤ ℧+
℧−

|x2|
}

,

Cx,L ∪ Cx,R ⊂
{

(x1, x2) ∈ R2 : |x2| ≤ ℧+
℧−

|x1|
}

.

For eachi ∈ {1,2,3,4}, define

ci (x)
def= lim

x′∈Ŵℓi (x)
x′→x

2ℓ(x
′)

(we could alternately have used the lim; by Lemma 2.12, either the limandlim

agree or differ by exactlyGℓ). Defining nowG
def= minℓ∈3 Gℓ, we define the four

functionsux,L , ux,R, ux,U , andux,D by

ux,U (t, h)
def=

{

9ℓ1(x)(c1(x)− t, h)+ vℓ1(x)h if (t, h) ∈ (0,G )× (0,∞)

9ℓ2(x)(c2(x)− t, h)+ vℓ2(x)h if (t, h) ∈ (0,G )× (−∞,0),

ux,D(t, h)
def=

{

9ℓ3(x)(c3(x)− t, h)+ vℓ3(x)h if (t, h) ∈ (0,G )× (0,∞)

9ℓ4(x)(c4(x)− t, h)+ vℓ4(x)h if (t, h) ∈ (0,G )× (−∞,0),

ux,L(t, h)
def=

{

9ℓ2(x)(c2(x)− t, h)+ vℓ2(x)h if (t, h) ∈ (−G ,0)× (−∞,0)

9ℓ3(x)(c3(x)− t, h)+ vℓ3(x)h if (t, h) ∈ (−G ,0)× (0,∞),

ux,R(t, h)
def=

{

9ℓ1(x)(c1(x)− t, h)+ vℓ1(x)h if (t, h) ∈ (−G ,0)× (0,∞)

9ℓ4(x)(c4(x)− t, h)+ vℓ4(x)h if (t, h) ∈ (−G ,0)× (−∞,0)

(note that2̃x is positive on the horizontal axis in� and negative on the vertical
axis of�); see Remark 2.14—this is the reason for choosing(−G ,0) for ux,L and
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ux,R and(0,G ) for ux,U andux,D). Defining ˜̥ x
def=̥ ◦ φ̃x on�, we have that

8̃ε
A,x(x)+ ˜̥ x(x) = ε

∑

s∈{L ,R,U,D}
ux,s

(

−2̃x(x),
H̃(x)
ε

)

χCx,s(x)

for ε ∈ (0,1) andx ∈ Ñx.
Note that we can define theux,s’s ath = 0 by continuity (this is possible due to

Lemma 3.3); i.e.,

ux,s(t,0) = lim
h→0
h6=0

ux,s(t, h)

for t ∈ (0,G ) if s ∈ {U, D} and fort ∈ (−G ,0) if s ∈ {L , R}. By (3.2), we have
that for alls ∈ {L , R,U, D},

(3.7)
∂ux,s

∂t
(t, h) = 1

2

∂2ux,s

∂h2
(t, h)

on(0,G )×R if s ∈ {U, D} and on on(−G ,0)×R if s ∈ {L , R}. From Proposition
3.2 (or alternately by using the fact that the heat equation smooths in forward time),
the function

u◦
x,s(h)

def= lim
tր0

ux,s(t, h) , h ∈ R ,

exists and is inC∞ for s ∈ {L , R}. Defining

(3.8)

u◦
x,U (h) =

{

u◦
x,R(h) if h > 0

u◦
x,L(h) if h < 0,

u◦
x,D(h) =

{

u◦
x,L(h) if h > 0

u◦
x,R(h) if h < 0,

we also have that

u◦
x,s(h)

def= lim
tց0

ux,s(t, h) , h ∈ R \ {0} ,

for s ∈ {U, D}. Thusu◦
x,s

∣

∣

R+
∈ C∞(R+) andu◦

x,s

∣

∣

R−
∈ C∞(R−) for s ∈ {U, D}.

Remark3.4. There isnoassurance that

dnu◦
x,U

dhn
(0+) =

dnu◦
x,U

dhn
(0−) or

dnu◦
x,D

dhn
(0+) =

dnu◦
x,D

dhn
(0−) .

Thus we can have singularities inux,U andux,D at (0,0), but ux,R andux,L are
smooth. Equivalently, this means that8̃ε

x,A may have (complicated) singularities
at the origin inCx,U ∪ Cx,D.

Thus we should look a bit more closely at8̃ε
A,x in Cx,U andCx,D. From the

standpoint of singular perturbations, this is natural; we need to make something of
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“corner expansion” near0. This corner expansion should be valid when2̃x and
|H̃/ε| are small. If(x1, x2) ∈ Cx,U ∪ Cx,D andε ∈ (0,1), then

|x1| =
√

|x1||x1| ≤
√

℧+
℧−

|H̃(x1, x2)| ≤

√

ε
℧+
℧−

∣

∣

∣

∣

H̃(x1, x2)

ε

∣

∣

∣

∣

,

so if (x1, x2) ∈ Cx,U ∪ Cx,D and|H̃(x1, x2)/ε| is small, then|x1| is small (i.e., we
are near the vertical part of̃Ŵ), and we should be able to replace the coordinate
2̃x(x1, x2) by 2̃x(0, x2). To carry this out, forε ∈ (0,1) define for(x1, x2) ∈ �

such thatx2 6= 0

8̃ε
B,x(x1, x2)

def=
{

εux,U
(

−2̃x(0, x2),
H̃(x1,x2)

ε

)

if x2 > 0

εux,D

(

−2̃x(0, x2),
H̃(x1,x2)

ε

)

if x2 < 0

and define for allx ∈ Bx such thatφx(x) 6∈ R × {0}

8ε
B,x(x)

def= 8̃ε
B,x(φx(x)).

To study8̃ε
B,x, define

ϑ̃x,1(x1, x2)
def= x1

√

℧̃V
x (x2)

and ϑ̃x,2(x1, x2)
def= x2

√

℧̃V
x (x2)

for all (x1, x2) ∈ �. For z ∈ R, defines(z)
def= z/|z| if z 6= 0, and sets(0)

def= 0.
Then

(3.9)
√

−2̃x(0, x2) = s(x2)ϑ̃x,2(x1, x2) and
H̃(x1, x2)

√

−2̃x(0, x2)

= s(x2)ϑ̃x,1(x1, x2)

for all (x1, x2) ∈ � such thatx2 6= 0. Define also the heat kernel

g(z)
def= 1√

2π
e− z2

2 , z ∈ R .

LEMMA 3.5 For ε ∈ (0,1), 8̃ε
B,x + ˜̥ x is smooth at{(x1, x2) ∈ � : x2 = 0} and

furthermore

8̃ε
B,x(x)+ ˜̥ x(x) = ε

∫ ∞

z=0
g

(

ϑ̃x,1(x)

ε
− z

)

u◦
x,R(ϑ̃x,2(x)z)dz(3.10)

+ ε

∫ 0

z=−∞
g

(

ϑ̃x,1(x)

ε
− z

)

u◦
x,L(ϑ̃x,2(x)z)dz

for all x = (x1, x2) ∈ � such that x2 6= 0.
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PROOF: We recall (3.8) and use (3.9). We also useg to explicitly solve the heat

equation (3.7). Fixε andx as required. Ifx2 > 0 (hence
√

−2̃x(0, x2) = ϑ̃x,2(x)),

8̃ε
C,x(x)+ ˜̥ x(x) = ε

∫

z∈R

1
√

−2̃x(0, x2)

g

(

H̃(x)/ε − z
√

−2̃x(0, x2)

)

u◦
x,U (z)dz

= ε

∫

z∈R

g

(

H̃(x)

ε

√

−2̃x(0, x2)

− z

)

u◦
x,U (ϑ̃x,2(x)z)dz

and this agrees with (3.10). Ifx2 < 0 (hence
√

−2̃x(0, x2) = −ϑ̃x,2(x)),

8̃ε
B,x(x)+ ˜̥ x(x) = ε

∫

z∈R

1
√

−2̃x(0, x2)

g

(

H̃(x)/ε − z
√

−2̃x(0, x2)

)

u◦
x,D(z)dz

= ε

∫

z∈R

g

(

H̃(x)

ε

√

−2̃x(0, x2)

− z

)

u◦
x,D(−ϑ̃x,2(x)z)dz

= ε

∫ ∞

z=0
g

(

− ϑ̃x,1(x)

ε
− z

)

u◦
x,L(−ϑ̃x,2(x)z)dz

+ ε

∫ 0

z=−∞
g

(

− ϑ̃x,1(x)

ε
− z

)

u◦
x,R(−ϑ̃x,2(x)z)dz

= ε

∫ 0

z=−∞
g

(

− ϑ̃x,1(x)

ε
+ z

)

u◦
x,L(ϑ̃x,2(x)z)dz

+ ε

∫ ∞

z=0
g

(

− ϑ̃x,1(x)

ε
+ z

)

u◦
x,R(ϑ̃x,2(x)z)dz,

and we now use the fact thatg is even; again, this agrees with (3.10). We now
have the stated representation of8̃ε

B,x. The stated regularity follows easily from

this representation; note thatϑ̃1,x andϑ̃2,x are smooth. �

For ε ∈ (0,1), we define

8̃ε
B,x(x)

def= lim
(x1,x2)→x

x2 6=0
(x1,x2)∈�

8̃ε
B,x(x1, x2) , x ∈ � ,

8ε
B,x

def= 8̃ε
B,x ◦ φx on Bx .

We will later, in Lemma 4.3, use (3.10) to show thatL ε8ε
x,B is small.
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Nearx, we want to use8ε
B,x instead of8ε

A. In view of the heat singularities that
occur nearx, define

D̃ε
x(x)

def=
{

|2̃x(x)|2 +
∣

∣

∣

∣

H̃(x)
ε

∣

∣

∣

∣

4} 1
2

, x ∈ � ,

Dε
x(x)

def= D̃ε
x(φ̃x(x)) , x ∈ Bx .

We can comparẽDε
x to the Euclidean norm via the following:

LEMMA 3.6 There is a constant K3.6 > 0 such that for allε ∈ (0,1), x ∈ X , and
x ∈ �,

‖x‖∞ ≤ K3.6
{

(D̃ε
x(x))

1
2 + (D̃ε

x(x))
1
4
}

,

‖x‖∞ ≤ K3.6
{

(D̃ε
x(x))

1
2 + ε

}

, and |H̃(x)| ≤ ε
(

D̃ε
x(x)

)
1
2 .

PROOF: Fix ε, x, andx as required. To see the last bound, we simply write that

|H̃(x)| = ε

∣

∣

∣

∣

H̃(x)
ε

∣

∣

∣

∣

≤ ε

√

D̃ε
x(x) .

We next observe that

‖x‖4
∞ ≤ x4

1 + x4
2 ≤ 1

℧2
−

{

(x2
1℧̃H

x (x1))
2 + (x2

2℧̃V
x (x2))

2
}

≤ 1

℧2
−

{

(x2
1℧̃H

x (x1)− x2
2℧̃V

x (x2))
2 + 2x2

1x2
2℧̃H

x (x1)℧̃
V
x (x2)

}

≤ 1

℧2
−

{

(2̃x(x1, x2))
2 + 2℧2

+H̃2(x1, x2)
}

≤ 1

℧2
−

{

(D̃ε
x(x))

2 + 2℧2
+ε

2D̃ε
x(x)

}

,

and hence

‖x‖∞ ≤ 1√
℧−

max
{

1,2
1
4
√

℧+
}{

(D̃ε
x(x))

2 + ε2D̃ε
x(x)

}
1
4

≤ 21/4

√
℧−

max
{

1,2
1
4
√

℧+
}{

(D̃ε
x(x))

1
2 + ε

1
2 (D̃ε

x(x))
1
4
}

.

Sinceε ∈ (0,1), this gives the first stated bound. By Young’s inequality, we
consequently have

‖x‖∞ ≤ 21/4

√
℧−

max
{

1,2
1
4
√

℧+}
}

{

3

2
(D̃ε

x(x))
1
2 + ε

2

}

,

and this gives us the second bound. �
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For eachδ > 0, define

B̃
ε
x(δ)

def=
{

x ∈ � : Dε
x(x) ≤ δ

}

and B
ε
x(δ)

def= φ̃x(B
ε
x(δ)) .

Fix now δ̄ ∈ (0,1) such that

(3.11) δ̄ <

(

̟

2K3.6

)4

.

Then if δ ∈ (0, δ̄), ε ∈ (0,1), andx ∈ X ,

‖x‖∞ ≤ K3.6
{

δ
1
2 + δ

1
4
}

= K3.6δ
1
4
{

1 + δ
1
4
}

≤ 2K3.6δ
1
4 < ̟

for all x ∈ B̃εx(δ); i.e., B̃x(δ) ⋐ �.
Let’s now put things together. First, we need a cutoff function.

DEFINITION 3.7 (Cutoff Function) Letη ∈ C∞
c (R; [0,1]) be even and such that

η(u) = 1 when|u| ≤ 1 andη(u) = 0 when|u| ≥ 2.

For all δ ∈ (0, δ̄), ε ∈ (0,1), andx ∈ X , define

ηδ,εx (x)
def= η

(

Dε
x(x)

δ

)

χBx
(x) , x ∈ M ;

thenηδ,εx is smooth and

suppηδ,εx ⊂ B
ε
x(2δ) and supp

{

1 −
∑

x∈X

ηδ,εx

}

⊂ M \
⋃

x∈X

B
ε
x(δ) .

