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ABSTRACT

In this paper we establish a large deviations principle for the non-Gaussian stochastic reaction-diffusion
equation (SRDE) 8;v¢ = Lv¢ + f(x,v¢) + eo(z,v¢) Wy, as a random perturbation of the deterministic RDE
0y’ = L0 + f(z,v°). Here the space variable takes values on the unit circle St and £ is a strongly-elliptic
second-order operator with constant coefficients. The functions f and o are sufficiently regular so that there
is a unique solution to the above SRDE for any continuous initial condition. We also assume that there are
positive constants m and M such that m < o(z,y) < M for all z in S* and all y in IR. The perturbation
W, is the formal derivative of a Brownian sheet. It is known that if the initial condition is continuous,
then the solution will also be continuous, and moreover, if the initial condition is assumed to be Holder
continuous of exponent & for some 0 < k& < 1/2, then the solution will be Hélder-continuous of exponent x/2
as a function of (¢,z). In this paper we establish the large deviations principle for v in the Holder norm of
exponent /2 when the initial condition is Hélder continuous of exponent « for any 0 < k < 1/2, and when
the initial condition is assumed only to be continuous, we establish the large deviations principle for v¢ in
the supremum norm. Moreover, we prove that these large deviations principles are uniform with respect to

the initial condition.
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1. Introduction.

In this paper we study the stochastic reaction-diffusion equation (SRDE)
vt = Lo + f(z,v°) + eo(z,v) Wiy (1)

where £ is a time- and space-invariant second-order elliptic operator, f and o are functions of sufficient
regularity, and Wy, is the formal derivative of a a Brownian sheet. As the parameter e tends to zero, the

solutions v¢ of (1) will tend to solutions of
o’ = L° + f(z,0°).

We seek to establish a large deviations result for v¢ as a random perturbation of v°, i.e., the first term in a
logarithmic expansion, as € tends to zero, of the probabilities P{v¢ € A}, where A is a set in the space in
which the solutions to (1) naturally occur. This work thus represents a significant extension of the work of
Freidlin (1988), Faris and Jona-Lasinio (1982), Imaykin and Kome¢ (1988), Zabczyk (1988a) and Zabczyk
(1988b), who have developed the theory of large deviations for (1) when o is identically 1. In the case where
o is constant, or even nonconstant but deterministic, the large deviations theory for (1) can be deduced
from the contraction principle and standard estimates for the large deviations of Gaussian fields. In our
case, where ¢ in general depends nontrivially upon v¢, no such approach is possible, and truly nonlinear
arguments must be used. We also note that in the previously-mentioned works, the large deviations results
are in the supremum-norm topology, whereas ours are in the Holder topologies of exponents k, for each

0<k<1/4.

To place the problem in the proper setting, we consider the following. The space variable we assume
to be in S* := {e? : § € IR}; the solutions to (1) will in general not be well-defined functions if the space
variable is in IR™ for n > 2 (see Walsh (1984)), and we enforce periodicity in order to avoid specifying
boundary conditions. The differential operator £ we then take to be Lh := Dh,, — ah where D and a are
positive constants and where differentiation is with respect to the natural metric on S* (see Section 2). As
an initial condition we shall take some ¢ in C(S!). The regularity required of f is that that there exist

constants F and f such that for all z in S* and all y and z in IR,

fl@y) <FA+ly) and  |f(z,9) = f(z,2)| < fly - 2].

In order to ensure the existence, uniqueness, and non-degeneracy of the solutions to (1), we also require that
o(x,y) be continuous as a function of both arguments and that furthermore there exist positive constants

m, M, and & such that
m<o(z,y) <M  and  |o(z,y) —o(z,2)| <oly — 2|

for all z in S* and all y and z in IR. The random perturbation W;, is to be interpreted as the formal

derivative of a Brownian sheet W on Ry x S, W being defined on some underlying (complete) probability
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triple (2, F, P). By a Brownian sheet on R, x S', we mean a random set function W on the Borel sets of
R, x S* such that i) for A a Borel subset of R, x S*, W(A) is a zero-mean Gaussian random variable with
covariance v(A), v being Lebesgue measure on (Ry x S', B(R} x S')), and i) for A and B disjoint Borel
subsets of Ry x S', W(AU B) = W(A) + W(B) (see Walsh (1984)). We can make a natural identification
of S* with the interval [0, 27], and upon doing so, the random field W (t,z) := W ([0,#] x [0, z]) is a regular
Brownian sheet on IR} x [0,27]. Given the Brownian sheet W, stochastic integration against W;e follows

in the expected way.
With the above in mind, we may rely on Walsh (1984) to see that on the interval I := [0,7T], where T
is any fixed positive time, there is a unique solution to (1), i.e., to the SRDE

o¢ = Lvg + f(x,v¢) + eo(z, vé)Wm
(t,z) e I xSt (2)

with ¢ in L?(S'), when posed in the weak sense—that is, there is a random field, which is in L2(I x S x Q)

for which P-a.s. we have

/S1 vg(t, )p(z)dr = . C(z)p(z)dz —}—/0 /51 vg(s, ) Lop(z)dsdr
. . ®3)
+/0 . f(@, v (s, x))p(x)dsdr + 6/0 /51 e(x)o (z,v¢(s,z)) W(ds,dz)

for every ¢ in C2(S!) and for all ¢ in I.

Our goal is to establish a large deviations principle for the solution to (2). It is well known (see Walsh
(1984)) that if the initial condition ¢ is continuous, then v§ is in C(I x S1), and if ¢ is Holder continuous
of exponent 0 < 2k < 1/2, then v§ is Hélder continuous of exponent  as a function of (¢,z) (to see this
last fact we may, for example, combine Proposition 1 in Section 3 and Proposition A.2 in Appendix A). In
view of this, we shall prove the large deviations principle for CR with respect to the Holder norm of exponent
k < 1/4 when ( is Holder continuous of exponent 2k, and with respect to the supremum norm on C(I x S?)
when ( is assumed only to be continuous.

To fix our notation, we shall let 7 be the standard metric on S'—for any z and y in S*, r(z,y) is the
length of the shortest arc of S connecting = to y. Let 7' be the metric on I x S* given by r' ((t, ), (s,y)) :=
V(= 8)2 +12(z,y) for each (t,z) and (s,y) in I x S'. For each 0 < k < 1, define [], to be the Holder

seminorm of exponent & for real-valued functions on I x S!, i.e.,

(t,x), (s,y) € I x S, (t,x) # (s,y)}

for each mapping ¢ : I x S* — IR. Also let || -||c be the supremum norm on real-valued functions of I x S*.

We then define the norms || - ||o := || - ||c and for each 0 < kK < 1 ||« ||x := || - |lc +[]s- Forany 0 < x < 1
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we let C* be the vector space of those mappings ¢ : I x S! — IR which are continuous and for which ||¢||
is finite. For any 0 < k < 1 we also denote by p, the metric on C* defined by the norm || - ||x. For each

0 < kK < 1 we may similarly defined the seminorm

[¢(z) — ¢(y)] 1
= : S
[C]h‘,,sl Sup { T’(IL', y))n 'Z-J y e J'T # y
for each mapping ¢ : S' — IR, and let || - lc(st) be the supremum norm on real-valued functions on St
Then we define the norms || - [|o,s1 := [| - [|¢(s1) and for 0 < & < 1, || - [|x,51 := || - [l(s1) + []s,s1 Wwith the

associated vector spaces C°(S) and C%(S!) of continuous functions. As a convenience, for any 0 < k < 1
and any ¢ in C*(S"), define C as the collection of those elements ¢ of C* such that ¢[0] = ¢, where we
have used the obvious notation that if ¢ maps I x S* into IR, then for each ¢ in I, ¢[t] is the mapping from
St to IR defined as (¢[t]) (z) := ¢(t,x) for all z in S*. The set C¢ can be thought of as consisting of those
elements of C* which ‘begin’ at (. As a further convenience, we set Cf§ := C§—those elements ¢ of C*
such that ¢[0] = 0. As a final notational convention, let us denote by || - [|z2 the L?(I x S!) norm on the

collection of square-integrable functions on I x S, with associated metric pre.

If we fix a0 < k < 1/4 and a ¢ in C?"(S!), we expect, in analogy with the form of the action functional
in Freidlin (1988) and the form of the action functional for ordinary stochastic differential equations (see
Freidlin and Wentzell (1984) Theorem 5.3.1 and Varadhan (1984) Sec. 6), the action functional for v§ in C§
to be defined as

2
de Lo JLO (¢, z)dtdr i € Wy, o[0] = G )

U(',(p)

otherwise

S((QO) = { %f[xSl
00
for all mappings ¢ from I x ' to IR, where W, is the closure of C°°(I x §') in the norm

1/2
lolhwge = { [ Tol 4 190 + oal + puaPtite}
IxS?t

that is, the Sobolev space of functions on I x S' with one square-integrable time derivative and two square-
integrable space derivatives. For each 0 < k < 1/4, the large deviations principle for v¢ will consist of the
following three assertions:

(A.1) The levels sets of S¢, i.e.
D¢ (s) :={p € CF : S¢(p) < s}

are compact sets in Cg for each s > 0.

