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Abstract: We calculate K(Ax (A®%))” when A is a perfect field of characteristic p > 0,
generalizing the k = 1 case K(Ale]); which was calculated by Hesselholt and Madsen by
a different method in [6]. We use W (A; M), a construction which can be thought of as
topological Witt vectors with coefficients in a bimodule. For a ring or more generally an
FSP A, W(A; M ® S') ~ K(AxM). We give a sum formula for W (A; M; & --- @ M,,),
and a splitting of W(A; M );\ analogous to the splitting of the algebraic Witt vectors into
a product of p-typical Witt vectors after completion at p. We construct an E' spectral
sequence converging to , W ®) (A; M ® X), where W®) is the topological version of p-
typical Witt vectors with coefficients. This enables us to complete the calculation of
K(Ax (A@k));\ in terms of W) (A; A) if the homotopy of the latter is concentrated in
dimension 0; for perfect fields of characteristic p > 0, Hesselholt and Madsen showed in
[6] that this condition holds. Using our methods we also give a complete calculation of
W(A; M) where A is a commutative ring and M a symmetric, flat A-bimodule whose
homotopy groups are vector spaces over Q, and a way of calculating K (Zx Q) different

than Goodwillie’s original one in [7].

§0. Introduction

For a ring A and an A-bimodule M, we can look at the trivial square zero extension
Ax M, where elements of A multiply elements of M using the bimodule structure, and
M - M = 0. Since the ring AxM contains the ring A as a retract, K(A) is a retract of
K(AxM), and we can write

(0.0.1) K(AxM) ~ K(A) x K(AxM).
In the course of proving that stable algebraic K-theory agrees with THH in [2], Dundas

and McCarthy introduced algebraic K-theory with coefficients in a bimodule, K (A;M).
They describe an equivalence K(AxM) ~ K(A; B M). This equivalence is functorial in

* Partially supported by NSF grant DMS 03-06429
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M, so splitting K(A) = K(A;0) (which is known for A a perfect field of characteristic p)
off from both sides we get

K(AxM) ~ K(A;BM) ~ K(A;M ® S*)

(see the beginning of Section 4 below for the definition of M ® X). In the paper [8], we show
that for a connected finite simplicial set X , K (A; M ® X) is equivalent to a ‘topological
Witt vectors with coefficients’ construction we call W (A; M ® X).

‘Topological Witt vectors’ were originally introduced in [1]. For a ring or more gener-
ally an FSP A, the topological Hochschild homology THH(A) has a Connes cyclic structure,
and one can look at the homotopy inverse limit of the fixedpoints THH(A)“" over all pos-
itive integers with respect to what are called restriction maps THH(A)“» — THH(A)%".
(This was called TR(A) in [1] and [6]; topological cyclic homology involves looking at the
inclusion maps THH(A)%" — THH(A)®" as well.) Introducing coefficients in a bimodule
spoils the Connes cyclic structure, but in [8] we defined simplicial spectra with

U (A;M); = MANAN AN AM AN AN

-~

n times

For each n, U"(A; M) has a C,, action, and there are restriction maps U'"(A4; M)%tn —
U™(A; M)%» which agree with the original restriction maps when A = M.

The spectrum W (A; M) is then the homotopy inverse limit of all the U™(A; M)Cr
for positive integers n with respect to the restriction maps. We also look at W, (A; M),
the homotopy inverse limit over the full subcategory on {1,2,...,n9}. The homotopy
fiber of the map W, (A; M) — W,,,—1(A; M) induced by restricting the subcategory is
U (A; M)nc,, -

If we do this for the bimodule M ® X in place of M, where X is a simplicial set,
we get that the n’th layer in the tower consisting of the W, (A; M ® X) (with the maps
induced by category restriction) which is U™ (A; M ® X)nc, is an n’th degree homogenous
functor in the sense of Goodwillie’s calculus of functors. In [8] we show that this tower
is the Taylor tower of the functor X — K (A; M ® X), which coverges for obvious degree
reasons when X is connected.

