RANDOM TRAVELLING WAVES FOR THE KPP
EQUATION WITH NOISE

C. MUELLER AND R. SOWERS

ABSTRACT. Consider the stochastic partial differential equation

U = Ugp +u —u® +e/u(l —u)W

t>0,zeR
U(O,.’L’) = 'IL()(.’L'),

where W = W (t,z) is 2-parameter white noise. Assume that ug
is a continuous function taking values in [0, 1] such that for some
constant a > 0, we have

(C1): ug(z) =1 for z < —a.

(C2): ug(z) =0 for z > a.

Let the wavefront b(t) = sup{z € R : u(¢,z) > 0}. We show that
for € small enough, and with probability 1,

e lim;_, b(t)/t exists and lies in (0, 00).

e The law of v(t, z) = u(t,b(t) + x) tends toward a stationary limit as ¢ — oo.
We also analyze the length of the region [a(t),b(t)], which is the
smallest closed interval containing the points z at which 0 < u(t,z) <
1. We show that the length of this region tends toward a stationary
distribution. Thus, the wavefront does not degenerate.

1. INTRODUCTION

Consider the stochastic partial differential equation (SPDE)

_ .2 _ i
Up = Uge + u — u” +eJu(l —u)W £>0,z€R

U,(O,.I) = UO(iL‘), (1.1)

where W = W(t,z) is 2-parameter white noise. Assume that wuq is a
continuous function taking values in [0, 1] such that for some constant
a > 0, we have
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2 C. MUELLER AND R. SOWERS

(C1): up(z) =1 for x < —a.

(C2): up(z) =0 for z > a.

(1.1) is related to the Kolmogorov-Petrovskii-Piscuinov (KPP) equa-
tion:

2

W= e W= W t>0,z€R (1.2)

w(0, z) = wo(z),
See Fife [Fif79] for information about this equation. (1.2) is one of
the earliest examples of an equation which posesses travelling wave
solutions. In other words, there exists a function f and a constant ¢
such that u(t,z) = f(x — ct) is a solution of (1.2). Furthermore, for
a large class of initial conditions, u (¢, z) converges in the appropriate
sense to f(co + = — ct), which is a translate of the travelling wave
solution.

Now we return to the random equation (1.1). Let I(t) = [a(t), b(t)]
be the smallest closed interval such that u(t,z) = 1 for z < a(t) and
u(t,z) = 0 for x > b(t). One of our main goals in this paper is to show
that, with probability 1, there is a nonrandom limiting speed

C = lim @

t—oo ¢
and that the profile u(t,z +b(t)) tends to a unique stationary distribu-
tion. Using techniques of Mueller and Perkins [MP92], we show that,
with probability 1, I(t) is a compact interval for all ¢ > 0. This ar-
gument is related to the proof that if the super-Brownian motion has
compact support at time 0, then it has compact support at any future
time.

Another goal of this paper is to show that the length L(t) of I(¢)
converges in distribution to a nondegenerate stationary random vari-
able. Furthermore, using a coupling argument, we show ergodicity.
This means that there is a unique stationary distribution for the shape
of the wave. In the proof, we examine the profile of u(¢, z) for x € I(t).
By considering the shape of the wavefront, we show that I(¢) has a
tendency to fill in. To be more specific, there is always a positive prob-
ability that a “supercritical blob” will form in I(¢). In other words, a
region will form where u(¢, z) is close to 1, and this region will spread to
cover most of I(t). At the same time as I(t) is filling in, the wavefront
is moving forward, so one might think that I(¢) could expand faster
than it was filling in. But we show that this cannot occur. We give a
more detailed outline of the proof in Section 4.

The above argument will show that the length of I(¢) does not grow
without limit. To show that the limiting speed of the wavefront is
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nonrandom, we need to show the ergodicity of the process, as viewed
from the wavefront. Borrowing an idea from [Mue93], we use coupling
to prove ergodicity.

Here is the main theorem of this paper.

Theorem 1. Let u be a solution of (1.1), such that L(0) < co. Then,
there exists a constant C depending only on € such that

lim @ =C a.s.

t—oo
Furthermore, the invariant o-field generated by u(t, x) is trivial. By the
invariant o-field, we mean invariant with respect to shifts in the time
scale t.

Finally, ast — oo, the distribution of L(t) (the length of the interme-

diate region) tends to a stationary distribution. Under that distribution,
L(t) is finite with probability 1.

There are now hundreds of papers on travelling waves for various
equations, but very little about the effect of noise on travelling waves.
Murray [Mur89], chapters 11-13, gives a good overview of travelling
waves and their applications. There are certainly physical reasons to
study such phenomena in the presence of noise. The travelling wave
equations usually represent some physical system, and all physical sys-
tems are influenced by random noise. We are aware of only one paper
on this subject, that of Tribe [Tri]. Tribe considers the equation

utzum+u—u2+su%W
U(O,.T) = U()(.’E),

with ug satisfying the same conditions as in (1.1). Using techniques
from oriented percolation, among other ideas, he shows that there is a
random travelling wave with a limiting velocity. This limiting velocity
could possibly be random. Also, the shape of the wave, as measured
from the wavefront, tends in law to a stationary ensemble of shapes,
which may not be unique. He does not show ergodicity, as we do.
Tribe’s work is related to an earlier paper of Mueller and Tribe [MT93],
who consider

t>0,zeR (1.3)

ut:uzz+0u—u2+u%W
u(0, ) = up(x).
Actually, (1.3) can be obtained from (1.4) by a rescaling. [MT93] an-
swered some questions of Durrett. One of their results shows that (1.4)

arises as the limit of a certain long-range contact process considered in
[BDS89]. In this sense, it is natural that techniques from the contact

t>0,zeR (1.4)
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process would prove useful in analyzing (1.4). We do not use Tribe’s
methods, since our goal is to give more detailed information about the
wave. As a byproduct, our methods show that Tribe’s results hold for
(1.1).

In fact, Tribe’s result does not give very much information about the
shape of the travelling wave. Indeed, the travelling waves for (1.3) can
take values in (0,00), so they are rather different from the travelling
waves for the KPP equation, which only take values in [0, 1]. We will
show solutions u(t,z) of (1.1) take values in [0, 1], so we feel that this
equation bears a closer relation to the KPP equation. For Tribe’s
equation, there is no concept of the width of the wavefront, which is
the main object of our study.

Finally, T. Shiga [Shi88| has pointed out that there is a dual process
for (1.4), which is a system of branching Brownian motions, in which
particles coalesce at a Poisson rate, measured according to the local
time beween pairs of particles. We do not give a more precise descrip-
tion. Our goal is to give a method which should carry over to many
other SPDE, and we can only rarely expect such processes to have a
dual. Therefore, we avoid using duality arguments.

Now, following Walsh [Wal86], we give rigorous meaning to (1.1),
(1.3), and (1.4). These equations are all special cases of the following:

Up = Ugy + a(u) + b(u)W

u(t, z) = ug(z). t>0,z€R (1.5)

We regard (1.5) as shorthand for the following integral equation:

u(t,z) = /RG(t,x — y)uo(y)dy + /Ot/RG(t — s,z —y)a(u(s,y))dy

+ /Ot/R(;(t — s,z —y)b(u(s,y))W(dy,ds). (1.6)

Here, G(t,z) is the fundamental solution of the heat equation u; =
uzr on & € R The final integral on the right hand side of (1.6) is
defined through Walsh’s [Wal86] theory of integrals with respect to
martingale measures. Theorem 3.2 and exercise 3.4 of Walsh [Wal86]
shows existence and uniqueness for (1.6) provided a(u) and b(u) are
Lipschitz functions of u. Since these functions are not Lipschitz in the
cases we are dealing with, we rely on results of Shiga [Shi93] which
prove uniqueness in law for (1.3).
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2. COMPACTNESS OF THE INTERMEDIATE REGION AND LARGE
DEVIATIONS

In this section, we show that the length L(¢) of the intermediate re-
gion I(t) is finite with probability 1. Also, we get some large deviations-
type estimates which are useful both here and later.

Lemma 2.1. Suppose that u solves (1.1). Assume that ug satisfies the
assumptions mentioned in the introduction, namely

(C1): up(z) =1 for z < —a.

(C2): ug(z) =0 for z > a.
Then, with probability 1, L(t) < oo for all t > 0.

Proof. To show Lemma 2.1, we construct the historical process asso-
ciated to u. The historical process is a measure on the set of paths.
Roughly speaking, one should think of these paths as representing in-
finitesimally small particles whose density at time ¢ is u(t,z). The
particles move according to independent Brownian motions, and they
give birth and die. For the most part, the birth rate is equal to the
death rate, but there is an excess of births over deaths. This excess has
size 1 — u(t, z). Also, the birth rate is proportional to /1 — u(t, x).
In passing, we also prove the following Lemmas.

Lemma 2.2. Assume that uy satisfies (C1) and (C2). Then (1.1)
has a solution which is unique in law.

The proof of Lemma 2.2 follows from Theorem 5.1 of Shiga [Shi88§].

Lemma 2.3. Suppose that uy satisfies conditions (C1) and (C2). Then
there exists a solution u of (1.1) such that with probability 1, for all
t>0andzx eR,
0<u(t,z) <1.

Proof. Theorem 2.5 of [Shi93] implies that there exists a solution u to
(1.1) such that with probability 1, u(t,z) > 0 for allt > 0, z € R.

To get the upper bound, we consider @(t,z) = 1 — u(t, —z). Using
the integral equation (1.6), the reader can check that (¢, z) satisfies

Uy = figy — (4 — @) + erJu(1 — W)W 150 2€R
(0,2) =1 — up(—x)
and the function z — 1 — yy(—2z) satisfies (C1) and (C2). By a slight
extension of the argument of Shiga [Shi93], we can construct a solution
u such that with probability 1, u(¢,z) > 0 and 4(¢,2) > 0 for all ¢ > 0
and z € R, this last inequality implying that u(¢,z) < 1. O
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We wish to compare u to a function @, which will be easier to analyze.
Let @ satisfy

Uy = Ugg +u+ e/ (@AL)(L— (@A L)W t>0,z€R
(0, ) = uo (). B (2.1)

Note that @ may exceed 1, so we need 4 A 1. We can derive an integral
equation for % in the same way as we derived (1.6):

u(t,z) = /_O:o e'G(t,x — y)uo(y)dy + N°(t, z) (2.2)

where

Ne(t,z) = /0 t /_ °:o =Gt — 5,0 — y)/(@(s,9) A )1 — (s, y) A 1)W(dgéij93)).

Using the fact that the operator u — u,; + u is linear, we have here
written u in terms of the kernel of u; = tu,; + 4. Then we have

Lemma 2.4. There ezists a pair of solutions (u(t,z),u(t,z)) to (1.1)
and (2.1) such that, with probability 1,

u(t, ) < a(t, z)
forallt >0 and z € R.

Proof. Lemma 2.4 follows from Theorem 2.5 of Kotelenez [Kot92] and
from Corollary 2.3 of Shiga [Shi93|. First, let f,(u) be a sequence of

Lipschitz continuous functions which converge to \/ (uA1)(1 = (unl))

uniformly on compact sets. Next, we approximate (1.1) and (2.1) by
uf™ = ul® + u® — ™ 4 f, ()W
ﬂgn) — a;”m) + a{™ + gfn(a("))W
™ (0, ) = ug(z)
By [Kot92], for each n > 1, there exists a unique pair of solutions
(u™, @(™) such that with probability 1,0 < u™(t,z) < 1 and u™ (¢, z) <
u™(t,z) for all t > 0 and = € R. Now using [Shi93], we can choose a
subsequence (u(™), %(™)) which converges weakly to a pair of solutions
(u,u) to (1.1) and (2.1) which inherit the property that with probabil-
ity 1,0 < wu(t,z) < land u(t,z) < a(t,z) forallt > 0 and x € R. Since
0 <u(t,z) <1lforallt >0andz € R, \/(u(t,:c) A1 = (u(t,z) A1) =
\/u(t, z)(1 —u(t,z)) forallt > 0and z € R, so u actually satisfies (1.1).
U

t>0,z€eR
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Next, we recall some results about the modulus of continuity of the
noise terms for u and @ in compact regions. In comparison to (2.3), let

Ne(t,z) =¢ /Ot /_O:O G(t—s,o— y)\/u(s, y) (1 — u(s, y))W(dyd?)QA)

Now we give a large deviations-type lemma, which is a combination
of Proposition A.2 of [Sow92] and Lemma 2.1 of [Mue91a]. First, for
a function f : Ry, x R — R and any 0 < k < 1/4 and any subset A of
R, x R, we define

_ o {1 2) = F(s5,9)
[ fllx.a = p{ |(t,2) — (s, y)|*

: (t,x), (s,y) € A}
+sup{|f(t,x)| : (t,z) € A}. (2.5)
We then have

Lemma 2.5. Fiz any T > 0, M > 0 and 0 < k < 1/4. Then there
are constants C7 and Co which depend on T, M and k, such that if
A/S > (Y,

P{|N*

A 2
|, [m,2+ M]x[0,1] = A} < exp <_CQ (;) )

- A
P{||N€||n,[w,x+M]><[0,T] > A} < exp <—C2 (;))

forall z € R.