(A.2) For any positive numbers J and v and any ¢ in Cf, there is an €g > 0 such that

P {px(vé,p) <8} > exp (_%)
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for all 0 < € < €.

(A.3) For any positive numbers 4, vy, and s, there is an €y > 0 such that

Plon (80 20} <o (27

for all 0 < € < €.

In the case where o is identically 1, v¢ will be Gaussian, and the above large deviations principle in the
supremum-norm topology was shown in Freidlin (1988), Faris and Jona-Lasinio (1982), Imaykin and Kome¢
(1988) and Zabczyk (1988a)—see also Zabczyk (1988b). As we shall see, the proof of the large deviations
principle when ¢ depends nontrivially upon v¢ involves significant technical complications in comparison
with the o = const. case (see also Freidlin and Wentzell (1984) Sec. 3.4 and Stroock (1984) Chap. 3).

The body of this paper is divided into four parts. In Section 2 we shall review some necessary facts
about stochastic PDE’s of the form (2). In Section 3 we shall simplify our task by an application of the
contraction principle with an appropriate mapping. This will lead us to study large deviations for a simpler
process ¥¢. In Section 4 we shall prove a large deviations result for the process ¥¢; this is the main work
of the paper. Then in Section 5 we shall review the arguments of Sections 3 and 4 to show that the large

deviations principle (A.1)—(A.3) in fact holds uniformly over all initial conditions .

2. Stochastic RDE’s—some required notation.

We now shall quickly review how to represent the solution of (2) using the Green’s function of the

equation dyu = Lu; this notation will be needed in the next section.

Let {¢r; k = 1,2,...} be an orthonormal basis of L?(S') consisting of eigenfunctions of £ and let

{Ar; k=1,2,...} be the corresponding eigenvectors. For concreteness, we shall take

1 1
op_1(x) == 1—/2§R(xk) and ¢y () == W%(m’“); reS, k=12,...
m 7r

with ¢o = W, where R(z) and J(z) are the real and imaginary parts of any element of S!. The

corresponding eigenvalues are then

/\Qkflz/\gk:Dkz%-a k=1,2,...

with Ag = a. The Green’s function for the equation dyu = Lu is

Gule,y) = x{t > 0} S e g (@) i (y) (t,z,y) € Ry x S x ST (5)
k=0

where for any set A, xA is the indicator function of the set A. For ¢ in L?(S'), set 7¢ to be

Te(t, x) == /S Gi(z,y)¢(y)dy. (t,z) e I x S*
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If we have any f' in L?(I x S'), the unique solution of

Owu = Lu + fl
(t,z) € I x St
ul0] =¢
can be represented as
u(t,z) = Te(t,z) + Gy s(z,y) f'(s,y)dsdy. (t,z) € Ix S
IxS?t

If we now take o' in L>®(Q x I x S1) such that o' is P-a.s. continuous as a function of (¢,z) in I x S!, and

such that for each (¢,z) in I x S, o/(t,z) is measurable with respect to
Fi:=o{W(A): AeB([0,t] x SY)}, tel (6)
then we may represent the solution of

Ou = Lu+ [+ o'Wy,
ul0] = ¢

(t,z) € I x S!

as

u(t,z) = Te(t,z) + Gi—s(z,y) f'(s,y)dsdy + Gi—s(z,y)o'(s,y)W(ds,dy)  (t,z) € I x S
IxS?t IxS?t
up to P-a.s. uniqueness. From this we see that the solution of (2) must P-a.s. satisfy the stochastic integral

equation

ve(t,x) = Te(t, @) +/ Gi—s(z,y) f(y, v(s,y))dsdy + e/ Gi—s(z,y)o(y,vé(s,y))W (ds,dy)  (7)
0 Jst 0 Jst

We note without further elaboration that this integral equation naturally defines a Picard iteration of Fy-
predictable elements of L2(I x S x2), and that standard procedures may be used to show the existence and
uniqueness of an F;-predictable solution in L2(I x S x Q) (see Walsh (1984) Chapter 3 or Kallianpur (1980)
Sec. 5.1). Proposition A.1 in the Appendix, in conjunction with well-known results on the continuity of
random fields (see Garsia (1972) Lemma 1, Walsh (1984) Theorem 1.1, and Adler (1981) Lemma 3.3.3) allow
us to show that if ¢ is in C?%(S1) where 0 < k < 1/4, then there must exist a version of the L?(I x S* x Q)
solution to (7) which is P-a.s. in C*—see Proposition A.2. The reader is referred to Walsh (1984) and

Marcus (1974) for general discussions of stochastic parabolic PDE’s.

3. A simplification.

Instead of directly trying to prove assertions (A.1)—(A.3), we can simplify our task by using the

contraction principle to remove the term f(, UE) Recall for reference that if {X <} is a collection of random
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elements of a Polish space X with metric p, then we say that X ¢ has a large deviations principle with action
functional I : X — [0, o0] if
(B.1) The level set ®(s) := {z € X : I(z) < s} is a compact set in X, for each s > 0,
(B.2) For any positive numbers § and v and any z in X, there is an €y > 0 such that
I
P{p(X¢,z) <} >exp (—%)
for all 0 < € < €, and

(B.3) For any positive numbers §, v, and s, there is an €y > 0 such that

P{p(X*, ®(s)) > 6} < exp (_5 6—27)

for all 0 < € < €.

Let us now quickly review some of the essential arguments of Freidlin (1988), fixing a ¢ in L2(S!). If
o =1and f =0, then v¢ would be Gaussian and the large deviations principle for v¢ in L2(I x SY) could
be described by the covariance kernel of vg. If f is not identically zero but o = 1, then we can use the
contraction principle to reduce the problem to f = 0. Specifically, for ¢ in L*(I x S'), define B¢ as the

unique solution of the integral equation

(Beg) (t:2) = Te(t, ) + oltsz) + | o Gi—s(z,9) f (y; (Bew) (5,9)) dsdy. (t,z) e Ix St (8)

Then we have that
where

Yt x) =€ Gy s(z,9)0(y, vé(s,y))W (ds, dy), (t,z) € I x S
IxS?

Le., Y¢ is the solution of the SPDE

Oybg = LYE + € (-, vE) Wig

we[o] = 0.

(t,z) € Ix S' (10)

If 0 = 1, then ¢ = eX, where X is a Gaussian element, of Lg(I x S*) := {p € L*(I x §") : ¢[0] = 0}; this
places us in the framework of Freidlin and Wentzell (1984) Sec. 3.4 so that the action functional for ¢, at
least in the pr2 topology, is easily found. If it can be shown that the mapping B, is continuous in the pr-
topology, the action functional for v{ in L2(I x S') is immediate from the contraction principle (Varadhan

(1984)) once we know the large deviations principle for ¢¢.
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In our current problem where o depends nontrivially upon vg, we still have the representation (9) where
¢ is the solution to (10), so we may still find the action functional for 4§ instead of v¢. We may rewrite
the SPDE (10) as

Oybg = LY + €0 (-, By§) Wie

we[o] = 0.

(t,z) e I x St (11)

Comparing this and (2), we see that we have moved all the nonlinear effects to the diffusion term o (-, B¢1)¢).
From (11) one expects that the action functional for ¢ in C§ for a fixed 0 < k < 1/4 and ( in C?r(Sh)
should be

; e |22522 | (1 wydtdn i o € Wi
S{(‘P) = 2 JIxS |o(-,B¢yp) ’ ¥ 2

00 if o ¢ W,

(12)

for all real-valued functions ¢ on I x S'. This action functional is considerably simpler and easier to
manipulate than (43, (@ppe-tUeodpefatBe ) is merely a scaling of the linear operator
- Ly. By (9), if B¢ is continuous in the p, topology and in addition is one-to-one, then the large

principle for ¢2 in C§ with action functional .S~’< immediately gives us that there will be a large

principle for v¢ in Cf with action functional SC(BE '). That B is in fact continuous and injective
ing from C§ to C* for each 0 < k < 1/4 is contained in the following result, which is essentially

on of Lemma 4 of Freidlin (1988).
ion 1. For each 0 < k < 1/4 and each ¢ in C?%(S"), the mapping B; : Cf — Cg is invertible.
re, for each 0 < k < 1/4 there is a constant 1., depending only on k such that for all ¢1 and p,

all (1 and (2 in C?%(S1),

IBe, o1 — Beypalln < s (161 — Gollon,st + llor — @2llx) -

he invertibility of B; is obvious as we may rewrite (8) as

(,O(t,éb') = (B§<P)(t>$) - 72'(1’,517) - st Gt—s(way)f(ya (Bf(p)(say))d‘gdy (t,.fl?) eIxs

