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Abstract: We give a new construction for the n-th Taylor polynomial, in the sense of
Goodwillie calculus, for homotopy functors from spectra to spectra. We then use this
model to classify n-excisive functors of module categories of functors with smash product
(FSPs) by bi-modules of explicit FSPs.

Introduction: In [Cal3], T. Goodwillie constructs a Taylor tower for functors from spectra
to spectra. The layers of this construction are called n-homogeneous functors and he
classifies these by use of the n-th cross effects of a functor. In this way, the layers of the
tower become reasonably computable by using an explicit algorithm applied to the n-th
cross effect of a functor. Our first goal in this paper is to establish a generalization of
this process to not only obtain the layers of the Tower, but the tower itself. It should
be pointed out, however, that our construction only works for functors of spectra while
Goodwillie’s classification of the layers also works in more general settings like homotopy
functors of spaces. The idea for this construction arose from a conversation with G. Arone
when he explained to me the Taylor tower of Σ∞Ω∞ (from spectra to spectra).

In order to state the first result, we need to make some definitions. LetMn be the dual
of the category of non-empty finite sets and surjective morphisms (one object {1, . . . , n}
for each n ∈ N). For a pointed space X we let X∧∗ be the functor from Mn to pointed
spaces defined by U ∈Mn 7→ X∧U and

f : V → U 7→ Xf : X∧U −→ X∧V Xf (x1 ∧ . . . ∧ xu) = (xf(1) ∧ . . . ∧ xf(v))

(the map induced by diagonals). For F a functor from spectra to itself we define ĉr∗F—a

functor fromMn to functors of spectra. For U ∈Mn, ĉrUF is equivalent to Goodwillie’s
|U |-cross effect but defined dually using products and homotopy cofibers (see section 1 for
details). For F a homotopy functor of spectra which is stably n-excisive we prove:

Theorem (4.6):

PnF ( ) ≃ hocolimk MapMn
((Sk)∧∗, ĉr∗F (Sk∧ )).

In the second part of the paper we use this result to give a classification of n-excisive
functors of module categories. A functor with smash product (FSP) is a model for ring
spectra which is very convenient for explicit constructions (for example, they are used to
define the Hochschild homology of ring spectra in [Bö]). One can easily work with the
category of modules of an FSP and they inherit many of the useful properties that chain
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complexes do over (ordinary, discrete) rings. In particular, the category of spectra we are
using is equivalent to the category of modules over the universal FSP (whose spectrum
is equivalent to Σ∞S0). Let A and B be FSPs. For F a functor from A-modules to B-
modules, we say that F satisfies the limit axiom if F commutes up to equivalence with
directed homotopy limits.

Theorem (7.6): The homotopy category of n-excisive functors from A-modules to B-
modules which satisfy the limit axiom is equivalent to the homotopy category of B −
LnS[Mn(A)]-bimodules. There is a pairing

(B−Mod−LnS[Mn(A)]) × (C−Mod−LmS[Mm(B)])
µ
−→ (C−Mod−LmnS[Mmn(A)])

which recovers the composition of n–excisive functors from A-modules to B-modules with
m–excisive functors from B-modules to C-modules by this equivalence.

The FSP LnS[Mn(A)] is defined explicitly in section 7 but is essentially the FSP analogue
of a subring of the monoid ring Z[Mn(R)] when R is a discrete ring and Mn(R) is a monoid
by multiplication.

The paper is organized as follows. After establishing some preliminaries we define
ĉr∗F in section 1. In section 2 we define LnF for n ≥ 1 using ĉr∗ and with these we
define a tower associated to F . In section 3 we examine the tower {Ln(F )}n≥0 in a special
case. We use induction and the results of section 3 to show in section 4 that F → LnF
is universal with respect to n–excisive functors and hence deduce that LnF is naturally
equivalent to PnF when F is stably n-excisive. In section 5 we recall some preliminaries
about module categories over an FSP. In section 6 we prove:

Theorem (6.2): Let F and G be n-excisive functors of module categories which satisfy
the limit axiom. If η : F → G is a natural transformation such that ηAn is an equivalence
then ηM is an equivalence for all A–modules M .

In section 7 we classify LnF for F satisfying the limit axiom by using bi-modules of explicit
FSPs. This is done, as it is in ordinary algebra, by establishing a natural transformation
which is trivially an equivalence at An between two n-excisive functors which satisfy the
limit axiom and then appealing to theorem (6.2).

We would like to thank Greg Arone for sharing his thoughts with us. His ideas were the
key ingredients for getting this paper started. I would also like to thank Aarhus University
for its hospitality–it was during a visit there that the ideas in this paper were clarified
while having several useful conversations with Bjørn Dundas. Lastly, we want to thank
Tom Goodwillie for teaching us how to work more effectively with cubical diagrams and
higher order excisive functors.
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0. Preliminaries and conventions

We will follow the basic conventions and terminology of [Cal1] and [Cal2]. We sum-
marize what we use below and establish some notation.

A space is a compactly generated topological space and products and function spaces
are formed in that category in the usual manner. Basepoints are always nondegenerate and
an equivalence of spaces is a weak homotopy equivalence. Homotopy limits and homotopy
colimits are defined as in [B-K]. We write the continuous category of based spaces as Sp∗.

For us, a spectrum is a sequence of based spaces {Ei|i ≥ 0} and based maps Ei →
ΩEi+1. A map of spectra is a collection of maps Ei → Fi which strictly preserves the struc-
ture maps. An Ω-spectrum is a spectrum such that the structure maps are all equivalences.
We can associate to every spectrum an Ω-spectrum by setting Ω∞Ei = hocolimj ΩjEi+j .
An equivalence of Ω-spectra is a map which is an equivalence of spaces for each i and an
equivalence of spectra is a map which induces an equivalence of the associated Ω-spectra.

Our convention is that every based space is (−1)–connected, path-connected spaces
are 0–connected, etc. We say that a spectrum E is k–connected if for all i sufficiently large,
Ei is i + k–connected. Thus, E k-connected implies that πn(E) = colimjπn+jEj is zero
for n < k but not conversely. However, if πn(E) = 0 for n < k then E is equivalent to its
k–connected cover and hence equivalent to a k–connected spectrum. A map of spectra is k–
connected if its homotopy fiber is (k−1)–connected. We topologize the category of spectra
as follows. Given two spectra E and F , we give Hom(E, F ) the (compactly generated)
subspace topology of

∏n
i=0 Hom(Ei, Fi). We let Spec be the continuous category of all

spectra and Specb the continuous full subcategory of Spec determined by spectra equivalent
to a k–connected spectra for some k ∈ Z. For G a group, a spectrum with G–action is
a spectrum E such that each Ei is a (pointed) G–space and the structure maps are G–
equivariant (G–acts trivially on the loop component). These are not G–spectra (a more
sophisticated notion) and our basics for handling spectra with G–action follow those of
[MSRI] and are in appendix B.

For X a based space and E a spectrum, we let X ∧ E be the new spectrum defined
by (X ∧E)i = X ∧Ei with structure maps (we give their adjoints)

S1 ∧ (X ∧ Ei) ∼= X ∧ S1 ∧Ei
1X∧(adj)
−→ X ∧Ei+1.

We let Hom(X, E) be the new spectrum defined by Hom(X, E)i = Hom(X, Ei) with
structure maps

Hom(X, Ei)
Hom(X, )
−→ Hom(X, ΩEi+1) ∼= ΩHom(X, Ei+1).

We observe that in general, X∧ is an endofunctor of Specb and Hom(X, ) is also if,
for example, X is a finite CW-complex. Recall that for based spaces there is a natural
homeomorphism Hom(X ∧ Y, Z) ∼= Hom(X, Hom(Y, Z)) and similarly if E and F are
spectra we have natural homeomorphisms

Hom(X ∧ Y, E) ∼= Hom(X, Hom(Y, E))
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HomSpec(Z ∧E, F ) ∼= Hom(Z, HomSpec(E, F )).

Let S and S′ each be one of Specb or Spec. A homotopy functor F from S to S′ is
a continuous functor which preserves weak equivalences. We call F reduced if F (∗) = ∗.
The category

Func0(S,S′)

is the category of reduced homotopy functors with continuous natural transformations as
morphisms.

For S a finite set, we let P(S) be the category of all subsets of S and maps inclusions.
We let P0(S) be the subcategory of P(S) consisting of non-empty subsets and P1(S) the
subcategory of proper subsets. An S-cube is a functor X from P(S) to spectra. For an
S-cube X , if the natural map

X (∅) −→ holimP0(S)X |P0(S)

is k-connected then we say X is k-Cartesian and Cartesian if this map is an equivalence.
Dually, if the natural map

hocolimP1(S)X |P1(S) −→ X(S)

is k-connected then we say X is k-coCartesian and coCartesian if this map is an equivalence.
We note that for spectra, a cube is Cartesian if and only if it is coCartesian. Similarly, an
S cube of spectra is k-Cartesian if and only if it is a (k+ |S|−1)-coCartesian cube. A cube
is strongly coCartesian if every subcube is coCartesian and for spectra this is equivalent
to being strongly Cartesian as well.

Definition (4.1-[Cal2]): A homotopy functor F is stably n–excisive if the following is
true for some numbers c and κ:

En(c, κ): If X : P(S) → Spec is any strongly co-Cartesian (n + 1)-cube
such that for all s ∈ S the map X (∅)→ X (s) is ks–connected
and ks ≥ κ, then the diagram F (X ) is (−c + Σks)-Cartesian.

Definition: Func
st(n)
0 (S,S′) is the subcategory of Func0(S,S′) determined by functors

which satisfy stable n-excision.

1. Properties of ĉr∗F

Throughout this section, let S and S′ be any of the categories of pointed spaces (Sp∗)
or bounded below spectra (Specb) or spectra (Spec). In order to define LnF , we need
to define several additional objects and establish several auxiliary lemmas. The actual
definition is in (2.2).
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Definition (1.1): Let U be a finite, non-empty set and f : U → S a function. We define
Uf to be the following U–cube of S:

X ⊆ U 7→
∏

x∈X

f(x)

(∏

∅

= ∗

)

Y ⊆ X 7→
∏

y∈Y

f(y)
i
−→

∏

x∈X

f(x)

is given by inclusion using the base point.