Proof. We begin with the inequality for N¢. First we prove the lemma
for M = 1. Taking the union of events over various spatial intervals
of size 2, we can deduce the general result from the result for M = 1.
Our conclusion is similar to Proposition A.2 of [Sow92|, except that he
works with = on the unit circle S'. However, his proof only depends
on his Proposition A.1. Translated into our setting, this proposition
states

/ / Gt —r,z—2) — G(s— 1y — 2)>drdz < ¢|(t,z) — (1, 2)|*

0 Jmeo (2.6)
where we assume that G(t,z) = 0 for ¢ < 0.

We claim that (2.6) is contained in [Mue9lal, (2.6), (2.11), (2.12),
and (2.13). To translate those results into our notation, replace H (¢, x)
of [Mue9la] by G(t,z) and ¢ by 2k, and replace (k/2™,£/2™) by (t,z).
Also note that

Gt—rz—2)—G(s—ry—2)| <|Gt—r,xz—2)— Gt —r,y—2)

+|Gt—ry—2)—G(s—r,y—2)|. (2.7)
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[Mue9la] computes estimates for terms like those on the right hand
side of 2.7. [Mue91a] deals with = € [0, J] rather than z € R. Also, the
variable (¢, z) is restricted to be (k/2™,£/2™), and (s,y) is restricted
to be either ((k+1)/2™,£/2™) or (k/2™,(£+1)/2™). In spite of these
differences, the reader can check that the above-mentioned calculations
go through for our case. Although Lemma 2.1 of [Mue91a] Lemma 2.1
is stated for ¢ < 1, the reader can check that that the arguments
yield the above bound for all values of 7. This bound is not even the
best possible, but it is enough for our purposes. Replacing 27 by
|(t, ) — (r, 2)|, and € by &, we arrive at (2.6). But, as in [Sow92], (2.6)
implies the inequality for N°®.

The proof of the inequality for N¢ is much the same, and we leave
the details to the reader. This concludes the proof of Lemma 2.5. O

Now we use Lemma 2.5 to get information about the distance be-
tween u(t, z) and a solution to the KPP equation, with the same initial
condition.

Lemma 2.6. Let u and w be solutions of (1.1) and (1.2), respectively.
Assume that both u and w have the same initial condition uy. Fix
T,M > 0. Then there exist constants C| and Cy which depend on T
and M such that if 6 > 0 and 6/ > C}, then

2
P{ sup  sup |u(t,z) —w(t, z)| > 6} < exp (_Cé <é> ) .
0<t<T — M<z<M €

Proof. Let’s begin by combining the integral equation 1.6 and the cor-
responding integral equation for w of (1.2):

(t,2) — w(t, z)
- /ot /_o:o G(t—s,z—y) {u(t, z)(1 — u(t, ) — w(t,z)(1 — w(t, z))} dyds
+N*(t,z) (2.8)
Thus
u—w=w+ N* (2.9)
where
(t, z)

= /Ot /_°° G(t—s,z—y) {u(t,z)(1 —u(t,z)) —w(t,z)(1 —w(t, z))} dyds.
h (2.10)
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Since we already know from Lemma 2.5 that N¢ has large-deviations-
type decay, Lemma 2.6 will follow if we can show that w also has
exponential decay.

Let’s rewrite (2.10) in a PDE form to more clearly see its evolution.
Noting first that

u(l—u)—w(l—w)=(v—w)(l—u—w)
= (w4 N°)(1 —w — N° — 2w),
we see from (2.9) that
Wy = Wey + WfE+ N°f©

o d A >0, 7R
w(0,)=0

where
fe(t,x) =1—w(t,x) — N°(t, z) — 2w(t, z).
If f¢ and N°¢ are regular enough, then by the Feynmann-Kac formula

W(t,z) = E [/tzo Ne(t — 5,v/2B, + 2) f*(t — 5,7/2B, + )

X exp [/;s fe(t—r,v2B, + x)dr] ds

W] (2.11)

where B is any standard Brownian motion which is independent of W
(and thus independent of N¢ for all €). The conditional expectation
here means only that we are averaging over B. This representation
clearly indicates how to proceed; if f¢ is bounded, then w is bounded
by something like the supremum norm of N¢, which by something like
Lemma 2.5 should have large-deviations type decay.

To make this rigorous, we need to check several things. The formula
(2.11) holds if f¢ and N¢ are bounded and continuous. We already
know from Lemma 2.5 that N° is continuous. Additionally, we know
that u and w are continuous, so from (2.11) f¢ must be continuous. To
see boundedness, we can start with the fact that v and w are always
bounded from above by 1 and bounded from below by 0. Since inte-
gration in y against G(t,-) is a contraction operator from C to itself,
we know from (2.10) that

¢
(o) < [ @ds=2t  t>0,z€R
s=0
Inserting this in (2.9), we see that
IN®(t,z)| < 2(1+1), t>0,z€R
and now inserting this in (2.11) we see that
|fe(t, )| <5+ 4t. t>0,z€eR
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Collecting all of this together we are assured that (2.12) is rigorously
true. Moreover, we also know that

t>0,zeR (212)

o (t,2)] < (5-+4t) exple(5-+4n)]E | [ tzo IN“(t — 5,v/2B, + z)|ds

To proceed let’s define

t _
F(t,z)=E / IN*(t —s,v/ 2B, +1)|ds
s=0

W], t>0,z€eR
(2.13)

which may also be written as

|z — af?

t o0
IF(t,x) = /s:0 /:oo |IN“(t — s, z)| exp l— 53725 ] (28275)~Y2dz ds.

t>0,z€R (2.14)

We can break this into two parts
F(t,z) = IE(t,z) + I5(t,z) t>0,z€R (2.15)
where

|z — =P

t
I (t,x) = /s:O /|z|<2M |IN®(t — s, z)| exp [— 53775 ] (28275) "2 dz ds

t>0,zeR (2.16)

and

€ t £ |z =z 3/2,_.\—1/2
IQ(t,x):/S:0/|Z|>2M|N (t—s,z)|exp [— 53725 (2°7ms)” ' dz ds.

t>0,z€R (2.17)

Clearly
sup |I£(t,)] < T sup |[N“(s, 2)]. (2.18)
0<t<T 0<s<T
<M 2]<2M

so by Lemma 2.5, I7 has the proper large-deviations type decay. Thus,
we need only to show the proper large-deviations type decay of I5. We
will get this from breaking up the integral in (2.17) into a countable
number of subintegrals and using Lemma 2.5 on each subintegral; the
exponential decay of the mapping z +— exp[—|z —2|?/(2%/25)] will allow
all of these applications of Lemma 2.5 to combine in a boundable way.
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We begin our analysis of I5 with some notation to simplify our task.
As we stated, we will want to break up the integral in (2.17) into blocks.
For each j =1,2,..., define

NNl n,r = sup |IN®(t, )|
0<t<T
2jM<zL2(j+1)M
N[0 = sup IN*(t, 7).

0<t<T
—2(j+1)M<z<-2jM

We leave it to the reader to check that with this notation

Y,
sup |I5(t,z)| < M+/3T/x Nl ponrexp | — o — 21
aup 1560,0) < MBTTE 3 Nl |25
|$|§M 66—{"’7_}

(use the monotonicity of z —+ exp[—|z — x[2/(2%/25)] and the fact that
I, s71?ds = 2T"/?). Set now
Bo = Z(Qj - 1)? and Br = 2B04/8/T-

=1

Then for any K > 0,

Pq sup [I5(t,7) > K

0<t<T
|z]<M
5 @)~ )M
< PIM8T/m 3, [IN“|ljomm exp [‘T?s
1<j<00
(56{"‘5_}
S 2K 372,(2) — 1)_2}
- 260

<P {||NE| (25 — 1)M|2] 2K(2j-1)7

o, MA/8T /T exp [— 5372 25,
for some ] =1,2,... and some § € {+, —}}

2j — 1)M*| _ 2K(2j —1)?
< 5 PV oo [ DM 2D,

1<5<00
de{+,-}
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Now use Lemma 2.5; we get that

P4 sup [I5(t,2) > K

0<t<T

lz|<M
> Py v K 2 exp||(2] — 1)M|2/(23T)]

ifforall j =1,2,...,
1 K expl|(2) — )M/ (272T)]
BT @1y
We can take the second term in the Taylor expansion of the exponential
function to see that
expl|(2j = DM*/(2°T)] _ (25 — )M/ (2**T) _ M’

(25 —1)2 - (25 —1)2 B 23/2T'(

> o, m,1-

2.20)
Thus (2.19) holds for all j =1,2,... if

., K M

OMIT g NT 22T

We can also use (2.20) to see that if (2.21) holds, and ¢ < 1,

e<h

(2.21)

P < sup |I(t,z)| > K
0<t<T
ol <M

hl,M,T< K )2 M*
<exp |—

g2 \B/MJT) 2°T?
23 exp [_hw< K (el —owerern) e ;%)

g2 \BMVT (25 —1)? - B2

Foarr K2M?
< exp |- g2 8T3/3?

23 ey [_hl,M,T( K Y (sl vuryen) )

SLMVT (25 —1)? 2277

for any K > 0. The last infinite sum us convergent. It does not
depend on ¢, and gives us the desired large-deviations-type bound for
I5. Combine finally (2.9), (2.12), (2.15), (2.18), and (2.22) to get the
statement of Lemma 2.6. O
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Also, for later use, we record a lemma about the behavior of u(t, z)
for large = and for some interval of times ¢ € [tg, o + 7).

Lemma 2.7. Fiz ty > 0, and fix a constant T > 0. With probability
1, there exists a constants K > 0 and a random point xy such that if
to<t<ty+T and x > xq, then

u(t, ) < exp (—K:C2) .

Proof. Thanks to Lemma 2.4, it is sufficient to prove the analogous
result for 4. By rewriting (2.2) as

u(t,x) = u'(t,x) + N°(t,z)

where

W(ta)= [ Gt - yuoly)dy,

—0o0
it is in turn sufficient to separately prove the analogous results for o’
and N°.
Let’s first look at @', which is completely deterministic. We can use
conditions (C.1) and (C.2) on ug to derive the bound

—1 ot |z —y[? —1/2
a'(t,x) < e exp | — (4mt) = *dy

_ 2
_/ e expl ° Zt+ i ](47rt)_1/2dz. (2.23)

Ifz>aand 2> 0, then [t —a+ 2> > [z —a* + 2(x —a)z + 2% >
|z — a|? + 22, so we can continue (2.23) as

_ 4 |z — al? —22/(4t) ~1/2
a'(t,z) < / el exp |——— —|e (4mt) ™ *dz
0

— al? &)
< e'exp [—%] / e = 1W) (47t) 12z
b1 (2.24)

This clearly implies that if z > 2a,

@(t,z) < %texp l— WQ)?] - e—texp [—m—Q] . r>2

4t
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Now let’s look at N¢. To see why N° might have the desired expo-
nential decay in z, note that

E[|N¢(t,z)|*]
= ¢’ /:0 /_00 Gt — 5,2 — y)E [(u(s,y) A1)(1 — u(s,y) A1) dyds
e (2.26)
= g2 AZO ‘/700 eQ(t—s)GQ(t — s,z —y) (Ela(s,y)] A1) dyds.

By taking the expectation of % in (2.1), we can see that Elu(t,z)]
satisfies the same deterministic PDE as @'. Thus both E[u(t, z)] and
G(t — s,z — y) have exponential decay in z, and it is hence reasonable
that E[|N¢(t,z)|?] should as a consequence also have exponential decay
in x.

Rather than directly pursue the above line of analysis of N¢, let’s use
the fact that # — N¢(0,z) trivially has the correct exponential decay
in z since N(0,-) = 0. Thus exponential decay of z — N¢(t,z) would
follow if the Holder continuity of N¢ decays exponentially. We shall
show this by a minor modification of the Kolmogorov-type estimates
of [Wal86], Lemma 3.3. The exponential decay in z will follow from
calculations like in (2.26). Fixing now any n > 2, there is a K which
depends only on n such that for any x and z’ in R and any ¢ and ¢ in
[0, 7],

T /
/ ‘e(t_s)G(t —s,x—y)— e G — 5,2 — )
s R

‘ 2

x ((als,y) A1)(1 = a(s,y) A1) dy ds}™?] .