1 C9 and ¢ in CO(S1).

ove the continuity of B, fix a0 < k < 1/4, a (; and (3 in C?%(S1), and a ¢; and 5 in C§. Define

p(t) == sup  |Bg 1 — Begol
(,9)€[0,] x S
0,
1o (£) = sup {|(B§1901 — Be¢2) (5,9) = (Bapr = Be,p2) (1, 2)] }
(5,9),(r,2)€[0,£] x 5" (r' ((s,9), (r,2)))" ’
(say):lé("'7z)



for each 0 <t <T. Using the results of Appendix B (in particular (b.2)), we have that

t
inl®) <16 = Gllegsy + e = galle + 7 [ m(5)ds (13)
0
for each 0 <t < T, so that by Gronwall’s inequality

|Be, o1 — Beopalle < e (|G — Glles + ller — e2lle) (14)

completing the proof when k = 0. When k > 0 we can use Proposition A.1 in Appendix A and 7/, as in

Appendix B to see that

¢ 1/2
a®) <106 = Gl + o = eall+ S [ [ Bagn — Bag)suiPasan} )
0
for each 0 < t < T. Observe that for each (s,y) in I x St,

|(B¢y o1 — Beo2) (5, 9)| < |(Beypr — Beyw2)(s,y) — (Beypr — Bey02)(0,9)| + €1 (y) — G(y)]

< p2(8)T" + (|G — Callaw, st

so that we may continue inequality (15) as

t 1/2
1o(8) < (1l + FLa@TT)Y2) Gt — Gollan.st + lor — @alle + FLT"(2m)1/2 { / u§<s>ds}

for all 0 < ¢t < T, which we square to find that

_ 2 t
138 < 2{( + FLe@rT) )G = Gollows) + lpr = palla} -+ 272 LET* 2 / 3 (s)ds
for all 0 <t < T. Another application of Gronwall’s inequality then is sufficient to imply that

72 1 22k+1 _
[Beugr = Beualn < 2262 B () + FLo@0T)Y2)G = Gollawst + Ilor = ) -

This and (14) imply the desired result. ]

The reader may easily check using (8) that indeed S¢(p) = S¢ (By L) for all ¢ in C°(S') and all ¢ in Ce.
Thus if for a fivred 0 < k < 1/4 and ¢ in C?%(S'), the random field Y¢ has a large deviations principle in
C§ with action functional (12), then vi will have the large deviations principle (A.1)-(A.3).

4. The large deviations principle for 1¢.



We shall now prove the large deviations principle for wz. In our proofs we shall have need, however, of

an even simpler process than ¢¢. For any ¢ in C°(S') and any % in CJ, let wg’é be the Gaussian process

defined by ‘freezing’ the diffusion term o (-, B¢yg) at o(-, B¢v), ie.,

¢?7w@=6lryGFA%w0@4&¢H&wﬂVW&@) (t,z) €Ix S' (16)

Exactly in analogy to Freidlin (1988), we can compute that %1&( *“ has the self-adjoint and compact covariance

operator

rota) = [ [ Gt 0 (Bed) (5) Grm)dsdyer 2)rds () €Tx 1 (17

for all ¢ in LE(I x S'). We can then use the results of Freidlin (1988) Sec. 3.4 to see that ¢zp’6 satisfies a

large deviations principle in L2(I x S!) with action functional

(18)
&S if o ¢ Range (AY)/2

for all p in L2(I x S'), where (Azp)_l/ 24 is defined as the unique element ¢ of LZ(I x S') which is orthogonal
to the nullspace of A? such that (Azp)l/ 2¢ = . Some manipulation of (18) shows us that

~ 1 Orp—Ly 2(t )dtd f € W1’2-
S¢(p) = 3 Jivst [o0Ba| (ba)dide if o € Wy

00 if o ¢ Wy?

(19)

for all ¢ in L3(I x S1). We state this fact as a lemma.

Lemma 1. For each ¢ in C°(S') and each ¢ in C3, the random field ¢'C ¢ satisfies a large deviations
principle in L3(I x S') with action functional S’g’ .

Proof. The claim is a direct application of Theorems 3.4.2 and Lemma 3.4.1 in Freidlin and Wentzell (1984).

For future reference, we shall here recall the proof of the upper bound; for any positive numbers 6, v, and s,

we show that there is an ¢g > 0 such that
€ F —(s— €2
P{pLz($, 8¢ (5)) > 6} < e~ =/ (20)

whenever 0 < € < €, where we have defined ég’(s) ={pe LI xS): S’g’(go) < s}.

Let us first denote by {X?(k) 1k =1,2,...} the eigenvalues of the covariance operator A? as in (17), with

{({)?(k), k =1,2,...} being the corresponding orthonormal collection of eigenvectors. We assume that the
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eigenvalues are ordered so that {\?(k ;k=1=2,...} is a nonincreasing sequence. Letting < -,- > be the
g ¢ g g

inner product in L?(I x S1), if we define

Pl = Y < BL (k) > oY (k) (21)

1<k<N

for each positive N, then ¢zp’f = limy wé\w’e in L§(I x S'), P-a.s. The coefficients {< 9¢*, ég’(k) >k =

1,2,...} are independent Gaussian random variables with
E[< yg, 8¢ (k) >*] = X! (k)

forallk=1,2,....

As in Theorem 3.4.2. of Freidlin and Wentzell (1984), we should next find an N large enough that
zbév Ve ig appropriately close to ng”e. Let us now show that in fact this N will not depend on the parameters
1 and (; this will be critical for the results of Section 5. It is well known (Gohberg and Goldberg (1981)
Theorem II1.9.1) that for all k = 1,2,..., we have the representations

M(k)= min max <A%, o> and N(k)= min max < A%p, ¢ > 22
¢ (k) SEin | max < Afpg o(k) pn | max < Ao, (22)
plE ol E

where &4 is the collection of all k — 1-dimensional linear subspaces of L2(I x S'), and A(k) is the k-th
eigenvalue of A3, with A9 being the covariance operator of the form (17) with 1 = 0 and ¢ = 0. Some basic

manipulations of (17) show that for any ¢ in L3(I x S!),

2 2

m M
1z <App> < <Aoo > < — < Afp,p >

From this and (22) we in particular have the bound
" M? .
A (k) < —5A3(k) (23)

forall kK =1,2,....

We now continue, keeping (23) in mind. We can take an N’ large enough that

25 M?
5 ma o) <
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Then we calculate

Plora (9" 2 8} < e/ E

s N’ 4,
s e — P2,
exp 6_2 62

e B 5 <UL, BL(R) >?
=e*/ H E [exp <5—2 2
k=N'+1

“ —1/2
, 2 2s\? (k)
—_ —8/€ C
=e %/ I I (1 — 52 )

k=N'"+1

—s/e? 3 s .- N4

k=N'+1

< e8¢ exp ( 557 trace Aw)

In our calculation we have used that |log(l — 2)| < 3|z|/2 whenever |z| < 1/2. Note also that

o

trace AY = 3 A (k) = Y El< v, 8¢ (k) >?)/e® = E|jy{*

k=1 k=1

|L2/62

< M? <M’T .
< /MS1 o G?_,(z,y)dsdydtdz Z 2)%

Thus when (24) holds, we have the estimate

€ ! e _s/e2 3s > _
Plpr=(¢¢ ;¢év V) > 6} < e/ exp (WM2TZA161> :
k=1
The proof of (20) is completed by writing

Plpr2(@$*, 8¢(s)) > 0} < P{pra (@, 0} V) > 8} + P{S () V) > s}
with the estimate
PSY WY ) 2 s} < e /D) B [exp (1= 7/ 25) SE W) €2)
= e~ (1S (3y/(25)) N/

Then

P{pra (", 8¢ (s)) > 6} < e 71/2/ [exp< M2TZA> (v/(29))” N’/Q]

from which we have (20) for € > 0 small enough.
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Comparing (12) and (19) we see that S¢(p) = S'g’(go) for all  in C§ and all ¢ in C°(S?)

Now let us fix for the rest of this section a specific 0 < k < 1/4 and a ¢ in C?*(S'). We begin to prove
that ¢ has a large deviations principle in C§ with action functional (12). We first show the compactness

result.
Proposition 2. The level set ®¢(s) := {p € C§ : S¢(p) < s} is compact in C§ for each s > 0.