For all δ ∈ (0, δ̄) andε ∈ (0,1), define now

uδ,ε(x) def=
{

1 −
∑

x∈X

ηδ,εx (x)
}

8ε
A(x)+

∑

x∈X

ηδ,εx (x)8ε
B,x(x) , x ∈ M ,

and for eachx ∈ X , define

ũδ,εx (x)
def= uδ,ε(φ̃x(x)) , x ∈ � .

Define

E(z)
def= exp

[

−1

2

√

π

Ḡ

√

z2 + 1

]

, z ∈ R ;

thenE is smooth and there is a constantK(3.12)> 0 such that

(3.12)
1

K(3.12)
exp

[

−1

2

√

π

Ḡ
|z|

]

≤ E(z) ≤ K(3.12)exp

[

−1

2

√

π

Ḡ
|z|

]

for all z ∈ R. The main result of this section is the following:
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THEOREM 3.8 There are positive constants K3.8 and κ3.8 such that for allδ ∈
(0, δ̄) andε ∈ (0,1) such thatε/

√
δ ≤ κ3.8, and for all x ∈ M,

(3.13)

|uδ,ε(x)| ≤ K3.8 ,

|L εuδ,ε(x)| ≤ K3.8√
δ
E

(

H(x)
ε

)

+ K3.8
‖∇H(x)‖2

ε
E

(

H(x)

ε
√
δ

)

+ K3.8

ε
exp

[

− 1

K3.8

√
δ

ε

]

.

We will prove this result at the end of Section 4.
To begin to understand what goes into this theorem, let’s explicitly applyL ε

to uδ,ε.

LEMMA 3.9 For all δ ∈ (0, δ̄), ε ∈ (0,1), and x∈ M,

L
εuδ,ε(x) =

4
∑

i=1

Ī δ,εi (x)

where

Ī δ,ε1 (x)
def=

{

1 −
∑

x∈X

ηδ,εx (x)
}

(

L
ε9ε

A

)

(x) ,

Ī δ,ε2 (x)
def=

∑

x∈X

(

L
ε8ε

B,x

)

(x)ηδ,εx (x) ,

Ī δ,ε3 (x)′
def=

∑

x∈X

(

8ε
B,x(x)−8ε

A(x)
)(

L
εηδ,εx

)

(x) ,

Ī δ,ε4 (x)
def=

∑

x∈X

(

∇(8ε
B,x −8ε

A),∇ηδ,εx (x)
)

.

PROOF: The proofs are straightforward calculations. �

4 Calculations and Estimates

Let’s now start bounding things. We need to do the following:

(1) boundL ε8ε
A onM \

⋃

x∈X
Bεx(δ) (Lemma 4.1),

(2) boundL ε8ε
B,x onBεx(2δ) (Lemma 4.3), and

(3) compare8ε
A and8ε

B,x (and their first derivatives) onBεx(2δ) \Bεx(δ) (Lem-
mas 4.4 and 4.7).

LEMMA 4.1 There is a K> 0 such that ifδ ∈ (0, δ̄) andε ∈ (0,1),
∣

∣L
ε8ε

A(x)
∣

∣ ≤ K√
δ

{

1 +
(

ε√
δ

)3}

E

(

H(x)
ε

)

for all x ∈ M \
⋃

x∈X
Bεx(δ).
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PROOF: Fix ℓ ∈ 3. Forδ andε as required andx ∈ Mℓ ∩ N ,

(

L
ε8ε

A

)

(x) = ∂9ℓ

∂θ
(kε(x))

(∇̄H,∇2ℓ)(x)− H‖2(x)∇(x)‖ג

ε

+
{

∂9ℓ

∂h
(kε(x))(L H)(x)+ (x)ג

∂29ℓ

∂θ∂h
(kε(x))(∇H,∇2ℓ)(x)

}

+ ε

{

∂9ℓ

∂θ
(kε(x))(L2ℓ)(x)+ (x)ג

2

∂29ℓ

∂θ2
(kε(x))‖∇2ℓ‖2(x)

}

wherekε(x)
def= (2ℓ(x),H(x)/ε). Since

inf

{

dℓ(2ℓ(x))+
∣

∣

∣

∣

H(x)
ε

∣

∣

∣

∣

2

: ε ∈ (0,1), x ∈ N \
⋃

x∈X

Bx

}

is positive, we have the desired bound onM \
⋃

x∈X
Bx. The only complication is

the first term. Here we use Lemma 2.16 and observe that there is a constantK > 0
such that

∣

∣

∣

∣

H
ε

∣

∣

∣

∣

exp

[

−
√

π

G

|H|
ε

]

≤ K exp

[

−1

2

√

π

G

|H|
ε

]

onM for all ε ∈ (0,1).
Now fix x ∈ X ∩ Ŵℓ. We want to boundL̃ ε

x 8̃
ε
A,x in Ñx \ B̃εx(δ). Define

k̃ε(x)
def= (2̃x(x)+ 2̃⊕

x (x), H̃(x)/ε) for all ε ∈ (0,1) andx ∈ Ñx. There are then
positive constantsK andK ′ such that

(

E

(

H(x)
ε

))−1∣
∣

∣

∣

∂9ℓ

∂θ
(k̃ε(x))

((∇̄H,∇2)− H‖2)(φ̃x(x))∇‖ג

ε

∣

∣

∣

∣

≤ K |H̃(x)|
εD̃ε

x(x)
=

K ′ε
√

D̃ε
x(x)

εD̃ε
x(x)

= K ′
√

D̃ε
x(x)

≤ K ′
√
δ
,

(

E

(

H(x)
ε

))−1∣
∣

∣

∣

∂9ℓ

∂h
(k̃ε(x))(L̃xH̃)(x)

∣

∣

∣

∣

≤ K
√

D̃ε
x(x)

≤ K√
δ
,

(

E

(

H(x)
ε

))−1∣
∣

∣

∣

∂29ℓ

∂θ∂h
(k̃ε(x))(∇̃xH̃, ∇̃x2̃x)E(x)

∣

∣

∣

∣

≤ K‖x‖2
∞

(D̃ε
x(x))

3/2

≤
K ′{D̃ε

x(x)+ ε2}
(D̃ε

x(x))
3/2

= K ′
{

1
√

D̃ε
x(x)

+ ε2

(D̃ε
x(x))

3/2

}

≤ K ′
{

1√
δ

+ ε2

δ3/2

}

,
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(

E

(

H(x)
ε

))−1

ε

∣

∣

∣

∣

∂9ℓ

∂θ
(k̃ε(x))(L̃x2̃x)(x)

∣

∣

∣

∣

≤ K ε

D̃ε
x(x)

≤ K ε

δ
,

(

E

(

H(x)
ε

))−1

ε

∣

∣

∣

∣

∂29ℓ

∂θ2
(k̃ε(x))‖∇̃x2̃x‖2

E(x)

∣

∣

∣

∣

≤ K‖x‖2
∞ε

(D̃ε
x(x))

2

≤
K ′ε{D̃ε

x(x)+ ε2}
(D̃ε

x(x))
2

= K ′
{

ε

D̃ε
x(x)

+ ε3

(D̃ε
x(x))

2

}

≤ K ′
{

ε

δ
+ ε3

δ2

}

,

for all δ andε as required and allx ∈ Ñx \ B̃εx(δ) such thatφx(x) ∈ Mℓ. Combining
things, we get that there is a constantK > 0 such that

∣

∣L̃
ε
x 8̃

ε
A,x(x)

∣

∣ ≤ K√
δ

{

1 + ε√
δ

+ ε2

δ
+ ε3

δ3/2

}

E

(

H(x)
ε

)

for all δ andε as required and allx ∈ Ñx \ B̃εx(δ) such thatφ̃x(x) ∈ Mℓ. The stated
conclusion readily follows from this. �

Fix now x ∈ X . We next want to studyL̃ ε
x 8̃

ε
B,x. We start with an auxiliary

result. For convenience, defineξ̃x(x)
def= x(x)B̃x(x)‖∇̃xϑ̃x,1(x)‖2ג̃

E for all x ∈ �.

LEMMA 4.2 We have that

(∇̄EH̃,∇Eϑ̃x,1)E(x1, x2) = 1

2
ϑ̃x,1(x1, x2)ξ̃x(0, x2) ,

(∇̄EH̃,∇Eϑ̃x,2)E(x1, x2) = −1

2
ϑ̃x,2(x1, x2)ξ̃x(0, x2) ,

for all (x1, x2) ∈ �. Also, there is a constant K> 0 such that for i∈ {1,2} and
x ∈ �,

‖∇Eϑ̃x,i (x)‖E ≤ K and |L̃xϑ̃x,i (x)| ≤ K .

PROOF: The stated regularity bounds are fairly obvious. In light of this regu-
larity, it suffices to carry out our calculations oñNx. For(x1, x2) ∈ Ñx,

(∇̄EH̃,∇Eϑ̃x,1)E(x1, x2) = s(x2)
H̃(x1, x2)

2(−2̃x(0, x2))3/2

{

−x2
∂2̃x

∂x2
(0, x2)

}

= 1

2
ϑ̃x,1(x1, x2)

F̃x(0, x2)

−2̃x(x1, x2)
,
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(∇̄EH̃,∇Eϑ̃x,2)E(x1, x2) = − s(x2)
1

2
√

−2̃x(0, x2)

{

−x2
∂2̃x

∂x2
(0, x2)

}

= −1

2
ϑ̃x,2(x1, x2)

F̃x(0, x2)

−2̃x(x1, x2)
.

We now calculate that

ξ̃x(0, x2) =
,x(0ג̃ x2)B̃x(0, x2)g̃

−1
x,1,1(0, x2)

℧̃V
x (x2)

= F̃x(0, x2)

x2
2℧̃V

x (x2)
= F̃x(0, x2)

−2̃x(0, x2)

for all (x1, x2) ∈ �, and this gives us the claimed PDE forϑ̃x,1 andϑ̃x,2. �

The heart of our analysis ofL̃ ε
x 8̃

ε
B,x is the standard fact thatg(1)(z) = −zg(z)

for all z ∈ R.

LEMMA 4.3 There is a K> 0 such that for allδ ∈ (0, δ̄) andε ∈ (0,1),

∣

∣L̃
ε
x 8̃

ε
B,x(x)

∣

∣ ≤ K

{

1 + ‖x‖2
∞
ε

}

, x ∈ B̃
ε
x(2δ) .

PROOF: Let I be either the intervalR+ or R−, and letϕ be a smooth function
on I such thatϕ̇ andϕ̈ are bounded. Recalling Proposition 3.2 and the comments
preceding Remark 3.4, we know thatux,L andux,R fit these requirements. For allε
andx as required, define the function

ϒε(x)
def= ε

∫

z∈I

g

(

ϑ̃x,1(x)

ε
− z

)

ϕ(ϑ̃x,2(x)z)dz.

Fix such anε andx = (x1, x2). Then

(L̃ ε
x ϒ

ε)(x) = E
ε
1(x)+ E

ε
2(x)+ E

ε
3(x)

where

E
ε
1(x) =

∫

z∈I

{

g(1)
(

ϑ̃x,1(x)

ε
− z

)

(∇̄EH̃,∇Eϑ̃x,1)E(x)

ε2B̃x(x)
ϕ(ϑ̃x,2(x)z)

+ g(2)
(

ϑ̃x,1(x)

ε
− z

)

x(x)‖∇̃xϑ̃x,1(x)‖2ג̃
E

2ε
ϕ(ϑ̃x,2(x)z)

+ zg

(

ϑ̃x,1(x)

ε
− z

)

ϕ̇(ϑ̃x,2(x)z)
(∇̄EH̃,∇Eϑ̃x,2)E(x)

εB̃x(x)

}

dz,
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E
ε
2(x) =

∫

z∈I

g(1)
(

ϑ̃x,1(x)

ε
− z

)

{

(L̃xϑ̃x,1)(x)ϕ(ϑ̃x,2(x)z)

+ ,x(x)(∇̃xϑ̃x,1ג̃ ∇̃xϑ̃x,2)E(x)zϕ̇(ϑ̃x,2(x)z)
}

dz,

E
ε
3(x) = ε

∫

z∈I

g

(

ϑ̃x,1(x)

ε
− z

){

(L̃xϑ̃x,2)(x)zϕ̇(ϑ̃x,2(x)z)

+ 1

2
x(x)‖∇̃xϑ̃x,2(x)‖2ג̃

Ez2ϕ̈(ϑ̃x,2(x)z)

}

dz.