Here we have extended G to the negative time axis by setting G(t,z) =
0 for all t <0 and z € R. Set now p = n/2 and ¢ = n/(n — 2). Also,
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fix any 0 < o < 2. Then by Hoélder’s inequality,
E[IN*(t,z) = N°(t',2)|"]

T ) a
<e’KE {/ / ‘e(t_s)G(t—s,x—y)—e(t _S)G(t'—s,x—y)‘ !
s=0JR

n/(2p)
x [(a(s,y) A1)(1 —a(s,y) A1) dy ds}

n/(2q)
T , —a
X {/ / ‘e(t_S)G(t—s,x—y) — el _S)G(t'—s,a:—y)‘(2 )qdyds} ]
s=0JR
(2.27)

< €2KE {/T / 20m/2 {e(tfs)oen/QGomﬂ(t —s.T — y) + e(t'fs)oen/QGom/Q(tl — s r— y)}
- s=0 JR ’ ’

x [(@(s,y) A 1)(1 = a(s,y) A1) dy dS}]

. , BN
X {/ / ‘e(t_s)G(t—s,x—y) — et _S)G(t'—s,x—y)‘ dyds}
s=0 JR

for all z and z’ in R and all ¢ and ' in [0,7]. Now a very careful
analysis of the calculations of [Wal86] Lemma 3.3 shows that if

o
1+«

n>6-—6 : (2.28)

then there is some K’ which depends only on n, « and 7', such that

T : CRS
{/ / ‘e(t_s)G(t—s,x—y) —elt _S)G(t'—s,x—y)‘ dyds}
s=0 JR

3—(2—a)q)/2 ™ (20)
<{K At —t| + o’ - 2[y*=C~02) (2.29)
_ K2 ([ _f] 4 |of — g} DD +R-a)2

for all z and 2’ in R and all ¢ and ¢ in [0, 7]. This bounds the last term
on the right of the last inequality of (2.27). To bound the first term on
the right of the last inequality of (2.27), move the expectation operator
inside the dy and ds integrals and use the easily-verified calculation
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that

E [‘(ﬂ(s,y) A (1 —a(s,y) A 1)‘71/2]

IA AN INIA

for all s > 0 and y in R. We use here the fact that n > 2 and also the
previously-mentioned fact that E[ua(t, )] is equal to @'(t,z). Thus by
(2.25), for any t" in [0,7] and any z" > 2a,

T
/ / e(t—s)an/2Gan/2(tll —s,z— y)a/(s’ y)dy ds
s=0JR

t”

2a
< eanT/Q/ / Gan/Q(tﬂ — s, 2" — y)(l)dyds
0 e (2.30)

+ eomT/Q /T oo CTWC”/2 (t” — s, " — y) (%SeyQ/(Hss)) dyds.
s=0 J2a

Calculations similar to those of (2.24) and (2.25) show that if

on
4

[\CRVN]

<, (2.31)

then

" r2a
~ /_ Gan/2(tll — s, 2 — y)dy ds
t’l

< / Go™2(s, 2" — 2a + 2)dz ds
s=0J0

an |z" — 2a? 1/o— 2 \2 " _
< _an A )L/2—an/4 (_) / 1/2—an/4
= &P [ 2 4T (4) an SZOS
(2.32)

o0 2 —1/2
></ exp _anz (47r (i) s) dzds
0 2 4s an

3/2—an/4 1/2 2
< T / (47T)1/2—an/41 (l) / exp _an " — 2a
3/2—an/4 2 \an 2 AT
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for all ” > 2a. Similarly, upon setting x, o, = 2/(an) + 4, we see that

/T o Gan/Q(tll — s, 2 y) (%Seyz/(lfis)) dy ds
s=0

II t” —_ 2
[ ex p[ i ](47r(t”—S))_a"/26_92/(165)dyd8

- 5=0 2 4(t" — s)
6 l—an/4 ¢ 1/2
< 9 (47T) Ka,n /5:0 (t" _ 8)an/2—1/2
o [exp |~ (27— ) exp (47r0) 0589
R Ko n(t" — s) ’ 4K,a’n8 ’
el 1\2 1 1/2
1/2—an/4, 1/2 (=") " —1/2/ s
<5 2 (47T) n €XP l 4ﬁa,ntII] (t ) _ (t" _ S)an/271/2 ds
T T3/2—om/2 (xII)Q
< _ (4 1/2—an/4 1/2 s .
< 5 (m) Fan \ 372 —anj2) P | dkant’ |
these calculations holding if
an 3
— < - 2.34
T <1 (2.34)

Combining (2.27), (2.29), (2.30), (2.32) and (2.33), we see that if o and
n satisfy (2.28), (2.31) and (2.34), then there are constants C; and Cj
depending only on «, n a and 7" such that

E[|N¥(t,2)~N°(t,a")["] < Cy {[f' — 1] + |’ — g} F/AOm7Cm00) o

for all 2a <z < 2’ and all ¢ and ¢ in [0,7]. Clearly (2.28), (2.31) and
(2.34) hold if n > 6 and « is small enough. If we then define

[N®(t,z) — N°(t', ')

N°¢ = sup

[ ]”’T’ﬂ satemnit] {[t —¥] + |z — 2|}
t,t'€[0,T]
(t,z) At 2')

for all 0 < 8 < 1/4, and n > 2a, then for each 0 < § < 1/4, by the
celebrated Kolmogorov estimate of continuity, there are constants Cj
and C; depending only on «, n, § and T such that

E [[]\75] ] < £2Cy exp[—Cya?] (2.35)

n, T,

for all n > 2a.
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This is enough to complete the proof of the lemma. Since N¢(0,-) =
0, clearly for any fixed 0 < 8 < 1/4,

P{ sup fwuw>za@“ﬂ}sp{awwwpw] > o)

0<t<T,n<z<n+1 n,T,8 —

< T +1) ey (V]

S 62(T+ 1)—,3€—C4n2/2

for all n > 2a. Since Y%, e~"*/2 < oo, Borel-Cantelli implies that
for almost every w in €, there is an integer n(w) such that

Ne(t,z) < e=Cam’/2 < = Cale=1'2 o<t <T n<z<n+1

for all n > n(w). Thus N°¢ does indeed have the desired exponential
decay in x. This provides the final step of the proof. O

Next we define the historical process H; mentioned at the beginning
of this section. Historical processes were introduced by Dawson and
Perkins [DP91] for the super-Brownian motion, and a version of the
historical process with interactions was constructed by Mueller and
Perkins [MP92] for solutions of

Up = Ugy + a(u)W

U(O, 33) = uo(x) t>0,z€eR (2.36)

They used the historical process to prove compact support in x for
solutions of

Uy = Upg + ©'W
u(0, ) = up(x).

for 1/2 < < 1, provided that uy has compact support.

Here is an intuitive description of the historical process H;. We wish
to represent u as the density of a cloud of infinitesimally small particles.
These particles are undergoing branching Brownian motion, with rate
influenced by the solution u. Although u(t, z) gives information about
the location of particles at time the current time t, it does not tell us
about the ancestry of the particles. Our goal is to show that a small
collection of particles dies out quickly. If this collection of particles
corresponds to u(t,z) with x large, then proving that the particles die
out will allow us to show compact support.

Now we give the rigorous definitions. We define the historical process
Hi(A) for t > 0 and A C CJ[0,t], where CJ[0, t] is the set of continuous

t>0,z€eR (2.37)
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functions y : [0,¢] — R. We also use the notation

H(6) = [ o)Hi(dy)

where ¢(y) : C[0,t] — R is a measurable function. Next, we let A be
the operator which was called A or A ,, in [MP92], pages 332-333.

Let us describe A intuitively, and refer the reader to [MP92], [Fit88],
and [Fit91] for details. First, suppose that the initial mass is finite, and
let ¢ denote this initial mass (the case of infinite initial mass can be
taken care of by an obvious limiting argument). Then imagine that
we have a finite system of ¢n Brownian motions, which do not branch
or interact and which are independent of the solution u of (1.1). The
state space is usually taken to be the positions of the particles at the
current time. However, we could enlarge the state space to consist
of finite sets of paths defined up to time t. This would include the
historical information about the particles. One could further modify
the state space to consist of measures on C|0, t], by giving the path of
each particle a weight 1/n. We call this new state space X'. Of course,
the generator of the original particle system could be extended to an
operator A\ acting on this larger state space. One could then take
the limit as the number of particles n — oo and the weight 1/n — 0.
Except for the branching, this is the same limit one takes to get the
super-Brownian motion. Finally, one verifies that the A = limy_,, A\
exists in the appropriate sense, and is still defined on X.

Then, Hy(¢) is the real-valued solution to the following martingale
problem. Take any function ¢ : R x C — R such that for each ¢ > 0,
the mapping y — ¢(t,y) from C to R in fact depends only on {y(s) :
0 < s < t}. Furthermore, let y — ¢(¢,y) belong to the domain of A for
each t > 0, as defined in [MP92], page 332. In particular, y — ¢(¢,y)
must be bounded and smooth in y. We require that for all such ¢, that
Zy(¢) should be a martingale, where

2(9) = Hi(6) — Ho(6) + / J(A9) + H(6) (00 = N(J, F()))] ds
=& ['11 = uls,y(s)}6 () Hi (dy)ds (2:38)

Here is a consequence of the historical process construction which
we will use in Section 4.

Lemma 2.8. For any Borel-measurable subset A of R, there exists a

solution H; of the above martingale problem with the following property.
For 0 <t <ty, define the measure V(t,-) on (R, B(R)) by

V(t,S) = H({y € C[0,t0] : y(0) € A, y(t) € S}). S € B(R)
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Then, V (t,-) has a density v(t,-) with respect to Lebesgue measure on
(R, B(R) which satisfies

V= Vg +0(1 —u) + e/v(1 —u)W >0, z€R
v(0,2) = 1(z € A) (2.39)

for some white noise W. Here u is the solution of (1.1).

Proof. We need merely observe that if we regard u as fixed, then a
modification of the argument of [MP92] shows that (2.39) has a unique
solution in the sense of measure valued processes. Also, standard re-
sults about the superprocess show that the solution has a density. Since
V (t,dx) is such a measure-valued solution, Lemma 2.8 follows. O

Now we show that with probability 1, b(t) < co. In other words, we
show that the support (in z) of u(t, -) has a finite supremum. Compact
support of the intermediate region would follow if we could show that
a(t) > —oo. But this fact follows if @(t,z) = 1 — u(t, —z) has support
with a finite supremum. Note that @ satisfies

~ o~ (~ ~2 ~ 1 ANTA
Uy = Ugy — (T — T°) +y/U(l — @)W 1>0 2R

u(0,2) = 1 — up(—2x).

Since the above equation has the term — (@ — @?) rather than @ — 4? as
in (1.1), we can again use coupling methods to bound @ from above by
a solution of (1.1) (with a different initial condition which also satisfies
(C1) and (C2). Thus if (1.1) has support which is bounded on the
right for all initial conditions u, satisfying (C1) and (C2), it must in
fact have a compact intermediate region. This reduces the problem to
showing only that b(t) < oo for all ¢.

It is easy to modify Lemma 3.3 of [Mue91a] to show that u has the
Markov property, even the strong Markov property. Thus, we can start
afresh at time ¢y. Let

u(l —u) if v < x4
\/u((l—u)\/%) if x > 214

For z; < x < 2z, define F(z,u) by linear interpolation in z. The rea-
son for this definition is that by Lemma 2.7, if z; is large enough, then
with arbitrarily high probability, F(z,u(t, x)) = \/u(t, z)(1 — u(t, x)).
Next, let

F(z,u) = (2.40)

Uy = Ugy + eF (z, )W

t>0,z€R 2.41
4(0,) = u(te, ) =0 (241)
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By the above comments, we see that if z; is chosen large enough, then
there exists a solution (¢, z) to (2.41) such that with high probability,
if x > 2z, then

u(t,x) = u(to+t,z) for 0 <t <T (2.42)

Uniqueness for (2.42) is not guaranteed, but again using the results
of [Shi93], Theorem 2.5, we can at least assume that one solution exists.

Now we prove compact support to the right. Motivation comes from
[MP92], in the argument given near equations (3.15) and (3.16). As-
sume that we are dealing with the historical process Hy(-), which is a
measure on paths. We consider sets of paths which have large incre-
ments and which pass to the right of 2x;, and show that such paths
have small measure. Sets of paths with small measure die out quickly,
at least if u(t,z)dx behaves like a super-Brownian motion. It will be-
have in this way if u(¢,z) is far away from 1, which occurs for large
values of z. But if most paths have small increments or stay to the left
of 2z, then the support cannot move very far to the right. Let C be
the space of continuous functions y : [0,00) — R, and for j < k, let

83 ={vecC:y@i2™) > 2x}
Sey={vecC: ly&2™) —y({§2™")|>ch(k-j2™")}

El — . :
SO = {y €C:  f, ¥t < Xl}

Sy =Sy [Seusel-

Here,

h(z) = coy/x log™ (%)

Let p be the smallest time ¢ such that sup,.,, u(t,z) > 1/2 If this
never occurs, let p be oo.
Suppose that u(dz) is a nonnegative measure on (R, B(R)). Let

P.(A) = /_ °:O P.(A)u(dz) A€ B(C) (2.43)

where P, is the measure on C generated by Brownian motion started
at z. Now, if y € C, let

oy Jyls) ifs<t
y(s)—{A if s > ¢,

with A here being a graveyard state.
Let Q denote the law of the historical process H. We shall also
use Q to denote the expectation with respect to the probability Q.
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The following is a modification of Lemma 3.1 of [MP92]. Let ¢ be a
bounded measureable function on [0,00) x C, which depends only on
s and {y(r) : 7 <t}. Then we have

Lemma 2.9. Let p(dz) = uo(x)dx. Then
Eu[6(t,y)] < Q(H(9)) < e"Ey[o(t,y)]-

Proof. For any ¢ as above, let s — (s,y) be a right-continuous,
bounded, optional version of the martingale E(¢(¢,-)|F;)(t) for each
fixed y € C. We may assume that ¢(s,y) = ¢(s,y) for all s > ¢t and
y € C. Then, as in [MP92], Lemma 3.1, we have that ¢ lies in the
domain of A, and that Ay = 7. Combining this fact with the bound
0 < u < 1, and using (2.38) and Ito’s lemma, we have by a simple
Gronwall argument that

[ 60.2)n(dr) < QL) <& [~ 6(0,3)p(dx)

o (2.44)
where the z in ¢(0, z) denotes a path y of length 0, which takes on the
value z. 0

Next, let
S(t) = Snjk(t) = Hiz-nienp(S\))-
We again let u(dz) = wo(r)dz, and let ¢, ,k(s,y) be an optional,
bounded, right continous version of the martingale s — P,y € S\ | | F;](T)
such that
Pnik(t,y) =1y € S\)))

for t > k27", y € C. From now on we suppress the subscripts, which
are becoming tiresome.