Given a surjective map of sets V
α
−→ U , we let Uf (α) be the U -subcube of V f◦α

defined by

Uf (α)(X ⊆ U) =
∏

v∈α−1(X)

f(α(v)).

We let
α̃ : Uf −→ Uf (α)

be the map of U–cubes defined by

∏

x∈X

f(x)
α̃(X)
−→

∏

v∈α−1(X)

f(α(v))

(x1, . . . , xt) 7→ (xα(1), . . . , xα(s))

(the map induced by diagonals on spaces).

Definition (1.2): Let F be a functor from S to S′ which is reduced (F (∗) = ∗). Given a
function f : U → S, we define

ĉrfF = hcofib F (Uf ).

Given a surjective map α : V −→ U , we define

α̂ : ĉrfF −→ ĉrf◦αF

to be the natural composite

hcofib F (Uf )
F (α̃)
−→ hcofib F (Uf (α))

(inc)∗
−→ hcofib F (V f◦α)

where (inc)∗ is the natural transformation induced by the inclusion of the full subcategory
generated by: {α−1(X) ∈ P(V )|X ∈ P(U)}.

Lemma (1.3): Given surjective set maps W
β
−→ V

α
−→ U , then for any function f from U

to S: α̂ ◦ β = β̂ ◦ α̂.
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Proof: Let β̃′ be the map of U–cubes from Uf (α) to Uf (α ◦ β) defined by using diago-
nals. Using the naturallity of (inc)∗ we obtain the following commutative diagram which
establishes the result.

hcofib F (Uf )
F (α̃)
−→ hcofib F (Uf (α))

(inc)∗
−→ hcofib F (V f◦α)

F (α̃ ◦ β) ց
yF (β̃′)

yF (β̃)

hcofib F (Uf (α ◦ β)
(inc)∗
−→ hcofib F (V f◦α(β))

(inc)∗ ց
y(inc)∗

hcofib F (W f◦α◦β)

Definition (1.4): For X ∈ S, we also write X for the function from {1} to S defined by
sending the unique element 1 to X . For U another non-empty finite set there is a unique
surjective map α from U to {1} and we define

ĉrUF (X) = ĉrX◦αF.

We define M to be the dual of the category of finite, non-empty sets and surjective
morphisms of sets with one object {1, . . . , n} for each n ∈ N. We have defined a functor

Func0(S,S′)
ĉr
−→ Func(M, Func0(S,S′))

defined by sending a functor F to the functor which takes U to ĉrUF .

Example: Let Id be the identity from pointed spaces to itself. Then

ĉrUId(X) =

U∧
X.

For a surjective map V
α
−→ U , α̂(x1, . . . , xn) = (xα(1), . . . , xα(t)) (the map induced from

the diagonal embedding).

Given a functor F from S to S′, we will write tr(F ) for the trivial constant functor
from M to functors which takes every object to F and every morphism to the identity
natural transformation. We now construct a natural transformation from tr to ĉr. For
U ∈M and Z ∈ S, let trZ(U) be the following U–cube:

X ⊆ U 7→
{
∗ if X 6= U
Z if X = U .

We let ∆ : trZ(U)→ UZ be the map of U–cubes determined by the diagonal map from Z
to
∏

x∈U Z. We define

ηU = hcofib F (∆) : F (Z) ∼= hcofib F (trZ(U)) −→ hcofib F (UZ) = ĉrUF.
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Definition (1.5): For n a natural number, we let ĉrnF be the multi-functor

S×n ĉr
n

F
−→ S′

where ĉrnF (M1, . . . , Mn) is defined by ĉrfF with f : n → S′ such that f(i) = Mi. We
observe that for all σ ∈ Σn = HomMn

(n,n),

ĉrnF (M1, . . . , Mn) ∼= ĉrnF (Mσ(1), . . . , Mσ(n))

and that

ĉrnF (M1, . . . , Mn) ≃ ĉr2[ĉrn−1F (M1, . . . , Mn−2, ⋆)](Mn−1, Mn).

Lemma (1.6): If F is stably n-excisive and satisfies En(c, κ), then ĉrnF (X1, . . . , Xn−1, )
satisfies En−1(c, κ) when X1, . . . , Xn−1 are at least κ-connected.

Proof: By the observations in 1.5, it suffices to show that if F satisfies En(c, κ) then
ĉr2F ( , Y ) satisfies En−1(c, κ) for Y at least κ-connected. Let X be a strongly |S| = n–
Cartesian cube such that for all s ∈ P(S) the map X (∅) → X (s) is ks–connected and
ks ≥ κ. We want to show that ĉr2F ( , Y ) applied to X is (−c + Σks)-Cartesian or
equivalently that the total fiber of the diagram

F (∗) −→ F (X )y
y

F (Y ) −→ F (X
∏

Y )

(where we are thinking of Y and ∗ as the constant n–cubical diagrams consisting of identity
maps) is (−c + Σks − 1)-connected. Now X → X

∏
Y is a strongly Cartesian n + 1 cube

such that the maps from the initial object are all at least κ connected and so F satisfying
En(c, κ) implies that F of this cube is (−c+Σks)-Cartesian. Since F of ∗ → Y is Cartesian
the result follows.

2. The definition of LnF

Once again, let S and S′ be any of the categories Sp∗, Specb or Spec.

Definition (2.1): Let X be a compact pointed space. We define Ln(X) to be the
endofunctor of Func0(S,S′) defined by

Ln(X)(F ) = HomMn
(ĉr∗Id(X), ĉr∗F (X ∧−))

= HomMn
(X∧∗, ĉr∗F (X∧ )).
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We let ln(S0) be the natural transformation from Id to Ln(S0) determined by the com-
posite of

F ∼= limMn
tr(F )

η
−→ limMn

ĉr∗(F ) ∼= HomMn
((S0)∧∗, ĉr∗F (S0 ∧−)).

By restriction to subcategories, we obtain natural transformations

rn(X) : Ln(X) −→ Ln−1(X).

By A.4, the rn(X) are fibrations with fiber

fib (rn(X)) = HomΣn

(
X∧n

∆X∧n
, ĉrnF (X ∧ −)

)

where Σn is identified with HomMn
(n,n) and ∆X∧n is the pointed fat diagonal. That is,

∆X∧n = {(x1 ∧ · · · ∧ xn) ∈ X∧n| xi = xj for some i 6= j}.

We also note that rn(S0) ◦ ln(0) = ln−1(0) and if F is a homotopy functor then Ln(X)(F )
is a homotopy functor by A.1.

For Y a pointed space, we let ηY be the natural transformation from Y ∧ F (−) to
F (Y ∧−) obtained by the image of the identity via the natural composite:

HomS(Y ∧X, Y ∧X) ∼= HomSp∗
(Y, HomS(X, Y ∧X))

F
−→ HomSp∗

(Y, MapS′(F (X), F (Y ∧X))
∼= HomS′(Y ∧ F (X), F (Y ∧X)).

We abuse notation and also write ηY for the induced natural transformation from id∗∧ĉr∗F
to ĉr∗F (id∧ ). We let σY be the natural transformation from Ln(X) to Ln(Y ∧X) defined
by the natural composite:

Ln(X)(F ) =HomMn
(X∧∗, ĉr∗F (X ∧−))

idY ∧−
−→ HomMn

(X∧∗ ∧ Y ∧∗, Y ∧∗ ∧ ĉr∗F (X ∧ −))
∼= HomMn

((Y ∧X)∧∗, Y ∧∗ ∧ ĉr∗F (X ∧−))
ηY
−→HomMn

((Y ∧X)∧∗, ĉr∗F (Y ∧X ∧−))

=Ln(Y ∧X)(F )

Definition (2.2): For F a reduced functor from S to S′ we define

LnF = hocolimk Ln(Sk)F
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with structure maps given by σS1 . We define ln : F → LnF to be the natural trans-
formation determined by ln(S0) and taking limits and thus we obtain an inverse limit
tower

F
· · · ln+1 ւ

yln ց ln−1 · · ·

· · · Ln+1F
rn+1
−→ LnF

rn−→ Ln−1F · · ·

We let RnF = hfib (rn).

Observation (2.3): If S′ is the category Spec (of spectra) then

RnF = hfib rn = hocolimkHomΣn

(
(Sk)∧n

∆(Sk)∧n
, ĉrnF (Sk ∧ −)

)

since a fibration of spectra is also a cofibration of spectra and homotopy colimits commute.
Similarly, we see by observation A.5 that the following natural diagram is Cartesian (a
homotopy pull-back):

Ln(F )
res
−→ hocolimkHomΣn

(
(Sk)∧n, ĉrnF (Sk ∧ −)

)
yrn

yi∗

Ln−1(F )
α
−→ hocolimkHomΣn

(
∆(Sk)∧n, ĉrnF (Sk ∧−)

)
.

Proposition (2.4): If S′ is the category Specb and F satisfies stable n-excision then RnF
is naturally equivalent to

[
hocolimk Hom

(
(Sk)∧n, ĉrnF (Sk ∧ −)

)]
hΣn

.

Proof: This is primarily an application of the Tate map (see appendix B). We first note

that since (Sk)∧n

∆(Sk)∧n is a free Σn–space, the natural map

(1) RnF −→ hocolimk

[
Hom

(
(Sk)∧n

∆(Sk)∧n
, ĉrnF (Sk ∧ −)

)]hΣn

from fixed points to homotopy fixed points is an equivalence. By the Tate map (see B.3),
the right hand side of (1) is equivalent to

hocolimk

[
Hom

(
(Sk)∧n

∆(Sk)∧n
, ĉrnF (Sk ∧−)

)]

hΣn

.