We can integrate by parts to get that fori ∈ {1,2},

(4.1)
∫

z∈I

g(i )
(

ϑ̃x,1(x)

ε
− z

)

ϕ(ϑ̃x,2(x)z)dz =

± g(i−1)

(

ϑ̃x,1(x)

ε

)

ϕ(0)+ ϑ̃x,2(x)
∫

z∈I

g(i−1)

(

ϑ̃x,1(x)

ε
− z

)

ϕ̇(ϑ̃x,2(x)z)dz

where we choose+ if I = R+ and− if I = R−. By carefully calculating, one can
see thatEε1(x) = E

ε
1,1(x)± E

ε
1,2(x) where

E
ε
1,1(x)

def= 1

2εB̃x(x)

∫

z∈I

{

g(1)
(

ϑ̃x,1(x)

ε
− z

)

ξ̃x(x)

+ g

(

ϑ̃x,1(x)

ε
− z

)(

ϑ̃x,1(x)

ε
− z

)

ξ̃x(0, x2)

}

× ϑ̃x,2(x)ϕ̇(ϑ̃x,2(x)z)dz

= 1

2εB̃x(x)

∫

z∈I

g(1)
(

ϑ̃x,1(x)

ε
− z

)

{ξ̃x(x)− ξ̃x(0, x2)}ϑ̃x,2(x)ϕ̇(ϑ̃x,2(x)z)dz

and

E
ε
1,2(x)

def= 1

2εB̃x(x)

{

g

(

ϑ̃x,1(x)

ε

)

ϑ̃x,1(x)

ε
ξ̃x(0, x2)+ g(1)

(

ϑ̃x,1(x)

ε

)

ξ̃x(x)

}

ϕ(0)

= 1

2εB̃x(x)
g(1)

(

ϑ̃x,1(x)

ε

)

{ξ̃x(x)− ξ̃x(0, x2)}ϕ(0) .

Note now that there is a constantK > 0 such that

|ξ̃x(0, x2)− ξ̃x(x1, x2)| ≤ K |ϑ̃x,1(x1, x2)| , (x1, x2) ∈ � .
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Furthermore, recall thaṫϕ is assumed to be bounded and observe thatg(1) is inte-
grable. Thus there is a constantK > 0 such that for allε andx as required,

∣

∣E
ε
1,1(x)

∣

∣ ≤ K
|ϑ̃x,1(x)ϑ̃x,2(x)|

ε
= K

‖x‖2
∞
ε

,

∣

∣E
ε
1,2(x)

∣

∣ ≤ K

∣

∣

∣

∣

g(1)
(

ϑ̃x,1(x)

ε

)
∣

∣

∣

∣

|ϑ̃x,1(x)|
ε

≤ K sup
z∈R

|zg(1)(z)| .

Let’s next boundE
ε
3. Change the variable of integration and use the fact thatϕ̇

andϕ̈ are bounded to find positive constantsK andK ′ such that for allε andx as
required

∣

∣E
ε
3(x)

∣

∣ ≤ K ε
∫

w∈R

g(w)

{∣

∣

∣

∣

ϑ̃x,1(x)

ε
+ w

∣

∣

∣

∣

+
∣

∣

∣

∣

ϑ̃x,1(x)

ε
+ w

∣

∣

∣

∣

2}

dw

≤ K ′ε

{

1 + |ϑ̃x,1(x)|2
ε2

}

≤ K ′
{

1 + 1

℧−

‖x‖2
∞
ε

}

;

(4.2)

one must use Young’s inequality and the triangle inequality to get the second line.
To boundE

ε
2, we first integrate by parts, as we did in (4.1). For eachε ∈ (0,1),

we get thatEε2 = E
ε
2,1 ± E

ε
2,2 on�, where we choose+ or − as we did in (4.1), and

where

E
ε
2,1(x) =

∫

z∈I

g

(

ϑ̃x,1(x)

ε
− z

)

{

(L̃xϑ̃x,1)(x)ϑ̃x,2(x)ϕ̇(ϑ̃x,2(x)z)

+ ,x(x)(∇̃xϑ̃x,1ג̃ ∇̃xϑ̃x,2)E(x)

× {ϕ̇(ϑ̃x,2(x)z)+ zϑ̃x,2(x)ϕ̈(ϑ̃x,2(x)z)}
}

dz,

E
ε
2,2(x) = g

(

ϑ̃x,1(x)

ε

)

(L̃xϑ̃x,1)(x)ϕ(0) .

Bounding now as in (4.2), we have that there are positive constantsK andK ′ such
that for allε andx as required,

∣

∣E
ε
2,1(x)

∣

∣ ≤ K
∫

w∈R

|g(w)|
{

|ϑ̃x,2(x)| + 1 +
∣

∣

∣

∣

ϑ̃x,1(x)

ε
+ w

∣

∣

∣

∣

|ϑ̃x,2(x)|
}

dw

≤ K ′
{

1 + ‖x‖2
∞
ε

}

,

∣

∣E
ε
2,2(x)

∣

∣ ≤ K ;

the last bound is a direct one. Combine things to get the stated bound. �
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Now let’s compare thẽ8ε
A,x and8̃ε

B,x on B̃εx(2δ) \ B̃εx(δ). We first carry out this
comparison onCx,L ∪ Cx,R; recall thatux,L andux,R are smooth.

LEMMA 4.4 There is a K> 0 such that forε ∈ (0,1) and x∈ Cx,L ∪ Cx,R,

∣

∣8̃ε
B,x(x)− 8̃ε

A,x(x)
∣

∣ ≤ K ε‖x‖2
∞ + K ε exp

[

− 1

K

‖x‖2
∞

ε2

]

,

∥

∥∇E(8̃
ε
B,x − 8̃ε

A,x)(x)
∥

∥

E
≤ K‖x‖∞

{

ε + ‖x‖2
∞

}

+ K exp

[

− 1

K

‖x‖2
∞

ε2

]

.

PROOF: First note that̃ϑx,1ϑ̃x,2 ≡ H̃ on�. Fix ε ∈ (0,1). Fors ∈ {L , R} and
x = (x1, x2) ∈ Cx,s, define

ϒε
1,s(x)

def= ε

∫

z∈R

g

(

ϑ̃x,1(x)

ε
− z

){

u◦
x,s(ϑ̃x,2(x)z)− u◦

x,s

(

H̃(x)
ε

)}

dz

= ε

∫

w∈R

g(w)

{

u◦
x,s

(

H̃(x)
ε

− ϑ̃x,2(x)w

)

− u◦
x,s

(

H̃(x)
ε

)}

dw .

Define nextkx(z)
def= u◦

x,R(z)− u◦
x,L(z) for all z ∈ R and then define

ϒε
2,R(x)

def= −ε
∫ 0

z=−∞
g

(

ϑ̃x,1(x)

ε
− z

)

kx(ϑ̃x,2(x)z)dz, x ∈ Cx,R ,

ϒε
2,L(x)

def= ε

∫ ∞

z=0
g

(

ϑ̃x,1(x)

ε
− z

)

kx(ϑ̃x,2(x)z)dz, x ∈ Cx,L .

Finally, define forx = (x1, x2) ∈ Cx,s

ϒε
3,s(x)

def= ε

{

u◦
x,s

(

H̃(x)
ε

)

− ux,s

(

−2̃x(x1,0),
H̃(x)
ε

)}

.

Fix nows ∈ {L , R}. We then have that̃8ε
B,x−8̃ε

A,x =
∑3

i=1ϒ
ε
i,s onCx,s (remember

to add and subtract̥̃ x in carrying out this calculation).

Let’s first considerϒε
3,s, and note thatux,R andux,L are smooth. We can com-

pute that for allε ∈ (0,1) andx ∈ Cx,s,

∇Eϒ
ε
3,s(x) = ε

∂ux,s

∂θ

(

−2̃x(x),
H̃(x)
ε

)

∇E2̃
B
x (x)

+
{

∂ux,s

∂h

(

−2̃x(x),
H̃(x)
ε

)

− u̇◦
x,s

(

H̃(x)
ε

)}

∇EH̃(x) .
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It is now fairly easy to find positive constantsK andK ′ such that
∣

∣ϒε
3,s(x)

∣

∣ ≤ K ε|2̃x(x)| ≤ K ′ε‖x‖2
∞ ,

∥

∥∇Eϒ
ε
3,s(x)

∥

∥ ≤ K {ε‖x‖∞ + |2̃x(x)|‖∇EH̃(x)‖E}
≤ K ′{ε‖x‖∞ + ‖x‖3

∞
}

.

Let’s next considerϒε
1,s. Define

Es(z, h)
def= u◦

x,s(h + z)− u◦
x,s(h)− u̇◦

x,s(h)z = z2
∫ 1

s=0
(1 − s)ü◦

x,s(h + sz)ds

for all z andh in R. Then there is aK > 0 such that

|Es(z, h)| ≤ K z2 ,

∣

∣

∣

∣

∂Es

∂z
(z, h)

∣

∣

∣

∣

≤ K |z| , and

∣

∣

∣

∣

∂Es

∂h
(z, h)

∣

∣

∣

∣

≤ K |z|2 ,

for all z andh in R. Thus for allε ∈ (0,1) andx ∈ Cx,s,

ϒε
1,s(x) = ε

∫

w∈R

g(w)

{

−u̇◦
x,s

(

H̃(x)
ε

)

ϑ̃x,2(x)w + Es

(

−wϑ̃x,2(x),
H̃(x)
ε

)}

dw

= ε

∫

w∈R

g(w)Es

(

−wϑ̃x,2(x),
H̃(x)
ε

)

dw ,

∇Eϒ
ε
1,s(x) =

∫

w∈R

g(w)

{

−εw∂Es

∂z

(

−wϑ̃x,2(x),
H̃(x)
ε

)

∇Eϑ̃x,2(x)

+ ∂Es

∂h

(

−wϑ̃x,2(x),
H̃(x)
ε

)

∇EH̃(x)
}

dw

where we have used the fact thatg is even. It is now fairly easy to find positive
constantsK andK ′ such that for allε ∈ (0,1) andx ∈ Cx,s

∣

∣ϒε
1,s(x)

∣

∣ ≤ K ε|ϑ̃x,2(x)|2 ≤ K ′ε‖x‖2 ,
∥

∥∇Eϒ
ε
1,s(x)

∥

∥ ≤ K {ε|ϑ̃x,2(x)| + |ϑ̃x,2(x)|2‖∇EH̃(x)‖}
≤ K ′{ε‖x‖2

∞ + ‖x‖3
∞

}

.

Finally, let’s considerϒε
2,s. To do so efficiently, for eachε ∈ (0,1) andx =

(x1, x2) ∈ �, define

ϒ̂ε
x (x)

def= −ε
∫ 0

z=−∞
g

(

−|ϑ̃x,1(x)|
ε

+ z

)

kx(s(x1)ϑ̃x,2(x)z)dz;
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then (keeping in mind thatg is even)ϒ̂ε
x = ϒε

2,R on Cx,R andϒ̂ε
x = ϒε

2,L on Cx,R.
Integrating by parts and then differentiating, we get that

ϒ̂εx (x) = −εg(−1)
(

−|ϑ̃x,1(x)|
ε

)

kx(0)

+ ε s(x1)ϑ̃x,2(x)
∫ 0

z=−∞
g(−1)

(

−|ϑ̃x,1(x)|
ε

+ z

)

k̇x(s(x1)ϑ̃x,2(x)z)dz

= −εg(−1)
(

−|ϑ̃x,1(x)|
ε

)

kx(0)

+ ε s(x1)ϑ̃x,2(x)
∫ −|ϑ̃x,1(x)|/ε

z=−∞
g(−1)(w)k̇x

(

s(x1)ϑ̃x,2(x)w + H̃(x)
ε

)

dw ,

∇Eϒ̂
ε
x (x) = s(x1)g

(

−|ϑ̃x,1(x)|
ε

)

kx(0)∇Eϑ̃x,1(x)

+ ε s(x1)

∫ −|ϑ̃x,1(x)|/ε

z=−∞
g(−1)(w)k̇x

(

s(x1)ϑ̃x,2(x)w + H̃(x)
ε

)

dw∇Eϑ̃x,2(x)

− ϑ̃x,2(x)g
(−1)

(

−|ϑ̃x,1(x)|
ε

)

kx(0)∇Eϑ̃x,1(x)

+ s(x1)ϑ̃x,2(x)
∫ −|ϑ̃x,1(x)|/ε

z=−∞
g(−1)(w)k̈x

(

s(x1)ϑ̃x,2(x)w + H̃(x)
ε

)

× {ε s(x1)w∇Eϑ̃x,2(x)+ ∇EH̃(x)}dw ,

for all ε ∈ (0,1) andx = (x1, x2) ∈ Cx,s (note that thens(ϑ̃x,1(x1, x2)) = s(x1)).

We now use the fact that the functionsz 7→ g(−1)(z)ez2/2 andz 7→ g(−2)(z)ez2/2

are bounded on(−∞,0). There is thus a constantK > 0 such that for allε andx
as required,

∣

∣ϒ̂ε
x (x)

∣

∣ ≤ K ε exp

[

− 1

K

|ϑ̃x,1(x)|2
ε2

]

,

∥

∥∇Eϒ̂
ε
x (x)

∥

∥ ≤ K exp

[

− 1

K

|ϑ̃x,1(x)|2
ε2

]

.

To finish, we note that forx = (x1, x2) ∈ Cx,L ∪ Cx,R,

‖x‖∞ ≤ max

{

1,
℧+
℧−

}

|x1| ≤ max

{

1,
℧+
℧−

}

√

℧+|ϑ̃x,1(x1)| .

�
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Now let’s carry out a similar comparison of̃8ε
A,x and 8̃ε

B,x on Cx,U ∪ Cx,D.

Define for conveniencẽ2C
x (x1, x2)

def=2̃x(0, x2) for all (x1, x2) ∈ �; then for any
ε ∈ (0,1),

(4.3) 8̃ε
B,x(x) = ε

∑

ℓ∈3
9ℓ

(

2̃C
x (x)+ 2̃⊕

x ,
H(x)
ε

)

χMℓ
(φ̃x(x)) , x ∈ � .