We conclude that A¢ = 7. From (2.38), we can use Ito’s lemma
as we did in the proof of Lemma 4.9 to show that e7*S(¢) is a ]-"Si'—
submartingale, where }ﬂﬂ = Flle-\4u- Let

e 'S(t) = M(t) + A(t),

where M(1) is a fdﬂ martingale, and A(?) is a nonincreasing optional
process. Then, (2.38) implies that

(ye=e [0 [T e < pglatru)i (v € SR (DY
and
o) = - — =,
Let

v(s, x)dz = H,({y : y € §,1()) € [§}),
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and note that for all (s, z),
v(s,z) < u(s, ).

Also, v(s,z) = 0if s < p and = < zy. Then, we have
t roo
(M) — (M)s = 82/ / e 1 (k27” +s<r<k2"r< p) g(a(r,z))v(r, z)dzdr

t roo
> 082/ / e 1 (kQ’" +s<r<k2m™r< p) v(r, z)dxdr
s oo (2.45)
> 052/ e "1(r < p)S(r)dr

To use the Lemma, we let ( = (s = inf{t : S(t) = 0}
The following lemma substitutes for Lemma 3.4 of [MP92]. We let
(s have the same definition as above, even for a different process S(t).

Lemma 2.10. Suppose that (e *S(t), Hu) is a nonnegative continuous
submartingale such that e *S(t) = M(t) + A(t), where M(t) is an H,,
martingale, and A(t) is an optional nonincreasing process. Let T > 0
be a H,, stopping time such that for some ¢ > 0,

(M), — (M), > e*c? /t e "1(r <T)S(r)dr

s

for all 0 < s < t. Also assume that
t

Alt) > — / e S(r)dr.
0

Then, for t,e fized and Z(0) small enough, we have

CZ(1)

P((sANT >tH,) < ————.
(CS > |H)—8e(oo_'|,|_|)

Proof. The assumptions of Lemma 2.10 imply that for ¢ < T,
S(t) < Z(1),
where Z(t) satisfies

dZ = Zdt ZdB
+ecVZ (2.46)
Z(0) = 5(0)
for some Brownian motion B(t). It suffices to show that
CZ(1)
e€(co—17L)
Since (z AT < (z, it is enough to show that

P(Cz/\T >t|H/) <
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Lemma 2.11. Let Z(t) satisfy (2.46). Then, for t,e fized and Z(0)
small enough, we have
CZ(1)

g€(c0 —171)
Proof. Although Lemma 2.46 seems to be a folk theorem, we give some
indication of its proof. We express Z(t) as the weak limit of a sum of
continuous time branching processes. Let X,,(¢) be a continuous time
branching process with the following parameters. Let A\ = ?m. The
process starts with one particle, so X,,(0) = 1. Each particle, after
an exponential holding time with expected value 1/, either dies (with
probability 1/2 — 1/(2))) or splits into 2 particles (with probability
1/2+41/(2X)). Of course, A must be large enough such that the above
probabilities lie between 0 and 1. This condition will be satisfied if m is
large enough, and later we will let m — oc. Suppose that {X? (¢)}2,
are i.i.d. copies of X, (), and that Y;,,(t) = X7 X1 (1), where [Z(0)]
denotes the greatest integer in Z(0). It is well known that Y;, converges
weakly to Z as m — oo. Let (, denote the first time ¢ at which the
process V/(t) reaches 0, for V(t) = Y (¢) or V() = X' (t). Let

Pm(t) = P{(xy, <t}
Again, it is well known that p,,(t) satisfies
A 1
/ _ 2 2
Pa(t) = 5 [1=p(O) + 5 [p(1)* = 1]
Pm(0) = 0.

A short calculation shows that

P(Cs < t|H,) = (2.47)

et —1
) = — .
pm() ii—}et—l

Then, by weak convergence, and substituting A\ = ¢2m, we have
P{¢z <t} = lim P{(y, <t}

— lim p,, (£)Z©@Im
lim pp(t) (2.48)

Approximating the final term in (2.48), we obtain Lemma 2.11. O
This also finishes the proof of Lemma 2.10 O

Now we follow (3.16) of [MP92]. We need the following, which was
Lemma 3.1 in [MP92], but first we set up some notation. Suppose that
wu(dz) = ug(x)dx, as before.
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Using Lemma 2.10 and Lemma 2.9, we compute
Q{¢snp > (k+1)27"}
<e2"Q(1(p > k27" Hy2-0(S))
c2" —n ca—1 \No—"n
< 5 PAlY (R277) = Y(5277)| > ch((k - 5)277) }
(by Lemma 2.10)
n _ 2)9—n)2
2u®) (_ ch((k—j)2™) ) (2.49)

IA

g2 2
(by the reflection principle)
c2"
e2u(R)
where the last line holds for all £ — j < 2"/2 and n > ny(c). We may
choose n > 0 sufficiently small so that

< 2n—n02/2(k . j)c2/2

2+n+nc*/2—c*/2 <0.

Since Hj11)2-n44(S) is a continuous nonnegative martingale, it sticks
at 0 as soon as it hits 0. Therefore, we have shown that for L € N,

Q{p >L+1, max{st%) Hgy1)2-n44(S\,11)

10<j<k<2"L, k—j <27} >0}
< CLpR)

2n(2+n)fncz/2+nnc2/2
S o

which is summable over n by the choice of 7. Note that p = p(zo)
depends on zy, and that limg, ., p(z9) = co with probability 1. Then,
by the Borel-Cantelli lemma we may fix w outside of a Q-null set such
that p(zg) — oo and for any L € N there is an ny(Lw) such that for

all n > ngo(L) if p > L + 1, then
Hy(S\1) =1

forall 0 < j < k < 2°L, k—j < 2", t > (k+1)27". Fix L € N,
choose zy = zo(w) such that p(zo)(w) > L + 1 and set ng(L,w) =
no(L, N(w),w). If n > ng(L), then

ly(k27") —y(527")| < ch(k —j)27"
forall j <k < L2" k—j<2™ (k+1)27" < t; for Hy-almost all y,
for all £ > 0.

. From here, we slightly modify the proof of Lévy’s modulus of con-
tinuity of Brownian motion as given in [IM74], section 1.9. The details
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are the same as on pages 341-342 of [MP92], so we refer the reader to
that paper. We conclude that

ly(u) —y(v)] < (14 2n)ch(u —v) (2.50)

for all 0 < v —u < 270EWA= = §(L ¢, n,w), 0 < u < v <t for
Hi-almost every y, for all ¢ < L.

We have reached the conclusion that the supremum of the support
of u(t,z) (in ) is a continuous function of ¢. Therefore, the support of
u(t, z) (in z), and hence the support of u(t,z) (in z), must be compact
to the right of 0. This proves Lemma 2.1, assertion 2.

Now as mentioned earlier, a similar argument shows that the support
is compact to the left of 0, and thus Lemma 2.1 is proved. O

The techniques we have used to show compact support also give the
following result, which we will need in Section 3. We leave most of the
proof to the reader.

Lemma 2.12. Suppose that
up(z) = 1(z > 0).

Fizty,r > 0, and let Y be the set of pathsy € C such that infoci<y, y(t) <
—2r/3. Fory € Y, let T(y) be the first time t such that y(t) = —r.

Let Z be the set of paths y € Y such that if T(y) < s < t < to, then

ly(s) —y(t)| < r/3. Let Z be the event that for 0 < t < ty, we have

Hi(2)=1. Let V be the event that

sup sup u(t,z) <
0<t<to z<—r/3

|

Then, if 7/t is large enough,

cr?

P{VNZ} > P{V} - exp (‘T) .

Proof. We merely outline the proof. In this section, we have shown that
if ug has finite mass, then the paths have a certain modulus of continu-
ity. This result would imply Lemma 2.12; except that the initial mass
is infinite. We content ourselves with showing that with probability 1,

Hi(Y) < oo for all t.
Recall that we used the notation u(dx) = ug(x)dz. For y € C, let

p(ty) =1( Sigsftoy(s) < -=2r/3).

By Lemma 2.9, we have

Q(He(p(t,)) < e"Eu{o(t, )}
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On the other hand, if B(s) is a Brownian motion, the reflection prin-
ciple gives

E et )} = / P{ 1nf B(s) < —2r/3}dz
/O 2P${B(t) < —2r/3}dz

o0 1 2
<2 — exp T dx
2r/3 2mt

- 2(27«/3 V2r /Zr/g (‘%i) %

cr
S cexp (- T)

for large r. Therefore, using Markov’s inequality, we have

JVE
for large r.

In the above calculation, we defined ¢ with respect to Y. To finish
the proof, one should define ¢ with respect to Z and then use the
modified proof of Lévy’s modulus of continuity which was given before
(2.50). We leave this calculation to the reader. O

3. UNIQUENESS OF THE INVARIANT MEASURE

We now use coupling to prove the uniqueness of the invariant mea-
sure of the intermediate region. It follows that the limiting speed is
a constant almost surely. Our method uses the coupling technique of
[Mue93]. That article, and also [Sow92] and [PZ], show uniqueness of
the invariant measure for equations of the form

Up = Ugg + a(u) + b(uw) W,

where z € [0, 1] and u satisfies periodic boundary conditions. [Sow92]
uses a semigroup technique which only works for small b(u). Although
[PZ] gives a rather general technique based on proving the strong Feller
property, several of their conditions break down in our case, and we
have been unable to use their method.

First we give an assumption, which we will verify in Section 4.

Assumption 3.1. Suppose that u and v are 2 solutions of (1.1) which
evolve independently. Let L,(t) and L,(t) be the length of the inter-
mediate region for u and v, respectively. Then there is a constant K
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and a stopping time T such that with probability 1, L,(1) < K and
L,(r)<K.

Thus if u, v, and 7 are as in Assumption 3.1, then at time 7 the width
of the intermediate region for each solution is less than the constant
K. Then we translate them such that the intermediate region for z —
u(T,x + 1) is contained in [—K, 0], and the intermediate region for
x +— v(T,x + x2) is contained in [0, K. If we let D(t,z) = v(T +t,x +
x1) —u(T+t, T+ o) be the translated versions of u and v, then D(0, )
is a nonnegative function with support contained in [—-K, K.

Now we use a fact about the super-Brownian motion X;(dz). Sup-
pose that the initial measure Xy(dx) is finite. Then it is well known
that X;(dz) dies out to the 0 measure in finite time, with probabil-
ity 1. Indeed, the total mass M(¢) is a nonnegative martingale with
quadratic variation M (t), so M (t) is a time-changed Brownian motion
which dies away to 0 in finite time, with probability 1. We are able to
couple u(7+t,x+x1) and v(7+t, x+x2) such that D(¢,z)dz resembles
the super-Brownian motion. Recall that in one dimension, the super-
Brownian motion has a density satisfying u; = gy + u/?W, which is
similar to (1.1) when u is small. Thus, it will follow that there is some
positive probability py > 0 that D(t,-) = 0 for some ¢t € [0,1]. We
will show that the same lower bound py holds uniformly for all initial
conditions u(0, ), v(0,-) with intermediate region of width less than
K. If this event occurs, i.e., u(t,-) = v(t,-) (or alternately D(t,-) = 0),
then we say that we u and v have completely coupled (whereas simple
“coupling” referes to finding weak solutions of two SPDE’s on some
common probability triple). If it does not occur, then we wait until the
intermediate regions for u and v have again become narrower than K,
and try to completely couple them again. There are infinitely many
chances to completely couple u and v, so the complete coupling must
eventually occur.

In this section, we only estimate the chance of coupling for one event
of the above kind. The rest of the argument is carried out in Section
4.

Here are the details.