Proof. Fixing a ' such that k < &' < 1/4, we use the fact that C4 is compactly embedded in C§ to prove
that ®.(s) is relatively compact in C§ by showing that it is bounded in C§ . For any ¢ in ®.(s), we must

have ¢ in W;,1 2 and thus  tautologically satisfies the PDE

Owp = Lo+ (Orp — Lop)

(t,z) € I x St
0[0] =0
and hence @ satisfies
o(t,x) = Gi—s(z,y) (Orp — L) (s,y)dsdy (t,z) € Ix S
IxSt

so by Proposition A.1 in Appendix A,

llle < U+ Tl < (L4 T)Le M | 22220 < (14 7)1 ba(26)' 12, (30)
U(,ng@) L2

ie.,

dc(s) C{peCf :llgllw < (1+TF)LwM(25)'/%}.

We prove that ®(s) is closed in C§ by using the action functionals of the form (19). We can calculate from

(19) that for any t; and 1 in C§ and any ¢ in W,"? such that ¢[0] = 0,

2Mo
m2

501 < 820) (1+ 252 1Bcts — Bealle) < 38(0) (1-+ wnllts —all), (31)

with w, := 2Man,, /m?, this last inequality resulting from Proposition 1. Now take {¢,} in (i)C(S) converging
to ¢ in the p, topology. Then

SE(n) < S8 (pn) (1 + willp = @nlls) < s (1 +wello = allx) (32)

for all & giff(ak)msn lower semicontinuous in the pr2 topology as it is the action functional for ng’e

in LZ(I x S1), it must also clearly be lower semicontinuous in the p, topology, so in light of (32) we must

have

Sc(p) < liminf 5¢(p,) < s (33)

implying that ¢ must indeed be in ®(s), completing the proof. |
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We next prove the lower bound.
Proposition 3. For any positive numbers § and vy, and any ¢ in C§, there is an €9 > 0 such that

P {pu(9¢,0) <8} > exp (—M) (34)

€

for all 0 < € < €.

Proof. We shall use a Girsanov change of measure. Firstly, we may assume that ¢ is in W21 ’2; if not, then
S¢(p) = 0o and the result is vacuously true). For the purposes of Section 5, let us fix a 59 > S¢(y). Define
Z§* == ¢ — p, and observe that Z?* satisfies the stochastic PDE

028 = LZE + eo(-, BL(ZE + 0)Wew — (B0 — Lop) 1
(t,r) eI xS
Z£<[0] = 0.

If we now define a new noise process W€ such that

W(A) = W(4) + %/A <a(-,g?€z_gfi w))> (s,y)dsdy

for all sets A in B(I x S'), then Zg’ '€ also satisfies the stochastic PDE

Oz = LZE + eo(-, B2 + ) Wi,
(t,z) € I x S* (35)
Z£e0] = 0.

Define a new measure P¢ on (2, F) by

dPe¢
dP

1 1 €
= exp |:EI€ + G—ZSZZ, +<p(§0):|

where for convenience we have set

= _Ow—Ly e
e <0<-,B<(¢2 ¥ s0))> (3, 9)W*(ds, dy).

We can easily show by Girsanov’s theorem that P¢ is a probability measure and that W€ is a P¢-Brownian
sheet. Recalling the calculation (31), let us define &' = 6'(sg,d,7) > 0 by &' := min{d,vy/(2wxse)}. Then for
alle >0

P (o0 0) <8} > EF [x{nzgp’fun <y ]

dpe

€

> B [x{l128 Il < 8"}y exp[-I°/e]] exp (—M> -

13



Jensen’s inequality gives us that

B A2 Nl < 8 ep(-1/9] B [x1ZE Nl < 93(-1/)
€ p ex €
PIZE T < 07} P PAIZE T, < 0}

and also that

E¢ [x{IIZZ”EIIH < 5’}II€|] o [ EDANZE Nl < 81T 1/2 3 E(I)?] 1/2
P{|Z¢ |l < 0"y PA|ZE || < 0'} A\ PAIZE N < 6} '

The fact that W€ is a P¢-Brownian sheet allows us to write the bound
€ €\2 € ”Zg’€+‘é’ 24 2
BF(I)) = B(25° ()] < 2M25¢ () .

Collecting these inequalities together, we have that

1/2 .
1M 2s0 Sc(p) +7/2
€ € @€ ! I _
P{Pn(‘ﬁ@@ <dpzP U2 Mln < 7} exp em <P€{||ZZ”€||H < 5’}) xp ( €2 (36)

for all € > 0. It is easy to see that the result is true if we can show that lim._,¢ P€{||Zg”€||n < ¢'} = 1. Notice

that similarly to (26), E[||Z¢||r2] < €2(M?T/2) 3512, A;". From this and Proposition A.2 and (a.8) in

Appendix A, it is not difficult to argue that indeed we have lim,o P{||Z*‘||x < d'} = 1. Taking any &'
such that k < k' < 1/4, and any constant L > 0, by Proposition A.2 and (a.8) in Appendix A there must

exist an €; = €1(k’', L) > 0 such that

PIZE Nl > 8} < PLNZE | > BE } + P{I1 ZE

| < BE 1128

k> 0"}

< e /¢ L pey|| 22| 2 > "
Se + {” ¢ ||L2_ } (37)

<e ML 20T/ Y A
k=0

for all 0 < € < €1, where " = 6"(&’,51'{',6’) > 0 may be defined as

" :=inf{llellL2 : ¢ € CF , llellwr < BE 5 llplle = 0}

clearly 6" must be positive (see Appendix C). This computation is sufficient to extract the desired result
from (36). |
Finally let us prove the upper bound.

Proposition 4. For any positive numbers s, 8, and vy, there is an €9 > 0 such that

P{pa(5, 8¢ (s)) > 8} < e~ (=€ (38)
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whenever 0 < € < €.

Proof. The main idea of the proof is to approximate ¢ by a collection of processes of the form 1/1?’6 as in
(16) and to approximate each such zbg”e by an expansion of the form zpé" V¢ as in (21), and to carry out
calculations parallel to (27)-(29).

Note that we may assume that v < s. Let us take an s > s (we do this in anticipation of Section 5)
and a number &' such that k < k' < 1/4. By Proposition A.2 and (a.8) in Appendix A, if we define the
Cl-compact set Ky, == {p € C§ : ||¢|e < B;‘;}, then there is an €; = € (&', s9) > 0 such that

Py ¢ Kyp} < e /< (39)

for all 0 < € < €;. For convenience, we shall also define
3 (s) = {p € C : pulip, Bc(5)) > 6}

Consider now the set Ky, ~ @é‘s)(s). This set is p,-compact, so for any §' > 0 we can cover it by a finite

collection of p,-spheres of radius §'. Let us fix for the moment a ¢ in Ky, ~ ég‘;) (s). If ¢ is close to
©, then as we shall see in equations (a.9) and (a.10) of Appendix A, the Gaussian process zbg”ﬁ is a good
approximation to 1)¢. We may then approximate )¢ by 1,bév ¢ where N is sufficiently large, and combining
these two approximations, we approximate wé by @bév""’f when ¢2 is close enough to ¢ and N is large enough.

But in this case, where ¢ is close to ¢ and zbév""’f is close to ¢¢, then wév""’e must also be close to ¢. To be

more explicit, we shall prove
Lemma 2. There is a §' = 6'(s0,9,7) > 0, a positive integer N' = N'(sg,6,7) and an €2 = €3(s9,9,7) > 0
such that

P{pu, @) < &', a7, @) > min{y/(4weso), 0/2} } < e/ (40)
for all g in C&, all ¢ in C*:(S1), and all 0 < € < 3.
Here wy, is as in (31). The constant v/(2w.s0) enters into the estimate since we would like to use (31) to

estimate S¢ (wé\ﬂ"p’é) by 5‘2’ (@bévl""’é), and the distance §/2 stems from the fact that necessarily S¢ (wév”"’é) >s

when pn(1/1év”“”€, ¢) < §/2; recall that we assumed that p, (¢, ®¢(s)) > &. The relevant calculation is that

P{on(@ ) < 8} < e/ + P Lo #*, ) < min{y/(4wpso),6/2} }
< e/ 4 PLpa() %, 0) < 7/ (4weso), S ) > s}

<™/ 4 PUSZWY P )1+ v/ (4s0)) > s}

< e %0/ 4 (7/(450)) ™V 2 exp (_g%ﬁzg)
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for 0 < € < €. In the third inequality here we used (31) and the fourth calculation is similar to (29). Since
s(1—v/(4s0))/(1 + v/(4s0)) > s — /2, we have arrived at the fact that

P{pa (5, 9) < 8'} < e/ 4 (y/(450)) "N 2e(5m1/2 /< (42)

for all 0 < € < €2, where &', N', and e are as in Lemma 2. Note that é’, N', and e> depend solely on s,
4, and v, and not on ¢ in K, ~ ég‘s) (s). Thus inequality (42) holds for all ¢ in K, ~ éé‘s) (s) and all

0 < € < 2. But given this estimate, we can simply cover the set Kg, ~ &)?) (s) with p,-spheres of radius §'

and extract a finite subcovering, with centers {¢;; i =1,2,...,L}. Then for 0 < € < min{ey, €2},

P{pu(0t, 8¢ (s)) > 0} < P{y¢ ¢ Koo} + P{0§ € Ky ~ 8 (s)}

<e™/C 4+ 3" Plon(vg, ¢i) < ')
1<i<L (43)

< el L (eI (o (as0)) N P2/

< (L+1)e=%/¥ 4 L(y/(4s9))~N 2= (s=1/D) /¢

so we easily have (38) for € > 0 small enough.
Now we must prove the lemma.