LEMMA 4.5 There is a constant K4.5 > 0 such that for allx ∈ X and x∈ �,
∣

∣2̃C
x (x)− 2̃x(x)

∣

∣ ≤ K4.5|H̃(x)| and
∥

∥∇E2̃
C
x (x)

∥

∥

E
≤ K4.5‖x‖∞ .

PROOF: The proof is clear from the explicit formula for̃2x. �

We also have the following:

LEMMA 4.6 For δ ∈ (0, δ̄), ε ∈ (0,1), x ∈ X , and x∈ �,

inf
λ∈[0,1]

∣

∣λ2̃x(x)+ (1 − λ)2̃C
x (x)

∣

∣ +
∣

∣

∣

∣

H̃(x)
ε

∣

∣

∣

∣

2

≥ 1√
2
D̃ε

x(x)

{

1 −
√

2K4.5
ε

√

D̃ε
x(x)

}

.

PROOF: For δ, ε, x, andx as required andλ ∈ [0,1],
∣

∣λ2̃x(x)+ (1 − λ)2̃C
x (x)

∣

∣ +
∣

∣

∣

∣

H̃(x)
ε

∣

∣

∣

∣

2

≥ |2̃x(x)| +
∣

∣

∣

∣

H̃(x)
ε

∣

∣

∣

∣

2

− (1 − λ)
∣

∣2̃x(x)− 2̃C
x (x)

∣

∣

≥ 2− 1
2 D̃ε

x(x)− K4.5|H̃(x)|

≥ 2− 1
2 D̃ε

x(x)− εK4.5

√

D̃ε
x(x) .

�

We then have the following:

LEMMA 4.7 There is a K> 0 such that for allδ ∈ (0, δ̄) andε ∈ (0,1) such that
ε/

√
δ < 1/(23/2K4.5), and for all x ∈ B̃εx(2δ) \ B̃εx(δ) such that x∈ Cx,U ∪ Cx,D,

∣

∣8̃ε
A,x(x)− 8̃ε

B,x(x)
∣

∣ ≤ K ε2

√
δ
,

∥

∥∇E(8̃
ε
A,x − 8̃ε

B,x)(x)
∥

∥

E
≤ K ε‖x‖∞

δ
.

PROOF: Fix ℓ ∈ 3 such thatx ∈ Ŵℓ. For anyε ∈ (0,1) andx ∈ Ñx such that
x ∈ Cx,U ∪ Cx,D and such that̃φx(x) ∈ Mℓ,

∣

∣8̃ε
A,x(x)− 8̃ε

B,x(x)
∣

∣ ≤ Jε1 (x) ,
∥

∥∇E(8̃
ε
A,x − 8̃ε

B,x)(x)
∥

∥

E
≤ Jε2 (x)+ Jε3 (x)+ Jε4 (x) ,
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where

Jε1 (x)
def= ε

∣

∣

∣

∣

9ℓ

(

2̃x(x)+ 2̃⊕
x (x),

H̃(x)
ε

)

−9ℓ

(

2̃C
x (x)+ 2̃⊕

x (x),
H̃(x)
ε

)
∣

∣

∣

∣

,

Jε2 (x)
def=

∣

∣

∣

∣

∂9ℓ

∂h

(

2̃x(x)+ 2̃⊕
x (x),

H̃(x)
ε

)

− ∂9ℓ

∂h

(

2̃C
x (x)+ 2̃⊕

x (x),
H̃(x)
ε

)
∣

∣

∣

∣

‖∇EH̃(x)‖E ,

Jε3 (x)
def= ε

∣

∣

∣

∣

∂9ℓ

∂θ

(

2̃x(x)+ 2̃⊕
x (x),

H̃(x)
ε

)
∣

∣

∣

∣

‖∇E2̃x(x)‖E ,

Jε4 (x)
def= ε

∣

∣

∣

∣

∂9ℓ

∂θ

(

2̃C
x (x)+ 2̃⊕

x (x),
H̃(x)
ε

)
∣

∣

∣

∣

‖∇E2̃
C
x (x)‖E .

For anyδ, ε, andx as required,

inf
λ∈[0,1]

∣

∣λ2̃x(x)+ (1 − λ)2̃C
x (x)

∣

∣ +
∣

∣

∣

∣

H̃(x)
ε

∣

∣

∣

∣

2

≥ 1

23/2
D̃ε

x(x) .

We can now find a positive constantK such that fori ∈ {3,4} andδ, ε, andx
as required,

Jεi (x) ≤ K ε‖x‖∞

D̃ε
x(x)

≤ K ε‖x‖∞
δ

.

Consider nextJε1 and Jε2 . Fix j ∈ {0,1}. For ε ∈ (0,1) andx ∈ Ñx such that
φ̃x(x) ∈ Mℓ, we have that

∂9ℓ

∂h j

(

2̃x(x)+ 2̃⊕
x (x),

H̃(x)
ε

)

− ∂9ℓ

∂h j

(

2̃C
x (x)+ 2̃⊕

x (x),
H̃(x)
ε

)

=
∫ 1

s=0

∂ j +19̂ℓ

∂h j ∂θ

(

t2̃x(x)+ (1 − t)2̃C
x (x)+ 2̃⊕

x (x),
H̃(x)
ε

)

dt
(

2̃x(x)− 2̃C
x (x)

)

.

We now use Lemmas 4.5 and 4.6. For allε ∈ (0,1), x ∈ �, andt ∈ [0,1],

|H̃(x)|
(D̃ε

x(x))
j/2+1

≤
K3.6ε

√

D̃ε
x(x)

(D̃ε
x(x))

j/2+1
≤ K3.6ε

(D̃ε
x(x))

( j +1)/2
.

Thus there is a constantK > 0 such that for allδ, ε, andx as required,

Jε1 (x) ≤ K ε2

√

D̃ε
x(x)

≤ K ε2

√
δ

and Jε2 (x) ≤ K ε‖x‖∞

D̃ε
x(x)

≤ K ε‖x‖∞
δ

.

�

We can now bound the various terms of Lemma 3.9. Some final estimates are
needed, however.
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LEMMA 4.8 There is a constant K4.8 > 0 such that for allε ∈ (0,1), x ∈ X , and
x ∈ �,

‖x‖2
∞

ε2
≥ 1

K4.8
min

{

√

D̃ε
x(x)

ε
,
D̃ε

x(x)

ε2

}

.

PROOF: From the explicit formulae for̃Dε
x, 2̃x, andH̃, there are two positive

constantsK andK ′ such that for allε, x, andx as required,

D̃ε
x(x) ≤ K

{

|2̃x(x)| +
∣

∣

∣

∣

H̃(x)
ε

∣

∣

∣

∣

2}

≤ K ′
{

‖x‖2
∞ + ‖x‖4

∞
ε2

}

;

thus, eitherK ′‖x‖2
∞ ≥ D̃ε

x(x)/2, in which case

‖x‖2
∞

ε2
≥ 1

2K ′
D̃ε

x(x)

ε2
,

or K ′‖x‖4/ε2 ≥ D̃ε
x(x)/2, in which case

‖x‖2
∞

ε2
≥ 1√

2K ′

√

D̃ε
x(x)

ε
.

�

We also have the following lemma:

LEMMA 4.9 There is a constant K> 0 such that for allδ ∈ (0, δ̄), ε ∈ (0,1), and
x ∈ M,

∥

∥∇ηδ,εx (x)
∥

∥ ≤ K

ε

{

1 +
(

ε√
δ

)2}

χBεx(2δ)(x) ,

∣

∣(L εηδ,εx )(x)
∣

∣ ≤ K

ε2

{

1 +
(

ε√
δ

)4}

χBεx(2δ)(x) .

PROOF: To avoid differentiating square roots, define

D∗(x)
def= (D̃ε

x(x))
2 = (2̃x(x))

2 + H̃4(x)

ε4
, x ∈ � ,

η∗(z)
def= η(

√
z) , z> 0 .
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Thenη∗ is smooth and the support ofη̇∗ and η̈∗ are both contained in the inter-
val [1,4].

Fix δ, ε, andx as required. Then

∇ED∗(x) = 22̃x(x)∇E2̃x(x)+ 4

ε

(

H̃(x)
ε

)3

∇EH̃(x) ,

(L̃xD
∗)(x) =

{

22̃x(x)(L̃x2̃x)(x)+ ‖∇̃x2̃x(x)‖2
E

}

+ 1

ε2

(

H̃(x)
ε

)2
{

4H̃(x)(L̃xH̃)(x)+ 6‖∇̃xH̃(x)‖2
E

}

,

(∇̄EH̃,∇ED̃∗)E(x) = 22̃x(x)(∇̄EH̃,∇E2̃x)E(x) ,

and

∥

∥∇ηδ,εx (φ̃x(x))
∥

∥ =
∣

∣

∣

∣

η̇∗
(

(D̃ε
x(x))

2

δ2

)
∣

∣

∣

∣

‖∇̃xD
∗(x)‖E

δ2
,

(

L̃xη
δ,ε
x

)

(x) = η̇∗
(

(D̃ε
x(x))

2

δ2

){

(∇̄EH̃,∇E2̃x)E(x)

ε2δ2B̃x(x)
+ (L̃xD

∗)(x)

δ2

}

+ 1

2
η̈∗

(

(D̃ε
x(x))

2

δ2

)‖∇̃xD
∗(x)‖2

E

δ4
.

We can then find a positive constantK such that for allδ, ε, andx as required,

‖∇ED∗(x)‖ ≤ K

{

D̃ε
x(x)+

(D̃ε
x(x))

3/2

ε

}{

√

D̃ε
x(x)+ ε

}

= K
(D̃ε

x(x))
2

ε

{

1 + ε
√

D̃ε
x(x)

}2

,

|(L̃xD
∗)(x)| ≤ K

{

1 +
D̃ε

x(x)

ε2

}{

D̃ε
x(x)+ ε2

}

≤ K
(D̃ε

x(x))
2

ε2

{

1 + ε2

D̃ε
x(x)

}2

,

|(∇̄EH̃,∇ED̃∗)E(x)| ≤ K D̃ε
x(x)

{

D̃ε
x(x)+ ε2

}

≤ K
(

D̃ε
x(x)

)2
{

1 + ε2

D̃ε
x(x)

}

.

The stated results now follow fairly easily, keeping in mind the support ofη̇∗

andη̈∗. �
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PROOF OFTHEOREM 3.8: First, fixδ andε as required andx ∈ X . If x ∈
Bεx(2δ), then|H(x)/ε|2 ≤ 2δ, and hence we have that

χBεx(2δ)(x) ≤ exp

[

1

2

√

π

G

{√
2 −

∣

∣

∣

∣

H(x)

ε
√
δ

∣

∣

∣

∣

}]

≤ K(3.12)exp

[√

π

2G

]

E

(

H(x)

ε
√
δ

)

, x ∈ M ,

and sinceE is decreasing on(0,∞) and is even, we also have that

χBεx(2δ)(x) ≤ K(3.12)exp

[√

π

2G

]

E

(

H(x)
ε

)

, x ∈ M .

Next, defineκ3.8 > 0 to be such that

κ3.8 < min

{

1,
1

23/2K4.5

}

.

If δ andε are then as required, we can use Lemma 4.7, and furthermore, Lemma
4.8 tells us that‖x‖2

∞/ε
2 ≥ (1/K4.8)(

√
δ/ε) for all x ∈ X andx ∈ B̃εx(2δ)\ B̃εx(δ).

We also note that there is a constantK > 0 such that‖x‖∞ ≤ K‖∇̃xH̃(x)‖2
E

for all x ∈ � andx ∈ X .
We can now start to bound the errors. We clearly have positive constantsK and

K ′ such that for allδ, ε, andx as required

| Ī δ,ε1 (x)| ≤ K√
δ
E

(

H(x)
ε

)

| Ī δ,ε2 (x)| ≤ K

{

1 + ‖∇H(x)‖2

ε

}

∑

x∈X

χBεx(2δ)(x)

≤ K ′
√
δ
E

(

H(x)
ε

)

+ K ′ ‖∇H(x)‖2

ε
E

(

H(x)
ε

)

.

Fix nextx ∈ X . Combining Lemmas 4.4 and 4.7, we can find a constantK > 0
such that for allδ andε as required and allx ∈ B̃εx(2δ) \ B̃εx(δ),

∣

∣8̃ε
A,x(x)− 8̃ε

B,x(x)
∣

∣ ≤ K ε

{

ε‖x‖2
∞ + ε2

√
δ

}

+ K

ε
exp

[

− 1

K

√
δ

ε

]

∥

∥∇E(8̃
ε
A,x − 8̃ε

B,x)(x)
∥

∥

E
≤ K

{

ε + ‖x‖2
∞ + ε√

δ

}

‖x‖∞ + K exp

[

− 1

K

√
δ

ε

]

.