Lemma 3.1. Suppose that Assumption 3.1 is satisfied. Let ug and vy
satisfy the conditions of Theorem 1 for the initial condition to (1.1).
Then there are solutions u and v to (1.1) with initial conditions uy and
Vo, and a random time T' < oo which is almost surely finite, such that
u(T,z) = v(T,z) for all x € R. In other words, u and v completely
couple together at time T .
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If u and v do completely couple at such a time 7', we can then define
new processes ' and v' such that

u'(t,z) =u(t,z) and o'(t,z) =v(t,xz) O0<t<T,z€R

and v'(t,x) = v'(t,z) for all t > T and z € R such that both »' and
v’ solve (1.1) with the appropriate initial conditions and different (but
related) noises.

To see that complete coupling in finite time, as given in Lemma 3.1
follows from positive probability of complete coupling in finite time, we
can inductively define a collection of stopping times {7; : i =1,2,...}.
Let 71 be the stopping time referred to in Assumption 3.1, such that
L,(r1) < K and L,(m;) < K. Now suppose that we have defined ,.
Let u™(t,z) = u(r, + t,7) and v™ (¢, ) = v(r, +t,7) for all t > 0
and r € R. Lemma 3.2 will show that there exists a constant py > 0
and a coupling of u™ and v™ for 0 < t < 1 such that with probability
at least pp, u{™ and v(™ completely couple by time ¢t = 1. If u(® and
v(™ do not couple by time 1, we use the strong Markov property of
solutions as in [Mue9la] (his proof carries over to our situation) to
start u and v afresh at time ¢ = 7,, + 1. Assumption 3.1 guarantees the
existence of the stopping time 7,41 > 7,, + 1 such that L,(7,41) < K
and L,(7,41) < K. This completes the inductive definition. Let C, be
the event that v and v completely couple for some t € [r,, 7, + 1]. By
our construction,

P{e\ck, N ne_} > v

Therefore, by a simple probabilist argument, there is a probability of
1 that one of the events C\ occurs.

This chain of reasoning depends on Lemma 3.2, which we now state.
We analyze the probability that, for ¢ € [7,,, 7, + 1], v and v are com-
petely coupled by time t = 1.

Lemma 3.2. Let u and v be independent solutions of (1.1) with initial
conditions ug and vy such that L,,(0) < K and L,,(0) < K. Let & be
the event that that u(t, ) = v(t,-) for some 0 <t < 1. That is, u and
v are completely coupled together by time 1. Then there is a positive

constant py such that
PIE}>

The dependence of py on ug and vy is only through the constant K.
The proof of Lemma 3.2 will take up the rest of the section. Let

D(t,z) =v(t+t,x +x1) —u(T + t,x + z2) (3.1)
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where u, v, and 7 are as in the statement of Assumption 3.1 and x; and
xy are chosen as before. That is, the intermediate region for u(r,-) is
contained in [— K, 0], and the intermediate region for v(, -) is contained
in [0, K]. Thus, z — D(0,z) has support contained in [—K, K]. Now
let

i(t,z) =v(T+t,x + 1)

u(t,z) =u(t +t,x + o) (3:2)

We introduce a coupling of v and v for 0 < ¢t < 1. This coupling
induces a coupling of u and v for 7 <t <7+ 1. For t < 7, we assume
that u and v are independent. We want u and v to evolve according to

Uy = Ugg + 0 — 02 + ey/0(1 — 0)W,

0(0,z) =v(r,z + 1) +>0 2 €R

Uy = gy + 0 — @2 + /(1 — @)W, (3.3)

u(0,z) = u(T,z + x2)

for some white noise fields W, and W,. Motivated by [Mue93], we
choose W,,, W, in the following way. We wish D(t,z)dz to be as much
like the super-Brownian motion as possible. The super-Brownian mo-
tion dies out in finite time, and has continuous coefficients. If D dies
out, then u and v have completely coupled together. Continuous coef-
ficients are necessary for existence of solutions. Let Wi, W5 be inde-
pendent white noises. Let

Wv = Wl

. 1. . (3.4)

Wu = (1—[D[)” Wi + D[V,
Our next lemma is an adaptation of Lemma 3.1 of [Mue93].

Lemma 3.3. With u and v as in (3.2), (3.3), there exists a solution
(u,v) to (3.4), such that with probability 1,

0 <a(t,z) <o(t,x)
forallt >0 and z € R.

Proof. We only give an outline of the proof of Lemma 3.3. For exis-
tence, we refer the reader to [Shi93]. Existence depends on the fact that
the coefficients are continuous and vanish when 2 = 0 or ¥ = 0. The
proof that @(t,z) < 9(t,z) for all t > 0 and x € R relies on compari-
son theorems of the type proved by [Kot92], [Mue91b], and [DMP92].
These comparison theorems hold true for Lipschitz coefficients. Since
the coefficients of (3.3) are not Lipschitz, we would approximate them
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by Lipschitz functions, and then take the limit. This type of argument
is carried out in detail in [Shi93]. It is essential that the coefficients in
(3.3) are continuous, or we could not approximate them uniformly by
Lipschitz functions. O

~ Then, as in [Mue93] equation (3.4), a short calculation shows that
D satisfies

thDm—i—D-(1—u—v)+6l<\/ﬁ(1—ﬂ)—\/17(1—17))2

D]
— 1
1+ (1—|D|)>

+2y/u(l — w)y/o(1 - v) ] i (3.5)

where W is some 2-parameter white noise. For later use, we let

h(t,x) = h(t,z, D, u,v) [(\/u (1—a) \/17(1 —17))2

D
+24/a(l —a)y/o(1 - 0 (1| —||DD%] .

1
2

Another short calculation gives the existence of a positive constant C'
such that

C~'D3(t,2)(1 — D3(t,2))% < h(t,z, D,a,v) < CD3(t,z)(1 — D2 (t,

Here, we use the fact that D = 4 — 9.

Now we create a new process D), which satisfies the same equation
as D, except that is has a strong downward drift. Later we will use
Dawson’s [Daw78] Girsanov theorem to show that D and D generate
absolutely continuous probability measures.

Let D be a nonnegative solution of

D, = Dyy + D — D?> —yD +¢h(t,z, D, @, 5)W
D(0,z) = D(0, ). (3.7)

Note that (3.5) and (3.7) are the same, except that (3.7) has the extra
term —yD. Here is a modification of Theorem 5.1 of [Daw78].

Lemma 3.4. Let P, denote the probability measure induced by D(s, x)
for s <t and x € R. Note that Py, is the probability measure induced
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by D(t,z). Then P, ; is absolutely continuous with respect to Iy, and

/Oo D(s,z)h ™" (s, )W (dz, ds)

_ ;/_;/Ot /c: BQ(s,x)h’Q(s,x)dazds) (3.8)

Proof. Dawson originally proved Lemma 3.4 for the super-Brownian
motion with mass creation. In one dimension this process has a density
z which satisfies

2t = Zgz + Y2+ z%W

His proof easily carries over to our case, and we omit the details. [
Let
o

U(t) = / D(t,z)dz (3.9)
Note that since D depends implicitly on v, so does U. Suppose that
u(t, z) remains less that 1 — 6 for ¢ € [0,1]. Then U satisfies Lemma
3.2 of [Mue93], and we can follow the argument given in that paper to
conclude that with probability 1, there exists a finite random time o,

which implicitly depends on ~y, such that U(c) = 0. Furthermore, we
can choose a large 7. and a small €, such that

1%031}<1—%; (3.10)

if v > 7, and € < e, (this may be seen from an argument like that of
Lemma 2.6). Note that if o < ¢, then u and v have completely coupled
together at or before time t.

Now we compare D to D, a similar process which satisfies D(t, z) <
D(t,z) fort > 1/2, z € R. D will satisfy (3.5), but with the same white
noise W as in (3.7), which is the equation for D. Also, we assume that

1 if —-K<zx<K
D(Om): K+1—2x ifK<r<K+1
’ —K+14z2 if-K-1<z<-K
0 otherwise

Again, using the reasoning of Lemma 3.1 of [Mue93], we can find a pair
of solutions (D, D) such that with probability 1,

0< D(t,z) < D(t, z) (3.11)

for all t > 1/2, z € R. Therefore, the support of D(t,-) is contained in
the support of D(t,-) for all 0 < ¢ < 1.
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Lemma 3.5. There exists a constant K, depending only on K such
that

>~ =

P{ U suppD(t,-) ¢ [-K1, K]} <

0<t<1
Proof. By (3.11), it suffices to prove Lemma 3.5 for D rather than D.
By modifying uy and vy, we can assume that D = u — v where v and
v satisfy (1.1) (except for the initial condition). But then Lemma 2.1
applied to u and v with uy and v, suitably modified, shows that D has
compact support in z with probability 1. Moreover, both u and v have
a compact intermediate region, and the support of D(¢,-) is therefore
compact. Also note that the initial condition D(0, -) as well as D itself,

depend only on K and w but not @(0,-) or v(0,-). Therefore, there is
a constant K; depending only on K such that

P{ | supp[D(t,")] ¢ [-K1, Ki]} <

0<t<1

N

This completes the proof of Lemma 3.5. O
Lemma 3.6. Let £, = Ex(0,€) be the event that
sup  D(1/2,2) <1—06.

—K1<z<K)

Let py > 0. If 6 and € are small enough, then
P{€x} > 00— S

Proof. Assume that u and v are such that D=u—v. Let D satisfy

Dy = Dyy + D(1 — D) 4 eh(t, z, D, u,v)W
. R t>0,z€R
D(0,z) = D(0,x)

Note that 1 —u —v < 1 — lA), so by the comparison results quoted
before, we may construct ﬁ, D on a common probability space such
that with probability 1, f)(t, z) < D(t,z) forallt > 0, z € R. By a
slight modification of Lemma 2.6, we find that for ¢ small enough in
comparison to 9,
§ cd?

w(1/2,3) - D(1/2,7)| > 5} < exp <_—2>

£/ (3.12)

P{ sup

—K<z<K)

where w is the solution of the KPP equation (1.2) with w(0,-) =
D(0,-) = D(0,-). It is easy to see that there exists a constant § > 0



34 C. MUELLER AND R. SOWERS
such that
sup  w(l/2,z) <1-—24. (3.13)

—K1<z<Ki

Combining (3.12) and (3.13), we get the conclusion of Lemma 3.6. [
Lemma 3.7. Let £ be the event that
U suppD(t,-) C [-K1, Ki]

0<t<1
and that

)

sup sup D(t,z)<1-—.

1/2<t<1 —K1<a<Ki 2

Fix ps > 0. If v us large enough and ps is small enough, then
\/

Proof. Since D is jointly continuous and depends continuously on 7, it
is follows that on the set £,

lim sup sup D(t,z)= sup D(1/2,z)<1-06.

Y70 /2<t<1 —K1<z< Ky —K1<z<K)

A

What we mean is that for large v, D(t, z) will decrease very quickly as
t increases from 1/2; so the maximum is attained near the beginning,
near ¢t = 1/2. This proves Lemma 3.7. O

Now we return to the proof of Lemma 3.2. We will see what our
results for D(¢, z) imply for D(t, z).
Combining Lemma 3.5 with (3.10), we find that

P{o<1, U supp[D(l,x>]c[—K1,K1]}>%
1725t (3.14)

Our goal is to bound the terms on the right hand side of (3.8). On
the set &, for 1/2 <t < 1, we have

>

< cDY?(1 = D)2 < c(6/2)7* (1= 6/2)"2,

SO

2t oo _ Kiy?1—6/2
7—//1) 2h(s. 7)2dzds < o)
22 )12 )0 (5, 2)"h(s, ) "dzds < — 52

(3.15)

To estimate the other term on the right hand side of (3.8), we need the
following lemma.
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v}

< exp <—cr2(t 12K (1 f/(? /2>> _ p{eby.

Lemma 3.8. Forr large enough, we have
7|

Proof. jFrom [Wal86], Chapter 2, it follows that

/122 /IZI D(s,x)h(s,z)"'W (dz, ds)

M= [ [ D(s,a)h(s,x) W (da, d
o= [, |, Dlss)hls,z) W (dr, ds)

is a continuous martingale with square variation
1—46/2
0/2 (3 16)

(), = [ 22 / I; D(s, )?h(s, ) "2dzds < c(t — 1/2) K,

on &c. Therefore, M, is a time-changed Brownian motion with time
scale T'(t) = (M);. Thus, if T(t) < Ty, we have

P{M;>r} < P{ sup B(s)>r}

0<s<T(t)
. o (3.17)

xp | —

= exp T,
for r large enough, by the reflection principle. Substituting the right
hand side of (3.16) for T}, we get Lemma 3.8. O

Now we complete the proof of Lemma 3.2. Let £ be the event that

t Ky
/ / 1 D?(s,2)h 2(s,2)W (dz,ds)| < r
0 J—K;1
Then, by Lemmas 3.6, 3.7, and 3.8, we have
€
P,y’l{g[ N 53} > 00 — exp <—J]Ci>

and therefore, by Lemma 3.4, for r large enough, and for some §y > 0,
we have

P(),l{g/ ﬂ goo} > 5[ > l

This proves Lemma 3.1.
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4. ANALYSIS OF THE INTERMEDIATE REGION

In this section, we carry out the most important part of the proof
of Theorem 1. Our main result is the following lemma. Recall that
I(t) = [a(t),b(t)] was the intermediate region, and that L(¢) was the
length of I(t).