Proof of Lemma 2. For ease of exposition, we shall define § := min{y/(4w.s0),5/2}. Referring to

Proposition A.2 in Appendix A and (a.9) and (a.10), we see that we can find a 6’ = §'(sg, ) > 0 such that
§ < 5/37 and an e3 = 63(30,5) > 0 such that

P{px(0, @) < 8, pu(t,42) > §/3} < 7220/ (44)

for all ¢ in C2%(S'), all ¢ in C§, and all 0 < € < e3. This estimate is of fundamental importance in that it
allows us to approximate the non-Gaussian process v,bé by the Gaussian process w‘g”e. To complete the proof

,P)€

of the lemma, we now need to carry out an estimate similar to (27) showing that wé-v is close enough to

zb?’é when N is large enough. Fix any ' such that k < £’ < 1/4. We can use Proposition A.2 and (a.8) in

Appendix A to find an ¢4 = €4(x',59) > 0 such that
P{l[2 (| > B8y} < €720/

for all ¢ in C?%(S), all @ in Cf, and all 0 < € < €. We can also partition the sample space Q as

P{pa(Z<, 92 %) > §/3} < P02 Nl > 85, } + PLSZ(7) > 250}

+P{lE < Bhugs 17PNl < (14 T") L M(450)'1%, pu($£, 9077 > §/3}

¢ ¢
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for each ¢ in C2%(S'), each @ in C§, each € > 0, and each positive integer N, where we have used the fact

that @?(250) C{peCf : |lolle < (1 +TH)LoM(4s)'/?}, the proof of which is similar to calculation

(30). Set 6’ = &' (K, 50,0) > 0 to be
8 i=inf{pra (Y1, ¥2) : [Wnller < B, [aller < (14 T%) L M(450)'/, pi(thr,952) > 5/3};
clearly &' is positive (see Appendix C); then using a calculation similar to (29),
P{pa (2,9} 7) > §/3} < e 200/ 4 (1/4) N2 730/ 4 Lo (p2e, )P > 8} (45)

for all ¢ in C2#(S'), all ¢ in C§, each positive integer N, and all 0 < € < 4. Using (23), it is evident that

there is an integer N’ = N'(sp,4') large enough that

450 4
sup S AZ(N) < —A(N') < 1/2.
sctr () @)

gec(sh)

Note that since &' < §/3, if pn(1/12—,<,5) < ¢ and pn(v,bé-v”‘ﬁ’f,gb) > §, then by the triangle inequality, either

P (zbé—,z/zé’f) > §/3 or py (zbé—v"‘z”e,wé’e) > §/3. Combining (44) and (45) and using a calculation analogous
to (27), then

P{pu(65 @) < 8, pu() 7, @) > 3} < P{pu(t5, @) < &', pu(S, ) > 5/3}

+ P{pa(62, 4 7) > §/3)

_ 2 N 9soM?T = |
< e—350/(26%) (2 +(1/4) N'/2 4 exp (W Z)\kl
k=1
for all ¢ in C?%(S"), all ¢ in Cf, and all 0 < € < min{es, es}. Note that 6, N’, &', €3, and €4 depend solely

on sg, d, and v, and on the arbitrarily chosen «'; this gives us the lemma. ]
This also completes the proof of Proposition 4. ]

Propositions 2 through 4 give us a large deviations principle for {ng} in C§, and, as we noted at the
end of Section 3, this is sufficient to imply the large deviations principle (A.1)—(A.3). We state this as a

theorem.
Theorem 1. For each 0 < k < 1/4 and each fized ¢ in C**(S"), claims (A.1)~(A.3) are satisfied; i.e., v§
satisfies a large deviations principle in Cf with action functional S¢ as given by (4).

Having given a proof for (A.1)-(A.3), we mention now that there are some other more or less equivalent
approaches. There are essentially two problems to overcome. The first is to prove a large deviations principle

for ¥¢, the ‘nearly’ Gaussian process (see estimate (44)), and then use the regularity of the mapping B
¢ ¢
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to transfer the result back to vg. The other problem is to show some form of exponential tightness so that
one can strengthen the large deviations principle from L?(I x S'), which is the ‘natural’ space in which
to analyze large deviations for v¢ or ¢¢, to the finer topology of C*. We have here first showed the large
deviations result for ¢, using the exponential tightness of (a.8) to transfer from L3(I x S*) to C§, and then
used Proposition 1 to transfer this result concerning ¢¢ to one concerning v¢. The two problems could also
be solved in the other order, or in fact they could be solved simultaneously, using results such as Exercise
2.1.20 of Deushel and Stroock (1989). For a better understanding of the abstract basis for this last approach,
see the paper by Ioffe.

5. The uniform large deviations principle.

The main result of this paper is Theorem 1. Let us now review our arguments to show that for each
fixed 0 < k < 1/4 the large deviations principle for v¢ in C* holds uniformly with respect to all initial
conditions ¢ in C?#(S1). For each fixed 0 < k < 1/4 we wish to prove that

(C.1) For each s > 0 and each compact set K in C2%(S?), the set

Pk (s) == UcerPc(s)
is a compact set in C*, with ®,(s) as in claim (A.1).

(C.2) For any positive numbers §, v, and sg, there is an ¢y > 0 such that

P {p“(UZﬂD) < 5} > exp (—%)

for all 0 < € < €9, ¢ in C?*(S'), and ¢ in D¢ (s¢).

(C.3) For any positive numbers §, 7, and sg, there is an ¢y > 0 such that

P{p“ (UE’QC(S)) > 5} < exp (—86_27)

for all 0 < € < €, ¢ in C?#(S1), and 0 < s < sq.
This stronger version of (A.1)—(A.3) is necessary, for example, in proving the large deviations principle
for the invariant measure of v (see Sowers (1991)). In general, if {X;} is a collection of random elements
of some Polish space X with metric p, where € > 0 and y is a parameter with values in some topological
space ), then we say that X satisfies a large deviations principle with action functionals I, : X — [0, o0]
uniformly over a class A of subsets of Y if
(D.1) For each s > 0 and each subset K of A := UgecaA which is compact in the topology inherited by
A, the set

Pi(s) = UyEK(I)y(S)
is a compact set in X, where ®,(s) := {z € X : I,(z) < s} for each y in A.
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(D.2) For any positive numbers 4, v, and so, and any set A in A, there is an € > 0 such that

P {p(X;,z) <&} >exp (—M>

€2

for all 0 < € < €, y in A, and z in ®,(so).

(D.3) For any positive numbers 4, v, and sg, and any set A in A, there is an €y > 0 such that

P{p (X5, ®,(5)) > 6} < exp (—S ;7)

forall 0 < e < €y, yin A, and 0 < s < s50;
see Freidlin and Wentzell (1984) p. 92. The large deviations principle (C.1)—(C.3) is thus uniform with
respect to all sets of initial conditions.

We shall prove (C.1)—(C.3) in a manner analogous to our proof of Theorem 1. We shall first extend the
contraction principle to cover uniformity with respect to a parameter; this will require some easily-verified
regularity of the mappings {B¢; ¢ € C?%(S')} and {S¢; ¢ € C?%(S")} for each 0 < k < 1/4. The uniform
large deviations principle (C.1)—(C.3) for any 0 < x < 1/4 will then follow if we can show that the large
deviations principle for ¢¢ in C§ is uniform for all ¢ in C**(S"). It will be a simple matter to check that
Propositions 2 to 4 do indeed hold uniformly with respect to the parameter (.

To begin, we have the following version of the contraction principle.

Proposition 5. Let X, have the uniform large deviations principle (D.1)~(D.3). Let {Gy; y € A} be a
collection of mappings from X to another Polish space X' with metric p'. Assume that
i) For each s > 0 the set ® 5(s) is relatively compact in X for each s > 0, and lim_, .  ;I,(z) =
I (x) for each y* in A and each x in X, this limit being uniform as x varies over ® 5(s).
i) The family {G,;y € A} is equicontinuous and lim . i1 Gy(@) = Gy (2) for each y* in A and
each = in X.