Since F satisfies stable n-excision, the connectivity of ĉrnF (Sk ∧ X) eventually goes to
infinity linearly with respect to nk. The dimension of (Sk)∧n is kn and that of ∆(Sk)∧n
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is k(n− 1). Since [ ]hΣn
preserves connectivity, we see that the right hand side of (1) is

equivalent to
hocolimk

[
Hom

(
(Sk)∧n, ĉrnF (Sk ∧ −)

)]
hΣn

and the result now follows from the fact that homotopy colimits commute.

3. Multi-linear functors

We will call a functor F from Spec to Spec additive if it is reduced and for all X, Y ∈
Spec:

F (X × Y )
≃
−→ F (X)× F (Y )

(where the map is given by the natural projections). We call a functor G from Spec×n to
Spec n–multi-additive if for all X1, . . . , Xn ∈ Spec×n, the n–different functors

Gî = G(X1, . . . , Xi−1,−, Xi+1, . . . , Xn)

are all additive.

Lemma (3.1): Let G : Spec×n → Spec be multi–additive and F = G ◦ ∆ the reduced
functor obtained by composition with the diagonal. Then

ĉr∗F
≃
−→ Hom(HomMn

(n,−)+, F ) =
∏

HomMn (n,−)

F

asMn–diagrams.

Proof: We first observe that for any X1, . . . , Xt ∈ Spec,

F (X1 × · · · ×Xt) =G(

t∏

i=1

Xi, . . . ,

t∏

i=1

Xi)

≃
−→

∏

α∈HomSets(n,t)

G(Xα(1), . . . , Xα(n)).

Thus, we see that for any U ∈M and function f : U → Spec we obtain an equivalence of

U–cubes F (Uf )
≃
−→ Gf where Gf is given by

X ⊆ U 7→
∏

α∈HomSets(n,t)

G(f(α(1)), . . . , f(α(n))).

Taking homotopy cofibers we obtain a natural transformation (which is an equivalence)
ηf :

ĉrfF
ηf

−→
∏

HomMn (n,U)

G(f(α(1), . . . , f(α(n))).
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It is straightforward to check that η is a natural equivalence and hence the result.

Recall that a functor F ∈ Func0(Spec,Spec) is linear or excisive if every co-Cartesian
square is taken by F to a Cartesian square. We call a functor G from Spec×n to Spec
n–multi-linear if for all X1, . . . , Xn ∈ S

×n, the n–different functors

Gî = G(X1, . . . , Xi−1,−, Xi+1, . . . , Xn)

are all linear.

Note: Every linear functor is additive but not every additive functor need be linear. Con-
sider, for example, Hπ0 from Spec to Eilenberg-Mac Lane spectra.

Theorem (3.2): If G : Spec×n
b → Specb is n–multi-linear, then F = G ◦∆ is such that

i) LkF ≃

{
∗ if k < n
F if k ≥ n

ii) lk : F
≃
−→ LkF if k ≥ n.

Proof: We first note that since G lands in bounded below spectra, the natural equivalence
obtained by G being multi-linear

(St)∧n ∧G(X1, . . . , Xn)
≃
−→ G(StX1, . . . , S

tXn)

implies that F (StX) is (nt − cX)–connected for some cX (depending on X) and all t.

If k < n then Hom
(
(St)∧k, ĉrkF (StX)

)
is at least ((n − k)t − cX)–connected. Taking

homotopy orbits of this (which preserves connectivity) and the limit with respect to t we
see by proposition 1.7 that RkF is equivalent to ∗ if k < n. By lemma 3.1, we also see
that RkF is equivalent to ∗ if k > n. Thus, we will be finished once we show ln is an
equivalence and this follows from the fact that ln is equivalent to the natural composite:

(G is multilinear) G
≃
−→ hocolimk Hom((Sk)∧n, G(Sk∧, . . . , Sk∧))

‖ ‖

F
≃
−→ hocolimk Hom((Sk)∧n, F (Sk∧))

(adjunction)
y∼=

hocolimk HomΣn
((Σn)+ ∧ (Sk)∧n, F (Sk∧))

(adjunction)
y∼=

hocolimk HomΣn
((Sk)∧n, Hom[Σn, F (Sk∧)])

(lemma 3.1)
y≃

hocolimk Hom((Sk)∧n, ĉrnF (Sk∧))

(proposition 2.4.)
y≃

RnF

(Ln−1F ≃ ∗)
y≃

LnF.
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4. n–excisive functors

Let F ∈ Hom0(Spec,Spec). We now recall some terminology and results from [Cal2].
A strongly co-Cartesian cube of spectra is a cube of spectra such that every subface is
co-Cartesian. A functor F is n-excisive is for every strongly co-Cartesian (n+1)–cubical
diagram, F of the diagram is Cartesian. By proposition 3.2 of [Cal2], (n − 1)–excisive
implies n–excisive. By proposition 3.4 of [Cal2], the diagonal of a multi-linear functor is
n–excisive. The following two lemmas are in [Cal3], but as they are not yet in print we
include their proofs here.

Lemma (4.1): If F is n–excisive then ĉrnF is n–multilinear.

Proof: We first note that since

ĉrkF (X1, . . . , Xk) ≃ ĉr2[ĉrk−1F (X1, . . . , Xk−2, )](Xk−1, Xk)

it suffices to show that if F is n–excisive then ĉr2F is (n − 1)–excisive in each variable
separately. Let X be a strongly n–coCartesian cube and Y a fixed spectrum. We want to

show that ĉr2F ( , Y ) applied to X is Cartesian or equivalently that the total fiber of the
diagram

F (X ∨ Y ) −→ F (X )y
y

F (Y ) −→ F (∗)

(where we are thinking of Y and ∗ as the constant n–cubical diagrams consisting of identity
maps) is equivalent to ∗. Now X ∨ Y → X is a strongly coCartesian n + 1 cube and so F
being n–excisive implies that F of this cube is Cartesian but F of Y → ∗ is also Cartesian
and the result follows.

Lemma (4.2): If F is n–excisive and ĉrnF ≃ ∗ then F is (n− 1)–excisive.

Proof: Let X be a strongly coCartesian n–cube. Let Y be the strongly (n + 1)–cartesian
cube obtained by taking the push-out of X (∅) >→ CX (∅). Since F is n–excisive, F of Y is
Cartesian. By the homotopy invariance of F , the total fiber of F applied to the new face
of Y opposite X is equivalent to ĉrnF (Z1, . . . , Zn) (where Zi is equivalent to the homotopy
cofiber of X (∅) → X (i)) which is equivalent to ∗ by assumption. Thus, the total fiber of
F applied to X is also equivalent to ∗ and F is (n− 1)–excisive.

What we wish to do now is to use lemma 4.2 to perform induction by degree to
functors. For example, using the natural transformation η of 1.5 we obtain a natural
transformation from F to ĉrnF ◦ ∆. Using the natural Σn = HomMn

(n,n) action on
ĉrnF ◦ ∆, we see that η lands in the Σn fixed points and hence we obtain a composite
natural transformation

F −→ (ĉrnF )hΣn .
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This map is always an equivalence on ĉrn if F is of degree n. The trouble with this
approach is that we don’t know if (ĉrnF )hΣn is still stably excisive. What we do, then, is
to “dualize” this so we can use homotopy orbits instead.

For U a finite, non-empty set and f : U → Spec a function, we define Uf to be the
following U -cube of Spec:

X ⊆ U 7→
∨

u∈U\X

f(u)

Y ⊆ X 7→
∨

v∈U\Y

f(y)
p
−→

∨

u∈U\X

f(x)

is given by projection. For F a reduced homotopy functor, we define

crfF = hofib F (Uf ).

We obtain a commutative diagram

crf (F ) −→ F (
∨

u∈U f(u))y≃

y≃

ĉrf (F ) ←− F (
∏

u∈U f(u))

of Σn–equivariant maps (and the vertical maps are easily seen to be weak equivalences).
Using the sum map we obtain a natural transformation

crnF (X) −→ F (

n∨

i=1

X)
F (+)
−→ F (X)

which is Σn equivariant (constant action on F (X)) and hence a natural composite map:

β := crnF (X)hΣn
−→ crnF (X)Σn

−→ F (X).

Lemma (4.3): If F ∈ Func0(Specb,Specb) is n–excisive then hfib(β) is (n− 1)–excisive.

Proof: By lemma 4.1, crnF is n–multilinear. Taking the diagonal is thus n–excisive by
3.4 of [Cal2]. Since homotopy colimits of bounded below spectra commute with finite
homotopy inverse limits of bounded below spectra, we see that (crnF )hΣn

is also n–excisive.
Thus, hfib(β) is n–excisive. Since taking cross effects preserves homotopy fibrations of
functors, it suffices by lemma 4.2 to show that crnβ is an equivalence.

To compute crn(crnF )hΣn
, we recall that since crnF is n–multiadditive (3.2):

(4.3.1) crnF (

t∨

i=1

Xi, . . . ,

t∨

i=1

Xi) ≃
∨

α∈HomSets(n,t)

crnF (Xα(1), . . . , Xα(n)).
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This is a Σn–equivariant equivalence (weakly) with the Σn action on the right-hand side
given by σ ∗ (α, v) = (α ◦ σ−1, σ ∗ v). The Σt action obtained by permuting the Xi–factors
is given by γ ∗ (α, v) = (γ ◦ α, v). Thus,

crn(crnF ) ≃
∨

α∈HomM(n,n)

crnF ∼= Σn+ ∧ crnF.

With this identification, the Σn action is given by σ ∗ (α ∨ x) = (ασ−1 ∨ σ ∗ x). The map

F (
∨

X)
F (+)
−→ F (X) on the n-th cross effects (using identification 4.3.1) is the map taking

α ∨ x to α ∗ x. Since homotopy orbits of spectra commute with finite sums, we see that

crn(crnFhΣn
) ≃ ((Σn)+ ∧ crnF )hΣn

and crn(β) is simply the natural equivalence (G+ ∧ X)hG ≃ X for X a spectrum with
G-action.

Theorem (4.4): An element F ∈ Func
st(n)
0 (Specb,Specb) is n–excisive if and only if

lk : F
≃
−→ LkF for all k ≥ n.