Much of the section will be taken up with the proof of Lemma 4.2,
which gives some information about how subintervals of I(¢) fill in.
In the final part of the section, we compare subintervals of () to
individuals of a queuing process.

Lemma 4.1. Suppose that L(0) < co. Fiz o € (0,1). There is a
constant Ly > 0 which depends only on «, L(0), and ¢ such that

P{L(t) > Ly} < «
for allt > 0.

Note that Ly depends on ug only through L(0) but not the exact
shape of ug. The proof of Lemma 4.1 will take up most of this section.
We divide up R into intervals

J’rL = (nD07 (n + I)DO]a

and analyze the mass in each interval. We will specify Dy later. Using
the historical processes approach developed in Section 2, we can study
the mass which was in interval J,, at time t = 0. Let A,, be the set of
all paths y € C such that y(0) € J,. Next, for B C C, let

H['(B) = Hi(BnA,)
Also, let
M, (1) = / u(t, z)de.
J.

n

There are 2 main ideas in the proof of Lemma 4.1.

o If H}(C) is small, then HJ'(C) is likely to reach 0 quickly.

o If H}(C) is not small, then H}'(C) is likely to develop into a
“supercritical blob” which will grow to fill in the intermediate
region I(t).

Here is some idea of what we mean by a supercritical blob. For solutions
of the KPP equation (1.2), any nonzero initial condition with compact
support develops into a 2-sided travelling wave which fills all of R as
t — 0o. See citefif79 for a discussion of this point. In the random case,
small initial conditions will die out with high probability, but beyond
a certain initial size, solutions will most likely survive and spread as in
the KPP equation. We must make these ideas precise. To that end,
we define 3 types of intervals: subcritical, supercritical, and filled.
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Definition 4.1. 1. We say that J, is subcritical at time k if M, (k) <
6.
2. We say that J,, is supercritical at time k if M, (k) > 6.
3. We say that J,, is filled at time k if u(k,xz) =1 for x € J,.

Sometimes, instead of saying that an interval is subcritical or super-
critical, we say that there is a subcritical or supercritical blob at that
interval.

Lemma 4.2. Let §; > 0. There is a time ty and a width Dy and
constants 09,03 € (0,1), depending on €, ty, and Dy such that if 0 is
small enough, (also depending on €,1y, Dy, 1), then
1. If M, (0) < 8 forn—2 < m < n, and M,,(0) = 0 for n > m,
then P{M,(to) =0} > 1 —d;.
2. Suppose that M,(0) > 0. Then P {limt_)oo [2 u(t, x)de = oo} >
02
3. Suppose that M,,(0) > 6. We say that u fills up R if, for ally > 0,

there is a random time t(y) < oo such that if s > t(y) and |z| < vy,
then u(s,x) = 1. We have P{u(t,z) fills up R} > d5.

Note that claim (3) implies claim (2).
Proof. We begin with the proof of assertion (1). Let
H(A) = Y H({y€C:y(1/2) € )} NA).

k<n-—3
Let
R n+1
Hp(A)= Y H({yeC:y(1/2) € J,}NA).
k=n—2

Now we define several events. Let 5\ be the event

&, = {H(t(c0) > \) =1}.
Let D\ be the event that
30
sup sup u(t, z) < =2
to/2<i<to (n—1)Do<a<(n+2)Do Dy
Let C\ be the event that
u(t,z) =0
for 0 <t <tpand z > (n 4 2)Dy. Let By be the event that
H'(C) = 0.
We have
Lemma 4.3. (a): P{C\} > oo — Op,(0).



38 C. MUELLER AND R. SOWERS

(b): P{D\} > oo — Op,(0).

(c): P{& ND\} > P{D\} + Op,(0).

(d): P{B\ND\} > P{D\} — Op,(c0).

Here Op, (1) denotes any quantity which tends to zero as Dy tends to
oo.Here Op,(1) denotes any quantity which tends to zero as Dy tends
to oo.

Proof. Part (a) follows from Lemma 2.1.
Now we prove part (b). By Lemma 2.5, we may choose t; > 0 so
small that

Bo
P Ne(t <
{om s Nl g

1
0<t<to (n—1)Do<a<(n+2)Do 2

Again, if £y is small enough, we have

)
sup / / Glto — s,z — y)(u(s,y) — u*(s,y))dyds < —
(n—1)Do<z<(n+2)Dg DO
since 0 < u(s,y) < 1forall s >0 and y € R. Then, if § > 0 is small
enough,

sup /oo G(to,y — z)u(0,y)dy < @
(n—1)Dg<z<(n+2)Dg Y —o0 DO
These estimates and the integral equation (1.6) imply part (b).

Part (c) also follows from the reasoning in section 2, and we only
outline the proof. On the set D\, u(t, x) is not close to 1 for #,/2 < t <
to, (n—1)Dy <z < (n+2)Dy). Therefore, the same argument as in the
proof of Lemma 2.1 shows that the support of the mass corresponding
tou(to/2,z) : x < (n—1)Dy has a low probability of moving past nDj
by time ;.

To prove part (d), let lS_’\ be the event that the support of the mass
corresponding to {u(to/2,z) : = € J,} stays in the interval ((n —
1) Dy, (n + 2)Dy) for ty/2 < t < ty. More precisely,

Bi= N {Hu(teC: /) eF i) &((\—o0)Dy(\+€)D)) =1}.

Ly /e<u<Ly,
By the same reasoning as in part (c¢), we have that
P{B,ND\} > P{D\} — Op,(c0).
To prove (d), we need to show that
P{B,ND\} > P{D\} — Op, (). (4.1)

Note that if By, and D\ occur, then \/u(t, 7)(1 — u(t, r)) \/u (t,z)/2
for 0 <t < ty, and x in the support of H*. Thus, if B, and D\ occur
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and if 0 <t < ¢y, H'(C) satisfies
dH}(C) < H}(C)dt + ¢b(t)dB

where, for t5/2 <t < ty and 36,/ D, sufficiently small, we have

% HI(C) < b(t) < 2,/HF (C).

In that case, we note that H]*(C) < Z(o(t)), where o(t) is a time
change satisfying (1/4)(t — ty) < (t) 4t, and Z(t) satisfies

dZ = Zdt + eV'ZdB
Z(0)=86.
Thus, to show assertion (1) of Lemma 4.2, it suffices to show that

%1_1)1% PQ{OSI?SftO Z(t/8) =0} > 6.

Note that the above event is contained in

inf H'(C) =0.

0<t<to

We make a transformation of Z(t). Let

2 1
Y(t)=-Z2(t).
€
Ito’s lemma implies that

1
dY = dB + —Z3dt —eZ 3 dt
g

1 2
B+ ZYdt — —dt
Tty

where %0%. Let us assume that Y satisfies this equation on the whole
probability space, not just on B, N Dy. Note that if 0 < y < 2, then
(1/2)y—2/y < 0. Let ¢ be the first time ¢ > 0 such that Y () = 0 or 2.
Then, Y (¢ A () is a supermartingale, and it is easy to see that ¢ < co
with probability 1. By the optional sampling theorem

0=EY(Ql=2P{Y(()=2}



40 C. MUELLER AND R. SOWERS
so P{Y(¢) =0} =1 — /2. Therefore,
Ppf _inf Y(tAC) =0} > F{Y(C) =0} = F{C > 1/8}

0<t<to/8
>1 6 P;{ inf B(t) >0}
- 2 0 ogigto/s -
01/2
=1—— —P{ inf B(t)>
8 i, nf (t) > 0}

—-+1—-0=1as6—0.

Putting together all of the implicit assumptions, we have (4.1). This
ends the proof of part (d), and also completes the proof of Lemma
4.3. U

Now observe that

P{ inf H}(C)=0}> P{B\ NC, NDy ﬂg\}

0<t<to

and apply Lemma 4.1. This finishes the proof of Lemma 4.2, part (1).

Now we prove Lemma 4.2, part (2). For this part of the proof, let
X(t) = [, u(t,z)dx, where u satisfies (1.1) with initial conditions
stated in Lemma 4.2. Let

v = [ T ut,z)(1 — u(t, ))d.

—0oQ

(From (2.38), we see that X () satisfies
dX = Vdt+eVVdB

for some Brownian motion B(t). Then, we can define a time change

o(t) = inf {s >0: /05 V(r)dr = t}
such that Y (t) = X (o(t)) satisfies

dY =dt +edB

Y(0) = X(0) > K. (42)

Of course, there exists a constant o > 0 which depends only on K|
and ¢ such that

P{tliglo Y(t) = 00} > w. (4.3)
We hope to prove from (4.3) that

P{tli)rcr)lo X(t) = 00} > w. (4.4)
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Suppose that we could show that with probability 1, if lim;_,., Y (t) =
00, then
lim o(t) = oo. (4.5)

t—o0

Then (4.4) would follow.

What could prevent (4.5) is if u were to be very close to 0 or 1.
However, since we know that u(¢,z) = 1 for some z € R and u(t,z) = 0
for |z| large enough, there must be at least two “edges” where u(t, -)
is between 0 and 1. Thus if these edges are not too sharp, V' should
grow at some positive rate. Given such edges, we first use the Markov
property (as given in [Wal86]) to start afresh at the current time and
then we use the large deviation lemma, Lemma 2.5, to show that with
high probability, for a short time, the noise term N¢ is small. This will
imply that, with positive probability, there is some interval [t,¢;] X
[%g, 1] over which u(t, z) is not close to 0 or 1. Repeating the argument,
will show that there are infinitely many such regions. Thus, o(t) will
keep increasing as ¢t — oo, and (4.5) will follow.

Now we give a precise argument. The following lemma is probably
well known, but we give a proof for completeness.

Lemma 4.4. Suppose that {A;}_, are events such that for each i,

P{A;} > g

We do not assume that the A; are independent. Let A be the event that
at least n/3 of the events A; occur. Then

P{A} > %
Proof. Suppose that P{A} < 1/2. Then
n <F [i 1(141')]
3 i=1
< gP{A"} +nP{A}

= g (P{A°} + P{A}) + %nP{A}
2n

< —
3

which is a contradiction. O

Now we analyze u at integer times t = n. Fix n, and consider
t € [n,n+1]. Let

F=0c{WA): AeB([L\] xR)}
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for each n > 0.

Lemma 4.5. Suppose that

/oo u(n, z)dx = 6.

—0o0

Then there exists a constant ¢ > 0 such that

P{/n+1 V(t)dt > 05‘}‘\} > %

Proof. Fix ¢y > 0. There are 2 cases:

Case 1: There exists a point zy such that [*T u(n,y)dy > c;.

zo
Case 2: Such an interval does not exist.

First we deal with case 1. Since [*™ u(n, y)dy is a continuous func-
tion of z, and since [ u(n,y)dy < oo, it follows that there exists a
point z; such that f;f“ u(n,y)dy = c.

In the following, we use the Markov property of solutions as given
in [Mue9lal, Lemma 3.3, to start afresh at time n. As noted earlier,
[Mue91a] deals with a different equation, but the argument easily caries
over to our situation. We will define N:(¢,z) and NZ(¢, ) so that the

time scale starts at n. Let

Ni(t.o) = [ [ Gt~ 50— y)fulo,w) (L~ uls, )W (dy, ds)

and define N in a similar way, as in (2.4). Recall that
| Glt,e = y)uln,y)dy+ Nyn+t,2) < u(n+1,2)

< /oo e'G(t,x — y)u(n,y)dy + Ni(n +t,x). (4.6)

Also, using simple properties of the heat kernel G(¢, z), the reader can
check that under the above conditions, there exist constants c;,cy €
(0,1) such that

: , B N
n+1/;2£§n+1 w1+1/3%2£$1+2/3 /—oo G(ta z y)U(TL, y)dy Z C
sup sip [T Gl -y < e (@47

n+1/2<t<n+1 z1+1/3<zx<z1+2/3
Let

c3 = min(eq, 1 — ¢a).