Note that
{

ε + ‖x‖2
∞ + ε√

δ

}

‖x‖∞ ≤
{

2
ε√
δ

+ ‖x‖2
∞

}

̟
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for all x ∈ �. Combining things and using Lemma 4.9, we can find positive
constantsK andK ′ such that for allδ, ε, andx as required

∣

∣ Ī δ,εi (x)
∣

∣ ≤ K

{

1√
δ

+ ‖∇H(x)‖2

ε

}

χBεx(2δ)(x)+ K

ε
exp

[

− 1

K

√
δ

ε

]

≤ K ′
√
δ
E

(

H(x)
ε

)

+ K ′ ‖∇H(x)‖2

ε
E

(

H(x)

ε
√
δ

)

+ K ′

ε
exp

[

− 1

K ′

√
δ

ε

]

for i ∈ {3,4}. Combining things, we get the desired bound onL εuδ,ε.
To get the bound onuδ,ε itself, we can use Proposition 3.2 to directly bound

the contribution from8ε
A, and, by means of (4.3), to bound the contribution of the

8̃ε
B,x. We get that there are positive constantsK andK ′ such that for allδ, ε, and

x as required

|uδ,ε(x)| ≤ K εE

(

H(x)
ε

)

+ K ε
∑

x∈X

χBεx(2δ)(x) ≤ K ′ε .

�

While Theorem 3.8 gives us bounds onuδ,ε andL εuδ,ε, we might also in cer-
tain cases want a bound on∇uδ,ε (for example, if we multiplyuδ,ε by a cutoff
function).

LEMMA 4.10 There is a K> 0 such that for allδ ∈ (0, δ̄) andε ∈ (0,1) such that
ε/

√
δ ≤ κ3.8 and for all x ∈ M such that|H(x)| ≥ ε

√
2δ̄,

‖∇uδ,ε(x)‖ ≤ KE

(

H(x)
ε

)

.

PROOF: For δ, ε, andx as required, the fact that|H(x)| ≥ ε
√

2δ̄ implies that
Dε

x(x) ≥ 2δ̄ for all x ∈ X , and henceuδ,ε(x) = ε8ε
A(x). The claimed estimate

follows then from the fact that

inf

{

dℓ(2ℓ(x))+
∣

∣

∣

∣

H(x)
ε

∣

∣

∣

∣

2

: ε ∈ (0,1),
∣

∣

∣

∣

H(x)
ε

∣

∣

∣

∣

≥
√

2δ̄

}

is positive for eachℓ ∈ 3. �

5 Correctors

Here we construct some corrector functions to bound the effects of the terms in
(3.13) that boundL εuδ,ε. See Section 6 of [9] for similar calculations.

Define

i(h)
def= 2

∫ h

s=0

∫ s

r =0
E(r )dr ds, h ∈ R .
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Then 1
2ï(h) = E(h) for all h ∈ R, and there is a constantK > 0 such that

(5.1) |i(h)| ≤ K |h| and |i̇(h)| ≤ K , h ∈ R ,

for all h ∈ R.
For δ ∈ (0, δ̄), ε ∈ (0,1), andx ∈ M, set now

vδ,ε1 (x)
def= εδi

(

H(x)

ε
√
δ

)

.

LEMMA 5.1 There is a constant K5.1 > 0 such that for allδ ∈ (0, δ̄), ε ∈ (0,1),
and x∈ M,

E

(

H(x)

ε
√
δ

)‖∇H(x)‖2

ε
≤

(

L
εvδ,ε1

)

(x)+ K5.1

√
δ and

∣

∣vδ,ε1 (x)
∣

∣ ≤ K5.1

√
δ .

PROOF: The bound onvδ,ε1 is straightforward from (5.1). For allδ, ε, andx as
required, we also have that

(

L
εvδ,ε1

)

(x) = E

(

H(x)

ε
√
δ

)‖∇H(x)‖2

ε
+

√
δi̇

(

H(x)

ε
√
δ

)

(L H)(x) .

Again use (5.1). �

This takes care of the second term on the right of the second line of (3.13).
To bound the effect of the first term on the right of the second line of (3.13), we

need some extra calculations at elements ofX , where∇H vanishes. Define

W(z) =
∫ |z|

y=0

{

e− y2

2

∫ y

z=0
e

z2
2 dz

}

dy

for all z ∈ R. Set

l(x)
def= ln(e+ |x|−1)

for all x > 0. Thenl ≥ 1 andl(x) ≈ ln 1
|x| whenx → 0.

LEMMA 5.2 We have that

Ẅ(z)+ Ẇ(z)z = 1 and Ẇ(z) = s(z)e− z2
2

∫ z

u=0
e

u2
2 du

for all z ∈ R. Also, there is a constant K> 0 such that

|W(z)| ≤ K l(|z|−1) and |Ẇ(z)| ≤ K

|z| + 1
, z ∈ R .

PROOF: The expression foṙW is easy to check, and the PDE forW then follows
easily. Noting thatW(0) = 0 and thatW is even, it suffices to show that there is a
constantK > 0 such that

(5.2) |Ẇ(z)| ≤ K

|z| + e
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for all z ∈ (0,∞). Since bothẆ andx 7→ 1/(x + e) are continuous on(0,∞),
to prove (5.2), we really only need to check near 0 and near∞. SinceẆ(0) = 0,
this bound trivially holds near 0. By l’Hôpital’s rule, we can finish the proofupon
calculating that

lim
xր∞

(x + e)Ẇ(x) = lim
xր∞

∫ x
z=0 ez2/2dz

(x + e)−1ex2/2

= lim
xր∞

ex2/2

{x(x + e)−1 − (x + e)−2}ex2/2
= 1 .

�

Set

(5.3) n(x1, x2)
def= x2

1 + x2
2 , (x1, x2) ∈ R2 ,

and define the constants

α
def=

√

2

min{̃גx(x)g̃
−1
x,1,1(x)Bx(x) : x ∈ � andx ∈ X }

,

β
def= 2

α2 min{̃גx(x)g̃
−1
x,1,1(x) : x ∈ � andx ∈ X }

.

Then define

w̃ε(x)
def= ε2βW

(

α
x1

ε

)

E

(

H̃(x)
ε

)

η

(

2n(x)
̟ 2

)

for all x = (x1, x2) ∈ �. Note thatw̃ε ∈ C∞
c (�).

LEMMA 5.3 There is a constant K5.3 > 0 such that for allε ∈ (0,1) and x∈ �,

E

(

H̃(x)
ε

)

η

(

2n(x)
̟ 2

)

≤
(

L̃
ε
x w̃ε

)

(x)+ K5.3
√
εl(ε)

+ K5.3l(ε)E

(

H̃(x)
ε

)‖∇̃xH̃(x)‖2

√
ε

|w̃ε(x)| ≤ K ε2l(ε) .

PROOF: The bound oñwε itself is fairly obvious. Define next

x1(x1, x2)
def= x1 and η†(x)

def= η

(

2n(x)
̟ 2

)

for all x = (x1, x2) ∈ R2. Then forε andx as required,

(

L̃
ε
x w̃ε

)

(x) = A(x)E

(

H̃(x)
ε

)

η†(x)+ β

5
∑

i=1

E
ε
i (x)
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where

A(x)
def= β

{

1

2
Ẅ

(

α
x1(x)

ε

)

α2̃גx(x)g̃
−1
x,1,1(x)+ αx1(x)

B̃x(x)ε
Ẇ

(

α
x1(x)

ε

)}

,

E
ε
1(x)

def= 1

B̃x(x)
W

(

α
x1(x)

ε

)

E

(

H̃(x)
ε

)

(∇̄EH̃,∇Eη
†)E(x)

+ αẆ
(

α
x1(x)

ε

)

Ė

(

H̃(x)
ε

)

(∇̃xx1, ∇̃xH̃)E(x)η
†(x) ,

E
ε
2(x)

def= 1

2
W

(

α
x1(x)

ε

)

Ë

(

H̃(x)
ε

)

‖∇̃xH̃‖2
E(x)η

†(x) ,

E
ε
3(x)

def= εαẆ
(

α
x1(x)

ε

)

E

(

H̃(x)
ε

)

{(L̃xx1)(x)η
†(x)+ (∇̃xx1, ∇̃xη

†)E(x)} ,

E
ε
4(x)

def= εW
(

α
x1(x)

ε

)

Ė

(

H̃(x)
ε

)

{(L̃xH̃)(x)η†(x)+ (∇̃xH̃, ∇̃xη
†)E(x)} ,

E
ε
5(x)

def= ε2W
(

α
x1(x)

ε

)

E

(

H̃(x)
ε

)

(L̃xη
†)(x) .

We first compute that for suchε andx,

Aε(x) = β

{

1

2
Ẅ

(

α
x1(x)

ε

)

α2̃גx(x)g̃
−1
x,1,1(x)+ αx1(x)

B̃x(x)ε
Ẇ

(

α
x1(x)

ε

)}

= β
α2̃גx(x)g̃

−1
x,1,1(x)

2

{

Ẅ
(

α
x1(x)

ε

)

+ 2

α2̃גx(x)g̃
−1
x,1,1(x)B̃x(x)

(

αx1(x)

B̃x(x)ε

)

Ẇ
(

α
x1(x)

ε

)}

≥ 1 .

Next, we can find a constantK > 0 such that|W(αx1/ε)| ≤ K l(ε) for all ε andx
as required. It is thus fairly easy to find a constantK > 0 such that

|Eε3(x)| ≤ K ε , |Eε4(x)| ≤ K εl(ε) , and |Eε5(x)| ≤ K ε2l(ε) ,

for all suchε andx. Note that there is a constantK > 0 such that|Ė(z)| ≤ KE(z)
and|Ë(z)| ≤ KE(z) for all z ∈ R. Thus there is a constantK > 0 such that for all
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ε andx as required,

|Eε2(x)| ≤ KE

(

H(x)
ε

)

‖∇̃xH̃(x)‖2
E ,

|Eε1(x)| ≤ K {l(ε)+ 1}‖∇̃xH̃(x)‖EE

(

H(x)
ε

)

≤ 2K l(ε)‖∇̃xH̃(x)‖EE

(

H(x)
ε

)

≤ K l(ε)

{√
ε + ‖∇̃xH̃(x)‖2

E√
ε

}

E

(

H(x)
ε

)

≤ K l(ε)
√
ε + K l(ε)

‖∇̃xH̃(x)‖2
E√

ε
E

(

H(x)
ε

)

;

the bound onEε2 requires Young’s inequality. �

Let’s now construct a second corrector function. Define

r̄
def= inf

{

‖∇H(x)‖2 : x 6∈
⋃

x∈X

φ̃x{x ∈ � : n(x) ≤ ̟ 2}
}

,

and note that̄r > 0. Forε ∈ (0,1) andx ∈ M, define

vε2(x)
def=

∑

x∈X

w̃ε(φx(x))χBx
(x)+ ε2

{ |X |K5.3l(ε)√
ε

+ 1

r̄

}

i

(

H(x)
ε

)

.

LEMMA 5.4 There is a constant K5.4 > 0 such that for allε ∈ (0,1) and x∈ M,

E

(

H(x)
ε

)

≤ (L εvε2)+ K5.4l(ε)
√
ε and |vε2(x)| ≤ K5.4l(ε)

√
ε .

PROOF: The bound onvε2 itself is easy to see. Forε andx as required, we can
compute that

E

(

H(x)
ε

)

=
∑

x∈X

E

(

H(x)
ε

)

η

(

2n(φx(x))

̟ 2

)

+ E

(

H(x)
ε

){

1 −
∑

x∈X

η

(

2n(φx(x))

̟ 2

)}

≤
∑

x∈X

(L̃ ε
x w̃ε)(φx(x))+ |X |K5.3l(ε)

√
ε

+
{ |X |K5.3l(ε)√

ε
+ 1

r̄

}

E

(

H(x)
ε

)

‖∇xH(x)‖2

≤ (L εvε2)(x)+ |X |K5.3l(ε)
√
ε

+ ε

{ |X |K5.3l(ε)√
ε

+ 1

r̄

}

i̇

(

H(x)
ε

)

(L H)(x) .
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The result is then easy to confirm. �

6 Proof of Main Result

PROOF OFTHEOREM 2.6: Forε ∈ (0,1), set

δε
def=

√
ε ;

this will make several errors of equal size. Then note that forε < κ
4/3
3.8 , ε/

√
δε =

ε3/4 < κ3.8. Forε ∈ (0,1) such thatε < κ
3/4
3.8 andx ∈ M, define

8ε,+(x)
def= uε,δε(x)+ K3.8v

δε,ε
1 (x)+ K3.8√

δε
vε2(x) ,

8ε,−(x)
def= uε,δε(x)− K3.8v

δε,ε
1 (x)− K3.8√

δε
vε2(x) .

Then for all suchε andx,

|8ε,±(x)| ≤ K3.8

{

ε + K5.1

√

δε + K5.4l(ε)

√

ε

δε

}

= K3.8
{

ε + K5.1ε
1
4 + K5.4l(ε)ε

1
4
}

.

We can then see that for all suchε andx,

(L ε8ε,+)(x) ≥ Eε and (L ε8ε,−)(x) ≤ Eε

where

Eε
def= K3.8

{

K5.1

√

δε + K5.4l(ε)

√

ε

δε

}

= K3.8{K5.1 + K5.4l(ε)}ε
1
4 .

�

Appendix A: Global Aspects of z

For anyx ∈ M and any subsetSof R, definezS(x)
def= {zt(x) : t ∈ S}.

PROOF OFLEMMA 2.5: The proof is fairly simple, but we include it for the
sake of completeness.

