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ABsTrRACT. We consider the combined effects of homogenization and large deviations
in a stochastic differential equation. We show that there are three regimes, depending
on the relative rates at which the small viscosity parameter and the homogenization
parameter tend to zero. We prove some large-deviations type estimates, and then
apply these results to study wavefronts in both a single reaction-diffusion equation
and in a system of reaction-diffusion equations.

§0. INTRODUCTION

In this paper we will consider the stochastic differential equation (SDE) on R?
(with d > 1)

X$,6,6 $7576
L— | dW} + B®% | —— | dt
) Y t>0 (0.1)

d
T,e,0
AX7° = e A
=1
T,e,0
X, = .

Here the A;’s and B? are smooth mappings from R? to itself which are periodic
of period 1 in each variable (we will later have a bit more to say about the effect
of B%9; assume for now that B° does not depend on € or §). As e and § tend to
zero, two well-known effects come into play. If we fix > 0 and let € tend to zero,
the theory of large deviations tells us how quickly X®*°?° tends to the deterministic
ODE given by actually setting € to zero. On the other hand, if we fix ¢ > 0 and
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let 0 tend to zero, homogenization occurs; instead of coefficients which oscillate
rapidly, we see effective constant coefficients. The goal of this paper is to study the
combination of large deviations and homogenization through (0.1).

Of course an understanding of the asymptotics of the SDE (0.1) can immediately
be transferred to the theory of PDE’s, and through standard arguments be used
to consider a PDE of Kolmogorov-Petrovskii-Piskunov type [18]. Namely, if we fix
a nonlinear function f of KPP type (see [10] and [11]), then we can consider the
PDE

ous? ¢ 1
= Sa(w/8), D2 (10w + (B0 /0), Vot (8,2)) + = f ()

u’(0,-) = g(2).

(0.2)
Here (-,-) is the standard inner product in R?, D? is the Hessian and V is the
standard gradient operator (above, we affix the subscripts z to D? and V to em-

phasize that they act on the spatial variables), and (A, B) m,, , def trace(ABT) is
the standard inner product on M x4, the space of d x d matrices, with -7 denoting
matrix transpose. The matrix-valued function a is given by

d
a(z) =Y A(z)Al (z), (forall1<i,j<d)
=1

We assume that a(z) is uniformly nondegenerate for all 2 € R? (see (1.1)). In
(0.2), the initial condition g : R — R is a nonnegative and continuous function
of compact support G, with nonempty interior. Large-deviations-type behavior
of (0.1) then leads to a proof of wavefront propagation in (0.2). Questions of
wavefront propagation for PDE’s such as (0.2) have already been studied in [22].
We will discuss this a bit more later.

The limiting behavior of the SDE (0.1) or alternately of the PDE (0.2) clearly
should depend on the relation between ¢ and 9. Thus, if € tends to zero suffi-
ciently quickly (compared to d), we should first treat 0 as fixed and carry out these
calculations for slowly-varying coefficients as in [10]; we should then let ¢ tend to
zero in the resulting formule. On the other hand, if ¢ tends to zero sufficiently
slowly (compared to §), then we expect that the equation (0.1) should be first
homogenized—the coefficients should be replaced by their corresponding effective
coefficients; then we should consider large deviations for the homogenized equation.
Finally, if 6 and € tend to zero at the same rate, we have the case considered in [9],
[10, Ch. 7], and [15]. We can organize all of this by considering X **%  where

lim . = 0.
e—0

We shall see that the limiting behavior of X#:¢:% can be taxonomized by the limits
of the ratio 0. /e. Specifically, we have exactly three regimes;

5 0 : Regime 1
il_I)I(l) — =) ¢€ (0,00) : Regime 2 (0.3)
o0 : Regime 3.



The basic set of calculations of this paper involves showing that in all three
regimes, X €% has a large deviations principle (LDP) as ¢ tends to zero, and in
identifying the rate function J. By scaling time and using the Markov property,
the entire path { X} ’6’55; 0 <t < T} should then have a large deviations principle
in C([0,T];R%) (for any fixed T > 0) with rate function S r(p) = fOT J(¢(s))ds
(if ¢ is absolutely continuous and So r(¢) = oo if not). The wavefront of the PDE
(0.2) can then be analyzed (this will be done in §6) using the function

Vit,z) o)t —  inf  Sosle) = f(0)t—t inf j(H) (0.4)
peC* ([0,t];R?) y€Go t
¢(0)=x
p(t)EGo

It turns out that J is convex (see Lemma A.1), which implies the last expression
since the extremal paths in the middle expression will be linear (see §6). The
position of the wavefront for (0.2) at time ¢ is then defined by the equation V (¢, x) =
0; more exactly,

1' €,0¢ —
lim w (t,z)

{ 1 ifV(t,z) >0

0 if V(t,z)<O. (05)

The main technique for showing that X% has a large deviations principle is the
following standard result. For each T > 0 and = € R?, define

1
97.2(6) = €logE [exp [;(0, X%‘"*)H . e>0,0€R
By standard results (see (1.6)), (g7 ,(0)| < oo for alle > 0 and 0 € R?. Now define
def .. e d
972(0) = lim gz ,(0). O€R
e—0" "’

when this limit exists. We then have ([4, Chap. 2.3], [7], [13, Chap. 5.1], [14]):

Theorem 0.1. Fiz T > 0 and z € R?. Assume that
i) For each 0 € R?, g7 ,(0) is well-defined in [—oo, 00].
i) The origin is in the interior of the set {0 € R? : g1 ,(0) < oo}.

iii) The set A def {6 € R? : |g7.,(0)] < oo} has a nonempty interior A°, Vgr . (0)
is well-defined for all € A°, and limg_,94, gcac ||Var.(0)| = co.
Then the random variables {X;i’e’ée : € > 0} have a large deviations principle with

rate function I, defined by

Iro(2) % sup {(0,2) — gro(0)}. z€eR
G’ERd

As we pointed out earlier, the PDE (0.2) has been studied in [22]. Essentially,
they consider Regimes 2 and 3 by setting 6. = ", where 0 < k < 1; the case Kk = 1
implies Regime 2, and x € (0,1) corresponds to Regime 3. They directly describe
g1,z(0) as the unique constant such that the cell problem can be solved. Part of
our interest is to show what is going on probabilistically. We hope that our analysis
helps clarify how Regimes 2 and 3 differ. In particular, Regime 3 can be understood
as a limit of Regime 2 as the constant ¢ (of (0.3)) tends to infinity, and this involves
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some computations in [2] and [5] concerning the limits of Donsker-Varadhan-type
large deviations for occupation measures. On the other hand, the rate function of
Regime 3 can also be understood in a pathwise sense by very carefully using the
heat kernel asymptotics of Norris and Stroock [25]. In other words, Regime 3 is sort
of a transition regime between large deviations of occupation measures and large
deviations of paths.

The organization of this paper is as follows. In the next section, we set up some
notation and make precise our assumptions. In §2-4 we study large deviations for
X;’E"SS for any fixed T > 0, as € tends to zero. In §5, we use these results to
calculate the functional large deviations principle for {X;’ 00 < ¢ < T} as
¢ tends to zero; there are some complications in Regime 1 to be dealt with (see
Remark 5.3). In §6, we return to the wavefront propagation problem. We close in
§7 with some generalizations; in particular, some systems of RDE’s are considered
there.

Finally, we should say that questions related to this paper, besides those of the
references mentioned earlier, can be found in [1], [8], [19], [23], [24], [26], and [29].

§1. ASSUMPTIONS, NOTATION, AND PROBLEM FORMULATION

Let’s now be a bit more precise about things. First, let (Q2,.%#,P) denote a
probability triple on which a d-dimensional Brownian motion (W', W2...W4) is
defined. Let E be the corresponding expectation operator. We have already defined
(-,-) as the standard Euclidean inner product on R?%; now let || - || be the associated
norm. We have also defined V, D% Mgyxd, {-,-Yamy,, ., and -T. Let div be the
standard divergence operator (i.e., the negative of the adjoint of V with respect
to Lebesgue measure). Let Cp,(R%;R?) be the collection of continuous mappings
from R? into R? which are periodic of period 1 in each coordinate of the argument

and let || - ||, wa;rey be the associated supremum norm. For each T > 0, let
C([0, T]; R?) be the standard Banach space of continuous functions from [0, T] into
R?%; let || - lc(fo,r;rey be the supremum norm on this space and let pe(jo,7):r4)

be the corresponding metric. Also, for T > 0 and a € (0,1), let C%([0,T]; R?)
be the corresponding space of Holder-continuous functions of exponent « and let
| - llca (o, ;) be the associated norm. Let T be the d-dimensional torus of size
1, and let m : R* — < be any fixed covering map. Let || - [|o(x,re) be the standard
supremum norm on C(%;R?%), the space of continuous maps from ¥ to R?.