RANDOM TRAVELLING WAVES 43
If € is small enough, then Lemma 2.5 implies that

P{ sup sup N:i(t,z) > % .7-'\} <

0<t<1 z1+1/3<z<z1+2/3

(4.8)

I N

P{ sup sup NE(t, ) > 9‘}"\} <

0<t<1 2y +1/3<a<z1+2/3 2

Putting together (4.6), (4.7), and (4.8), we obtain the conclusion of

Lemma 4.5 in Case 1. (This is because u is not close to 0 or 1).
Secondly, we deal with case 2. In that case,

r+1
/ U(TL, y)dy < ¢
T

for allz € R. Our goal is to find intervals such that the above integral is
about the same on each interval, and such that these intervals contain
at least half of the mass of u(n,-). Given a constant ¢; > 0, define
points {z;}™,, {Z;}, inductively as follows. Let z; be the smallest
point z € R such that [**'wu(n,z)dr = c;. Because this integral is
continuous in z, it follows that z; is well defined. Let z; = z; + 1.
Suppose that we have defined z;. Let z;.1 be the first point z > Z; such
that [**' u(n,z)dz > c4. If there is no such point, we set Zi 1 = ziq1
and m = 7+ 1 and stop. If there is such a point z;,1, let z;11 be the
smallest value of 2z > 2,4, such that [7  u(n,z)dr = cs. It is easy to
check that

Y[ wtralde > 3 [ 2y (49)

(compare the integral over any [Z;_1, z;] to that over [z;, Z;], and compare
the integral over (—o0, 1] to that over [z1, z5]). Referring to Section 2,
we consider the historical process. Let

Gily) = 1y € C : y(n) € 20,71 ¥(t) € (-1, 7+ 1] for n <t <+ 1)
and let

H'(t) = Hy(es).
By the martingale problem formulation of the historical process (2.38),

and by taking appropriate smooth and bounded approximations of ¢;,
we find that

(Z6Dse =2 [ (1= uls, ()16 () Ho(dy)is. o

Recall that Z(¢) was defined when the martingale problem was spec-
ified, in (2.38). The presence of ¢; in (4.10) as opposed to ¢? stems
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from the fact that ¢; is an indicator function and thus ¢? = ¢;. Thus,
from 4.10, we have

9 n+1 zZi+1
(Z(@))ns1 — (Z(de))n < & / / "= ult@)ut @) dods
< 3¢’ (4.11)
The same reasoning as in (4.11) gives
n+1 nt+1
/ $i(y)Hs(y)ds < / u(s, x)dzds < 3 (4.12)

We let
ZY(t) = Zy(i).
Note that Z*(t) is the martingale part of H*(t), and that Z(t) is con-

tinuous.
For 1 <17 < m, let M; be the event that

sup sup  u(t,z) >
n+1/2<t<n+1 z;—1<z<z;+1

DN —

Using Lemma 2.6, and reasoning as in case (1), we see that for § > 0
we may choose ¢ small enough such that

P{M;|F} <6 (4.13)

(4.13) follows from properties of the heat kernel and from (4.8). Note
that u(¢,x) is less than or equal to u(n,y) convolved with the heat
kernel times e, plus the noise term NZ(t,x).

Now we define another event. For 1 < i < m, let S; = S;(6) be the
event that

(ZiYuis = (Z)a < 5.
By Lemma 2.9 and properties of Brownian paths, and using (4.12) and
(4.13),

E{(Zi)ns1 — (Zi)n| R
> 2B [1017) [ puty) Hi(dy)as| 7

> %ng [/nrH-l qbi(y)HS(dy)‘}—\] — %52E [1(Mz)/n

n+1

¢(y) Hs(dy) \7’\]

1
2 582 (C4k — 35)
1

> —&2¢,k
_4504

% _ 3
> ¢? /Z P{z—1<B(t)<z+1for 0<t<1}u(n,z)dx — 552P({1M4})
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for some constant £ > 0, if 4 > 0 is small enough. Now we combine
(4.11), and (4.14). We get that for § > 0 small enough,

P{S; N M{|F} < %. (4.15)
Therefore, by (4.15) and p(4.13),
P{Si| A} < P{S; N M| R} + P{M)| A}

<gt+9 (4.16)

(VAN
Q| = | =

if § < 1/6.
Now we use the Markov property. Let ST be the event S; for the
time interval [n,n + 1]. By (4.16), we have

nyc E
P{(STYIR) > <.

Let S™ be the event that at least m/3 of the events {(S")¢}™, occur.
By Lemma 4.4,

P{s™) > ¢,

and by the strong law of large numbers,
> 1(S™) = oo
m=1

Therefore, lim; ,, 0(t) = oo with probability 1, and we have estab-
lished Lemma 4.2, assertion (2). O

Next we turn to the proof of Lemma 4.2, assertion (3). Here is the
intuition. We need to show that there is a large region where u(t,-) is
close to 1. If there were not, then there would be several regions, each
with an edge, as described above. Or, u(t, -) would be small everywhere.
But in either situation, M (¢) would increase faster than cot (with cg
as in the proof of Lemma 4.5), which is impossible by our comparison
with the KPP solution. Therefore, there is a sequence of times 7, such
that there are n intervals which contain most of the mass M (t), and on
which u(t,-) is very close to 1. But then comparison with the super-
Brownian motion, and another use of the large deviation lemma, shows
that there is a time s > ¢ and a subinterval of at least half the size of
the original on which u(s, z) = 1. Now, since there are only n intervals,
we may choose the original one to be arbitrarily large, if ¢ is chosen
large enough. Then, using large deviations again, we conclude that the
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interval on which u(t,-) = 1 is very likely to expand indefinitely in both
directions.

We need the following lemma. Recall that the initial condition is
u(0,z) = 1(z € Jy,).

Lemma 4.6. There is a constant Cy such that

E[M
limsupw < C;

t—o00

Proof. Clearly
E[M(1)] = /R Elu(t, z))dz

for all £ > 0. A simple calculation shows that F[u| satisfies the deter-
ministic PDE

(E[ul)e = (E[u])ss + Elu] — E[u”]
1

L
t>0,r€R
Elu(0, )] = !

(@ € Jn). (4.17)

Note that from Jensen’s inequality, F[u?] > (F[u])?>. Recalling now
(1.2), we see from a simple comparison argument, which we leave to
the reader, that

Elu(t,o)] <w'(t,a),  t>0,z€R

where w' is the solution of (1.2) with the initial condition now being
1(J,). Thus it suffices to show that

1
limsup = | w'(t, z)dx < oo.
twoo U JR
Classical KPP theory (see [Fre85]) show that asymptotically, the sup-
port of w'(t,-) is [nDy — vt, (n 4+ 1) Dy + vt] for some wavefront velocity
v. Hence
1
limsup - [ w'(t,z)dzx < 2v,
t—o0 R

so we are done. O

Lemma 4.7. Fizv,0 > 0. Let H, = 57 be the event that at time t,
there are more than K disjoint intervals Iy = (zg, xg + ) such that

1
a<— [ u(t,z)(1—-u(tz))dr<1-—a.
Y I,
If0 < a <1/2 and K is large enough (depending on a), then a.s. on
the event that M(t) never reaches 0, there is a sequence of stopping
times A(n) — oo such that for all n > 0, H,() does not occur.
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Proof. The idea is that if there were a random time 7 such that H
occurred for ¢ > T, then the mass M (t) would grow too fast. Let #H
denote the event that there exists such a time 7', and suppose, by way
of contradiction, that H occurred. At time ¢, call the intervals involved
Ii.(¢).

We use the same reasoning as in the proof of Lemma 4.2, assertion
(1) and (2). Let A;; = A;+(J) be the event that

(i+1)to
/ / u(s, z)(1 — u(s, z))dzdt > 6.
I,

As in the proof of Lemma 4.2 assertion (2), if ¢, > 0 is small enough,
and § > 0 is small enough, then

€
P{Ai,t‘f>|_|l} > 5

Now by Lemma 4.4 and the strong law of large numbers, on the set H
we have

lim inf ?:1 EkK:1 1(Alak) > 5
Therefore, on the set H, we have
Ké
lim inf — / / )(1 —u(t,z))dzds > — (4.18)
t—o00 to

However, since

/ / )(1 — u(t,x))dzds

is a martingale, we see from (4.18) that
limjnf == ElM ( > P{?—L}IC/ / (L, §) (oo — M(L, §))[§[/
> P{H}F (4.19)

But if K is large enough, then (4.19) contradicts Lemma 4.6 and so
Lemma 4.7 is proved. O

Thus, we have shown that there is a sequence of stopping times
tn — oo such that at time ¢,, there are at most K intervals Iy, as
defined above. Since lim;_,,, M(t) = oo, we conclude that for n large
enough, there is an arbitrarily large interval I,,, = [z, 23] such that at
time t,,, there are no subintervals I for which

%/Ik u(tn, 2)(1 — ultn, 2))dz <1 —a.
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This means that for z € I,
1
Dy

if Dy is large enough. We claim

xz+Dg
/ u(t,y)dy > 1 — a. (4.20)

Lemma 4.8. Let I,,, be as above, so that (4.20) holds. Let ty be as in
Lemma 4.2. We can choose a small enough (depending on Dy), such
that there exists o > 0 and an interval J € I, satisfying

/]

I8

>«
ol

and
P{u(t, +ty) =1 forz e J} > a.

Proof. To prove Lemma 4.8, consider v(t,z) =1 — u(t, z). We wish to
make a comparison. From the integral equation (1.6) the reader can
check that v(t, +t, z) satisfies

_ _ _ 2 —_ i
V= Vgp — (V—0%) +ey/v(1 —v)W. t>0,z€R
V(tn, ) =1 — ulty, ). (4.21)

Let uy(t, + t,x) satisfy (1.1) for ¢t > t,, with u,(t,,z) = 1 — u(t,, ).
By the comparison results cited several times before, construct a pair
of solutions (v(t, + t, ), un(t, + t,x)) to (4.21) and (1.1) such that
Un(tn, ) = v(ty,z) and v(t, + t,2) < wu(t, +t,z) forallz € R, t > 0.

Now consider the set of intervals Z = {Z, = [\D,, (\ + 00)D/]; Z C
7,,}. Let N be the number of such intervals. Since I,,, can be arbitrarily
large, it follows that N can be arbitrarily large. Fix ¢, > 0, and let M\
be the event that at least ¢y /N of the intervals in Z are filled at time
t, + to. By Lemma 4.4, if a is small enough,

P{M|F.,} > %

Reinterpreting N, we find that with probability at least 1/2, egN con-
secutive intervals in Z become filled. By the strong law, there is a
probability of 1 that one of the events M, occurs. Let K, > 0. We
have shown that with probability 1, there is a time ¢,, > 0 and a subin-
terval J C I, such that u(¢t+ 1,z) =1 for x € J. This proves Lemma
4.8, and finishes the proof of Lemma 4.2, assertion 3. O

Now we show

Lemma 4.9. Suppose that ug(z) = 1 for —K; < z < K;. There
is a probability p = p(K1,¢) satisfying limg, 00 lim, o p(Ky,e) = 1,
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such that the following holds. With probability at least p(K1,¢€), u(t,-)
converges to 1, uniformly on compact sets, as t — oc.

Proof. We claim that it is enough to prove Lemma 4.9 with ug(x) =
1(z < 0). By translation, this is equivalent to proving it for

uo(z) = 1(z < Ky). (4.22)

Recall that [a(t),b(t)] was the intermediate region. If the Lemma 4.9
is true under assumption (4.22), then with probability 1, infi>q a(t) >
—00, and P{inf;> a(t) < 0} — 0 as K1 — oo. Now consider the initial
condition ug(z) = 1(z > —K;), and call the corresponding solution
u. Let the intermediate region for u(t,-) be [—b(t),—a(t)]- By the
preceding argument, and by reflecting the x-axis about 0, we conclude
that P{inf;>oa(t) < 0} — 0 as K; — oo. Also, we can construct
v and v on a common probability space, such that if infy>ga(t) < 0
and inf;>g a(t) < 0, then min(u, u) satisfies (1.1) with initial condition

Thus, it is enough to prove Lemma 4.9 assuming that u satisfies (1.1)
with ug(z) = 1(z < 0). Let v = 1 — u, and note that v satisfies

) .
= Vpy — (U — Jo(l =
Ve = (v—=2%) +ey/v(l —v)W £>0 z€R

v(0,2) = 1(xz > 0). (4.23)

While the above term — (v —v?) is nonpositive, the corresponding term
v — u? in (1.1) is nonnegative, so v is at least as likely to decrease
as is u. By the comparison results mentioned several times earlier,
we can construct a pair of solutions (v,u) such that u satisfies (1.1)
with initial condition u(0,z) = v(0,z) and such that with probability
1, v(t,z) < u(t,z) for all t > 0, x € R. Let [a,(t),b,(t)] be the
intermediate region for v(¢,-) and let [a(t),b(t)] be the intermediate
region for u(t,-). Because v < u, we see that a,(t) > a(t).
We claim that for » > 0, and for large ¢,

P{a,(t) < —r} < exp(—cr) (4.24)

By our comments about comparison, it is enough to show that for
r > 0, and for large ¢,

P{a(t) < —r} < exp(—cr). (4.25)

First we outline our method. Using comparison with @, as defined in
(2.1), we show that there is little probability that a(t) moves far to the
left. Then, we compare 1 — v to the solution w of the KPP equation
(1.2). For large t, we find that w is exponentially close to 1 near z = 0.
Then we show that a short time later, with high probability, 1 — v
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actually reaches 1. That is, v dies out in this region. Therefore, a,(t)
must have moved far to the right.