Fix first x ∈ M \ Ŵ. Seth
def= H(x), and defineL(h)

def= {x ∈ M : H(x) = h}.
Note thatzR(x) ⊂ L(h). For t ∈ (0,T(x))

t =
∫

z∈z[0,t](x)

1

‖∇̄H(z)‖
H

1(dz) ≤
∫

x′∈L(h)

1

‖∇̄H(x′)‖
H

1(dx′) .

SinceH is continuous,L(h) is a closed subset of the compact setM (recall the
choice ofh̄ before Definition 2.4) and is thus compact. Since∇̄H = 0 only on the
finite setX , which does not intersect the closed setL(h), infx′∈L(h) ‖∇̄H(x′)‖ > 0.
For each pointx′ ∈ L(h), sinced H(x′) 6= 0, there is an open neighborhoodO of
x′ such thatH 1(O∩ L(h)) < 1. CoveringL(h) by such open sets and extracting a
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finite subcover, we have thatH 1(L(h)) < ∞. Combining all of these arguments,
we have thatT(x) < ∞.

Fix now x ∈ Ŵ. Assume thatT(x) < ∞, and hence thatt 7→ zt(x) is periodic.
ThenzR(x) = z[0,T(x)](x), sozR(x) is compact and thus a closed subset ofŴ. On
the other hand, periodicity implies that∇̄H 6= 0 on all of zR(x). By constructing
standard coordinate systems at each point ofzR(x) [2, theorem 3.14, p. 128], we
can also easily conclude thatzR(x) is an open subset ofŴ. ThuszR(x) is a con-
nected component ofŴ, and by Assumption 2.1, it is in fact all ofŴ. This violates
the assumption thatX is nonempty. �

Fix now a connected componentγ of Ŵ \ X , and fixx∗ ∈ γ . Standard local
analysis [2, theorem 3.14, p. 128] implies that eachzR(x∗) is an open subset of
Ŵ \ X . We can also see thatzR(x∗) = zR(x∗) ∩ (Ŵ \ X ), sozR(x∗) is a closed
subset ofŴ \X . We thus have thatzR(x∗) is a connected component ofŴ \X that
intersectsγ ; thus, in fact,γ = zR(x∗). Similarly, if γ is a connected component of
Ŵℓ \ X , thenγ = zR(x∗) for eachx∗ ∈ γ .

PROOF OFLEMMA 2.10: Fixx∗ ∈ Ŵℓ \ X ; we will define2̄ on zR(x∗). The
mapt 7→ zt(x∗) fromR to zR(x∗) is clearly surjective. SinceŴ contains no periodic
orbits, it is also injective; thus the mapt 7→ zt(x∗) is a bijection. For eacht ∈ R,
we then define

2̄(zt(x
∗)) =

∫ t

s=0
zs(x)ג

∗))‖∇H(zs(x
∗))‖2ds

=
∫

z∈z[0,s](x∗)

H(z)‖H∇‖(z)ג 1(dz) .

It is easy to check that̄2 is C∞ onzR(x∗). To show that2̄ is uniformly continuous,
it is sufficient to show that̄2(zt(x∗)) has limits ast ր ∞ and t ց −∞. This
follows from regularity of integration againstH 1 and from the fact that

∫

z∈zR(x∗)

H(z)‖H∇‖(z)ג 1(dz) ≤ Gℓ < ∞ .

�

We now define a useful flow onM. This flow will help us define the retract of
Lemma 2.15. First, for eachx ∈ X , note that

∇̄E2̃x(x1, x2) =
{

−2x2℧̃
V
x (x2)− x2

2

∂℧̃V
x

∂x2
(x2)

}

∂

∂x1

∣

∣

∣

∣

(x1,x2)

+
{

−2x1℧̃
H
x (x1)− x2

1

∂℧̃H
x

∂x1
(x1)

}

∂

∂x2

∣

∣

∣

∣

(x1,x2)

(A.1)
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for all (x1, x2) ∈ �̌. Define the vector field

V◦
x(x)

def= Dφ̃x∇̄E2̃x(φx(x))

for all x = (x1, x2) ∈ �̌. Note that

(A.2)
(

V◦
x,∇H

)

(φ̃x(x)) = (∇̄E2̃x(H ◦ φ̃x))(x) = (∇̄E2̃x,∇EH̃)E(x) =

− 2
{

x2
1℧̃H

x (x1)+ x2
2℧̃V

x (x2)
}

−
{

x3
1

∂℧̃H
x

∂x1
(x1)+ x3

2

∂℧̃V
x

∂x2
(x2)

}

for all x ∈ �̌. Since℧̃H
x (0) and℧̃V

x (0) are both positive andC∞ on �̌, there is an

open neighbhorhoodO1 of 0 that is contained iň� and such that(V◦
x,∇H) < 0

on φ̃x(O1) \ {x}. Let O2 be any neighborhood of0 such thatO2 ⊂ O1; then by
standard extension methods, there areα1 andα2 in C∞(M \ X ) such that

α1 =
(V◦

x,∇H)

‖∇H‖ and α2 =
(V◦

x, ∇̄H)

‖∇H‖
onO2 and such thatα1 < 0 onM \ X . Define then

V def= χM\X

{

α1
∇H

‖∇H‖ + α2
∇̄H

‖∇H‖

}

on all ofM; thenV is a smooth vector field onM such thatV = V◦
x on φ̃x(O2) and

such that(V,∇H) < 0 onM\X . Note that this last fact implies that{x ∈ M\X :
V(x) = 0} = X . Define next the vector field

V̌ def= 1

(V,∇H)
∇H

onM \ X .
Fix now x ∈ M. If x ∈ M \X , we let{℘∗

t (x) : t ∈ Ix} be the maximal solution
[2, pp. 126, 134] of the ODE

℘̇∗
t (x) = −H(x)V̌(℘∗

t (x)) , t ∈ Ix ,

℘∗
0(x) = x .

(A.3)

If x ∈ X , we defineIx
def= R and set℘∗

t (x)
def= x for all t ∈ Ix. If x ∈ Ŵ, then by

uniquenessIx = R and℘∗
t (x) = x for all t ∈ R. The ODE (A.3) implies that for

x ∈ M,

(A.4) H(℘∗
t (x)) = H(x)(1 − t) , t ∈ Ix .

If x ∈ M \ Ŵ, ℘∗
t (x) 6∈ X for all t ∈ [0,1) ∩ Ix, so by uniqueness of maximal

solutions,Ix ⊃ [0,1). In sum,Ix ⊃ [0,1) for all x ∈ M.
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Similarly, for anyx ∈ M, we let{yt(x) : t ∈ I ′
x} be the maximal solution of the

ODE

ẏt(x) = V(yt(x)) , t ∈ I ′
x ,

y0(x) = x .

RemarkA.1. It is easy to see from (A.1) that eachx is a hyperbolic fixed point of
the vector fieldV. Defining

W
s

x

def=
{

x ∈ M : R+ ⊂ I ′
x and lim

tր∞
yt(x) = x

}

,

W
u

x

def=
{

x ∈ M : R− ⊂ I ′
x and lim

tց−∞
yt(x) = x

}

,

we have that bothW s
x andW u

x are immersed one-dimensional submanifolds ofM.

If x 6∈ Xx
def=W u

x ∪ W s
x , then{℘∗

t (x) : t ∈ Ix} is contained in{yt(x) : t ∈ I ′
x}, which

does not intersectx.

We next claim that for allx ∈ M, the limit

(A.5) ℘(x)
def= lim

tր1
t∈[0,1)

℘∗
t (x)

is well-defined. Ifx ∈ M \
⋃

x∈X
Xx, then the vector field{H(x)V̌(℘∗

t (x)) :
t ∈ [0,1)} is bounded by Remark A.1 (V̌ only blows up nearX ), so the map
t 7→ ℘∗

t (x) from [0,1) to M is uniformly continuous. Assume next thatx ∈ Xx.
SinceM is compact, we may and will assume that limn→∞ ℘

∗
tn(x) exists for some

sequence(tn : n ∈ N) such thattn ր 1. The limit point must then be in{x ∈
Xx : H(x) = 0} = {x}; thus limtր1℘

∗
t (x) = x. We claim that (A.5) is the desired

retract. Note that we have proven thatXx ⊂ ℘−1({x}). Remark A.1 implies that
℘(x) 6= x if x ∈ M \ Xx, soXx = ℘−1({x}).

PROOF OFLEMMA 2.15: We can easily see (using (A.4) ifx ∈ M \ Ŵ) that
℘(x) ∈ Ŵ for all x ∈ M; thus℘ : M → Ŵ. We can also easily see that℘ is the
identity map onŴ. Furthermore,Xdef=℘−1(X ) =

⋃

x∈X
Xx, and this is indeed a

one-dimensional immersed submanifold ofM.
Fix nowx ∈ M\X. Using Remark A.1 and then smoothing the vector field near

X , standard results on the regularity of solutions of ODEs with respect to initial
conditions and parameters imply that℘ is C∞ at x.

Let’s next fixx ∈ X and look at℘ in a neighborhood ofx. First of all, define
the vector field

W̃x
def= ∇̄E2̃x

(∇̄E2̃x,∇EH̃)E

for x ∈ O2 \ {0}. ThenV̌(x) = Dφ̃xW̃x(φx(x)) for all x ∈ φ̃x(O2) \ {x}. Recalln
of (5.3). Using (A.2), it is fairly easy to find aK > 0 such that|(W̃x,∇En)E| ≤ K
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for all x ∈ O2 \ {0} and allx ∈ X . Thus if x ∈ O2 andφx(℘
∗
t (φ̃x(x))) ∈ O2 for

all 0< t < t∗ for somet∗ ∈ (0,1), then
∥

∥φx(℘
∗
t (φ̃x(x)))

∥

∥

2
∞ ≤ n

(

φx(℘
∗
t (φ̃x(x)))

)

≤ n(x)+ |H(φ̃x(x))|Kt

≤ n(x)+ |H̃(x)|Kt

≤ n(x)
{

1 + Kt

2

}

≤ ‖x‖2
∞{2 + K } .

Fix now̟ ∗ ∈ (0,1) such that{x ∈ R2 : ‖x‖∞ ≤ ̟ ∗} ⊂ O2. Define then

O3
def=

{

x ∈ O2 : ‖x‖∞ <
̟ ∗

√
2 + K

}

.

If x ∈ O3 andy ∈ R2 is such that‖y‖2
∞ ≤ (2 + K )‖x‖2

∞, then‖y‖∞ ≤ ̟ ∗ and
hencey ∈ O2. The above calculation means that ifx ∈ O3, then

{φx(℘
∗
t (φ̃x(x))) : t ∈ [0,1)}

is contained inO2. Thus ifx ∈ O3, thenφx(℘ (φ̃x(x))) ∈ O2 and

2̃x

(

φx(℘ (φ̃x(x)))
)

= lim
tր1

2̃x

(

φx(℘
∗
t (φ̃x(x)))

)

= 2̃x(x) .

SetVx
def= φ̃x(O3). Note that℘(Vx) ⊂ φ̃x(O2) ⊂ φ̃x(O1) ⊂ φ̃x(�̌).

We now return to the issue of continuity. We already know that℘ is C∞ on
M\X; fixing ax ∈ X , we need to show that℘ is continuous atXx. Fix x ∈ Vx∩Xx.
Assume that(xn : n ∈ N) is a sequence of points inM such that limn→∞ xn = x.
SinceM is compact, we may and will assume thatz

def= limn→∞ ℘(xn) exists. Since
Vx is open,xn ∈ Vx for sufficiently largen, soz ∈ ℘(Vx) ⊂ φ̃x(�̌). By continuity
of 2̃x on �̌, we thus have that

2̃x(φx(z)) = lim
n→∞

2̃x(φx(℘ (xn))) = lim
n→∞

2̃x(φx(xn)) = 2̃x(φx(x)) =

2̃x(φx(℘ (x))) = 2̃x(φx(x)) = 2̃x(0) = 0

and thusφx(z) ∈ {x ∈ Ŵ̃ : 2̃x(x) = 0} = {0} so z = x. In other words,
limn→∞ ℘(xn) = x = ℘(x), so℘ is continuous onVx ∩ Xx, and more gener-
ally on all of Vx by using the previously verified continuity. Fix next anyx ∈ Xx.
Then there is at ∈ (0,1) such that℘∗

t (x) ∈ Vx. Furthermore, there is then a small
neighborhoodO of x that is contained inM such that℘∗

t (x
′) ∈ Vx for all x′ ∈ O.

For x′ ∈ O, we have that℘(x′) = ℘(℘∗
t (x

′)) by uniqueness of solutions of ODEs.
The continuity of℘∗

t onO and the continuity of℘ onVx give us continuity atx.
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Fixing ax ∈ X , we finally need to show that̄2∼
x ◦φx◦℘ is C∞ on℘−1(φ̃x(�̌)).

By previous smoothness arguments, we really only need to show that2̄∼
x ◦ φx ◦ ℘

is C∞ at all points ofXx. Since2̄∼
x ◦φx ◦℘ = 2̃x ◦φx onVx, 2̄∼

x ◦φx ◦℘ is clearly
C∞ on Vx. Fix nextx ∈ Xx. As above, there is at ∈ (0,1) such that℘∗

t (x) ∈ Vx

and a small neighborhoodO of x that is contained inM such that℘∗
t (x

′) ∈ Vx

for all x′ ∈ O. For x′ ∈ O, 2̄∼
x ◦ φx ◦ ℘(x′) = (2̄∼

x ◦ φx ◦ ℘)(℘∗
t (x

′)), so the
smoothness of̄2∼

x ◦ φx ◦℘ at x follows from the smoothness of̄2∼
x ◦ φx ◦℘ onVx

and the smoothness of℘∗
t onO. �

Let’s next characterizeMℓ.