The A;’s of (0.1) are assumed to be in Cp(R%; R?), and we also assume that

d
K d:ef 1nf{z<9,Al($)>2 S Rda NS Rd7 ||9|| = 1} > 0. (11)

=1
We assume that B9 is of the form

IS € 6,5
B = sBo+ B+ B;”, (1.2)

where By, By, and (for every e > 0 and § > 0) BS° are in Cp(R%; RY). We
furthermore assume that lim. 5_,¢ ||B§,6||Cp(Rd;Rd) =0.

Next let’s move the SDE (0.1) to ¥ and make some rescalings. We will find an

— w,s,& : 9 : - $7€75 .
SDE for 7 (6 1X(5/\/E)2t)' First, let’s write down the generator of {§ 1X(6/\/E)2t’ t>
4



0} and its toroidal counterpart; define

(£796)(x) % Lale), D*6()) s + 2B (), V6(2)

) (1.3)
(Z°°¢) (r(2)) = (L=°(¢/ o m))(2)

for all z € R?, ¢ € C®°(R?), and ¢’ € C*°(%). To move to the torus, define vector
fields 61,02...64 and 68’5 (fore >0 and 6 > 0) on ¥ as

(619) (m(2)) € (A}, V(¢ o 7)) ()
d
Aea defé/ﬂezsq5 Z&lzd)
l=1

Defining X% as the solution of the T-valued SDE

z€RE p e C®(R)

d
dX70 =3 "6y (X70) 0 dW + 650 (X™50) dt
=1 £20
Xa: )€, 5 (.’E/(S)

we have that X% = = (6~ lX(x&jj_)Qt) for all £ > 0. We use this in rewriting g7 .

We rewrite (8, X&) in integral form, rescale, and then use the periodicity of the
coefficients of (0.1). Define the following elements of C°°(%;R?):

Ay(r(z)) = Ay(z) (for all 1 <1< d)
B9(r(z)) = B(z) (for alle > 0 and § > 0); (1.4)
Bo(n(z)) = Bo(z) and Bi(n(z)) = By(z)
for all z € R?. Then we have that

J. d  peE/e)*T
07.(0) = O,2) +elogE [exp | Z Y [T (Au(kpes), 0!
1=1 70

s.\2 [WE/T .
+<_6) / (B#%(X55%),0)ds e>0,0 €R? (1.5)
0

€

for all T > 0 and = € R%. Note that a simple Girsanov transformation implies that

1 N
.09+ (GRI0I ~ 1 oqsine61) T < 97,40

1 _ NE
< .00+ (35101 + 18° @llogsnall ) T (10

forallT >0,z € R%, ¢ >0, and 0 € RY.
Finally, let’s define some other operators on the torus. Define

(Zo¢) (m(z)) & §<a<x>, D?(¢p 0 7)(2)) Mara + (Bo(x), V(¢ o m)()) W
(Br9)(n(x)) = (Bi(x), V(¢ o 7)(x))

for all z € RY and ¢ € C®(T). Then .%, is the part of 2% (of (1.3)), properly

translated to ¥, which does not depend on € and §, and B is the corresponding
effect of Bj.
5



§2. REGIME 1

We here assume that lim._,(dc/¢) = 0. In this case, . tends to zero much
more quickly than e, and homogenization dominates; the large deviations of X %%
are the same as those of a constant-coefficient system. Essentially, this case was
covered by Makhno [21]; we include the calculations here for completeness. Here,
the role of By is important; this is the case of “diffusion with unbounded drift”
in [3, Chapter 3.4.2]. The case where By = 0 was considered in [1], using slightly
different techniques. The term By can change the effective homogenized diffusion
coefficient; it changes the action functional for {X oe0e g > O} in the corresponding
way. Note that in this case, the generator of X @0 tends to ,fo as ¢ tends to zero.
Let jig € 2(%) be the unique invariant measure of % [16, Prop. 4.5 of Chap. 5].
We now enforce a standard homogenization assumption

Assumption 2.1. We assume that [ By(2)fio(dz) = 0.

Here By is as in (1.4). This assumption means that the O(e/d.) term in (1.2)
does not cause X%<% to “blow up” (see [3]). Under this assumption, the Fredholm
alternative implies that there must be a unique ¢ € C*(%; R?) such that D?O@b = BO
and [ 9 (2)fto(dz) = 0 (see [3, Theorem 3.4 of Chap. 3]; —¢ is in some cases called
the “corrector”). Define now

TN () ‘ﬁf/gég«ﬁl—&m) (2.60) +((B1 = hi) (2).6) fold).
= £ (46,6 + (B, 6)

for all & € R?, where the vector field 3; on ¥ is defined as in (1.7), the A;’s and B,
are as in (1. 4) and the n x n matrix A and the d-vector B are given by

Al i/ (Al - 6110) (2) (Al - &lw)T ()0 (dz)
25 s
B d_ef/;{ (Bl — Bllﬁ) (Z)ﬂo(dZ)

Some calculations as in [24] show that A must be strictly positive-definite; letting
A~1! be the matrix inverse of A, we define

j(l)(e) def sup {<979/> . j(l)(el)} _

sup (A7*(0-B),0—B). 0eR* (21)
'e

1
2
Clearly, 7™ is convex. Then

Proposition 2.2. Fiz Ty > 0 and assume that Assumption 2.1 is true. For every
z € R and 0 < T < Ty, the family {X%’E"SE : € > 0} of Re-valued random

variables has a large deviations principle with rate function I:(pli( ) = def NAD (z w)
(all z € R*). Furthermore, this LDP is uniform for all 0 < T < Ty and x € R?.

Proof. The proof is in three steps.



Step 1—Reuwrite things. Fix § € R*. Use Ito’s formula on %w(f(m’e"sf), put this
formula into the exponent in (1.5), and use Girsanov’s formula, writing the result in
terms of occupation measures (which tend to invariant measures). For each ¢ > 0,
let {Y;°: t > 0} be the solution of the T-valued SDE

d
AV =" 6(V%) 0 dW) + 65 (V7°)dt
=1
56 n ~ rT,E ~ (\T,E ¢ Z 0
+ 2237 (A=) (979),0) 6u (7).

=1
Ve = n(x/5.).

Let {L¥° : t > 0} be the occupation measure of Y*<; L¥* et %fg dys.cds for all
t > 0. Let ®° € C*°(%) be defined as

_e

l\JI»—t

d
Z< (A — o) (2), 6 >2 + <<BE’5€ - ;35’5510) (z),0>. z€%

Then for each € > 0,

740 = 0,5) + etog® exp | T [ @17 5 (a0
<o | % U0 o) 0779} ]

Step 2—Asymptotics. Let’s now expand things around the fact that L;"® tends to
the invariant measure of Y*¢ as t tends to infinity. For each € > 0, define the

second-order operator Z¢ def Gpes. 4 6?5 Zle <fll - &lv,b,9> &) and let i be its
invariant measure. For each ¢ > 0, now define ¥¢ as the unique element of C'*°(¥)
such that ZFW0¢ = ®° — [ ®°(2')f(dz) and [ ¥°(2)if(dz) = 0. Such a U* must

exist again by the Fredholm alternative. Using Ito’s formula on (%) e (Y2e),
we have that

G5, (0) = (0,2) + T /@ & (2)5 (d2)

(55 2l (\/5/56)271 ~ I3 rx.€ l
exp —(;) > / (615°) (V) dW!

66 ? € T,E € (\T,E
(Z) {0 O o)~ 02059}

Xexp[ {¢(Y(f;/5)2T) 1/)(Y(,w,e)}”

+clogE

(2.2)

X exp

for all e > 0.