Proof: We will induct on n. If F is 1–excisive, then the result follows from lemma 3.2.
We now assume the result through n− 1. Since Ln preserves homotopy fibrations we can
consider the natural diagram of homotopy fibrations for k ≥ n

hfib(β) −→ crn(F )hΣn

β
−→ Fylk

ylk

ylk

Lkhfib(β) −→ Lk(crn(F )hΣn
)

β
−→ Lk(F ).

The vertical map on the left is an equivalence by lemma 4.3 and induction. The vertical
map in the center is an equivalence by lemma 3.2 and lemma 4.1 and hence the vertical
map on the right is an equivalence as well.

Conversely, if F is stably n-excisive, then ĉrnF is stably excisive in each variable
separately. Thus, for each n, hocolimkHom((Sk)∧n, ĉrnF (Sk∧ )) is n–multi-linear and
hence RnF is n–excisive. Thus, by induction on n, LnF is n–excisive also and the converse
is proved.

Corollary (4.5): The natural transformation ln is universal for n–excisive functors.

Corollary (4.6): The pair (Ln, ln) is naturally equivalent to the pair (Pn, pn) of [Cal3]

for Func
st(n)
0 (Specb,Specb).

14



Proof: We consider the natural commuting diagram

F
ln−→ LnFypn

ypn

PnF
ln−→ LnPnF

The lower horizontal map is an equivalence by theorem 4.4 since PnF is n–excisive. The
natural transformation pn : F → PnF has the property that for k ≤ n, the induced map
of multi-linearizations of the k-th cross effects are equivalences ([Cal3]) and hence Rk(pn)
is an equivalence for all k ≤ n. Thus, by induction, Lk(pn) is an equivalence for all k ≤ n
and in particular the right hand vertical map is an equivalence.

5. Preliminaries: Modules of Functors with Smash Products

What the homotopy type of a smash product of spectra should be has long been
understood and there are several different models for these which are equivalent as spectra.
However, the iteration of these constructions is generally only associative up to homotopy.
For simplicial constructions this is not suitable since it is not sufficient to have the simplicial
identities only up to homotopy. The solution to this problem that we will follow is by
M. Bökstedt ([Bö]). His construction involves the notion of a functor with smash product
(FSP).

Let S∗ be the category of pointed simplicial sets.

Definition (5.1): A functor with stabilization is a functor A from S∗ to S∗ together with
a natural transformation

λX,Y : X ∧ A(Y ) −→ A(X ∧ Y )

such that

i) λX,Y ∧Z ◦ (idX ∧λY,Z) = λX∧Y,Z and ρX∧Y,Z ◦ (λX,Y ∧ idZ) = λX,Y ∧Z ◦ (idX ∧ ρY , Z)
where ρX,Y : A(X)∧Y −→ A(X ∧Y ) is the composite A(TY,X)◦λY,X ◦TA(X),Y (T =
twist of two factors ).

ii) If X is n–connected, then A(X) is n–connected.

iii) Let σX : A(X) −→ ΩA(ΣX) be the adjoint to λS1,X . Then the following limit system
stabilizes for each n:

πnA(X)
σX−→ πnΩA(ΣX)

σΣX−→ πnΩ2A(Σ2X) −→ · · ·

For A a functor with stabilization, we let A be the spectrum with A(m) = A(Sm)
and structure maps given by σSm of (iii). We call A the spectrum associated to A. We let
πi(A) = πiA = limn→∞ πiΩ

nA(Sn).
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Definition (5.2): A functor with smash product (or just FSP) is a functor with stabi-
lization, A, together with natural transformations:

1X : X −→ A(X)

µX,Y : A(X) ∧A(Y ) −→ A(X ∧ Y )

such that
µ(µ ∧ id) =µ(id ∧ µ)

µ(1X ∧ 1Y ) =1X∧Y

λX,Y =µX,Y (1X ∧ idA(Y ))

ρX,Y =µX,Y ◦ (idA(X) ∧ 1Y )

For A and A′ FSPs, a morphism η from A to A′ of FSPs is a morphism of functors with

stabilizations A
η
−→ A′ which strictly commutes with the natural transformations µ and

µ′. We will also insist that our morphisms of FSPs strictly preserve the units. That is,
our morphisms of FSPs are assumed to be unital.

Example: Let A be a ring. We define the FSP A by

X 7→ A⊗Z Z̃[X ]

where Z̃[X ] = Z[X ]/Z[∗]. The multiplication is given by sending smash to tensor followed
by multiplication in A:

A(X) ∧ A(Y )→ (A⊗Z A)⊗Z Z̃[X ∧ Y ]

→ A(X ∧ Y )

and the unit is given by the inclusion

X −→ A(X).

x 7→ idA ⊗ 1 · x

Definition (5.3): Let A be an FSP and T a functor with stabilization. A structure of
left A–module on T is a natural transformation

lX,Y : A(X) ∧ T (Y ) −→ T (X ∧ Y )

such that
l(µ ∧ id) =l(id ∧ l)

λX,Y =lX,Y (1X ∧ idT (Y ))

The notion of right A–module is defined similarly.
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Example: If we write id for the identity FSP (sending X to X), then the category of
functors with stabilization is isomorphic to the category of right (left) id–modules.

First properties of A-Mod (5.4): Let A be an FSP. We will write A −Mod for the
category of left A–modules. We consider this as a continuous category by topologizing
HomA(M, N) with the subspace topology of

∏∞
i=1 Hom(M(Si), N(Si)) (using the eval-

uation of the modules only on spheres). A map of A–modules is an equivalence if the
map of associated spectra is a weak equivalence of spectra. We say a set of A-modules
{Mα}α∈{I} is globally stable if for each space X and number n, there is N(X, n) such that
πn(σΣN(X,n)X) is an equivalence for all Mα. That is, for a given X and n, there is a point
at which condition (iii) is satisfied for all Mα simultaneously. The following statements
are easily verified and whose details are left to the interested reader.

(5.4.1): The category of A–modules is closed under finite sum and finite products (defined
pointwise). We note that A−Mod is not in general closed under arbitrary sums or products
as condition (iii) may fail. However, given an arbitrary set of A–modules which is globally
stable, then its coproduct is once again an A–module.

(5.4.2): The category of A–modules and simplicial realizations. If M∗ is a simplicial A–
module which is globally stable then |M∗| is again naturally an A–module. Note, we will
always be using the fat realization which is obtained by using only the face relations.

(5.4.3): The category of A–modules and homotopy colimits. Let I be an indexing category
and M∗ an I diagram of A–modules which is globally stable. Then hocolimIM∗ is again
naturally an A–module by using 5.4.1 and 5.4.2. In particular, the category of A-modules
is closed under homotopy colimits of finite diagrams.

(5.4.4): Given a compact pointed space X and an A-module M , we define X ∧M and
Hom(X, M) to be the A–modules

(X ∧M)(Y ) = X ∧M(Y ) and Hom(X, M)(Y ) = Hom(X, M(Y ))

(with the obvious structure maps). As for spectra, we have natural homeomorphisms for
pointed compact space X, Y and A-modules M and N :

Hom(X ∧ Y, M) ∼= Hom(X, Hom(Y, M))

HomA(X ∧M, N) ∼= HomA(X, Hom(M, N))

(the first is as A-modules, the second is as spaces). We also define, for n ≥ 0, M(n) to
be the new A-module defined by M(n)(Y ) = M(Sn ∧ Y ). By condition (iii), the map of
A–modules Sn ∧M →M(n) is an equivalence of A–modules.

(5.4.5): Ω − A-modules: We will call an A–module an Ω − A-module if its associated
spectrum is an Ω-spectrum. Every A-module M is naturally equivalent to an Ω − A-
module by

M̃ = hocolimn Hom(Sn, M(n))

17



(which is again an A-module by 5.4.3 and 5.4.4). However, we want to have a little
more structure than this construction gives us. Let I be the category of finite non-empty
sets and inclusions as morphisms. For x ∈ I, we let Sx be the sphere indexed on x.
For α ∈ HomI (x, y), we let α∗ : Map(Sx, M(Sx)) → Map(Sy, M(Sy)) be defined by
suspensions followed by λ and then reordering (see for example [P-W] or [D-M]). By a
result of Bökstedt, [Bö],

hocolimn Hom(Sn, M(n))
≃
−→ hocolimx∈I Hom(Sx, M(Sx))

and we let Ω∞M be hocolimx∈I Hom(Sx, M(Sx)). One reason we want to use this model
for constructing our infinite loop models is the following. There is a natural A-module
equivalence Ω∞(Ω∞M) −→ Ω∞M defined by the composite

Ω∞(Ω∞M) = hocolimx∈Ihocolimy∈IMap(Sx, Map(Sy, M(Sx ∧ Sy)))
∼= hocolimx,y∈I×IMap(Sx∪y, M(Sx∪y))
∪
−→ hocolimz∈IMap(Sz, M(Sz))

= Ω∞M

where the map “∪” is the map of homotopy colimits induced by the functor I × I → I
obtained by concatenation of sets. Another advantage of this model is that if A is an FSP
then Ω∞A is again an FSP with multiplication determined by

Ω∞A(X) ∧ Ω∞A(Y )

y=

hocolimx∈IMap(Sx, A(Sx ∧X)) ∧ hocolimy∈IMap(Sy, A(Sy ∧ Y ))
y∼=

hocolimx,y∈I×IMap(Sx, A(Sx ∧X)) ∧Map(Sy, A(Sy ∧ Y ))
ya

hocolimx,y∈I×IMap(Sx ∧ Sy, A(Sx ∧X) ∧ A(Sy ∧ Y ))
yb

hocolimx,y∈I×IMap(Sx∪y, A(Sx ∧X ∧ Sy ∧ Y ))
y∼=

hocolimx,y∈I×IMap(Sx∪y, A(Sx∪y ∧X ∧ ∧Y ))
y∪
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hocolimz∈IMap(Sz, A(Sz ∧X ∧ Y ))

where a is the smashing of maps and b is from the FSP multiplication of A. Similarly, if
M is a left A-module, we can define a natural left Ω∞A–module structure on Ω∞M .