LEMMA A.2 Fix x∗ ∈ Mℓ. Then

Mℓ =
{

℘∗
λ(zt(x

∗)) : t ∈ R and−±h̄ − H(x∗)

H(x∗)
< λ < 1

}

,

where we choose+ if ℓ ∈ 3P and− if ℓ ∈ 3W.

PROOF: For convenience define

J
def=

(

−±h̄ − H(x∗)

H(x∗)
,1

)

and A
def=

{

℘∗
λ(zt(x

∗)) : (t, λ) ∈ R × J
}

.

It is fairly easy to see that the map(t, λ) 7→ ℘∗
λ(zt(x∗)) from R × J to M is full

rank, so it is a local diffeomorphism. HenceA is an open subset ofMℓ. Assume
next thatzn = ℘∗

λn
(ztn(x

∗)) for eachn and thatz
def= limn zn exists and is inMℓ. Then

λ∞
def= 1 − H(z)

H(x∗)
= lim

n→∞
1 − H(zn)

H(x∗)
= lim

n→∞
λn .

For n ∈ N, define next

t̂n
def= tn −

⌊

tn
T(x∗)

⌋

T(x∗) .

SinceT(x∗) < ∞, we can assume (by extracting a subsequence if necessary) that

t̂∞
def= limn→∞ t̂n exists. Then

z = lim
n→∞

℘∗
λn
(ztn(x

∗)) = ℘∗
λ∞(zt̂∞(x

∗))

so z ∈ A. HenceA is a closed subset ofMℓ. Being both closed and open in the
topology inherited fromMℓ, A = Mℓ. �

PROOF OFLEMMA 2.11: Fixx∗ ∈ X ∩ Mℓ and define

q(t)
def= ℘(zt(x

∗)) , t ∈ R ,

H1(λ, t)
def= ℘∗

λ(zt(x
∗)) , λ ∈ [0,1], t ∈ R .

Clearlyq is continuous and the mapst 7→ zt(x∗) andt 7→ q(t) from R to Mℓ ∪ Ŵℓ
are homotopic; alsoq(0) ∈ X . Defining Â

def={t ∈ R : q(t) 6∈ X }, we have thatq
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is C∞ on Â; sinceR \ Â = {t ∈ R : q(t) ∈ X } ⊂ {t ∈ R : zt(x∗) ∈ X} and∇̄H is
transversal toX \ X , R \ Â is discrete.

We first claim that(q̇, ∇̄H(q)) > 0 on Â. Seth
def=H(x∗), fix t ∈ Â, and define

x̄
def=zt(x∗). By Remark A.1, we can solve the ODE

(A.6)
ṙλ(x) = hV(rλ(x)) , λ ∈ [0,1] ,
r0(x) = x ,

for x ∈ z(t−δ,t+δ)(x∗) for some sufficiently smallδ. By uniqueness of solutions of
ODEs, we must have thatrλ(x) = ℘∗

λ(x) for all x ∈ z(t−δ,t+δ)(x∗). Thenq̇(t) =
Dr1(∇̄H(x̄)). The structure of (A.6) implies that there is ana ∈ C([0,1]) such
that Drλ(∇̄H(x̄)) = aλ∇̄H(rλ(x̄)) for all λ ∈ [0,1]. We have thata0 = 1, and
sinceDrλ is full rank onTx̄M for all λ ∈ [0,1], we must have thataλ 6= 0 for all
λ ∈ [0,1]. By connectedness,(q̇(t), ∇̄H(q(t))) > 0.

Define now

τ(t)
def=

∫ t

s=0
,q̇(s))(q(s))ג ∇̄H(q(s)))ds, t ∈ R.

Clearlyτ is continuous and strictly increasing andC∞ on Â. Furthermore,̇τ > 0

on Â. Thus its inverseτ ∗ def= τ−1 is also continuous and strictly increasing, andC∞

on τ(Â). Furthermore,τ(Â) is discrete, anḋτ ∗(t) > 0 onτ(Â). We then define

pℓ(t)
def= q(τ ∗(t)) , t ∈ R .

Clearlypℓ is continuous andC∞ on τ(Â) = Aℓ (whereAℓ was given in the state-
ment of the result). Defining

H2(λ, t)
def= q(λτ ∗(t)+ (1 − λ)t)

for all λ ∈ [0,1) andt ∈ R, we then see that the mapsq andpℓ from R to Mℓ ∪ Ŵℓ
are homotopic.

Next, for anyx ∈ Mℓ, we claim that the mapst 7→ zt(x) andt 7→ zt(x∗) from
R to Mℓ ∪ Ŵℓ are homotopic. SinceMℓ is connected, it is arcwise connected, so
there is aζ ∈ C([0,1]; Mℓ) such thatζ(0) = x andζ(1) = x∗. Defining

H3(λ, t)
def= zt(ζ(λ))

for all λ ∈ [0,1] andt ∈ R, we have the desired homotopy.
We next claim thatpℓ(R) = Ŵℓ. Clearlyq(R) ⊂ Ŵℓ. By solving the ODE (A.6)

backwards in time and using Lemma A.2, we can conclude thatŴℓ \ X ⊂ q(R).
Sinceq is periodic and continuous,q(R) is closed (it is the forward image of
a sufficiently large closed interval through a continuous function). ThusŴℓ ⊂
Ŵℓ \ X ⊂ q(R). We further claim thatq is injective onÂ ∩ [0,T(x∗)). Indeed,
if q(t) = q(t ′) for some distinctt andt ′ in Â ∩ [0,T(x∗)), then by solving (A.6)
backwards, we would have thatzt(x∗) = zt ′(x∗), which is impossible since the
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period of t 7→ zt(x∗) is T(x∗). It is also clear thatq(t + T(x∗)) = q(t) for all
t ∈ R. We can then calculate that

τ(T(x∗)) =
∫ T(x∗)

s=0
H(q(s))‖‖q̇(s)‖ds∇‖(q(s))ג

=
∫

q(R)

H(z)‖H∇‖(z)ג 1(dz) = Gℓ .

Thusτ ∗(t + Gℓ) = τ ∗(t)+ T̂ , sopℓ is indeed periodic of periodGℓ. Furthermore,
pℓ is injective onτ(Â ∩ [0,T(x∗)) = Aℓ ∩ Iℓ. �

PROOF OFLEMMA 2.12: First, note thatpℓ(0) = pℓ(Gℓ) ∈ X , so Aℓ cannot
contain either 0 orGℓ. Second, sinceR\ Aℓ is discrete, we must have thatA∩Iℓ =
⋃n−1

j =0(aj ,aj +1) for someaj ’s such thata0 = 0 andan = Gℓ. The differential
equations forpℓ and2̄ imply that for eachj ∈ {0, . . . ,n}, there is a constantcj

such that2̄(pℓ(t)) = t + cj for all t ∈ (aj ,aj +1). We then definēCℓ by setting
C̄ℓ(pℓ(t)) = −cj for all t ∈ (aj ,aj +1). Remark 2.13 ensures thatC̄ℓ is well-
defined. �

PROOF OFLEMMA 2.16: The smoothness of℘ and2̄ imply that2 is C∞ on
M \ X. For any fixedx ∈ X , 2 differs from the smooth function̄2∼

x ◦ φx ◦ ℘ by

a function that is locally constant on℘−1(φ̃x(�)) \ X. This implies the bounds of
the first line of (2.5) on℘−1(φ̃x(�)). The smoothness inM \ X implies the bounds
on the first line of (2.5) onM \

⋃

x∈X
℘−1(φ̃x(�)).

Fix now x ∈ X . By the explicit formula for2̃x, there is a constantK > 0 such
that

|2̃x(x)| ≤ K‖x‖2
∞ , ‖∇E2̃x(x)‖ ≤ K‖x‖∞ , and |D22̃x(x)| ≤ K ,

for all x ∈ �. This gives the stated bounds on2̃x and∇E2̃x on�.
It only remains to prove the last bound of (2.5). Define first

S
def=

{

x ∈ M : |H(x)| ≤ ̟ 2

2

℧−
℧+

}

.

By smoothness, there clearly is aK > 0 such that (2.5) holds onM \ S. Consider
next the setA

def= S\
⋃

x∈X
Bx. From (3.6), we know thatA ∩ X = ∅. SinceA

is compact and does not intersectX, there is a uniform bound on{V(℘∗
t (x)) : t ∈

[0,1), x ∈ A}. Writing

(∇̄H,∇2)(x)− H(x)‖2∇‖(x)ג =
{

(∇̄H,∇2)(x)− (∇̄H,∇2)(℘ (x))
}

−
{

H(x)‖2∇‖(x)ג − ℘)ג (x))‖∇H(℘ (x))‖2
}

,
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we get the last bound of (2.5) onA. Finally, fixing x ∈ X , we have that

(∇̄H,∇2)(φ̃x(x))− H(φ̃x(x))‖2∇‖(φ̃x(x))ג

= 1

B̃x(x)

{

x1
∂2̃x

∂x1
(x1, x2)− x2

∂2̃x

∂x1
(x1, x2)− F̃x(x1, x2)

}

= 1

B̃x(x)
x1

{

∂2̃x

∂x1
(x1, x2)− ∂2̃x

∂x1
(x1,0)

}

− 1

B̃x(x)
x2
∂2̃x

∂x1
(x1, x2)− 1

B̃x(x)
{F̃x(x1, x2)− F̃x(x1,0)}

for x = (x1, x2) ∈ �, and using the above bounds on∇E2̃x andD22̃x, we can get
the last bound of (2.5) oñφx(Cx,L ∪ Cx,R). Similar calculations oñφx(Xx,U ∪ Cx,D)

complete the proof of (2.5) onBx. �

Appendix B: Khasminskii PDE

We copy some of the arguments of [9]. Essentially, we want to construct the
9ℓ’s of Proposition 3.1 by Neumann-Dirichlet operators onŴ. Note that

Ŵ =
⋃

ℓ∈3P

Ŵℓ =
⋃

ℓ∈3W

Ŵℓ .

Recall that by Remark 2.13, there is a correspondence betweenIℓ of (2.4) andŴℓ.
Define the Cartesian products

L2(+) def= ×ℓ∈3P L2(Iℓ) and L2(+) def= ×ℓ∈3W L2(Iℓ) ;

i.e., elementsξ+ andξ ′ of L2(+) andL2(−) are, respectively, vectors(ξ+
ℓ : ℓ ∈

3P) and (ξ−
ℓ : ℓ ∈ 3W) of functions. LetB(Ŵ) be the collection of bounded

and measurable functions onŴ. Each fixed f ∈ B(Ŵ) definesξ f
+ ∈ L2(+) and

ξ
f

− ∈ L2(−) by the formulae

(B.1)
(ξ

f
+)ℓ(θ)

def= f (pℓ(θ)) for ℓ ∈ 3P andθ ∈ Iℓ ,

(ξ
f

−)ℓ(θ)
def= f (pℓ(θ)) for ℓ ∈ 3W andθ ∈ Iℓ ;

this allows us to construct elements ofL2(+) andL2(−) from elements ofB(Ŵ).
By reversing these formulae, we can conversely recover functions onŴ \ X from
elements of eitherL2(+) or L2(−) (we need to be careful at elements ofX since
p−1
ℓ ({x}) ∩ Iℓ may contain more than one element; one of the advantages ofL2-

functions is that they are defined only up to sets of measure zero).
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Let’s next define some transition maps. Forξ+ ∈ L2(+) and ξ− ∈ L2(−),
defineι−,+(ξ

+) ∈ L2(−) andι+,−(ξ
−) ∈ L2(+) by setting

(

ι−,+(ξ
+)

)

ℓ
(θ)

def=
∑

ℓ′∈3P

ξ+
ℓ′ (ιℓ′,ℓ(θ))χ2ℓ(γℓ,ℓ′ )(θ) , ℓ ∈ 3W , θ ∈ Iℓ ,

(

ι+,−(ξ
−)

)

ℓ
(θ)

def=
∑

ℓ′∈3W

ξ+
ℓ′ (ιℓ′,ℓ(θ))χ2ℓ(γℓ,ℓ′ )(θ) , ℓ ∈ 3P, θ ∈ Iℓ .

Thenι−,+ andι+,− are inverses of each other, and iff ∈ B(Ŵ) andξ f
+ andξ f

− are
as in (B.1), thenι−,+ξ

f
+ = ξ

f
− .

Let’s next definesmoothfunctions. Forℓ ∈ 3, k ∈ Z, andξ ∈ L2(Iℓ), define

cℓ,k[ξ ] def= 1

Gℓ

∫

θ∈Iℓ

ξ(θ)e− 2πkθ
√

−1
Gℓ dθ .

For eachℓ ∈ 3, define

C∞
p (Iℓ)

def=
{

ξ ∈ L2(Iℓ) :
∑

k∈Z

|cℓ,k[ξ ]|2(1+|k|n) < ∞ for all positive integersn
}

;

any element ofC∞
p (Iℓ) defines a smooth andGℓ-periodic function onR. Define

C∞
p (+)

def= ×ℓ∈3PC∞
p (Iℓ) and C∞

p (−)
def= ×ℓ∈3PC∞

p (Iℓ) .