Let’s now take a look at the asymptotics of ®¢ and ¥* as ¢ tends to zero. From
some simple calculations, we see that lim._,q ®¢ = ®°, where

°(2) deféim—am)( 10) +((Br-hw)(e)6).  zet

The convergence of ®¢ to ® occurs in C*(%) for all k > 0. We see that, as ¢ tends
to zero, .,é”f tends to .%, thus 45 tends to fip in the weak topology (see [17, Chap.
VIII, Section 1]) so lim,_,o ¥¢ = U0 where U is the unique element of C*° (%) such
that LU0 = &0 — [ 3°(2")fig(dz') and [ ¥°(2)fip(dz) = 0. Since ®° tends to &
in C*(%) for every k > 0, ¥¢ tends to ¥ in C*(¥) for every k > 0 (this is clear from
the calculations of [3, Theorem 3.4 of Chap. 3]). We now put everything together
into (2.2). Since ®° tends to ® in C(%), lim.o [ P*(2)[15(dz) = [ P°(2)fio(dz).
Also, the first and second exponential terms on the rlght side of (2.2) are negligible
since limg_,0(d:/¢) = 0. We also have that

(55 2 (\/5/65)2T ~ € L€ l
exp —(;) > / (60°) (V<) dv!

5. T 0\ T <& e
(%) e 3 LIl < (7)) 5 el

for all € > 0. Since lim._,(dc/¢) = 0, this last expression tends to zero as € tends
to zero. Since W¢ tends to W0 in C(%F), lim._,o maxi<i<q ||6:¥¢|lc(x) < o0, s0
lime 0 95, (0) = (0,2) + T [ ®°(2)fio(dz). It is clear from our calculations that

elogE

<

this limit is uniform over all z € R? and all T > 0 in a compact subset of R, .
Step 3—Large deviations. Hypotheses i) and ii) of Theorem 0.1 are clearly true.
From the simple form J() and the fact that A is strictly positive-definite, we know
that 444) is true. Thus, the stated LDP holds for each T > 0 and x € R?. The
uniformity stems from the uniformity of the limit lim. ¢ g7, (9. O

We will need the uniformity of the large deviations principle in our later consider-
ation of the trajectories of X%,

Finally, we note that under some additional restrictions on the relative behavior
of 0. and e, Proposition 2.2 follows from a direct Laplace-type expansion using
some heat kernel estimates of [24].

§3. REGIME 2

We here assume that ¢ = lim,_,(d¢/¢) is well-defined and in (0, 00). It turns out
that in this case we can almost directly apply the calculations of [2], [10, Section
7.2], or [13, Section 7.4.2] to the expression (1.5). In this case, the operator .£=%
tends to the operator .,SA,”O + cﬂAl as ¢ tends to zero. Define

j(2)(9) def inf sup / {%lzj; (<Al(z),9> — (&l¢)(z))2

PEC>(T) pe (%) J3
+% (<Bo(z),e> - (,s:ﬂogb)(z))
+((Bi2.0) ~ Bi)(2) ) 0B (3)

8



and let J® be its Legendre-Fenchel transform;
T?0) % sup {(9, 0y — j<2>(0')}. 0 e R
G’ERd
Again, J® is clearly convex. Then we have

Theorem 3.1. Fiz T > 0 and x € R?. The family {X%’E"SE € > 0} of R*-valued

random wvariables has a large deviations principle with rate function L}z?c(z) def

TT® (272) (all z € R?).
Proof. By [10, Section 7.2], gr 5 is well-defined and equal to (6, z) +T.J @ (6) for all
T >0,z cR¢, and § € RE. This and (1.6) imply that in Theorem 0.1, hypotheses
i), ii), and the first requirement of hypothesis éii) are true. For every ¢ € RY,
TP (0) is the first eigenvalue of the operator
d
S
S+ {ﬂl +Z A, 0) } {5 ;ml,e) + <EBO +Bl,0>} :
By standard results [17, Ch. VIII], it follows that J () and thus 97, is differen-
tiable. The g% ,’s are convex in 0 (since they are logarithmic moment generating
functions), so gr . is also convex. Thus, for all § # 0,

IVara(O)l = sup (Vgr.(6),¢) > <VgT,m<e>, |i>
gr m(e) — 9T,z (0) )

¢cer? 19|
0
> 7VQT,3:> > :
<<97" 6 161l

i<li=1
By (1.6), we see that the remaining requirement of hypothesis i) of Theorem 1.1
is also true. [

We will also need to know that X*¢?¢ is “exponentially tight” in C([0,7T];R?)
for each T' > 0. We will use this in §5.

Proposition 3.2. For any fized T > 0, 2 € R?, and o € (0,1/2),
T,6,0¢
lim hn(1)elogIF’{||X *ll¢eo,7);r4) > L} =-

L—ocoe—

Proof. We can write X% = z + /eM®° + S™° for all t > 0, where M®>° <

S fo Av (X5 awd and 7 4 [7 oo (X577 ds for all ¢ > 0. By stan-

de
dard calculations,
lim hmalog]P’{\/_HM “loe(o,rray = L} = —c0 (3.2)

L—oo

Now ||S$’€| Co([0,T];R9) < ||BE’65 ||Cp(Rd;Rd) (T + Tl_a) for all ¢ > O, and

. 1
Lim 1B || ¢, esmay < I Bolle, ®era) + | Billo, méza)- (3:3)
Clearly, then
lim hm elogP {|| X™* \0e “llce o, 77:re) > L}

L—oooe—

< lim hn(l)slog]P’{\/_HM””’ |

L—oo

C([0,T];R4)
> (L= ||zl = 1B%%[lo, mamay (T + T %)}
and the result follows from this and (3.2). O
9



§4. REGIME 3

We finally assume that lime_,0(d./¢) = oo. Here ¢ tends to zero much more
quickly than 0. and, in this case, the large deviations principle for (0.1) is effectively
given by first finding the large deviations principle for X®¢9 with § fixed and then
letting 0 tend to zero. Here, lim,_,o BS% = B;. For each z € R?, let a~!(z) be the
matrix inverse of a(z); since k of (1.1) is positive, a~! is well-defined on all of RZ.

For each z € R?, define the norm [|0]|,-15) dof V{(0,a=1(2)0) for all # € Re. For
each L > 0, now define a “quasipotential” Vz, : R¢ x R¢ — [0, 00) as

1 L
) it S ) - By ds e € R
peC([0,L);R?)
@(0)==z
p(L)=z'

(see [13]). Next define J3) : R¢ — [0, 00) as
1
TI¥(2) € lim —v5(0,Lz). zeR4
L—oo L

Elementary subadditivity considerations reveal that V (z) is indeed well-defined and
finite for all z € R?. We have

Theorem 4.1. Fiz T > 0 and z € R¢. The family {X;’E"SE : &€ > 0} of R%-valued

random wvariables has a large deviations principle with rate function Iq(wsgz(z) def

TT® (272) (all z € R?).

Note that our definition here is more direct than the definitions of the action func-
tionals in Regimes 1 and 2; we do not define the action functional via a Legendre-
Fenchel transform. This is reflected in the fact that our proof of Theorem 4.1 is a
direct analysis of the trajectories of X#*©9  rather than an analysis of the logarith-
mic moment generating function gr .. Again, it is sufficient to look first at T' =1
and z € R? fixed.

We begin with some deterministic results about J @),

Lemma 4.2. The function J® is continuous, convez, and there are positive o
and B such that X||z||> — B < T®(2) < allz||? + B for all z € R?. Hence for each
5> 0, the set {z € R : JO)(2) < s} is a compact subset of R?.