Then Gy (X;) has a large deviations principle which is uniform over A and with action functionals

I (2') := inf{I,(z) : = € X such that G, (z) = z'}. ' eX,yeA (46)

Proof. Note firstly that if y is in A and 2’ is in X’ such that I(z') < oo, then from the continuity of

Gy and the lower semicontinuity of I, we are assured that there is an z in X such that Gy(z) = 2’ and
Iy(x) = I («").

Take now a number s > 0 and a subset K of A which is compact in the topology inherited by A. We
show that ®%(s) := Uyex®)(s) is compact in X’ where ®;(s) := {z' € &' : I (2') < s} for each y in

A. We shall show that &' (s) has the Bolzano-Weierstrass property. Take {z/,} in &, (s). By the above
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remarks, there is a sequence {y,} in K and a sequence {z,} in ®x(s) such that for each n, Gy, (z,) = z,
and I, (z,) = I (z;). By the compactness result for the uniform large deviations principle for X; and
the compactness of K, we can extract convergent subsequences {z,} of {z,} and {yn'} of {y,} with limit
points z* in @ (s) and y* in K. By hypothesis 4), we can show that lim, z],, = lim, G, (zn) = Gy (z*),

and by using hypothesis i),

I« (z*) < liminf I+ (zn) < liminf I, , (zn) < s.
nl n/ n

We thus see that z;, converges to Gy-(z*) and Gy-(z*) € 8,.(s) C Pk (s), so Py (s) has the Bolzano-

Weierstrass property and hence is compact in X”.

To prove the lower and upper bounds on the probabilistic behavior of {Gy(X)}, let us first prove

Lemma 3. For any §; > 0, there is a 62 > 0 such that p'(Gy(z),Gy(2)) < & for all y in A, all z in ® 5(s),
and all z in X such that p(z,) < b2.

This is a statement of ‘uniform’ equicontinuity of the family {G; y € A}.

Proof. To prove the lemma, observe that by the equicontinuity of {G,; y € A}, for each z in X there is a
8z > 0 such that if z is in X with p(z,2) < 0, then p(Gy(2),Gy(x)) < d1/2 for all y in A. Let us cover the
closure of ® ;(s) by open spheres of the form {z € X : p(z,z) < §,/2} and extract a finite subcover with
centers {z;; * = 1,2,..., N}; recall by hypothesis i) that ® ;(s) is relatively compact. We can then define
0y :=min{d,;/2;i=1,2,...,N}. Indeed, let = be in ®5(s) and z be in X such that p(z,z) < d2. We then
take any x; such that p(z,z;) < 0z,/2 < d,;, and hence we will also have by the triangle inequality that
p(2,2:) < 82404, /2 < 8, Thus for all yin A, p'(Gy(2), Gy () < p'(Gy(2), Gy (x:))+p' (Gy(z:), Gy (2)) < 1.
|

From this lemma we may easily complete the proof of Proposition 5. Take positive numbers 4, «y, and

s0 and any set A in A. Take now &, as in the lemma such that p'(G,(2),Gy(x)) < & for all y in A, all z in
® ;(s0), and all z in X with p(z,z) < d2. Firstly by using (D.2), we may find an €y such that we can write

P{p'(Gy(X,),2") <8} = P{p/(Gy(X}), Gy(2(r ) < 0} = P{p(X}, (01 y)) < 02}

I(zp I (z')+
> exp (—71’(35( ’y))+7> = exp (-71"'(372 7)

€2 €
for all 0 < € < €9 and all 2’ in ®;(so), with y being any element of A. Here for each z' in ®; (so) with y in
A, we denote by z(, ,) any element of ®,(sg) C ®a(so) such that Gy (z(, y)) = @' and Iy(z(,r y)) = L, (z").
Alternately we may use (D.3) to find an €y > 0 such that we have
P{p(Gy(X;), B} (s)) > 8} = P{p'(Gy(X;), Gy(@y(5))) > 8} < P{p(Xy, By (s)) > 65} < e~/
forall 0 < e < gg, all yin A, and all 0 < s < s9. Here we have used the easily-proved fact that for s > 0 and
yin A, @, (s) = Gy(®Py(s)). This completes the proof of the proposition. |
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In our case, we naturally identify X with 1/12 and G, with B¢. To carry out our arguments, let us fix
a 0 <k < 1/4. The space X we take to be C§ with the associated metric p,. The parameter y we take to
be ¢, with the topological space ) being C?#(S!') with the topology generated by the norm || - [|3, 1. We
take A := {C?%(S1)}, i.e., the class A has only one set in it, that set being the entire space C2#(S'). Of
course S’C plays the role of I, and X' is C* with the natural metric p;. We have already noted that in this
situation, the action functional I; given by (46) will be equal to S¢ as in (4).
We first note that hypothesis i7) of Proposition 5 is true by Proposition 1. The equicontinuity of
{B¢; ¢ € C?*(S1)} follows from Proposition 1 when we take (i = (2-and, (¢ continuity of ¢
in C§ follows upon setting ¢; = 2 in Proposition 1. Considering now the first hypothesis of
n 5, we easily see from the calculation (30) that @CZN(Sl)(s) is contained in {¢ € C§ : [|¢|le <
e M (25)1/2} for any k' with k < k' < 1/4, so indeed éczn(sg(s) is relatively compact in C¥. In
logous to (31), we can calculate from (12) that for any ¢ in W;*® such that [0] = 0 and any (;
C*(8"),
Sei(9) < Sea () (14 wll¢r = Cllzn,s1) (47)
is as defined in (31). This easily gives the required continuity of the mappings { — S¢(¢).
v remains only to verify that the large deviations principle for ¢¢ in Cg is uniform over all ¢ in
We have arranged our proofs in Section 4 so that only minor changes are required.
ion 6. The random fields {¢2} satisfy a large deviations principle in C§ with action functionals
is uniform over all { in C?*(S%).
e shall indicate how to modify the proofs of Section 4.
compact subset K of C?%(S!') and an s > 0. As we calculated before in verifying hypothesis 4)
tion 5, the set @2 (s1)(s) is contained in {p € C§ : [|¢||lw < (1 +T" )L M(25)"/?} for each «'
k < k' < 1/4, so indeed ®x(s) must be relatively compact. To prove that it is also closed, take
K (s) converging in C§ to some . Then for each n, there is a ¢, in K such that ¢, is in &, (s).
actness of K ensures that {¢,} has a C?%(S')-limit point ¢* in K along some subsequence {( }

'hus analogously to (32)-(33), we have from (47) that

S+ () < limjnf Ser (pw) < liminf Sc,, (o) (14 will€” = Grllow,2) < 5

he p,-lower semicontinuity of ¢ + S¢-(¢) as ensured by Proposition 2. Thus @ (s) is also closed.

take positive numbers sg, §, and v and proceed as in the proof of Proposition 3. Note that the

36) will hold for all ¢ in C?#(S") and all ¢ in ®;(so). We may also check that the calculation (37)

over all ¢ in C2%(S') and all ¢ in W,"> with ©[0] = 0;
lim sup PIZE s > 0"} = 0.
¢ certe(sh)

PEW,?:0[0]=0
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This fact in conjunction with (36) easily shows that there is an g > 0 such that (34) holds for all ¢ in
C?%(81), all @ in ®¢(s0), and all 0 < € < €.

Finally, let us take positive numbers sg, d, and v and review the proof of Proposition 4. The essential
idea of the proof was to use (39) to show that we may disregard the set ~ K, and then to cover the compact
set Kgy ~ @gé)(s) by a finite number of ¢’-spheres and to use (42) on each sphere. By Proposition A.2

and (a.8) in Appendix A, (39) holds uniformly as ( varies over C2%(S!), and we were careful to include

uniformity in ¢ and @ in our statement of Lemma 2. Reviewing the arguments of (41), we find that the
bound (41) holds in fact for all ¢ in C?%(S1), all ¢ in Ky, ~ &)25/2)(8), all 0 < s < 59, and all 0 < € < €,
i.e., it also holds when p(p, ®¢(s)) > §/2, where s is any number between zero and sg. Thus (42) holds
for all ¢ in C?%(S!), all p in K ~ &)26/2) (s),all 0 < s < 89, and all 0 < € < €3. The uniformity of (43)
will hence result if we can show that L, the number of §'-spheres used to cover Ky, ~ @g‘s) (s), is bounded
as ( varies in C?%(S1) and s varies from zero to sg. Let us cover the entire set K,, by p.-spheres of radius
0" := min{d’,§/2} and extract a finite subcover {p;; i =1,2,...,L'}. Now if ¢ is in Ky, ~ ié‘s) (s) for some
¢ in C2?#(S') and some 0 < s < s, then there is a ¢; such that p, (¢, ;) < 8" < §/2, and by the triangle
inequality, then pj (i, ®¢(s)) > §/2. Thus

Ky, ~ 8 (s) C U  {eeCh: plopi) <3
ipu(pi B (5))>8/2
C U {p € CF : pulp, i) < &'}

ipu(0i ¢ (5))>6/2

Then we use (39) and (42) to write

P{pa(06, d¢(s)) > 6} < e/ + > P{p (v, ¢3) < 8'}
i pr (0i®¢ (5))28/2 (48)

< e/ 4/ (6—30/62 + (’)’/(430))_1\[’/2 e_(s_7/2)/62)

for all ¢ in C?%(S1), all 0 < s < 8¢, and all 0 < € < min{e, e2}. Our arguments show that L', N, €, and
€2 depend solely on s, &, 7, and the arbitrarily chosen constant &', and not on ¢ in C?%(S') nor on s. This
allows us to use (48) to find an € > 0 such that (38) holds for all ¢ in C?#(S), all 0 < s < sp, and all
0<e<e. [ |

This completes the proof of the uniform large deviations principle for v¢. We state the result as a theorem.