Let’s finally classes ofadmissiblefunctions. SetInsert word “define”

between “finally” and

“classes”? A(+) def= C∞
p (+) ∩ ι+,−C∞

p (−) and A(−) def= C∞
p (−) ∩ ι−,+C∞

p (+) .

Fix now ℓ ∈ 3 andξ ∈ C∞
p (Iℓ). Suppose that we have boundary dataξ ◦ 2ℓ

onŴℓ. We can then solve the PDE (3.2) subject to the periodicity requirement of
(3.1), the decay requirement of (3.3), and Dirichlet dataξ at h = 0. We can then
read off the Neumann data. Forℓ ∈ 3 andk ∈ Z, set

λℓ,k
def=















√

2π
Gℓ

√
|k|(1 −

√
−1) if k > 0

0 if k = 0
√

2π
Gℓ

√
|k|(1 +

√
−1) if k < 0.

Also, definesℓ
def= 1 for ℓ ∈ 3P andsℓ

def= −1 for ℓ ∈ 3W. Set

bℓ[ξ ](θ) def= −sℓ

∑

k∈Z\{0}
λℓ,k exp

[

2πkθ
√

−1

Gℓ

]

cℓ,k[ξ ] , θ ∈ Iℓ .

Define thenb+ : C∞
p (+) → L2(+) andb− : C∞

p (−) → L2(−) by (b+ξ)ℓ
def= bℓξℓ

for ℓ ∈ 3P andξ ∈ C∞
p (+) and(b−ξ)ℓ

def= bℓξℓ for ℓ ∈ 3P andξ ∈ C∞
p (−).
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Define nowP+ ∈ L2(+) as(P+)ℓ ≡ vℓ for eachℓ ∈ 3P and defineP− ∈ L2(−)
as(P−)ℓ ≡ vℓ for eachℓ ∈ 3W. Fix ξ ∈ A(+) and assume that it comes from
Dirichlet data f onŴ (as in (B.1)). The continuity conditions (3.5) require that

ι+,−(b−ι−,+(ξ)+ P−) = b+ξ + P+ ;
i.e., we would like to solve

(B.2) K̂ξ = P̂

whereK̂ξ def= ι+,−(b−ι−,+(ξ))−b+ξ for all ξ ∈ A(+) and wherêP def= P+−ι+,−P−.
As in [9], we cannot necessarily findξ ∈ A(+) satisfying (B.2); we can, how-

ever, do so in a larger space. Define first an inner product〈 · , · 〉L2(+) on L2(+) in
the usual way, by defining

〈ξ, ξ ′〉L2(+)
def=

∑

ℓ∈3P

〈ξℓ, ξ ′
ℓ〉L2(Iℓ)

for ξ andξ in L2(+). Also, for ξ ∈ L2(+), defineξ̄ ∈ L2(+) × L2(−) by setting

ξ̄ℓ
def= ξℓ for ℓ ∈ 3P and by settingξ̄ℓ

def= (ι−,+ξ)ℓ for ℓ ∈ 3W; this extends
elements ofL2(+) to elements ofL2(−) in a way that respectsι−,+. We then have
the following:

LEMMA B.1 For ξ ∈ A(+),

〈K[ξ ], ξ〉L2(+) = 1√
2

∑

ℓ∈3
k∈Z\{0}

|λℓ,k| |cℓ,k[ξ̄ℓ]|2 .

For ξ andξ ′ in A(+),

〈K[ξ ], ξ ′〉L2(+) ≤
{

∑

ℓ∈3
k∈Z\{0}

|cℓ,k[ξ̄ℓ]|2 |λℓ,k|
}

1
2
{

∑

ℓ∈3
k∈Z\{0}

|cℓ,k[ξ̄ ′
ℓ]|2 |λℓ,k|

}
1
2
.

PROOF: The proof is essentially the same as that of lemmas 9.2 and 9.3 of [9].
We leave the details to the reader. �

Let’s finally start to set things up. For allξ andξ ′ in A(+), define

〈ξ, ξ ′〉H
def=

∑

ℓ∈3
k∈Z\{0}

|λℓ,k|cℓ,k[ξ̄ℓ]c
∗
ℓ,k[ξ̄ ′

ℓ] + 〈ξ, ξ ′〉L2(+)

wherex∗ is the complex conjugate ofx for anyx ∈ C. Define also

‖ξ‖H
def=

√

〈ξ, ξ〉H =
{

∑

ℓ∈3
k∈Z\{0}

|λℓ,k| |cℓ,k[ξ̄ℓ]|2 + ‖ξ‖2
L2(+)

}
1
2

for ξ ∈ A(+). We note that thusA(+) is a normed linear space with norm‖ · ‖H

and with inner product〈 · , · 〉H. Let H be the closure ofA(+) with respect to‖ · ‖H
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(see [8, theorem 7.4]). We also define the bilinear mappingB : A(+)×A(+) → R

by setting

BK [ξ, ξ ′] def= 〈K[ξ ], ξ ′〉L2(+)

for all ξ andξ ′ in A(+).

LEMMA B.2 The spaceH is a Hilbert space that is compactly embedded inL2(+).
Furthermore, there is a unique extension ofBK to a bilinear bounded mapping on
H × H.

PROOF: The proof is the same as the proof of lemma 9.4 in [9]. �

Now let 1 ∈ L2(+) be defined as

1ℓ ≡ 1 , ℓ ∈ 3P .

Note that
〈P̂, 1〉L2(+) =

∑

ℓ∈3P

Gℓvℓ −
∑

ℓ∈3W

Gℓvℓ ;

thus the gluing conditions of (2.2) mean exactly that〈P̂, 1〉L2(+) = 0.
Note now the following:

LEMMA B.3 If ξ ∈ L2(+) is such thatcℓ,k[ξ̄ℓ] = 0 for all ℓ ∈ 3 and k∈ Z \ {0},
thenξ is in fact constant; i.e., there is a c∈ R such thatξ̄ℓ ≡ c for all ℓ ∈ 3.

PROOF: Under the assumptions, for eachℓ ∈ 3 there is acℓ ∈ R such that

ξ̄ℓ ≡ cℓ. Define f (x)
def=

∑

ℓ∈3 cℓχMℓ
(x) for all x ∈ M \ Ŵ. Sinceξ ∈ H, the

function

(B.3) f̂ (x)
def= lim

x′→x
x′∈M\Ŵ

f (x′)

exists for allx ∈ M \ X ; in particular, the limit exists onŴ \ X .3 Thus f̂ is
a continuous function. SinceM is a smooth, connected manifold, it is arcwise
connected. RemovingX , we can verify thatM \ X is also arcwise connected.
Thus f̂ is a continuous and arcwise-constant function on an arcwise connected
space. Hencêf is in fact constant, so all of thecℓ’s coincide. �

We now have the following:

PROPOSITION B.4 If F ∈ L2(+) is such that〈F, 1〉L2(+) = 0, then there is a
ξ ∈ H such that

BK [ξ, ζ ] = 〈F, ζ 〉L2(+)

3Approximate by elements ofA(+) and integrate against smooth (e.g., mollifier) functions; we
get that the limit of (B.3) exists atH 1-almost every point ofŴ \ X ; since the functions are in fact
constants, the limit exists at all points ofŴ \ X .
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for all ζ ∈ H and such that

BK [ξ, ξ ] ≤
(

G

π

)
1
2

‖F‖2
L2(+) .

PROOF: The proof is similar to the proof of lemma 9.5 of [9] (see also [3,
lemma 6.2.4]); due to the complexity of the argument, we shall give the full proof.
For eachf ∈ L2(+), define

L f [ξ ] def= 〈 f, ξ〉L2(+)

for all ξ ∈ H. By the compact embedding result of Lemma B.2,L f is a bounded
linear operator onH. Define the bounded linear operator

B̄[ξ, ζ ] def= BK [ξ, ζ ] + 1√
2
〈ξ, ζ 〉L2(+)

for all ξ andζ in H. Thus by Lemma B.1,

B̄[ξ, ξ ] = 1√
2
‖ξ‖2

H , ξ ∈ H ,

|B̄[ξ, ζ ]| ≤
(

1 + 1√
2

)

‖ξ‖H‖ζ‖H , ξ, ζ ∈ H .

By the Lax-Milgram lemma, for eachf ∈ L2(+), we can find a uniqueA[ f ] ∈ H
such that

B̄[A[ f ], ζ ] = L f [ζ ]
for all ζ ∈ H. By coercivity, the boundedness ofL f , and the compact embedding
result of Lemma B.2,A is a compact linear operator fromL2(+) into itself. We
thus want to find aξ ∈ L2(+) such that

(B.4) ξ = A
[

F + 1√
2
ξ

]

= A[F] + 1√
2

A[ξ ]

in L2(+). By the Fredholm alternative, we can do this if and only ifA[F] is
orthogonal inL2(+) to {ζ ∈ L2(+) : ζ = (1/

√
2)A∗[ζ ]}, whereA∗ is theL2(+)-

adjoint of A. Equivalently, we can solve (B.4) if and only ifF is orthogonal in
L2(+) to the subspace

M
def=

{

A∗[ζ ] : ζ ∈ L2(+) andζ = 1√
2

A∗[ζ ]
}

=
{

ζ ∈ L2(+) : ζ = 1√
2

A∗[ζ ]
}

of L2(+). We want to show thatM consists only of constants; by Lemma B.1, we
want to show thatB[ζ, ζ ] = 0 for ζ ∈ M . It is easy to see that for allξ andζ ′
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in A(+), B̄[ξ, A∗[ζ ′]] = Lζ ′[ξ ]. By coercivity and compact embedding, we can
show thatA∗L2(+) ⊂ H; thusM ⊂ H. For allu ∈ H,

BK [A[u], ζ ] = B̄[A[u], ζ ] − 1√
2

〈A[u], ζ 〉L2(+)

= 〈u, ζ 〉L2(+) −
1√
2

〈A[u], ζ 〉L2(+)

= 〈u, ζ 〉L2(+) −
1√
2

〈u,A∗[ζ ]〉L2(+) = 0 .

We would like to takeu ∈ L2(+) such thatA[u] = ζ , but our above arguments
don’t immediately imply thatζ is in the range ofA. Thus, we shall approximate.
Let (ζn; n ∈ N) be a sequence inA(+) such that limnր∞ ‖ζn−ζ‖H = 0, and define
un

def=K[ζn] + (1/
√

2)ζn (since theζn’s are inA(+), theun’s are well-defined; we
can also check thatA[un] = ζn for all n ∈ N). Then

lim
n→∞

‖A[un] − ζ‖H = lim
n→∞

‖ζn − ζ‖H = 0 ,

so sinceBK is continuous in theH-norm, we have thatBK [ζ, ζ ] = 0, so by Lemma
B.3, ζ is constant, as we wanted to show (use Lemma B.1). ThusM consists of
constant functions, so we can solve (B.4) if and only ifF is orthogonal inL2(+)
to the constant functions, which is exactly the stated requirement.

Defineξ ′ def= ξ − 〈ξ, 1〉L2(+)1. Since〈F, 1〉L2(+) = 0, we have that

1√
2

∑

ℓ∈3P
k∈Z\{0}

|λℓ,k| |cℓ,k[ξℓ]|2 = BK [ξ, ξ ]
= 〈F, ξ〉L2(+)

= 〈F, ξ ′〉L2(+)

≤ ‖F‖L2(+)‖ξ ′‖L2(+)

≤ ‖F‖L2(+)

{

∑

ℓ∈3
k∈Z

|cℓ,k[ξ̄ ′
ℓ]|2

}
1
2
.

Clearly cℓ,k[ξ̄ ′
ℓ] = cℓ,k[ξ̄ℓ] for all ℓ ∈ 3 and k ∈ Z \ {0}. We also claim that

cℓ,0[ξ̄ ′
ℓ] = 0 for all ℓ ∈ 3. More precisely, we need to show thatξ ′ is orthogonal

(in L2(+)) to the set

S
def= {ξ ∈ L2(+) : cℓ,k[ξ̄ℓ] = 0 for all ℓ ∈ 3 andk ∈ Z \ {0}} .

However, Lemma B.3 tells us that

S = {ξ ∈ L2(+) : ξ = 〈ξ, 1〉L2(+)1} .

Clearlyξ ′ is orthogonal to1, so we have thatcℓ,0[ξ̄ ′
ℓ] = 0 for all ℓ ∈ 3, as desired.
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To proceed, we now note that ifℓ ∈ 3 andk ∈ Z \ {0},

1 = |λℓ,k|
|k|1/2

√

Gℓ

4π
≤ |λℓ,k|

√

G

4π
,

and thus

1√
2

∑

ℓ∈3P
k∈Z\{0}

|λℓ,k| |cℓ,k[ξℓ]|2 = BK [ξ, ξ ] ≤

(

G

4π

)
1
4

‖F‖L2(+)

{

∑

ℓ∈3
k∈Z\{0}

|λℓ,k||cℓ,k[ξ̄ ′
ℓ]|2

}
1
2
,

which leads to the stated upper bound. �

We can now give the desired proof:

PROOF OFPROPOSITION3.1: We use the same arguments as in the proof of
proposition 8.6 of [9]. We now use Proposition B.4 above instead of proposition 9.5
of [9]. �
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