Proof. The continuity and bounds on J®) are left to the reader. In light of the
continuity of J®), convexity will follow if we can show that

79 (Lot m2Ey) < Ly + PR g) (4.)
m m m

m

for all k and m in Z with 0 < k¥ < m and all 2 and y in R? with rational coordinates
(i.e., z and y in Q?). Fix such a k, m, z, and y and set z def %33 + mT_ky. Fix
n > 0 and choose L > 0 such that V;(0,Lz) < L (J®(z) +n) and V(0,Ly) <
L (J(?’) (y) + 77) and such that Lz and Ly are in Z?% Thus, there exists a ¢; and
@2 in C1([0, L]; R?) such that ¢1(0) = ¢2(0) = 0, ¢1(L) = Lz, ¢2(L) = Ly, and
L
3 | 1910 = Brlon(oDI s ds < L (79(2) + 20) "

1 [
5/0 lp2(s) — Bl(wz(S))lli—l(@(s)) ds < L (J(B)(y) + 2n) :

10



Multiply z by mL; thus mLz = kLz + (m — k)Ly. Fix now any large integer
M. Let’s construct a curve ¢p € C([0, M Lm]) which is piecewise C! such that
¥(0) =0, Y(MmL) = MmLz, and which consists of Mk copies of o1, laid end to
end, followed by M (m — k) copies of ¢, laid end to end. In other words,

$(0) =0
¥(s) = ¢ (L([s/L] = 1)) + o1 (s — L([s/L] = 1))  0<s<MkL
Y(s) = (L([s/L] —1))+¢2(s—L([s/L] - 1)), MEL < s < MmL

where [-] is the integer ceiling function. Using the periodicity of B; and a=! (and
in particular the fact that the integrals of (4.2) are invariant under translations by
Z%), we see that

2

ds
a=1(z(s))

[ i - B

= M’ﬂé/0 [©1(s) — Bl(wl(s))”i*(w(s)) ds
+ M(m— k)/o 92(5) = B1(02()) Iz 1 (pa(s)) 4
< MkL (J ®) () + 277) +M(m — k)L (j D) + 2’7) '

Thus,

1
MmL

k —k
Vi(0,MmLz) < — (7P(2) +20) + == (7D(y) + ) ,

and (4.1) follows by letting M tend to infinity and then 7 tend to zero. O

Let’s next prove the large deviations lower bound; this will turn out to be a
simple modification of standard calculations. For each z € R?, let M, € L(R¢; R?)
be defined as

d
M.(0) E Y 0A1(2).  (61,0...00) € R (4.3)
=1

Note that [|M;1(0)| = [|0]|a-1(z) for all & € R%. Let’s collect together some regu-
larity results. Observe that there are constants k1, k2, K3, K4, and ks, such that

1001a-2 2y S NOlIG-2 ey L+ mallz = 21D, [1011G-12) < m2llOlla-1r)
101Gz < ssllll®, MO < kall6]® (4.4)
1Bo(2) = Bo(2)|| < ksllz = 2/l

for all z, 2/, and 6 in R?.

Proposition 4.3. For each open subset G of R?,

limslogIP{Xf’e"SE € G} > —inf J®(z - ). (4.5)
e—0 2€G

11



Proof. Fix z € G. Fix also L > 0 and let ¢’ > 0 be small enough that G contains
the set {#/ € R? : ||2/ — z|| < Lé~}. Choose any ¢ € C*([0,1]; R?) such that
¢(0) =z and ¢(1) = 2. Fix 0 < e <¢&'. Then

P{X7"% e G} > P{|X7"" — 2| < Lo. }

>P{[|X"% — olloqoure) < Lo} > P{IX|lc(o,11re) < L(6:/VE)},

where X, & ﬁ(Xf’e"sE —(t)) for all 0 < ¢ < 1. If we set

def 1 F) Xf’e’ée
6 € M2,y 000 - B | S
0<t<1

~ d_ef

t
Wt = Wt - %/O £(S)d8,

we have that

R NS A
Xe=>Y_|[ A 5 dW,. 0<t<1 (4.6)
1=170 €

Define next the measure P on (,.%) as

1 d ! l l 1 ! 2
XA €Xp [%;/0 §(s)dW, — %/o 1€(s)]] dS”

for all A € .Z and let E be the associated expectation operator. Then

P(A) ¥'E

P{HX”C([O’H;W) = L((Se/\/g)} =E [X{llelc([o,l];Rd)SL(55/\/E)}

d 1 1
X [, cwat- g | ||»:<s>||2ds”.

X exp

Now note that

X7 o(t)
5. 5.

0<t<1

(X oo < LE/vE)} = { p

and on this set %fol 1€(s)||2ds < V(g;e, L), where

. o 1 [t
V(pse, L) % sup {5/
0

2
dt :
a=Y(p(t)/8+(t))

19]lcqo,1;re) < L}

o0 - 5 (52 + p0)

12



(recall the statement immediately following (4.3)). For any 9 € C([0,1]; R?) with
||¢||C([O,1];Rd) < La

500 - 5o (52 +00)

2

de

a=1(p(t)/dc+1(t))

5(1) — B (@(ﬂ)

1
< 5(1 + k1L) ‘

5.
o (goa(t )) - B (@ n w(t)) z—w(t)/as) (47

2
dt + w(e, L, L)
a=(p(t)/d¢)

< %(1 +k1L)(1+ L) Hsb(t) - B (ﬁ?)

for all 0 <t <1, where

. 1 5

w(e, L, L) def 5(1 + k1L)(1+1/L)kg

2

E 6;65

< swp (1B + 1)~ Bl + 1855 )
y,y'er? \%

ly—y'II<L

The last line of (4.7) uses a simple application of Young’s inequality. Thus,

2

. -1t -
V(p;e, L) < (1+ H1L)(1+L)§/ dt + w(e, L, L).
0

a=1(e(t)/5¢)

(4.8)
Observe that w(e, L, L) does not depend on our choice of z or z in R%, or our choice
of p € C1([0,1];R?) and that limy_,olim._,ow(e, L, L) = 0 for every L > 0.
Some calculations as in [28, Proposition 3 of Sec. 4] now show that

~

ce. L
P{Xf’e’as € G} > exp [—7‘/((’0::’ )]

> 1

< exi | 1 E |2y s)aw! X105/ v2) |
X —— ~ =

| Ve PllXlogury <LG:/VE)} |

% B{[|Xlloqo, e < LO/VE)}. (49)

The following result is proved in Appendix B:

Lemma 4.4. Let kg > drskys be an even number. Define

7y def 2e~1/2 . = e 7
hi(L) = T min{1, L/\/kake} | - L>0

Then for each L > 0, ]P’{HXHC([O’T];W) < L} > A(L).

Proof. The proof is in Appendix B. O
13



In (4.9), we can use the Burkholder-Davis-Gundy inequality to get that

-~ d 1
E Hlel Jo €' (s)dW; X{IIXlll,oSL(&/\/E)}}

P{[|X|l1,0 < L(6-/vE)}

-~ d 1 Ke l/ﬁﬁ
g E Hlel Jo € (s)dW; X{||X||C([o,1];m)SL(as/\/E)}]
B P{| X llc(o,1:re) < L(dc/+/€)}

Sl o\ 2V (pie, L)

= ({3}

where ¢, /5 is the Burkholder-Davis-Gundy constant for x¢/2 [20, Theorem 3.3.28],
27, Ch. 4.4].

Finally, we put everything together, rescale the integral on the right of (4.8),
and vary ¢ (over all ¢ € C1([0,1];R?) such that ¢(0) = z and (1) = z). We get
that

P{X7*% € G}

> exp [_g ((1 + k1 L)(1 + L)6.Va s, (302, 2/62) + w(e, L, i))

1/ke \/2 ((1 +r1L)(1+ E)56%/56 (x/6c,2/0e) +w(e, L, i))

_gh‘/e/z

Ve {R(L(3:/v/€))}/"e

x T(L(0:/Ve)).  (4.10)
Let’s now let € tend to zero. Simple calculations show that

. _ 73) (., _ o 1
1m0V, (2/0e,2/0e) = Tz — @) and - limy 22 o ey = O

Thus, letting first €, then L, and then L tend to zero in (4.10), we get that

lim e log P{X7*% € G} > - T (2 — ).

e—0

Vary finally z over G; we get exactly (4.5). O

Next let’s prove the large deviations upper bound. We shall do this by appealing
to the bounds of [25]. For each ¢ > 0, let .#%%<* be the adjoint of .#*% with respect
to Lebesgue measure on (R?, Z(R?)), and let {Pf : t > 0} be the semigroup
on B(R?) defined by .£¢?=*, where B(R?) is the Banach space of bounded and
measurable functions on R%. Then, by virtue of the periodicity of the A;’s and the
positivity of k of (1.1), for each & > 0 there is a p* € C®°(Ry xR xR? ~ {(0, 2, 2) :
z € R%}) such that