Let A and B be FSPs. A homotopy functor F from A − Mod to B − Mod is a
continuous functor which takes equivalences to equivalences. A functor F is reduced if
F (∗) = ∗. By 5.4, we can talk about k–coCartesian cubes of modules and we define a
homotopy functor of modules to be (stably) n–excisive if the analogous statement used for
functors of Specb holds. We let

Func
st(n)
0 (A−Mod, B −Mod)

be the category of stably n-excisive reduced homotopy functors with continuous natural
transformations as morphisms.

6. n–excisive functors of modules

Given F ∈ Func0(A−Mod, B −Mod), we note that by 5.4.3 and section 1 that we
can define ĉr∗F as we did for functors of spectra and we obtain a functor

Func0(A−Mod, B −Mod)
ĉr
−→ Func(M, Func0(A−Mod, B −Mod)).

For X a pointed space, we can (using 5.4.4), define the endofunctor Ln(X) of Func0(A−
Mod, B −Mod) by

Ln(X)(F ) = HomMn
(X∗, ĉr∗F (X∧ ))

and similarly
LnF = hocolimk Ln(Sk)F

with structure maps given by σS1 . We once again obtain an inverse limit tower with
natural transformations ln : F → LnF and rn : LnF → Ln−1F . When F satisfies stable
n-excision, then RnF = hfib (rn) is naturally equivalent to

[
hocolimk Hom

(
(Sk)∧n, ĉrnF (Sk ∧ −)

)]
hΣn

(essentially by proposition 2.4 again). Since homotopy orbits preserve connectivity, we see

by induction that Ln is naturally an endofunctor of Func
st(n)
0 (A−Mod, B−Mod) again.

We define the notion of F being additive or linear as we did for functors of Spec. It is
straightforward to see that the results of section 3 and 4 still hold for functors of module
categories and hence we can immediately deduce the following result.

Theorem (6.1): An element F ∈ Func
st(n)
0 (A−Mod, B−Mod) is n–excisive if and only

if lk : F
≃
−→ LkF for all k ≥ n. The natural transformation ln is universal for n–excisive

functors.
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In order to state our next result we need to make some further definitions. We will say
that F ∈ Func0(A−Mod, B−Mod) satisfies the limit axiom if F commutes with filtered
colimits. That is, if I is a filtered limit system and M∗ is a globally stable I-diagram in
A−Mod then

hocolimIF (M∗)
≃
−→ F (hocolimIM∗).

For n a natural number, we set

An = n+ ∧A = {1, . . . , n}+ ∧A.

Our objective for the remainder of this section is to prove the following result.

Theorem (6.2): Let F and G be n–excisive functors in Func0(A−Mod, B−Mod) which
satisfy the limit axiom and let η : F → G be a continuous natural transformation between
them. If ηAn is an equivalence then ηM is an equivalence for all M ∈ A−Mod.

Since several steps are involved in establishing this result, we first outline the strategy.
We first show that a linear functor which satisfies the limit axiom commutes with realiza-
tions of simplicial A–modules (6.3). By induction, it will follow that n–excisive functors
which satisfy the limit axiom commute with realizations as well (6.4). By a free A-module
we will mean an A-module that is equivalent (as A-modules) to X∧A for some based space
X . Since F and G are n-excisive, if ηAn is an equivalence then ηAt will be an equivalence
for all t and hence by the limit axiom that ηM is an equivalence for all free modules M
(6.5). Thus, we will be finished once we show that every object of A−Mod has a simplicial
resolution by free A–modules (6.6). This will be proved by following the standard method
in algebra for obtaining simplicial free resolutions for modules by using the adjoint pair of
the free functor and the forgetful functor (to sets).

Proposition (6.3): If F ∈ Hom0(A −Mod, B −Mod) is linear and satisfies the limit
axiom then F commutes with realizations that are well defined. That is, if M∗ is a simplicial
A–module which is globally stable such that F (M∗) is globally stable (as B-modules) then

‖F (M∗)‖ = hocolim∆opF (M∗)
≃
−→ F (hocolim∆opM∗) = F (‖M∗‖).

Proof: Let M∗ be a globally stable simplicial A-module and for each n ≥ 0, let sknM∗ be
the simplicial n–skeleton of M∗. Since

‖M∗‖ = hocolim∆opM∗ = hocolimn hocolim∆op sknM∗

it follows by the facts that homotopy colimits commute, F preserves weak equivalences
and has the limit axiom that it suffices to ask if

‖F (sknM∗)‖
?
−→ F (‖sknM∗‖)
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is an equivalence for all n. We will induct on n. The case n = 0 follows from the homotopy
invariance for F . Assume the result is known through n−1. We recall that the n–skeleton
fits into a co-Cartesian cube:

Mn ∧ ∂∆n
+ −→ Mn ∧∆n

+y
y

‖skn−1M∗‖ −→ ‖sknM∗‖.

By naturallity we obtain a strictly commuting cube as follows:

F (Mn ∧ ∂∆n
+) −→ F (Mn ∧∆n

+)y
y

F (‖skn−1M∗‖) −→ F (‖sknM∗‖)

F (Mn) ∧ ∂∆n
+ −→ F (Mn) ∧∆n

+y
y

‖skn−1F (M∗)‖ −→ ‖sknF (M∗)‖

The diagonal maps on the left are equivalences by the induction step. The upper diagonal
map on the right is an equivalence by the homotopy invariance of F . The front face is
co-Cartesian (hence Cartesian, as spectra) by construction and the back face is Cartesian
because F is linear–thus the lower diagonal map on the right is also an equivalence and
we are done.

Corollary (6.4): If F ∈ Hom0(A−Mod, B−Mod) is n–excisive and satisfies the limit
axiom then F commutes with realizations that are well defined.

Proof: We will induct on n. The case for n = 1 was done as proposition 6.3. Assume the
result is true through n − 1. Since Ln−1F is n− 1 excisive and satisfies the limit axiom,
it commutes with realizations by the inductive step. By the natural homotopy cofibration
sequence

RnF −→ LnF
rn−→ Ln−1F

and the fact that homotopy colimits commute it suffices to show that RnF commutes with
realizations when F is n–excisive. Since homotopy orbits are a colimit construction, it
suffices to show that ĉrnF ◦∆ commutes with realizations when F is n–excisive. By the
Eilenberg-Zilber theorem, it suffices to show that ĉrnF commutes with realizations in each
variable separately but this follows from proposition 6.3 again since ĉrnF is n–multi-linear
when F is n–excisive.

Corollary (6.5): Let F and G be n–excisive functors in Func0(A−Mod, B−Mod) and
η : F → G a continuous natural transformation between them. If ηAn is an equivalence
then ηM is an equivalence for all free A–modules M .
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Proof: Since F and G are homotopy functors and every pointed space (in our category)
is weakly equivalent to the realization of a simplicial set, it suffices to check the result for
A–modules of the form |X∗| ∧ A ≃ ‖X∗ ∧ A‖. By corollary (6.4), F and G commute with
realizations of this type and so it suffices to show η is an equivalence for free modules of the
form Z+ ∧ A where Z is a set. By the limit axiom, it suffices to show η is an equivalence

when Z is finite. By the natural equivalence (Z-finite) Z+ ∧ A
≃
−→

∏
Z A it suffices to

show η is an equivalence for finite products of A or equivalently that

ĉrzF (A)
ĉr

z
η(A)
−→ ĉrzG(A)

is an equivalence for all z. Since F and G are n–excisive, ĉrzF ≃ ∗ ≃ ĉrzG for all z > n.
For k < n, A×k is a natural deformation retract of A×n, thus if ηA×n is an equivalence then
ηA×k is an equivalence for all k ≤ n. In particular, ηA×n an equivalence implies ĉrzη(A) is
an equivalence for all z ≤ n and hence the result.

Proposition (6.6): Every M ∈ A−Mod is naturally equivalent (as an A-module) to the
realization of a simplicial object of free A–modules.

Proof: Let Ω∞
0 be the functor from A−Mod to pointed spaces given by (see 5.4.5):

Ω∞
0 M = Ω∞M(S0) = hocolimx∈I Hom(Sx, M(Sx)).

Let Ω∞(A∧ ) be the functor from pointed spaces to A−Mod given by

Ω∞(A∧ )(X) = hocolimx∈I Hom(Sx, A(Sx) ∧X).

We let A[ ] be the endofunctor of A−Mod defined by

A[M ] = Ω∞(A∧ ) ◦ (Ω∞
0 )(M)

= hocolimx,y∈I2 Hom(Sx, A(Sx) ∧Hom(Sy , M(Sy)))

= Ω∞(A ∧ Ω∞(M)(S0)).

We have a natural transformation ǫ of A −Mod from A[ ] to Ω∞M induced by the left
multiplication map and concatenation of sets. Using the identity in A(S0), we also have a
natural transformation σ from A[ ] to A[A[ ]] as functors to A −Mod determined by the
composite

Ω∞(A∧ )(X) = hocolimx∈I Hom(Sx, A(Sx) ∧X)

∧1A−→ hocolimx∈I Hom(Sx ∧ S0, A(Sx) ∧ A(S0) ∧X)

inc∗−→ hocolimx,y∈I2 Hom(Sx ∧ Sy, A(Sx) ∧ A(Sy) ∧X).
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We can form a simplicial object of endofunctors of A −Mod (essentially from a cotriple)
by

[n] 7→ A[ ]n+1 =

n+1 times︷ ︸︸ ︷
A[ ] ◦ · · · ◦A[ ]

di = A[ ]n−iǫA[ ]i

sj = A[ ]n−iσA[ ]j .

We obtain a map of simplicial objects A[ ]∗+1 → Ω∞ using ǫ if we consider Ω∞ as the
trivial constant simplicial object. We want to show that this map is an equivalence. Using
the standard first quadrant spectral sequence for computing a simplicial spectrum–we see
that it suffices to show that the map of simplicial abelian groups πk is an equivalence for
all k. Since every spectrum involved is an Ω–spectrum–it thus suffices to show that the
map of simplicial spaces obtained by evaluation at S0 is an equivalence. However, at this
level, we can construct a simplicial homotopy by using the identity of A in A(S0) as one
does in ordinary algebra.