In this paper we show that the tower splits when all the U™(A; M) are rational (which
in practice means that the 7.(M) are rational vector spaces). Otherwise, after completion
at p a partial splitting occurs: there is no interaction between layer n; and layer ns
unless n; and no have the same prime-to-p part. This is analogous to the splitting of the
algebraic Witt vectors into a product of copies of the p-typical Witt vectors, and was done
by Hesselholt and Madsen in the A = M case in [6]. We show that for any FSP A and
A-bimodule M,

(0.0.2) W(A; M);\ ~ H ((holim Utp"(A;M)Cpn>A>th

oo+—n p
(t,p)=1

where holimae.,, U (A; M)Cr™ ~ WP)(A; M®At) nonequivariantly. Here W®) plays the
role of topological p-typical Witt vectors with coefficients; as in the algebraic case, it is
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easier to calculate. See equation (1.0.5) below for the definition of the derived tensor
product of modules over a functor with smash product.

In two applications where there is splitting, namely when A is a commutative ring
and M a symmetric, flat A-bimodule whose homotopy groups are vector spaces over Q
(Claim 3.3 below) and for K(ZxQ) ~ W(Z;Q ® S') (calculated originally by Goodwillie
and discussed here at the end of the paper), we complete the calculation of .

But for the main focus of our interest, K (AxM) ~ W (A; M ® S*) for M not neces-
sarily rational, the splitting (0.0.2) still leaves the problem of calculating W) (A; (M ®
S1)®at) ~ holimagp, UP" (A; M © S1)%" and the effect of taking the C; homotopy quo-
tient on it. In the case M = A®* however, we use a sum formula we give in Section 2 for
W(A; My @ -+ - & My,) to decompose W (A; A% @ S') into a product of W(4; A ® S?)’s.
These break down by (0.0.2). In Section 4 we develop a spectral sequence (Corollary 4.11)

B}, = me o (holimUP""" (4; M)%#" pq, X" /X

oO—Nn

) = T WP (A M X),

where C, acts on X\P" by permuting coordinates and X AP sits inside XPT as the C,
fixedpoints. We use this spectral sequence in Section 5 to compute 7, (W ®) (A; M ® S%))
in terms of 7, (W®) (A; M®aP")) for r > 0 if all the W®)(A; M®4?") have their homotopy
concentrated in dimension 0. We know this to hold when M = A is a field perfect field
of characteristic p by [6], and for a finite sum of these by our sum formula (Corollary 2.3
below). In the M = A case, mo(WP)(A; A)) is the ring of p-typical Witt vectors of A.
Section 6 analyzes the effect of taking homotopy quotients in (0.0.2), and Section 7
assembles the results of the preceding ones. By Theorem (7.2), for any FSP A and prime

b,

8

K (A (A%9)" ~ W(A; A%* @ §1)) H(W<p> (4;A® S)) ) i

where for ¢ odd or if p = 2,

ZZ

t|i 3
(t,p)=1 K

while for ¢z even and p odd,

t i
Z Vg4
2 72 mlyy)
ty  dlg
(t,p)=1
for the Mébius p-function (see (7.1.1)). The homotopy groups of each W) (A; A® S*) are
given in Corollary (5.4), and when A is the FSP associated to a perfect field of characteristic
p > 0, they take the particularly simple form

if x < a or *x—ap odd

0
() (A- ayy) o
W*(W (A’A ® S )) = { W(A)/p’"W(A) if apr—l <x < ap”, * —ap even
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if p is odd or a is even, and

0 if *x < a or * is even

(WP (A4 AR S5)) = { W(A)/2W (A) if x > a is odd

when p = 2 and a is odd by Corollaries (5.5) and (5.6) below.

We thank Morten Brun for his comments on an earlier draft of this paper, and the
referee for his careful reading of the manuscript and his many useful suggestions.

§1. Preliminaries

We recall the definitions from [8] which will be used here; details can be found in
[8], where the constructions are done more generally for functors over a category. We
will not be working over a category in this paper, although the main technical results like
Theorems (2.2) and (3.3) and Corollary (5.3) can be stated and proved over a category
with the obvious adjustments to the given proofs.