(P = [ pFtanotdy, 20, 2€ R, [ e BERY
14



and thus

P{X"% ¢ A} = ” p° ((VE/de)t, 2,x/0c) dz.  t>0, A€ BRY) (4.11)

Let’s begin by reconciling the notation of [25] with ours. We first reverse the
direction of time since the semigroups of [25] evolve backwards; for each € > 0, let

{P= : t <0} be the semigroup on B(R?%) defined as Pg¢ def Pe,¢ for all t < 0 and
¢ € B(R?). Fix ¢ € B(R?) and define, for each ¢ > 0, ¢¢ % Peg for all ¢t < 0. Fix
also 1 € C%(R?). Then for each t < 0,
[ @ == [ 0@ (27506) (e == [ (200) ()i ()
Rd Rd Rd
and we want to rewrite this as
[ v@iies = [ {(00,.0ve5) - w0 Ve) - 6767 a°vw)
R
—c* i} (2)dz (4.12)

for some appropriate d x d matrix-valued function a® on R?, some b° and ée mapping
R? into itself, and some ¢ : R — R%. We will take

w(2) = e ) 2 - (%) e @)
b () & (‘%) a Y (2)B%%(2) —a Y(z)(diva)T(z)  zeR? (4.13)

e (2) & _% (%) (div BS%)(2).

Here diva is of course the row vector whose elements are the divergences of the
corresponding columns of a. We leave it to the reader to verify that (4.12) is true
with these definitions. It is easy to see that a® can only be chosen as above; however,

b° and b are not uniquely specified by (4.12). This turns out to be important (see
(4.16) below).
We now appeal to [25]. For each € > 0, define

def 1 /0 e
getaa :e inf n ’ __ebs_b 9
e ® it o[ (e - (0 - E)) (o)

p(t)=2

©(0)=y

(@) ((5)) (9(5) — (220 = 1)) (9(s))) ) ds.

t<0,zycR (4.14)

Then there is a C > 0 such that

pe(_t7 Z, y)

€
_t

/2

<C

—t . .
cexp |-t m) + ) sup {0+ a0 48D+ ).
w€ER
t<0,zyeR? (4.15)
15



Let’s now simplify some of this. Note that
e(pe 1% Oc €,0 L .. T e |, 18 I 4, .. T
a*(b*—b )= —;B O 4 i(dlva) , and b 4+0b = —50 (diva)*. (4.16)

The second equality is the crucial one which in fact guided our choice of b° and b°;
although b° and ée grow like % as € tends to zero, b + @E is bounded as € tends to
zero, and thus the second exponential term in (4.15) grows in a manageable way as
e tends to zero. Using (4.13) and (4.16), we can rewrite (4.14) as

56(_t727 y)
. ]. t . 66 £.,0 1 2
= inf 5/ @(s) — ~ ) B° e(w(s))-l-if(ﬁo(s)) ds,
(pec:p(%[)oi]y;m ) 0 a=1(p(s))

p(t)=2

t>0,zyeRe

and, using (4.16) and the growth rates of b°, ﬁe, and c® as ¢ tends to zero, we see
that there is thus a second constant C’ > 0 such that

/2
L+ (%) (5 + 1)t +E5(—t,2,y)
£ < U € £
Pt 2,y) <C ( .
Oc
X exp [—55(—15,2', y)+ K <? + 1) t} .
t>0,z9c¢€ R?

The upper large deviations bound of Theorem 4.1 now follows from a simple
Laplace-type bound;

Proposition 4.5. For each closed subset F of R?,

lim e log P{X%% € F} < — inf J®) (2 — z). (4.17)
e—0 z€F

Proof. From (4.11),

2
P{XZ5% € F} = pe (—) 52 d
Z2EF /6, 56 55
2

e (2
zeF 56

(14 (%) (% +1) () + €~ (Va/d), 2/be2/5.)
1s —d € € e
=0 /F \ (Ve/5.)?

/2

exp | <5 (VEB)" 2/ v/ + K(E8)? (% +1)] s
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for all € > 0. A simple calculation (which uses the boundedness of I') reveals that
hm 656( (ve/6:)?, 2/be,2/6:) = T (2 — z), (4.18)

and that this limit is uniform for z in any compact subset of R?. Another simple
calculation shows that for some positive o and /3,

e€5(—(Ve/6:)?, 2)0c,2/0.) > ||z — z||* — B’ (4.19)

for all z in R?, and all ¢ > 0. A Laplace-type argument using (4.18) and (4.19)
shows that

2
—-— z,6,0¢ : 7(3) _ + im K —8 +
Fl < —
gl_)II(l){:‘lOgIP{Xl €F}< zlglfmj (z — ) gl—>0 (55 ( ) )

— inf 7O (z —2)
zeF

which is exactly (4.17). O

Combining the results of Lemma 4.2 Propositions 4.3 and 4.5, we get the large
deviations result of Theorem 4.1 when T = 1 for any fixed z € R?. Again, we get
the result for any fixed T > 0 and z € R? by rescaling.

We also have

Proposition 4.6. For any fized T > 0, 2 € R?, and o € (0,1/2),

Tim Bim T,€,0¢ —
Am 251(1)810@?{”)( lca(o,1ymey > L} =

Proof. Exactly the same as the proof of Proposition 3.2. Here we replace (3.3) with
lime 0 ”BE’(SEHC’,,(Rd;Rd) <|[|Bille, gy O

The reader will naturally wonder if there is an alternate proof of Theorem 4.1
which uses Theorem 0.1. The reader will also wonder if g7, here in Regime 3 is
given by (assuming that g7, exists) taking the limit of (3.1) in Regime 2 as ¢ of
(0.3) tends to infinity (see also [2, Theorem 1.25]). One can indeed show that for
all T > 0 and = € R?, g7, and is given by g7 () = (0,z) + TJ ) (#) where

d 2
j(3)(9) = ¢>egg($) ”eg}()s)/ {% ZZ:; (<Al(z)’ 9> ~ (@19) (Z))
+((Bi(2),0) - (b19)(2)) } m(dz). 0 R?

Unfortunately, we were not able to verify hypothesis i) of Theorem 0.1, nor were we
able to verify any weaker conditions (such as an analysis under the tilted measure)
under which the conclusions of Theorem 0.1 hold. By [5, Lemma 2.2.9], we do,
however, know that the Legendre-Fenchel transform of J®) must be J®), and by
now appealing to the convexity result of Lemma 4.2, we indeed have that J® is
the Legendre-Fenchel transform of J),

17



§5. LARGE DEVIATIONS IN PATH SPACE

The natural next step in our study of X?%9% is an analysis of path-space
large deviations; i.e., we need to look at the C([0, T]; R?)-valued random variables
{{XP% . 0 <t <T}: e >0} for any T > 0. The large deviations in functional
space should easily follow from the calculations of §2—4, the Markov property, and
some regularity conditions. Throughout, we assume that 2z € R* and T > 0 are
fixed and that we are in Regime 7 for some i € {1,2,3}. If we are in Regime 1, we
assume that Assumption 2.1 holds.
We start with the following obvious result:

Proposition 5.1. Fix any positive integer m. Then the family

E,E,(ss $,€,55 w7€76€ .
(X, Xgiite, . Xg=%) e > 0}

of (R*)™-valued random variables has a large deviations principle with rate funcion

def e gy [ Yk — Yk—
Im((yh Y2, - - ym)) :e ZJ(Z) (%) (T/m)a (y17 Y2, - - ym) € (Rd)m
1=1
def . .
where yo = x in this formula.