Proof of theorem (6.2): Since every A–module has a resolution by free A–modules (6.4)
and F and G commute with realizations (6.2) and agree on free modules (6.3) then η is
an equivalence for all A–modules by the realization lemma.

7. Classification of n–excisive functors by modules

We now wish to classify n–excisive functors of module categories which satisfy the
limit axiom. Our classification will be by bi-modules. We first establish some FSPs and
modules over them that we wish to use, then we define the tensor product for modules
over FSPs and finally we establish our classification result as theorem (7.6).

In this section and the next, we make the following change in notation. Recall (5.4.5)
that we let I be the category of finite non-empty sets and inclusion maps. Considering N

as a well ordered subcategory of I we obtain a natural transformation

LnF = hocolimk∈NLn(Sk)F
ǫn−→ hocolimx∈ILn(Sx)F.

Lemma (7.0): For F ∈ Hom
st(n)
0 (A−Mod, B −Mod), ǫn is a weak equivalence.

Proof: By Bökstedt, this is a weak equivalence if the connectivity of the maps LnF (α)
for α ∈ HomI(x, y) tend to infinity uniformly with |x|. One can consider this question
directly but we will use induction. We first observe that since F is stably 1-excisive,
Sx ∧ F (M(Sk)) −→ F (M(Sx ∧ Sk)) is (2|k|)− c–connected for all x ∈ I and some fixed
c ≥ 0 depending on M . In particular, F (M(Sk)) is at least [|k| − (c + 1)]-connected.
Consider the composite map for x, k ∈ I:

Map(Sk, F (M(Sk)))
Sx∧id
−→ Map(Sx ∧ Sk, Sx ∧ F (M(Sk))) −→Map(Sx∪k, F (M(Sx∪k))).
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The first map is (at least) [2(|k|−(c+1))]-connected by the Freudenthal suspension theorem
and the second is [2|k| − (c + 1) − (|k| + |x|) = |k| − (c + |x| + 1)]-connected. Thus, the
connectivity of L(α) for α ∈ HomI (k, x) is at least k + (c − x) which tends to infinity
linearly with respect to k. Hence, ǫ1 is an equivalence for functors which satisfy stable
excision. By induction and the fact that homotopy colimits commutes it suffices to show
that

χnF = hocolimk∈NMap((Sk)∧n, ĉrnF (Sk)) −→ hocolimx∈IMap((Sx)∧n, ĉrnF (Sx))

is a weak equivalence. This is the diagonal of

hocolimk1,...,kn∈N×nMap(Sk1 , . . . , Skn , ĉrnF (Sk1 , . . . , Skn))

y

hocolimx1,...,xn∈I×nMap(Sx1 , . . . , Sxn , ĉrnF (Sx1 , . . . , Sxn)).

which is an equivalence since ĉrnF is eventually stably 1-excisive in each variable if F is
stably excisive. The result follows by finality since the diagonals are final subcategories in
N×n and I×n.

We will now use the equivalent model with homotopy colimit over I as our definition
of LnF .

The ring LnS[MnA]

Let B be an FSP. Let B[ ] be the element of Func0(A−Mod, B −Mod) defined by

M 7→ B ∧Ω∞M(S0)

The next lemma follows almost immediately from the definitions and left to the reader.

Lemma (7.1): There is a natural equivalence of Mn-functors:

ĉr∗B[⋆] ≃ B ∧ (Ω∞ ⋆ (S0))∧∗.

For X a pointed space, we will abuse notation and write

LnB[X ] = hocolimx∈I MapMn
((Sx)∧∗, B(Sx∧ ) ∧X∧∗)

and for M an A–module, we will write

LnB[M ] = LnB[Ω∞M(S0)]
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which is naturally equivalent to LnB[M ] as defined in section 6 (though not strictly equal).

Let α : X ∧ Y → Z be a pointed map. We let α also represent the natural composite
map

LnB[X ] ∧ LnB[Y ]
y=

hocolimx∈IMapMn
((Sx)∧∗, B(Sx) ∧X∧∗) ∧ hocolimy∈IMapMn

((Sy)∧∗, B(Sy) ∧ Y ∧∗)
y∧

hocolimx,y∈I2MapMn
((Sx ∧ Sy)∧∗, B(Sx) ∧X∧∗ ∧B(Sy) ∧ Y ∧∗)

ytwist

hocolimx,y∈I2MapMn
((Sx ∧ Sy)∧∗, B(Sx) ∧B(Sy) ∧ (X ∧ Y )∧∗)

y(α∧µ)∗

hocolimx,y∈I2MapMn
((Sx⊔y)∧∗, B(Sx⊔y) ∧ Z∧∗)
y⊔∗

hocolimz∈I((S
z)∧∗, B(Sz) ∧ Z∧∗)
y=

LnB[Z].

We note that if µ : X ∧ X −→ X is a strictly associative pairing with identity given by
ǫ : S0 → X (that is, (µ, ǫ) give X the structure of a pointed topological monoid) then
µ and ǫ give LnB[X ] the structure of an FSP. Additionally, if we have a pointed map
η : X ∧ Y → Y which is strictly associative with respect to µ and unital with respect to ǫ
(that is, Y is a left X–space), then η naturally gives LnB[Y ] the structure of a left module
over LnB[X ]. A similar observation applies to produce right module actions.

Given an FSP A, Ω∞A(S0) is naturally a pointed topological monoid. Similarly, if
M is an A–module, then Ω∞M(S0) is a left Ω∞A(S0)–space. Thus, we have proved the
following lemma.

Lemma (7.2): If A and B are FSPs, then LnB[A] is again naturally an FSP and LnB[ ]
is a functor from A−Mod to LnB[A]−Mod.

We will write Hom(n+,n+ ∧ A) as Mn(A) and we note that this is again an FSP
whose multiplication is given by composition followed by multiplication (usual matrix
multiplication):

Hom(n+,n+ ∧ A(X)) ∧Hom(n+,n+ ∧ A(Y ))
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yα∧β 7→(α∧idA(Y ))◦β

(2) Hom(n+,n+ ∧ A(X) ∧A(Y ))

yµ∗

Hom(n+,n+ ∧A(X ∧ Y )).

We note that we have a natural linear (1-excisive and reduced) homotopy functor
(which satisfies the limit axiom)

Hom(n+, ) : A−Mod −→Mn(A)−Mod

where the Mn(A)-module action is defined similar to that in (2).

Let S be the FSP corresponding to the identity. Thus, S(X) = X and µ = id. We
write this FSP as S for the sphere spectrum–which is the associated spectrum of S. Every
functor with stabilization is naturally both a left and right S-module. Note that if X is a
pointed topological monoid then S ∧X becomes an FSP with

(S ∧X)(Y ) ∧ (S ∧X)(Z) =S(Y ) ∧X ∧ S(Z) ∧X

twist
−→S(Y ) ∧ S(Z) ∧X ∧X

µS∧µ
−→ S(Y ∧ Z) ∧X = (S ∧X)(Y ∧ Z).

If F is a functor with stabilization and there is a natural transformation from F ∧X to
F which is strictly associative and unital with respect to the product in X , then F is
naturally a right S ∧X–module.

For A and B FSPs, an A-B-bimodule M is a functor with stabilization which is a left
A-module and a right B-module such that the following commutes:

A(X) ∧M(Y ) ∧B(Z)
id∧r
−→ A(X) ∧M(Y ∧ Z)yl∧id

yl

M(X ∧ Y ) ∧B(Z)
r
−→ M(X ∧ Y ∧ Z).

Proposition (7.3): If F is a functor from A−Mod to B −Mod, then:

(1) LnS[MnA] is an FSP

(2) LnF (Ω∞(n+ ∧M)) is naturally a B − LnS[MnA]–bimodule

(3) LnS[Hom(n+, )] is naturally an n–excisive functor from A−Mod to LnS[MnA]−Mod.
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Proof: Parts (1) and (3) are restatements of corollary 7.2. We first define right action of
the pointed topological monoid Ω∞Mn(A)(S0) on F (Ω∞(n+ ∧M)). Consider the natural
composite for x ∈ I:

Hom(n+ ∧ Sx,n+ ∧ A(Sx))
yid∧M

HomA(n+ ∧ Sx ∧M,n+ ∧ A(Sx) ∧M)
yµ∗

HomA(n+ ∧ Sx ∧M,n+ ∧M(Sx))
yadj

HomA(n+ ∧M, Hom(Sx,n+ ∧M(Sx))
yΩ∞

HomA(Ω∞(n+ ∧M), Ω∞Hom(Sx,n+ ∧M(Sx))).

Taking the homotopy colimit over x ∈ I and using the natural A–module map Ω∞Ω∞ →
Ω∞ (5.4.5) we obtain a natural continuous map of unital monoids (the right-hand side is
by composition):

Ω∞Mn(A)(S0) −→ HomA(Ω∞(n+ ∧M), Ω∞(n+ ∧M)).

Since F is a continuous functor, we obtain a continuous map to

HomB(F (Ω∞(n+ ∧M)), F (Ω∞(n+ ∧M))).

Using this map and composition of morphisms, we obtain a right action of Ω∞MnA(S0)
on F (Ω∞(n+ ∧M)). We now observe that the natural B-module map

F (Ω∞(n+ ∧M)) ∧ Ω∞MnA(S0) −→ F (Ω∞(n+ ∧M))

we have defined produces a natural transformation ofM-B-modules

ĉr∗F (Ω∞(n+ ∧M)) ∧Ω∞MnA(S0)∧∗ −→ ĉr∗F (Ω∞(n+ ∧M)).