Theorem 2. For each 0 < k < 1/4, claims (C.1)—(C.3) are satisfied, i.e., v§ satisfies a large deviations

principle in C* with action functionals S¢ as in (4), uniformly over all initial conditions ¢ in C?*(S1).

6. Conclusion.
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We now have the basic large deviations result for the dynamical system (2). With this result, we can
investigate many other asymptotic problems concerning v¢ (see Freidlin (1988), and Freidlin and Wentzell
(1984) Sections 4.2 and 4.4, and Ventsel’ and Freidlin (1970)). For instance, we can consider a domain D
containing a stable point of the dynamical system 9;v° = Lv° + f(x,v°) and look for the most likely place on
0D at which the trajectories v¢ will exit D as € tends to zero; we can also find the asymptotic behavior of the
first exit time of v¢ from D. Yet another direction is to investigate the asymptotic behavior of the invariant
measure of v¢ when v¢ is considered as a function-valued Markov process—see Sowers (1991). Problems
such as these have been answered for stochastic differential equations (SDE’s)—see chapter 4 of Freidlin and
Wentzell (1984)-but due to the infinite-dimensionality of C(S'), many of the arguments for SDE’s do not
immediately apply to v¢.
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Appendix A.
We here consider some continuity properties of solutions to stochastic PDE’s of the form
02 = LE + O'IWtz

(t,z) e I x St (a.1)
E[0] =0,

or equivalently solutions of the integral equation

E(t,z) = Gi—s(z,y)o' (s,y)W (ds, dy), (t,z) e I xS' (a.2)
IxSt

where o' is in L>®(2 x I x S) such that o' is P-a.s. continuous as a function of (¢,z) in I x S?, and such
that o'(t,x) is measurable with respect to F; as given in (6) for each ¢ in I. We shall first demonstrate a
deterministic result concerning the Green’s function G of (5), and then use this to estimate the continuity

of Z solving (a.2).
Our first result is an enhanced version of Lemma 3.9 of Walsh (1984).

Proposition A.1: For 0 < k < 1/4 there is a positive number L, such that for all (t,z) and (s,y) in
1R+ X Sl,

1/2
{‘/R 51 |Gt—7‘(wa Z) - Gs—T(ya z)|2 drdz} < Lnrl ((t7 IL'), (s’y))n . (a?’)
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Proof. We shall first prove the proper variation in the z-direction and then the proper variation in the
t-direction.

Take t > 0 and z and y in S' (notice that if t = s = 0 in (a.3), then the left-hand side of (a.3) is zero).
Then

9 1 _ 672Akt 5
[ 16 Gt P itz = 3 P @) -
R+><Sl k=0
Clearly for £k =0,1,...,
2
ok (z) — dr(y)| < Yo
and by the mean value theorem also
1/2 1/2
kr(z,y) _ Mgk 17(@,y) kr(z,y) _ Ay r(z,y)
|p2r—1(2) — Po2r—1(y)| < 12 < (xD)1/2 and a2k (2) — d2x(y)] < 12 < (D)2
We then calculate
| 16ir(@,2) = Gyl ) drdz < 2 = o) lon(@) — anly) "
Ryxst k=1 (a.4)
=L ,J’(CL', y)2N

where Ly, == (21728 /(7 D*)) 372 (1/A;, ") which is finite since 2(1 — k) > 1.

Now take 0 < s < t and z in S'. Then
i 2
/R : |Gi—r(@,2) — Gyr(, 2)|” drdz = Z /IR (e_’\’“(t_r)x{r <t} —e MOy {r < s}) #%(x)dr
+%81 k=0 B+

1 Oo/ (i o 2
<= e My L <t} — e MO < 5)) dr
sz:;) 1R+( )

having used the fact that for all k = 0,1,..., max,cs |¢r(z)|> = £. Our calculation continues as
2 s 2 t—s
/ (e*’\’“(t”)x{r <t} - e*A’“(S*T)X{r < s}) dr = / (e*’\’“(t””) — e*’\”) dr + / e 2Ty
Ry 0 0

—2A t—s
(e—Ak(t—s) _ 1)2 ]- —€ 2 kS +/ e—ZAde,r
2Xk o

1 — e~ Ae(t—s) t—s
< e - 7 +/ e~ Ty
2 o

3 t—s
=- / e Mrdp.
2 Jo
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Set k' := 1/(1 — 2k); then 1 < £’ < 2 and using Jensen’s inequality,

Ap (=) A (5—1) <3 AN rg " 3 1\ V¥
TART <t} —e T < < = Tk <|t— —=
/IR+ (e x{r<t}-—e X{r_s}) r<3g (/0 e r) <|t—s] 2()%&’)
and hence
/ (G (2,2) = Gyr (2, 2)[2 drdz < Lo ft — 5|2 (a.5)
R+ xS1
where
301 «— 1
L K= 5 1 ’
2, o (ﬂ/)n ; ()\k)l/m
which is finite since 2/k’ > 1. We can then take L, := Li/ 24 L;/ 2 and complete the proof with (a.4) and
(a.5). ]

We use this proposition and well-known results on the continuity of random fields (see Garsia (1972)
Lemma 1, Walsh (1984) Theorem 1.1, and Adler (1981) Lemma 3.3.3) to establish the following estimate of

the Holder norm of any solution E of (a.2).
Proposition A.2. For each 0 < k < 1/4 there are positive constants K° and K. depending only on k such
that

P{|IEllx > L} < exp (—(L/[l0"l|L=(@x1xs1)” KL

for all L > 0 such that L/||o'|| e @x1xst) > K2.

Proof. Fixing a 0 < k < 1/4, define ' := (k + 1/4)/2 as the midpoint between x and 1/4. Since Z[0] = 0,
E will be in C§ if and only if [Z], is finite, in which case we will have ||Z]||, < (1 + T%)[Z],, so we can
restrict our interest to [Z],. For convenience, let us define o, := ||o'||p~@xrxs1) and normalize = by

setting Z := Z/0’_. Then

to)= [ Grs(oy T Y

1
IxSt 0

[1]:

W (ds, dy)

We shall proceed in a manner similar to Walsh (1984) Corollary 1.3. Define p(u) := L2 /2u*" for u > 0;

then by Proposition A.1, we have that

{z

for all (¢,z) and (s,y) in I x S*. Also define the function ¥(z) := exp(z?/4) for all z in IR, and denote

3 3 1/2
Sta) =) | <o (), (502 (@6)

~

= 2(t,2) — £(s,) vds
P (p - <(t,x),<s,y))/21/2)> ey
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Consider now E[B] and use Tonelli’s theorem to interchange the expectation integral and the Lebesgue

integrals; thus our interest turns to

[1]:

(t,2) = E(s,y) )]
((t,2), (5,))/272)

E

~

m(p“

(s,y) were Gaussian, this expectation would be less than

(11

(s,y) is not in general Gaussian, we must adopt another

—_
—
=

for a fixed (t,z) and (s,y) in I x S*. If 2(t,z) —

or equal to 2'/2 in view of (a.6); since Z(t,z) —
approach. We shall define
Gy -G, !
f(r,z) = = Ir(w,z) ° T(?{’j) g (7/',2) (r,2) e I xSt
p(r'((t,2),(5,9))/2'/?) ol
and let M, be the right-continuous F;-martingale with associated quadratic variation
u>0

M, = /Ou . flr,2)W(dr,dz) and < M >,:= /0" /51 (f(r,2))* drdz.

By standard results, there then is a Brownian motion B, perhaps on an augmented probability triple, such
that M, = B<py, for all u > 0. We now can use Proposition A.1 to see that Sup,>o < M >,< 1 P-as,

so as a result of well-known properties of Brownian motion Karatzas and Shreve (1987) Problem 8.2,

E(t,z) — E(s,y) ))] < E ¥ (MZ2/4)]

v (p 7 (t,2), (5,0)/2 7
SHETO)

— 21/2

E

~

<E

We consequently know that E[B] < (2aT)22'/2; the same bound, in fact, as if Z(¢, z) —Z(s, y) were Gaussian.