Proof. We need to show two things (see [5, Exercise 2.1.14]):
a) that for every (yi,%2,...ym) € (RY)™,

lim limelog]P’{ sup ||qul7jf -yl < 77} =—I((y1,92,---Ym))
1<I<m

n—0e—0

b) that {(Xg70e, Xgi70e,. .. X:9%) 1 & > 0} is exponentially tight in (R?)™.
Let’s first prove a). By an easy calculation involving the Markov property,

1 glog]p{lglf X255 — | < n} — (1,520 ) + (),
where
- i) (Yk — Yk—1F2 Gy Yk~ Yr—1
w(n)| < sup | J® (—) -J <7> ‘ (T/m).
; Izl<2n T/m T/m

Clearly, lim,_,ow(n) = 0 since J® is continuous (Lemma A.1) This finishes the
proof of a).
To prove b), note that for any K > 0,

lim elogP{ sup X TE:0e EK}Smslo IF’{ X e ZK}
Jmelog {1§l§m“ IT/m | lm'e log ; | lT/m||

< T z,€,0¢ > } )
< IISHI%}T(” gl_r)%glogP{HXlT/m | =K

Since im0 J@(2) = oo (Lemma A.1), the family {X*% : ¢ > 0} of Rd-
valued random variables is exponentially tight, and thus b) is true. 0O

We can now easily guess at the path-space large deviations principle. We provide
the proof in Appendix A, using exponential approximations.
18



Theorem 5.2. Fiz z € R? and T > 0, and assume that we are in Regime i for
some i € {1,2,3}. If we are in Regime 1, we assume that Assumption 2.1 holds.

The family {{XZ% : 0<t <T}: e > 0} of C([0, T); R?)-valued random variables
has a large deviations principle with rate function

Sé%((p) def { fo T (p(s))ds if ¢ is differentiable and p(0) = (5.1)

00 else.

for all p € C([0,T); RY).
Remark 5.3. The reader may wonder if we could also prove Theorem 5.2 by using

projective limits (see [4, Ch. 4.6 and Theorem 5.1.2]). We were unable to do this

since we were unable to show that {{X% : 0 <t < T} : ¢ > 0} is exponentially
tight in C([0, T]; R?) in Regime 1. In Regimes 2 and 3, Propositions 3.2 and 4.6
would have worked for the projective limit approach.

§6. WAVEFRONT PROPAGATION

Using the results of §2—4, we can at last consider the wavefront problem for (0.2).
Again, we assume that we are in Regime 4 for some i € {1, 2,3}, and that if we are
in Regime 1, we assume that Assumption 2.1 holds. Let V be defined by (0.4) with

S(()fz of (5.1) playing the role of Sy ;. Notice that since J () is convex,

t
inf / TD(p(s))ds = T (u> (6.1)
peC*([0,t];R%) Jo t
e(0)==
e(t)=y

for all ¢t > 0, z and y in R?. That the right side dominates the left side is obvious;
take ¢(s) = v+ §(y—=x) for all s € [0,1]. To see the opposite inequality, let « be any
element of the subdifferential of 7(® at (y — x)/t. Then for any ¢ € C*([0,t]; R%)
such that ¢(0) = z and ¢(t) =y,

/ TD (g ds>t.7(’)< tx) +/01t <a,gb(s)— (y;$>>ds,

and the integral in the last expression is zero since ¢(0) = z and ¢(t) = y. Thus,
(6.1) holds. Since the minimizers of (6.1) are straight lines, it follows that for any
t >0, and z € R? such that V(t,z) < 0,

V(t.z) = sup { /'(0)t — S{}p) : @ € C(10, 8 RY), 9(0) = 2, (t) € G,
V(t—s,p(s))<0forall0<s<t}.

This allows us to copy the proof of Theorem 2.1 of [10, Ch. 6] to see that (0.5)
holds. The analysis also shows us that (0.5) holds uniformly on the set

{(t2) Ry xR : 0t < T, |lzf| < T, [V(t,2)| = m}.

for any T > 0 and n > 0.
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§7. SysTeEMS OF RDE’s

A. One can also consider homogenization and the wavefront propagation problem
for systems of RDE’s with periodic coefficients. For the sake of brevity, let us
consider a system of the form

ou -
8—tk = Lpuy, + ch,j(x)(uj — ug) + cp(ug)ug t>0,zeR? (7.1)
7=1 1<k<n '
ux(0,-) = gg-

Here, for each 1 < k,j < n, cgj(z) > 0 for all z € R? and the strongly elliptic
operators .%, are given by

def1
= — Z <k<
% 5 E ( 8.%‘8.’17]—'— E ba:) 1<k<n

1<i,j<n 1<i<n

The nonlinear terms are assumed to be of KPP type; for all 1 < k < n, ¢ is
continuous, cg(u) > 0 for u < 1, ¢ (u) < 0 for all w > 1, and ¢x(0) = maxy,>¢ ci(u);
set ¢ def ck(0) for all 1 < k < n. The coefficients of the .Z;’s and the ci ;’s
are all assumed to be in Cp° (R?). We assume that for all 1 < k < n, the set

Gk def supp(gx) is compact and that its closure coincides with the closure of its

interior. We set Gy < U?_,GE. We can understand existence and uniqueness of
these PDE’s via an iterative Feynman-Kac formula, just as in [10].

Let {(X;,v;) : t > 0} be the Markov process on R? x {1,2,...n} corresponding
to the linear part of the system (7.1) (see [6]); i.e

d
dXy =Y A1, (Xo)dW} + By, (X,)dt
=1
P{viyn = jlve =1, Xp = 2} = ¢ (@) A + 0o(A) AN

(7.2)

where for all 1 <k <n, 37,4 Alk( )A{’k(a:) = afc’j(m) for all 1 < 4,7 < d, and

and By (z) = (bj(z),bi(z) .. bd( )). Then we can write down an equation for the
solution of (7.1):

¢
ug(t,z) = E [gvf,k (XY exp [/ C o (Uyzk(t — 5, Xf’k))ds” ,
0

s

for each t > 0 and z € R%, where {(X™*,v7*) : ¢t > 0} is the solution of (7.2)
which starts at the point (z, k).

To describe the asymptotic behavior of the solution of (7.1) as ¢ tends to infinity,
define a family of operators {.Z : 6 e R?, 1 <k < n}, on C°(R?), a

(L) () = (L) (2) - (ar(@)8, Vo(2)), ¢ € C°(RY), z e R?
Consider the eigenvalue problem

(£9) (@) + |exlo) = (Bu(2).0) + 5 (ax(2)0.0)] ()

+ 2k (@)(0(2,9) = ¢(z ) = XO)p(z k), 1<k<n R
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where 0 is a parameter. Let A(f) be the eigenvalue corresponding to the positive
eigenfunction. Such an eigenvalue exists and is simple thanks to the Frobenius
theorem applied to the positive semigroup {QY : ¢t > 0} on C,(R?) defined as

(Qf¥) (v k) B [p(XP*,v7)

t
exp [/ [cyf,k(Xf’k — B,z (XZFY, 0) + %(a’/:,k (Xf’k)ﬁ,ﬁ)] ds”
0

(compare this with Lemma 7.2.1 in [10]). The function X is convex and it fol-
lows from standard perturbation theory that it is differentiable. Denote by H its
Legendre-Fenchel transform:;

H(z) ¥ sup {(z,0) + A(0)}. zeR
feRrRd

The following result can be proved in the same way as Theorem 7.3.1 of [10]:

Theorem 7.1. For any compact subset F of {z € R? : H(z) > 0}, we have that
limy_y 00 ug(t,t2) = 0 uniformly for z € F and all 1 < k < n. For any compact
subset K of {z € R? : H(z) < 0}, limy_,o0 ui(t,tz) = 1 uniformly for z € K and
alll1 <k <n.

One can, of course, rescale the space and time as x — % and ¢ — g Then

Theorem 7.1 can be reformulated to describe the limiting behavior as € tends to zero
of the solution of a corresponding Cauchy problem with a small parameter. This
case corresponds to Regime 2 considered in §3. One can consider the other regimes
as well. Note, however, that in the case of systems, there are more ways to introduce
several parameters, since the small diffusion parameter and the homogenzation
parameter may tend to zero at different rates for each equation of the system. This
may, for example, be the natural setting in which to consider chemical reactions or
diffusions which occur at different rates.

B. One can also consider RDE’s with slowly-varying periodic coefficients. In the
case of one equation without drift, this means that after the proper space-time
rescaling, the RDE has the form

out ¢ o 0%u® 1
= — a’ta] (_’ .T) _|_ _c(ué‘)ue
or 2 19‘2,3':3(1 Or;dz; € t>0,z¢cR (7.3)

u6(07 ) =9,

where g and c satisfy the same assumptions as in §0, but now the a*7’s are functions
on R? x R? and #» a®¥(z,2') is in C,(R?) for every 2’ € RY. Again, the theory
of these PDE’s can be developed through the Feynman-Kac formula.