Finally, our right action of LnS[Mn(A)] is defined by:

LnF (Ω∞(n+ ∧M))(X) ∧ LnS[Mn(A)](Y )

y=

hocolimx∈IMapMn
[Sx)∧∗, ĉr∗F (Ω∞(n+ ∧M)(Sx ∧X))]
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∧ hocolimy∈IMapMn
[(Sy)∧∗, Sy ∧ Y ∧ Ω∞Mn(A)(S0)]

y∼=

hocolimx,y∈I×IMapMn
[(Sx)∧∗, ĉr∗F (Ω∞(n+ ∧M)(Sx ∧X))]

∧ MapMn
[(Sy)∧∗, Sy ∧ Y ∧Ω∞Mn(A)(S0)]

y∧

hocolimx,y∈I×IMapMn
[(Sx∪y)∧∗, ĉr∗F (Ω∞(n+ ∧M)(Sx ∧X))

∧ Sy ∧ Y ∧ Ω∞Mn(A)(S0)]

y( right S−mod action)

hocolimx,y∈I×IMapMn
[(Sx∪y)∧∗, ĉr∗F (Ω∞(n+ ∧M)(Sx∪y ∧X ∧ Y ) ∧ Ω∞Mn(A)(S0)]

y( right monoid action)

hocolimx,y∈I×IMapMn
[(Sx∪y)∧∗, ĉr∗F (Ω∞(n+ ∧M)(Sx∪y ∧X ∧ Y ))]

y∪

hocolimz∈IMapMn
[(Sz)∧∗, ĉr∗F (Ω∞(n+ ∧M)(Sz ∧X ∧ Y ))]

= LnF (Ω∞(n+ ∧M))(X ∧ Y ).

The derived tensor product of modules

Here we define what we mean by the derived tensor product of modules of FSPs. The
construction is motivated by the definition of topological Hochschild homology for FSPs
by M. Bökstedt in [Bö].

Let M be a left A–module and N a right A–module. We define M⊗̂AN as the S–
module obtained from the simplicial S-module: M⊗̂AN(X)[n] =

hocolimxi∈In+1Hom(Sx0 ∧ . . .∧ Sxn+1 , M(Sx0) ∧A(Sx1) ∧ . . .∧A(Sxn) ∧N(Sxn+1) ∧X)
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The simplicial operators are such that M⊗̂AN ∼= TH(A; N ⊗S M) and so one can
look at [P-W] for example for an explicit description. However, in words, the ith face map
takes the appropriate product which smashes the Sxi coordinate with the Sxi+1 coordinate.
Then one uses the concatenation functor which sends xi×xi+1 to xi⊔xi+1 and the induced
map on homotopy colimits which this induces. Degeneracies are similarly defined, the ith
degeneracy uses the identity in the A(X i+1)–coordinate.

Note (7.4): If M is a B − A–bimodule and N is a A − C–bimodule then M⊗̂AN is
naturally a B − C–bimodule. We also note that multiplication produces a simplicial map

M⊗̂AA
≃
−→M of B−A–bimodules which is a simplicial homotopy equivalence (using the

identity in A to produce a simplicial homotopy inverse). The functor M⊗̂A from A−Mod
to B −Mod is a 1-excisive reduced homotopy functor which satisfies the limit axiom.

Lemma (7.5): If F is an m–excisive reduced homotopy functor and G is an n–excisive
reduced homotopy functor then G ◦ F is a (mn)–excisive reduced homotopy functor.

Proof: The following is not the shortest nor most sophisticated proof of this result– but it
is elementary and fun. First observe that the result is trivially true if G is 1-excisive and
hence by induction it suffices to do the case when G is homogeneous of degree n. Since
homotopy orbits preserve “excisiveness”, it suffices to do the case when G is the diagonal
of an n–multi-linear functor Ĝ. By induction along each variable of Ĝ it suffices to show
that the composite functor Ĝ(F̂1, . . . , F̂n) where each Fi is the diagonal of a ki–multi-linear
functor is degree Σki. This last fact, however, follows immediately from 3.4 of [Cal2] since
the composite functor is itself the diagonal of a Σki–multi-linear functor.

Let F be a functor from A−Mod to B−Mod. Then LnF (Ω∞(n+∧A)) = LnF (Ω∞An)
is a B − LnS[Mn(A)]–bimodule and LnS[Hom(n+, )] is a left LnS[Mn(A)]–module. We
define the natural transformation

η : LnF (Ω∞An)⊗̂LnS[MnA]LnS[Hom(n+, )] −→ LnF (Ω∞ )

by composition.

Theorem (7.6): For F ∈ Hom
st(n)
0 (A−Mod, B−Mod), the natural transformation η is

an equivalence. Using η, one obtains a one-to-one correspondence between the homotopy
category of Hom0(A−Mod, B−Mod)[≤ n] (n–excisive, reduced homotopy functors) and
the homotopy category of B − LnS[Mn(A)]-bimodules.

By theorem 6.2, to show η is an equivalence it suffices to show that ηAn is an equivalence
and that

G = LnF (Ω∞An)⊗̂LnS[MnA]LnS[Hom(n+, )]

is n–excisive and satisfies the limit axiom. We see that ηAn is an equivalence by note
7.4 and that G is an n–excisive reduced homotopy functor by theorem 4.4 and lemma 7.5
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(since LnS[Hom(n+, )] is the composite of a 1-excisive and an n–excisive functor). The
limit axiom for G is immediate from the definition (using the fact that homotopy colimits
commute).

(7.6) Compositions as tensor products

In this part all functors are reduced homotopy functors which satisfy the limit axiom.
By lemma 7.4, the composition of a degree n functor F from A-modules to B-modules
composed with a degree m functor G from B-modules to C-modules is a degree mn functor
G ◦ F from A-modules to C-modules. We define a pairing of B − LnS[Mn(A)]-bimodules
with C−LmS[Mm(B)]-bimodules which recovers composition (up to natural equivalence)
with the classification result of theorem 7.5.

We first observe the following sequence of equivalences,

(G ◦ F )(Amn)⊗̂LmnS[Mmn(A)]LmnS[HomA(mn+, )]
≃
−→ G ◦ F ( )

F (An)⊗̂LnS[Mn(A)]LnS[HomA(n+, Amn)]
≃
−→ F (Amn)

G(Am)⊗̂LmS[Mm(A)]LmS[HomB(m+, F (An)⊗̂LnS[Mn(A)]LnS[HomA(n+, Amn)])
y≃

G(Am)⊗̂LmS[Mm(A)]LmS[HomB(m+, F (Amn))]
y≃

G(F (Amn)) = G ◦ F (Amn).

Thus, if we define Φ to be the homotopy functor from B−LnS[Mn(A)]-bimodules to
LmS[Mm(B)]− LmnS[Mmn(A)]-bimodules by

Φ(X) = LmS[HomB(m+, X⊗̂LnS[Mn(A)]LnS[HomA(n+, Anm)])]

then we can define a pairing

(B−Mod−LnS[Mn(A)]) × (C−Mod−LmS[Mm(B)])
µ
−→ (C−Mod−LmnS[Mmn(A)])

X × Y 7→ Y ⊗̂LmS[Mm(B)]Φ(X)

such that µ corresponds up to natural equivalence with composition in theorem 7.5.

We now examine the functor Φ in slightly more detail. Recall that Ω∞A(S0) is a
pointed (unital) monoid and for M an A-module, Ω∞M(S0) is a left Ω∞A(S0)-space. In
particular, it makes sense to talk about the m× n–matrices of Ω∞A and
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LmnS[HomA(mn+, Amn)]
y≃

S ∧ hocolimx∈I MapMn
((Sx)∧∗, [Sx ∧Mmn,mn(Ω∞A(S0))]∧∗)

y∼=

S ∧ hocolimx∈I MapMn
((Sx)∧∗, (Sx ∧Mm,m[Mn,n(Ω∞A(S0))])∧∗).

For X a B−LmS[Mn(A)]-bimodule, [Ω∞X(S0)]×m is a left Mm,m[Mn,n(Ω∞A(S0))] space
and

Φ(X) ≃ S ∧ hocolimx∈I MapMn
((Sx)∧∗, (Sx ∧ [Ω∞X(S0)]×n)∧∗)

as a LmS[Mm(B)]− LmnS[Mmn(A)]-bimodule.
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Appendix A: Mapping spaces of diagrams

Recall that we letMn be the dual of the category with one object m = {1, . . . , m} for
each 1 ≤ m ≤ n and morphisms the surjective set maps. The category of Mn–diagrams
of pointed simplicial sets is simply the category of functors fromMn to pointed simplicial
sets with morphisms the natural transformations. It is a closed simplicial model category
in the sense of Quillen ([Qui], Ch. II) and we refer the reader to [D-K] for the relevant
definitions.

Following [D-K], 2.4 we call a map f : X → Y of Mn–diagrams free if, for every
object m ∈Mn the map f(m) is an injection and if there exists a set B of simplices of Y
such that

i) no simplex of B is in the image of f

ii) B is closed under degeneracy operators

iii) for every object m ∈ Mn and every simplex y ∈ Y (m) which is not in the image of
f(m) there is a unique simplex b ∈ B and a unique map α ∈Mn such that Y (α)b = y.

The cofibrations of Mn–diagrams are exactly the free maps and their retracts.

Let K be a pointed simplicial set. We write K∧∗ for the functor fromMn to pointed
simplicial sets defined by

m 7→ K∧m

f : m −→ t ⇒ f∗(x1 ∧ · · · ∧ xt) = (xf(1) ∧ · · · ∧ xf(n)).

Lemma (A.1): The functor K∧∗ is a free object in the category of Mn–diagrams and
hence cofibrant.

Proof: For m ∈ Mn, let C(m) be the subset of simplicies (x1 . . . , xm) of K∧m such that
xi 6= xj if i 6= j. Let B(m) be any subset of C(m) not containing the basepoint and
with exactly one element for each Σm–orbit type and closed under degeneracy operators
(for example, first choose one element of each Σm–orbit class of all the non-degenerate
simplicies in C(m) and then extend by degeneracies). If we let f be the map from the
initial object ∗∧∗ to K∧∗, then using the set B we have constructed we see that f is free
and hence K∧∗ is cofibrant.