We next apply Garsia (1972) Lemma 1, appropriately adapted to functions on I x S'. The continuity

of the realizations of Z implies that P-a.s. for all (¢,z) and (s,y) in I x S,
= = TI((tvw)a(say)) B
Bt ~Eepl <8 [ v () dvtw).
0

This last integral can be bounded as

rl((t,z),(s,y)) B T’((taz)’(say))
/ v (—) dp(u) < 2°/2 / ((ny BYY/2 + (ny u™)'/2) dp(w)
0 U 0
v ((t,2),(5,))
=2°2(Iny. B)'?p (r'((t,2), (s,9))) + 2°/° / (Ing u™*)2dp(u)
0
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where Iny z := max{ln z,0} for z > 0. Observe now that by standard methods

L (ln+ u—4)1/2
NSO

is finite. Some straightforward manipulation then reveals that
[E(t,2) = E(s,9)| < s (g B)'/2 +1is) (1, 2), (5,9))"

P-as. for all (t,z) and (s,y) in I x S, where 7, := 205 +3)/2[,d* =% and fjs = f1d* " k'/k, with d :=
{n? + T?}/2. Thus, P-a.s.,
[l = 0L [Elx < 0liia((Ing. B)'/? + ).

Using Chebychev’s exponential inequality, then
g

Pl > 2y < P{(El > 1o b < P{ny B2 > JCl gl

L/o')) \?
< 2 1/2 _ ( o0 _
< {(27rT) 24 4+ 1} exp ( (7772(1 5 fis
where we have used the calculation

Elexp(Iny B)] < Elexp(In B) + x{B < 1}] < (2rT)?2'/? + 1.

Defining
K? := max{2j7js(1 + T*), 8%, (1 + T*)(In{ (2xT)?2'/2 + 1})'/?}

and K} := (872(1 4+ T*))~! gives us the stated result, for from (a.7), then if L/o’_ > KO.
K 2 e’} K

= Ljot, \’ afis(L+T%)\”>  72(1 + T%)2In{(2nT)221/2 + 1}
P{lMlnzL}Sexp{_(W) <<l_ ) ~ P iy >}

o' 2
<o (-l -1/27 - 19))

1 .
< - - L 1 \2
= ( s+ 7oy () )
which is the desired estimate. |

Note that the result of Garsia (1972) in fact only gives us Holder continuity up to a (t, z)-set of Lebesgue
measure zero. By defining the solution of (a.1) in the weak sense, however, as in (3), we can alter the solution

on this null set so as to have a Holder-continuous solution of the SPDE (a.1).
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We can now apply Proposition A.2 to the processes (11), (16), and (35). Let us fix a 0 < x < 1/4, and
for each L > 0 define % := M(L/K!)'/? and €} := 8§ /(MK?). Then whenever 0 < € < €%,

€ K —L/é € K —L/é 5€ K —L/é
PAIZENe > B5Y < e ™7, P{Ig¢lle 2 B} <e ™/, and Pl > pf} <e M. (a)

We also can, for any fixed 0 < k < 1/4, easily find the §' > 0 and e3 > 0 such that (44) holds for all ¢
in C?%(S') and all @ in C§ when 0 < € < €3. Indeed, if 0 < k < 1/4, define
14 0

6" := min{5/3,8/(35m0) (K" /(2s0))'/?} and €3 := 8/ (3ameK°d")
where 17 is as given in Proposition 1. By the definition of stochastic integration it is not hard to check that

P{pn('ébZa(P) <d, Pn(¢2a¢g ) > 8/3} = P{pn('lpzaﬂo) <, ”ECHH > 5/3}

where

Et, @) =¢ . Gi-s(z,y) (0(y, (Bee)(5,9)) — a(y, Bew)(s,9))) x{llvg — ¢llo < 6"} (ds, dy)

(t,z) € I x St
with [|9¢ — ¢|[§ := sup 1 [0E(s,y) — p(s,y)| for each 0 <t < T'. But by Proposition A.2 and using
< 0 (s,9)€[0,t]x St I¥¢

an obvious refinement of (13)—(14), we have that

. _ . ) 2 2
PLon(06,0) < &, puss wf) > §/3} < PYIE e 2 5/3} < exp (—Kl( / 3)2> <e?/® (09)

" e2alng

when 0 < € < e3. If k = 0, we can simply note that [[¢ — &“|lc < [[¢§ — $E(l1/s, and set

&' := min{3/3,8/(30m0) (K} 5/(250))'/*}  and  e3:=3/(3omoK?8")

and proceed as in (a.9) to get that

P{po(¢,0) < &', po(,wf) > §/3} < P{|IE¢||1/s > §/3} < =20/ (a.10)
for 0 < € < 3.

Appendix B.

In this appendix we estimate the continuity of 7¢, where ¢ is in C?#(S*) for some 0 < £ < 1/4. Our
goal is to show that for each 0 < k < 1/4 there is a constant 7, > 0 such that ||7¢||. < 7[|¢[|2x,s1 for all ¢
in C%%(S1), i.e., that T is a bounded linear operator from C2%(S!) to C*. These estimates were necessary

in (13) and (15) in Proposition 1.
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Let usfixa0 < k < 1/4and a  in C?%(S). Let us first extend 7¢ to I X IR by defining u(t, ) := T¢(t, ™)
for all (¢,z) in I x IR. Then u satisfies the PDE

Oyu = Dug, — au

) (t,z) e I x IR
u(0,z) = ¢(e")

where differentiation in IR is understood in the normal sense. We can now use the heat kernel in writing

[ e~w—/GDy

For any (t,z) in I x IR,
|Tc (. €™)| = [ult, z)| < [IKllegs, (0-2)

so we may take njy = 1. If K > 0, for any z and y in IR and any ¢ in I,

e~*/(40Y izt (y+z iw_iy\\2k
juta) — s )| < [ CE SR ) ~ (s < Gl () (03

after changing the variable of integration in (b.1). On the other hand, for any 0 < s < ¢ < T and any z in
IR, the semigroup property gives us that

—(y—=)?/(4D(t—s))

(4nD(t — s))1/2 lu(s,y)|dy

lu(t, ) — u(s, )| < et — 1|/ ¢
IR

- /m %Iu(s, z+ (2D(t - 5))'/*2) — u(s, x)|dz

—22/2

< aft = s|l[Clleqsty + (D) / 225zt — 817|Cllan.51

e
m (2m)'/?
by using (b.2) and (b.3) and another rearrangement of (b.1). By the triangle inequality, then

—22/2

Te(t,2) = Te(s,0)] < (w“ +aT' " +@D)" [ Wd) €l (8. 2). (5,3)"

for all (¢,z) and (s,y) in I x S*. This and (b.2) complete the proof when & > 0.

Appendix C.

In this final appendix, we carry out some simple calculations to demonstrate that if 0 < k < &' < 1/4,

then for any B > 0, the pr2 topology is equivalent to the p, topology on

Sphere™ (B) := {p € C§ : ||¢llw < B}.
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We used this in defining 8" in the proof of Proposition 3 and &’ in the proof of Lemma 2. In particular, we
used the fact that on Sphere”l (B), the Holder norm of exponent & is continuous at 0 in the pr2 topology.
Of course the pr2 topology is always contained in the p, topology; only the other inclusion is interesting.

To prove the other direction, let us fix a ¢1 and ¢, in Sphere® (B) such that ||<,0||}.J/22 < min{nr, T}, where
@ =1 — pa. Take any (t*,x*) in I x ST such that |p(t*,z*)| = ||¢||lc, and define the set

A= {(t2) € Tx S |t = 17| < Il (7)< [l 2}

Then letting v be Lebesgue measure on I x S', we have

1/2
lolle(v(A)/? = {/A Iw(t*,x*)l2dtdﬂf} < lellzz + @llollz2)" /2 (2B)(v(4) /2.
It is easy to argue that v(A4) > 2||p]|r2, so that we have the bound
ler = ezlle <2721 — pall7 + 27>+ Bllpr — ull7d”.

Hence any py2-sphere in Sphere” (B) of radius § < min{, T'} is contained in a pg-sphere of radius 2~1/25'/2 +
95" /2+1B§K /2 50 at least we know that the supremum-norm topology of Sphere® (B) is contained in the

pr2 topology of Sphere"' (B). This completes the proof when x = 0. When k > 0, we may recall standard

interpolation results to see that
llpr = palls < (14 T%)[io1 = @2ls < (1+T)(2B)*/* (2]|pr — pallc)' /%"

Thus for k > 0, the Holder-x topology of Sphere"“l (B) is contained in the supremum-norm topology of

Sphere”l (B), which, as we have seen, is in turn contained in the pr2 topology of Sphere”l (B), concluding
our analysis when x > 0.
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