This situation should be compared with the corresponding results in [10, Ch. 6]
and [12]; we will only indicate what the results should be. The solution u¢ of (7.3)
tends to a step function with values 0 and 1 as ¢ tends to zero. The motion of the
interface between where it tends to 0 and where it tends to 1 can again be described
by a Huygen’s principle (see, for example, [10, Ch. 6]). This Huygen’s principle, is
homogeneous and isotropic in a certain Finsler metric. Note that in the simplest
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case, when a*7(%£,z) in (7.3) in fact depends only on the second argument, then
this Huygen’s principle is with respect to the Riemannian metric corresponding to
the form ds® = 37, o, ;o4 a4 j(v)da*dz?, where (a;;(2)) = (a*?(x))~!. To be more
precise, consider the eigenvalue problem

2

LS i) 208 (@) — ()0, Vo)

0x;0x;
1<4,j<d e

¥ [el@) + Sale,0)0,0)| () = Ap. O)p(a), o€ R

with y and # in R? being parameters. Let A(y, ) be the eigenvalue corresponding

to the positive eigenfunction, and set H,(z) def Supgera {(2,0) + A(y,0)} for all y
and 0 in R¢. Let d be the Finsler metric on R? such that the unit sphere &,

at y is defined by &, & {z € R? : H,(z — y) = 0} for each y € R, Then
lim,,ou®(t,z) = 1if d(z,Go) < t and lim._,ou®(t,2) = 0 if d(x, Gy) > t.
It is interesting to note that if the nonlinear term also depends on the spatial

variable, the motion of the front can be much more complicated. For instance, if the

nonlinear term has the form c¢(Z,u)u and ¢(%) def c(%,0) depends on Z, the front

can have jumps. Some other generalizations could easily follow from the techniques
of [12].

APPENDIX A. THE PROOF OF THEOREM 5.2.

Here we provide the details of passing from the finite-dimensional LDP of Propo-
sition 5.1 to the path-space large deviations principle of Theorem 5.2. Essentially,
we will approximate X9 by piecewise-linear approximations. We will use [4,
Theorem 4.2.16] to coordinate all of the details.

Let’s start by collecting in one place some technical results about the J®)’s; we
used some of these results in proving Proposition 5.1.

Lemma A.1. The function J® is convex and continuous and there is an o > 0
and B > 0 such that

ol 8 < TO@) < ool +5. 0 R (A1)

Proof. The convexity of 7 in Regimes 1 and 2 was already pointed out; in those
regimes J® is defined as a Legendre-Fenchel transform. The convexity of 7 is
contained in Lemma 4.2. Continuity follows from convexity. In Regime 1, (A.1)
follows from the second equality of (2.1); in Regime 2, it follows from (1.6) and the
fact that 7 is the Legendre-Fenchel transform of 91,0- Lemma 4.2 contains the
bounds of (A.1) for Regime 3. O

Let’s now get back to Theorem 5.2. Let’s define, for each positive integer m, the
family {X™€: ¢ > 0} of (R%)™-valued random variables by

def [ [ T,e,0
m,e % T,€,0¢ Z,€,0¢ €
X B (Xpote Xpmhe XY 6> 0
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Proposition 5.1 tells us that {X"*¢ : ¢ > 0} has a large deviations principle with
action functional I,,. For each positive integer m, now define Z,, : (R)™ —
C([0,T]; R?) by piecewise-linear interpolation;

(Em((yl, Yo ... ym))) (t) def

tm tm tm tm
Yiem/ri1 \ 7 ~ | + Yltmyr) | 1 — T + 7| )

OStS Ta (y17y2---yd) € (Rd)m

where yg 4 2 and |-| is the integer floor function. Clearly Z,, is continuous for each
m. For each positive integer m, let’s now define PL,, ([0, T]; R?) as the collection of
piecewise-linear elements of C([0, T]; R?) which have vertices at {T//m,2T/m...T};
i.e., PL,,([0,T]; R%) = Range(Z,,). The contraction principle now yields

Proposition A.2. For each positive integer m, the family {X™¢ : ¢ > 0} of
C([0, T); R?)-valued random variables has a large deviations principle with action
functional

5 () o { Sy, JO (ULmog GO ) (T/m). if o € PLn([0, T); R)

00 else

(A.2)
for all p € C([0,T]; RY)
Proof. Use the contraction principle and the easily-verifiable fact that S,,(p) =
inf{l,,(y) : En(y) = ¢} for all p € C([0,T];RY). O
Let’s next show that =,,(X™*¢) is sufficiently “close” to X®*9% for large m and
small e. We have
Proposition A.3. For eachn > 0,

lim hmslog]P’{pC( 0,7];kd) (Em (X™€), X %) > n} = —o0. (A.3)

m—00 e—0

Proof. The proof is a modification of some of the calculations of [13, Theorem 2.2
of Ch. 3 and Lemma 2.1 of Ch. 5]. A simple calculation shows that

m,e ZT,& ) 75 6
Po((0,7);R) (Em (X™F), X %) < sup Sup 1 X?lEl)T/m”
1<I<m (I-1)T/m<t<IT/m
If we are in Regimes 2 or 3, fix @ € (0,1/2) and note that then by Propositions 3.2
and 4.6,

lim_Tim e log P{ pco,7124) (Em (X™), X7%) > 1}

m—0o0 e—>

< lim 111rr(1)a€10gIE”{||X””‘S llce (0, ;R ) > 27 (ZZ) }:—oo.

m—0o0 e—>

If we are in Regime 1, we calculate that

P {po(o,ryma) (Bm (X™5), X7%) > n}

m
T,€,0¢ x,€,0¢
Z { Sup 12X = X ml 277}
=1
< 2m

IN

(I-1)T/m<tIT/m

sup P {||X{"" —yll = n/2}.

yeR?
0<t<T/m
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We now use Proposition 2.2 and (A.1) to see that for any v > 0, there is an &’ > 0
such that for all € € (0,¢],

sup - P{||X{"" —yll = n/2}

yeRrR?
0<t<T/m

[ 1
< sup exp ——{ inf I(l)(z)—fy}]

t
lz—yl[>n/2 Y

yeRd &
0<t<T/m
[ 1
< sup exp ——{ inf  (at||z/t||? — Bt —’)/H
0<t<T/m | € IIZII2n/2( /¢l )

_ 1 (man? BT
_eXp[_E{ AT _H_VH'

This gives us (A.3) in Regime 1. O

We also need to show that the Sy,’s of (A.2) are sufficiently “regular” and close
to So.r of (5.1). To get around the fact that S,, is finite only on P Ly, ([0, T]; R?),
let’s define, for each positive integer m, Ty, : C([0,T];R?) — PL,([0,T];R?)
by linear interpolation; set I',,(¢) def Em(@e(T/m), (2T /m)...¢(T)) for all ¢ €
C([0, T]; R%). Thus, although S,,(¢) = oo if ¢ € C([0,T];R%) ~ PL,,([0,T];R%),
Sy (Tm(¢)) < oo and is the natural approximation of So,7(¢). For any fixed ¢ €
C([0,T};R?), a simple calculation shows that pc (o 77.ra) (Lm(#), ©) < 2wy (T/m)
for all m, where w, is the modulus of continuity of ¢. The following technical

regularity results about Sp 7 and the S’m’s are what we need to proceed:

Lemma A.4. We have that
i) So,r is a good rate function.
ii) For each ¢ € C([0,T];R%), limy,_yo0 Sy (Tm () = So.r(p).
i11) For any positive integer m, S'm o'y, =Sorol'y,.
iv) For any closed F C C([0,t];R?), infyer Sor(p) <lim_ . __ infuer Sm(p).