Let ∆K∧n be the fat diagonal of K∧n. Thus,

∆K∧n = {(x1, . . . , xn)|xi = xj for some i 6= j}

We let ∆nK∧∗ be theMn diagram determined by

∆nK∧m =
{

K∧m if m 6= n
∆K∧n if m = n

32



Corollary (A.2): The map ofMn–diagrams, i, from ∆nK∧∗ to K∧∗ given by inclusions
is free and hence a cofibration.

Proof: The set B = B(n) from lemma A.1 is easily seen to satisfy conditions i)–iii) with
respect to the inclusion map i and hence the result.

Following [D-K] once again, we define the twisted arrow category aMn ofMn to be the
category which has as objects the maps ofMn and morphisms (m0 →m1)→ (m′

0 →m′
1)

the commutative diagrams (horizontal maps go in different directions).

m0 ←− m′
0y
y

m1 −→ m′
1

Given two Mn diagrams X and Y of pointed spaces or pointed simplicial sets, we can
form the evident aMn–diagram Homa(X, Y ) and

HomMn
(X, Y ) ∼= limaMn

Homa(X, Y ).

We also note that if X is a diagram of pointed simplicial sets and Y is a diagram of pointed
spaces then we have a natural isomorphism (by adjointness, see for example [May], 16.1)

(1) HomMn
(|X |, Y ) ∼= HomMn

(X, Sing(Y ))

Proposition (A.3, after ([D-K], 3.3): For K a pointed simplicial set and Y a Mn

diagram of pointed spaces, the natural map from

HomMn
(|K|∧∗, Y ) −→ holimaMn

Homa(|K|∧∗, Y )

is a weak equivalence. In particular, HomMn
(|K|∧∗, ) preserves weak equivalences (a

map of diagrams is a weak equivalence if it is a weak equivalence when evaluated at each
object).

Proof: By (1), it suffices to establish the result for K∧∗ and Sing(Y ). By lemma A.1
we know that K∧∗ is a cofibrant object. Since Sing(Y (m)) is fibrant for each m ∈ Mn,
Sing(Y ) is fibrant and the result follows from theorem 3.3 of [D-K].

Now we wish to examine the fiber of the restriction map from HomMn
(|K|∧∗, Y ) to

HomMn−1
(|K|∧∗, Y ) obtained from the inclusion of the subcategoryMn−1 intoMn. We

first note that this map factors naturally as

(2) HomMn
(|K|∧∗, Y )

i∗

−→ HomMn
(∆n|K|

∧∗, Y ) ∼= HomMn−1
(|K|∧∗, Y )

where i is the inclusion map of diagrams in corollary A.2.
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Lemma (A.4): For K a pointed simplicial set and Y a Mn–diagram of pointed spaces,
there is a natural fibration sequence

HomΣn

(
|K|∧n

∆K∧n
, Y (n)

)
q∗

−→ HomMn
(|K|∧∗, Y )

res
−→ HomMn−1

(|K|∧∗, Y ).

The action Σn is given by the full subcategory ofMn generated n. The map q∗ is induced
by the quotient and res is the map given by restriction to a subcategory.

Proof: Once again, using the natural isomorphism of (1), we can do the result in the
simplicial setting. By corollary A.2, the fact that Sing(Y ) is fibrant and the factorization

in (2), the restriction map is a (Serre) fibration with fiber HomMn
( K∧n

∆K∧n , Sing(Y )(n))

which is naturally homeomorphic to HomΣn

(
K∧n

∆K∧n , Y (n)
)

and hence the result.

Observation (A.5): An equivalent way of reformulation lemma A.4 is that the following
natural commuting diagram is both a strict pull-back and Cartesian (a homotopy pull-
back) as i∗ is a fibration by lemma A.2:

HomMn
(|K|∧∗, Y )

res
−→ HomΣn

(|K|∧n, Y (n))yres

yi∗

HomMn−1
(|K|∧∗, Y )

α
−→ HomΣn

(∆|K|∧n, Y (n))

where α is the natural composite

HomMn−1
(|K|∧∗, Y ) ∼= HomMn

(∆n|K|
∧∗, Y )

res
−→ HomΣn

(∆|K|∧n, Y (n)).

Appendix B: The Tate Map

Our goal in this section is to establish the Tate Map and a couple of results by
T. Goodwillie in the appendix to his MSRI notes [MSRI]. Since these MSRI notes are not
published, in this section we reproduce what is needed from them (B.2 and B.3 below) for
our purposes in section 2. We have modified some of the constructions found in [MSRI]
to make the proofs more transparent. We have chosen to write this appendix using the
terminology of a functor with stabilization with G-action. The translation to E ∈ Specb

with G–action is straightforward.

Let G be a group. Recall that for X a (pointed) space with G–action, we define the
homotopy orbit space of X to be XhG = X ∧G EG+ = (X ∧ EG+)G. We recall that
if f : X → Y is an n–connected G–equivariant map then fhG is also n–connected. We
note that if F is a functor with stabilization with G–action, then X 7→ F (X)hG is again
naturally a functor with stabilization.
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We define the homotopy fixed-point space of X to be XhG = MapG(EG+, X) =
Map∗(EG+, X)G. If f : X → Y is a G–equivariant map which is also an equivalence, then
fhG is also an equivalence but ( )hG does not preserve connectivity in general.

Definition B.1: Let G be a group and F a functor with stabilization with G-action. We
define the homotopy orbits of F to be the functor with stabilization

FhG = Ω∞(X 7→ [F (X)]hG)

and the homotopy fixed–points of F to be the functor with structure

FhG = Ω∞(X 7→ [Ω∞F (X)]hG).

Important Remark: If F∗ is a simplicial functor with stabilization with G–action, then the
commuting diagram

|(F∗)hG|
≃
−→ hocolim∆op [(F∗)hG]y≃

y∼=

|(F∗)|hG
≃
−→ (hocolim∆op [F∗])hG)

shows that homotopy orbits commute with realizations. However, the natural map

|(F∗)
hG| −→ |F∗|

hG

is not an equivalence in general. That is, homotopy fixed points do not commute with
realizations.

The Tate Map

For G a finite group, the Tate map is a chain of natural maps of functors with structure
from FhG to FhG which we now wish to define. But first, we establish a sequence of natural
equivalences

(G+ ∧ F )hG ≃ Ω∞F ≃ (G+ ∧ F )hG

For X a G–space, we let γ be the G–equivariant map

G+ ∧X ∼=
∨

G

X
inc
−→

∏

G

X ∼= Map (G+, X)

that is:

γ(g ∧ x)(u) =
{

x if g = u
∗ otherwise
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Thus, if X is k–connected, then γ is (2k− 1)–connected by Blakers-Massey and we obtain
the diagram:

(1)

(G+ ∧X)G

∼=
←− X

∼=
−→ Map(G+, X)Gx≃

y≃

(G+ ∧X)hG Map(G+, X)hGyγhG

xγhG

Map(G+, X)hG (G+ ∧X)hG

The map γhG is (2k− 1)–connected but we do not know anything about γhG. However, if
F is functor with stabilization with G–action then for all X we know that the map

(2)

[hocolim Ωn(G+ ∧ F (ΣnX))]hGyγhG

[hocolim ΩnMap(G+, F (ΣnX)]hG

is an equivalence. We also note that since G is finite, the natural G–equivariant map

(3) hocolim Map(G+, ΩnF (ΣnX))
≃
−→Map(G+, hocolim ΩnF (ΣnX))

is an equivalence. Thus, we can assemble all these remarks to obtain the following sequence
of natural equivalences of spaces (a symbol in “( )” indicates the previous statement which
implies the map is an equivalence)

(A)

(G+ ∧ F )hG(X) = hocolim Ωn[(G+ ∧ F (ΣnX)hG]y≃ (1)

Ω∞F (X) = hocolim ΩnF (ΣnX)y≃ (1)

[Map (G+, hocolimΩnF (ΣnX)]hGx≃ (3)

[hocolim ΩnMap(G+, F (ΣnX))]hGx≃ (2)

(G+ ∧ F )hG(X) = [hocolim Ωn(G+ ∧ F (ΣnX))]hG

These assemble (as X varies) into a natural sequence of equivalences of functors with
stabilization with G–action.

Using the G–equivariant equivalence EG+∧X
≃
−→ X , we obtain natural equivalences

on G–homotopy orbits and homotopy fix points. We can obtain EG+ as the realization of
a simplicial G–set [q] 7→

∧q+1
G+ (the simplicial path space of the bar construction for

G). Thus,

EG+ ∧ F ∼=G |[q] 7→

q+1∧
G+ ∧ F |
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Definition B.2: (T. Goodwillie) The Tate “map” is the following natural diagram:

FhGx≃

(EG+ ∧ F )hGy∼=

|[q] 7→ (
∧q+1

G+ ∧ F )|hGx≃

|[q] 7→ (
∧q+1

G+ ∧ F )hG|

≃ (A)

|[q] 7→ (
∧q+1

G+ ∧ F )hG|y
|[q] 7→ (

∧q+1
G+ ∧ F )|hGy∼=

|EG+ ∧ F |hGy≃

FhG

There is one case where the Tate map is easily seen to be an equivalence: when E
is a functor with stabilization with G-action and F = G+ ∧ E. This follows from the
commuting diagram (using the projection maps π)

(Free)

|[q] 7→ [
∧q+1

G+ ∧ (G+ ∧ E)]hG|
π(≃)
−→ [G+ ∧ E]hG

≃ (A)

|[q] 7→ [
∧q+1

G+ ∧ (G+ ∧ E)]hG| ≃ (A)y

|[q] 7→ [
∧q+1

G+ ∧ (G+ ∧ E)]|hG π(≃)
−→ [G+ ∧ E]hG

Proposition B.3: (T. Goodwillie) The Tate map for F is an equivalence if F is either
U ∧ E or Map (U, E), where E is a functor with stabilization with G–action and U is
a pointed finite free G–space (i.e., a simplicial G–set with finitely many nondegenerate
non-basepoint simplicies permuted freely by G).

The proof is by induction over skeleta; the cells attached at stage n are dealt with by
applying (Free) to the case G+ ∧ (Y ∧

∨t
Sn).
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