As mentioned, our earlier results show that we can couple solutions
(v,a@) to (4.23) and (2.1) such that with probability 1, v(¢,z) < a(t, z)
for all £ > 0, x € R. On the other hand,

Ela(t,z)] = ¢ /0 TGtz —y)dy

t K2
< lﬁ_li exp <—— +t>
x 1

for some k > 0. Therefore, we can use the same reasoning as in Lemma
2.7 to show that if r is large enough, we have that

1

P{ sup sup ov(s,x) > —} < exp(—cr?). (4.26)

0<s<t g<—r/3 4

Next, we use Lemma 2.12 to conclude that if ¢ is fixed and r is large
enough, there is a constant ¢ > 0 such that

, cr?
P{og;““(t) < —r} <exp <_T> : (4.27)

We have just shown that with high probability, a,(¢) cannot move
far to the left of 0. Next, we use comparison with the KPP equation
to show that with high probability, a,(t) must move far to the right of
0 for large ¢. Fix r > 0, and choose ¢; so large that

1 —w(t1/2,z) < exp(—r) (4.28)

for x < r, where w(t, z) satisfies (1.2) with w(0,2) = 1(z < 0). Since
the KPP equation has a travelling wave of positive speed, it follows
that there is a constant ¢; > 0 such that (4.28) holds for

i1 < car

if r is large enough. Here, ¢; must be less than the speed of the trav-
elling wave. Repeating the calculations above, we have that

P{ sup sup v(s,z) > 1} < exp(—cr?)
0<s<t; —r<z<r 4
for large 7 and t; < c¢;7. Let A be the event that by time ¢, the
historical mass corresponding to v(t/2,z) : —r < z < 2r/3 has died
out. Repeating the calculations used to prove Lemma 4.2, Case (1),
we have that

P{A°} = o(1) (4.29)
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as r — o0o. Let B denote the event that some of the historical mass
which was in [27/3, 00) at time ¢ = 0 has moved to the left of r/3 by
time t. Also,

P{AN B} =o0(1) (4.30)
as r — 0o. Combining (4.29) and (4.30), we have that
P{B} =o(1) (4.31)

as r — o0.
Combining (4.27) and (4.31), we find that for ¢ large enough and for
r = t, there exists a constant ¢ > 0 such that

Elay,(t)] > ct. (4.32)

From the above estimate, we conclude that there is a random variable
Z such that conditioned on F\,, a,((n + 1)t) — a,(nt) is stochastically
larger than Z, and

EZ] > ct

Comparing a,((n+1)t) — a,(nt) with a random walk with i.i.d. steps
with distribution Z, we find that the random walk tends to co with
probability 1, and so

lim a,(t) =0
t—00
with probability 1. This completes the proof of Lemma 4.9. O
This also ends the proof of Lemma 4.2, assertion (3). O

Now we can finish the proof that the intermediate region I(t) does
not grow without limit.

Let us start our reasoning at time ¢ = 0. Recall that if M, (0) > 6,
then there is a probability of at least d, that the mass originating in
(nDy, (n + 1)Dy] will form a “supercritical blob” whose mass tends
to infinity. When we refer to the “mass originating” somewhere, we
are implicitly assuming that we have constructed the historical process
associated with u. We will show that by Lemma 4.2, if the front 3
intervals, corresponding to n(t), n(t) — 1, and n(t) — 2 are subcritical,
then with high probability, n(t + to) < n(t). We claim that

Lemma 4.10. Fix k > 0. If Dy is chosen large enough, and ty s
chosen small enough depending on Dy, and if the front 3 intervals Jy ),
Jn(t)-1, and Jypuy—2 are subcritical, then

Eln(t +to) | 7 < \(U) — k.
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Proof. By Lemma 4.2, assertion (1), for & fixed and for Dy large enough,
P (n(to +1) > n(t) = 1+ k| 7))

can be made arbitrarily small. Recall that by Lemma 2.12, if £k is large
enough, then

P (nfto+1) > n(t) = 1+ k|F) < coe”™*

for some ¢y > 0. Therefore, we may choose D, large enough, and £k
such that

o
[=}

P (n(to +1) > n(t) — 1+ k| F7) < g
k=1
> K
> P (nlto+1) > n(t) - 1+ k[ F) < 5
k=ko
Therefore,
E [n(t +to)| Fu] <n(t —1+ZP< (to+1) > n(t) = 1+ k| 7))
<n(t)—1+k.
This proves Lemma 4.10. O

Now Lemma 4.10 also shows that, with probability at least po, a
supercritical blob will form a “spreading wave” in time at least 7.
For ease of reference, we now gather together several definitions.

Definition 4.2. 1. For eacht > 0 let n(t) be the largest integer n >
0 such that M, (t) > 0. That is, n(t) is the index of the wavefront
at time t. Usually, n(t) = Dy|b(t)/Dy], where |-| denotes the
greatest integer function.

2. We define (i), (i) recursively. Let 7(0) = 0. Assuming that we
have defined 7(i), let T(i+1) be the first integer j > 7(i) such that
at time t = jto, there is a supercritical blob at the interval J, ),
n(j)=1, o1 Jn(j)—2. Note that thus 7(j)to is a stopping time. For
i > 1, let B(1) be the index of the rightmost supercritical blob at
time 7(7).

3. Let u(k) be the largest integer i such that T(i) < k. In other words,
B(c(k)) is the position of the most recent supercritical nblob within
2 units of the front.

4. Let F(k) = n(k) — B(«(k)). Thus, F(k) is the length of the front
part of I(k).

5. Let f(k) be the largest value of B(i) fori < u(k). In other words,
f(k) is the furthest forward of the blobs 3(i) up to time t = k.
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We say that events A\ have positive density with lower bound p if
r_ 1 1(A
lim inf 721“_1 (A >

n—00 \ -
for some p > 0.

Lemma 4.11. Let & be the event that one of the intervals Jyy,, Jrto—1,
or Jyi,—2 15 filled. Then, if ty is small enough and Dy is large enough,
the events &£ have positive density with lower bound 1/3 a.s. .

Proof. By Lemma 4.10, on the set &, we have E[n((k-+1)to) —n(kto) | Fju,] <
— |, for some constant co. On EII’ we have E[n((k+1)to)—n(kto) | Fu,] <

| oo for some constant ¢;. Furthermore, we may choose Dy, §y such that
2¢1/3—cy/3 < 0. On the other hand, (4.32) shows that the front moves
forward with a positive speed, so that

n(t)

liminf —= >0
t—o0 t
However, by the above, if the density of £, is less than 1/3, then

()
N« _

llgéglf — 2¢1/3 —¢9/3 < 0,

a contradiction. It follows that the events £ must have positive density

with lower bound at least 1/3. This proves Lemma 4.11. U

Lemma 4.12. There ezists a random variable B such that for alli > 0,
B(i4+1)— (i) is stochastically smaller than 5. Furthermore, P{3 = m}
s exponentially decreasing in m.

Proof. We compare n(k) to a random walk S;, with i.i.d. steps X}, in
such a way that for 0 < j < 7(i+1) — 7(3),

n(r(i) + j) — B(i) < S;. (4.33)
Let M = sup;5(.S; be the maximum of the random walk. Tt follows
that

Bli+1) = B(i) < M.

Therefore, Lemma 4.12 will follow if we can show (4.33), and estimate
the distribution of M.

First, we show (4.33). From Lemma 2.7, it follows that P{n(k +
1) — n(k) > m} is exponentially decreasing in m. Next, it follows that
if Dy is small enough, and F' is the event that the first 3 intervals are
subcritical, then

P{n(k+1) - n(k) > 0| 7}
can be made arbitrarily small on the set F'. Next, replace n(k+1)—n(k)
by [n(k + 1) — n(k)] v (=2) if necessary, so that n(k + 1) — n(k) has
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a finite first moment. Then formula (5.13) of Feller [Fel71], chapter
XII.5, shows that

P{M >t} = 0(e )

where kK >0 is a constant. This verifies our assertion about the random
variable [. O

Now we make a further comparison with the following process. At
time n, a room has individuals labelled (n,1),...,(n,m(n)). Associ-
ated with each index (n,j) is a lifetime £(n, j), a killing time k(n, j),
and an age a(n,j). When the time n is increased to n 4+ 1, a new
individual is added, whose lifetime is geometrically distributed, and
whose killing time satisfies the estimate in (4.12). This individual is
labelled 1, and the label of the others is increased by 1. We let m(n)
be the largest integer m such that the m' individual is alive. As for
the old individuals, their age is increased by 1, and the lifetime does
not change. If their age is larger than their killing time, then they
are removed from the population. Let £(n) = Z;-n:(?) £(n, 7). That is,
£(n) is the lifetime of the individuals with indicies less than or equal
to that of the last live individual. We claim that the process we have
just described can be coupled with u in such a way that

L(n(5)) < £() Do (4.34)

To implement the comparison, we add a new individual at time k if

1. o(k) > o(k—1)

2. B(u(k)) > B(u(k —1)).

Let the lifetime of the new individual be S(c(k)) — B(¢(k — 1)). Then,
it is easy to see that Dy times the sum of the lifetimes of the particles
with indicies less than or equal to m(k), plus the size of the front F(k),
is greater or equal to L(k).

The killing time of the new individual is determined as follows. Intu-
itively, we kill the individual when the corresponding blob has merged
with the previous one. We need to set up some machinery to analyze
the killing time, since there must be some independence between the
killing times of different individuals.

Let us construct a function @ as follows. For 0 <t <ty and z < D,
let @ satisfy
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Let 4(t,z) = 0for 0 <t < ty and x > Dy. Assume that we have defined
u(t, -) for t < nty. Let a(t) be the left hand endpoint of the intermediate
region for u(t,-). For nty <t < (n+ 1)ty and = < a(nty) + Dy, let 4

satisfy
A oA N a1 ANTH
Up = Ugy + 0 — 0° +/U(l —a)W £>0 z€R
u(t, a(nto) + Do) =0

For nty <t < (n+ 1)ty and = > a(nty) + Dy, let 4(t,z) = 0.

We let the reader check that Lemmas 4.2 and 4.9 still apply to 4. Now
we describe how to implement the coupling. We can apply the above
reasoning to blobs which equal 1 for some finite interval. Such blobs
evolve independently until they come within a distance 2D,, because
the boundary conditions which we have put on & mean that the support
of such blobs does not overlap, until they come within distance 2D.
Suppose that at time ¢, the 2 blobs have come within distance 2D,. By
the same reasoning as in the proof of Lemma 4.2, Case (1), they have
a probability at least p; > 0 of merging, that is, the space between the
blobs fills up, and u becomes 1 there.

Now we implement coupling as follows. By the above, assuming
that the conclusion of Lemma 4.9 applies to 4, we conclude that each
blob has a positive probability of at least po > 0 of converging to
1 uniformly on compact sets as ¢ — oo. We can couple the blobs
with an ii.d. sequence of Bernoulli random variables {Z;}%°,, with
probability of success (1/2)p;p3, in such a way that if Z; = 1, then the
k'™ blob survives for all ¢ > 0. Furthermore, when the &k blob reaches
a distance 2D, of one of the other blobs for which Z; = 1, the 2 blobs
merge.

We let the killing time of the new individual, which we assume to
be associated to the random variable Zj, be K(k — j), where K is a
constant to be specified later, and j is the largest index ¢ < k such
that Z; = 1. From the above, it follows that if K is large enough, then
with probability at least 1/2, the j** and k' blob will have merged
in time ¢z K (k — j). Thus, we can further arrange the coupling such
that the above event occurs, since there is an extra factor of 1/2 in the
probability of success of the Bernoulli random variables Z;.

This ends our description of the coupling.

We can make a further comparison, in which we replace the lifetime
by the maximum of the killing time and the lifetime. For this new
system, we have that all moments of the lifetime random variable £(7)
must be uniformly bounded.

Our conclusion will follow once we establish the following lemma.
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Lemma 4.13. There exists a random variable £ such that for all j > 1,
£(j) is stochastically smaller than £.

Proof. By adding individuals at the beginning of the process, we can
assume that the system is in a stationary distribution. We have that

P{m(n) <k} =P{l(n,j) < Zj+ jfor j > k}

< [I P{t(n,j < Z; + 5}

j=k
But this probability tends to 1 as k& — oo. Thus, if we let ¢/ =
Z;-n:(?) ¢(n, j), then £ < co a.s. and Lemma 4.13 is proved. O

This also ends the proof of Lemma 4.1
Now, we have that

L(k) < £(k)Do + F (k).
But, by Lemmas 4.12 and 4.13, for p > 0, we have

P{L(k) > p} < p{z(k)Do > g} +P{F(k) > g}

14 = P
< P{£> 2D0} +P{F > 2}

This verifies the Assumption 1 of section 3.

Now we can finish the proof of Theorem 1. All that remains is to
verify Assumption 3.1 from section 3, since then coupling will imply
ergodicity. But from our discussion, this follows immediately. This
assures coupling, and proves the ergodicity of the process u(t, x +n(t)).
Thus, the proof of Theorem 1 is complete.
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