Proof. Let’s begin with i). We need to show that for each s > 0, the set

®(s) = {p € C((0, T R?) : So,r(p) < s}

is a compact subset of C([0,T];R*). Since J® is convex (Lemma A.1), ®(s) is
closed. In light of (A.1),

T
O(s) C {go € C([0,T);R%) : ¢ is well-defined and/0 lo(s)|?ds < a(s+ 5T)} i

The set on the right is a compact subset of C([0, T]; R?), so we are done with claim
i). Claim 1) is left to the reader. When Sy 7(p) < oo, the proof uses the convexity
of the J®’s (Lemma A.1) and (A.1). When Sy r(p) = oo, the proof uses (A.1).
Claim #3) of Lemma A.4 is obvious.

Let’s finally prove iv). The result is trivial if the right-hand side is infinity, so

let’s assume that K % lim . infyep S’m((p) is finite. Then there is a sequence
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{m, : n=1,2...} tending to infinity such that inf,ep Sm, (¢) < K + 1. for all
n. Using the fact that the level sets of S’mn are compact, we conclude that for each
n, there is a ¢,,, € F N PLy([0,T];R?) such that Sy, (¢m,) = infuer Sm, (¢)-
Using now claims i) and iii), we know that there is a ¢* € F' such that Sy r(¢*) <

combining all of this, we finally get exactly iv). O

We now have all of the tools to prove Theorem 5.2.

Proof of Theorem 5.2. According to [4, Thm. 4.2.16], we only need to prove that
Sor = I, where I : C([0,T]; R?) — [0, 00] is defined as

I() € sup lim inf{Sm(¥) : poqoryma) (@ @) <8} v e C([0,THRY)

>0 m—o0

The groundwork for applying [4, Thm 4.2.16] involves Proposition A.3 and claims
i) and 4v) of Lemma A.4. To prove that Sor = I, let’s fix ¢ € C([0, T]; R?).

Let’s first show that So 7(¢) > I(¢). Fix 6 > 0. Recall that I'y,(¢) is within
distance 2w, (T/m) of ¢ (in the pc(jo,7);re) nOTM); thus pe(po,ryray (Lm (), 0) < 6
for m sufficiently large. Thus, inf{Sy, (1) : pe(o,rd) (Y, ) < 6} < S (T ().
Using claim i) of Lemma A.4, we see that

lim inf{Su (1) : po(oryre (¥, ) < 6} < Sor(p).

m—0o0

Taking the supremum of the left side over § > 0, we indeed have that S r(¢) >

1(e)-
We next show that Sor(¢) < I(p). Again, fix 6 > 0. Then by using iv) of
Lemma A.4, we see that

lim inf{gm@ﬁ) : pC([O,T];Rd)('IpaQO) <4} > inf{SO,T(¢) P Po([0,T];RY) (¥, ) < 0}

m—00

Thus, I(p) > lims_,oinf{So,r(¥) : poo,rre (¥, 9) < 6} = Sor(p), the last
equality following from [5, Lemma 2.1.2] and the fact that Sp 7 is good (claim ) of
Lemma A.4). Thus, we must have that Sy 7(¢) < I(p). O

APPENDIX B. THE PROOF OF LEMMA 4.4.

Here we give the proof of Lemma 4.4. The idea is to compare X to a BESQ"¢(0)
process and then bound the law of X with a kg-dimensional Wiener process. Al-
though most of the calculations constitute something of a folk theorem, we have
been unable to find a reference to cite. Thus, we shall outline the proof. We be-

- z,e,0¢
gin by rewriting (4.6) with simpler notation. Define A;(t) L 4 (Xt ) for all

O
0<t<landl=1,2...d. Then X; = 27:1 fotﬁl(s)dWs for all 0 < ¢ < 1. Let’s

now define Z, & || X,||2 for all 0 < t < 1. The evolution of Z is given by

d t d t
Zt:22/0 <Xs,Al(s)>dW;+Z/0 14;(s)[1ds
=1 =1
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for 0 < ¢ < 1. Set v(t) ¥ % ||A;(1)]? and aft) d_efz (X, A ()21 X2 for

all 0 <t < 1. The nondegeneracy of the A;’s implies that X spends zero time at
the origin (P-a.s.), so « is well-defined. Letting M* denote the adjoint of M, (given
in (4.3) for each z € R? and letting {e1, es...es} be the standard basis for R?, we
observe that

Z” xresse s, (@17 < drg

d_ d o
(X A1)? = Y (K, Myscase 5 (e2)) = HM Eﬁés/ée(Xt)H
2 o v . .
< Pt 0 [ 50 -
< VRl H S5 (X0
HM;:,E,JE/(SE(Xt)H H X 555/6 ;;tz,s,és/&e (Xt))H ||Xt||

S \/K:4 H th,s,és/(ss Xt H ||Xt||

1
= < alt) < k.
Hs_a()_m

We have used here some of the bounds of (4.4). The second line gives us an alternate
representation of the numerator of «(t). Using this and the third and fourth lines,
we conclude the last line.

Next rescale time. Define 7 : [0,00) — [0, 00) as a solution of the random ODE
7(t) = @) (t)) for 0 < 7(t) < 1, with initial condition 7(0) = 0 (7(¢) will be uniquely
defined until 7(¢) = 1, which is sufficient for our needs). By the last line of (B.1),
7(t) > t/kg for all t < 771(1) and thus 771(1) < kg (771(1) is well-defined since
the last line of (B.1) implies that 7 is strictly increasing and thus invertible).

We now define 3, &' S fOT(t) <X|s|’)?’|(|s)>dWl for all 0 < t < 771(1). It is easy

to see that § is a Brownian motion on [0,7~*(1)]. Continuing with this rescaling,
define ¢, def ) for all 0 < ¢ < 771(1). Then

G =2 /0 Jeas, + /0 t zg:g;;ds

From the first and last lines of (B.1), we see that % < drsks < kg forall0 <t <1.

Let’s now define a Bessel process with which to compare ¢. Let ¢ be the unique
solution of ¢ = 2 [ v/Codfs + (drzra)t for t > 0.

Then ¢ is a BESQ®#3%4(0) process (with respect to P). The relation between ¢
and ( is given by the following coupling result:

Lemma B.1. We have that P{{, < ¢ for all0 <t <77Y(1)} =1.

Proof. The proof is very similar to some calculations of [27, Sec. 3 of Chap. IX].

Define U, def G—Clorall0<t< 771(1). Then, letting 2™ def max{z,0} for all
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z € R, we have that U; = [} x(u.>0ydUs + 1L(U) for all 0 < ¢ < 771(1), where
L°(U) is the local time of U at 0. Clearly

AU, = 2 (\/g _ \/5) dp; + (2883 - 56) dt.  0<t<7 Y1)

Since

tq tq . 2 toq1
—d{U), = 4 S s — s ] ds < 4 — (s — (slds < 4t
/0 oy 4 / |US|(VC VC) s / T,/ Selde

for all 0 < ¢ < 771(1) and since [, +(1/u)du = oo, standard calculations (Lemma
3.3 of [27, Sec. 3 of Chap. IX]) imply that L?(U) =0 for all 0 < ¢ < 771(1). Thus,

/OMT_I(I) X{U,>0} (lgg; - I%) &

This almost immediately implies the result. [l

E |V | =B

Thus we have that

]f”{ sup ||Xt||§i}:IP>{ sup Zt§E2}:]P’{ sup Cvt§E2}

0<t<1 0<t<1 0<t<r—1(1)

ZIP’{ sup Ct§E2} ZP{ sup CtSI_IQ}ZP{ sup CtSE2/H4}

0<t<T=1(1) 0<t<ra 0<t<1

for each L > 0.

The rest is easy. A BESQ"¢(0) process has the same law as a kg-dimensional
Wiener process. Using the equivalence of the /2 and [°° norms on R and letting
V be a P-Wiener process, we have that

Pl o 6 <2} (2] s Wil < Livime) )

0<t<1 0<s<1

By a celebrated result of Levy [27, Theorem VI.2.3], [20, Problem 2.8.8], we fur-
thermore have that

p{ o v < Ly b > 2L o (s (- v0)) < /e

0<s<1 0<s<1 \0<Lr<s
IV
>P< sup V, < L/\/kak / 2 7=db
{0<sgl / * 6} vV 2
1A<L/¢m> s 212 _
Y 74db > ——— min{1, L/\/Kskg}.

This completes the proof of Lemma, 4.4.
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