A functor with stabilization is a functor F' from the category S, of pointed simplicial

sets to itself, sending n-connected spaces to m-connected spaces, along with a natural
transformation Axy : X AF(Y) - F(X AY) for all X,Y € S, such that

(1.0.1) Asox : S AF(X) — F(S°AX)
is the obvious isomorphism for all X € S,, and such that for all X,Y, Z € S,,

(1.0.2) Axyaz o (idx Adyv,z) = Axay,z-

We also require of a functor with stabilization F' that for every X and n, the limit system
T | F (X)| 2571, Q| F(2X) | 2257, % F(22X)| — -

should stabilize, where ox : |[F(X)| — Q|F(2XX)] is the adjoint to the map induced on the

realizations by Ag1 x.

A functor with smash product (FSP) is a functor with stabilization F' with natural
unit and multiplication transformations

]-X X — F(X)
pxy :F(X)ANF(Y) = F(XA\Y)

for all X,Y € S, where the multiplication is associative, and the stabilization Ax y is
given by multiplication with 1x. Note that it follows from these conditions that the prod-
uct of an FSP satisfies ux y(1x,ly) = 1xay for all X,Y € S, (by setting Z = S in
(1.0.2) and using associativity, we get that for all s € F(S°), pxay.so(pxy(lx,1ly),s) =
pxay,so(Lxay,s), and by the nondegeneracy (1.0.1) and naturality with respect to coor-
dinate permutations, this implies the desired property).
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A left module over an FSP F' is a functor with stabilization 7" with a natural trans-

formation
gX’y . F(X) N T(Y) — T(X /\Y)

where the stabilization Ax y of T' is again given by left multiplication with 1x and

Uxny,z(pxy Ndp(zy) = bx yaz(idpx) A ly,z).

A right module over an FSP F' is defined analogously, with a natural transformation
rxy T(X)ANF(Y)—-T(XAY)

where the stabilization Ax y is given by right multiplication by the unit conjugated by the
twist map T,
Ax,y =T(tx,y)oryx o (idpyy Alx) o Tx vy

An F-bimodule over F is both a right and a left module, where the action on the two
sides commutes.

Given an FSP A and A-bimodules My, My, ..., M,, we define an n-simplicial functor
with stabilization given in multidegree k = (k1, k2, ..., k,) by

(1.0.3) U™(A; My, ..., My,); = holim Map(S"%, V" (X)).
KEI’H'R_

Here I is the category whose objects correspond to the natural numbers and whose mor-
phisms from m to n correspond to injections from {1,2,....m} to {1,2,....n}. We write

Ik+n — Ilirl N, ]knJrl'

We let Map(S,T') denote the functor with stabilization sending Y +— Map(S,Y AT, and
for any X = (X0, XLl . XUk Xxn0 xmka) g TRtn

SUX = gX T A GXT AL A ST AL A ST AL A X
and
VAX) =My (ST YA ASE T Y A A ASETT
(1.0.4) A My(S¥YANAST YA AASTT YA
N Mn(SXn’O)/\A(SXn’l)/\---/\A(SX"’k”)_

For simplicity of notation, we will from now on omit writing that we are looking at the
simplicial realizations of our functors with stabilization such as A and M above. We
have the usual Hochschild-type differentials and degeneracies in each simplicial direction
between the U™(A; My, ..., My,); for different k’s.
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We then set U™(A; M) to be the diagonal of the multisimplicial set U™ (A; M, ..., M).
It has a natural C,-action permuting the n blocks of k 4+ 1 coordinates in simplicial di-
mension k. If M = A, U™(A; A) is simply the n’th edgewise subdivision of THH(A)— see
[1] and [3].

For an FSP A, a left A-module P, and a right A-module @, one can define a simplicial
functor with stabilization P& 4@, given in degree k by

(105) )%10}1}}{_1 Map(SuK,P(SXO) /\A(SXl) A /\A(SX’“) AQ(SXk+1))
cIk+2

with the usual bar construction differentials (using rx, x,, the ux, x,.,, and £x, x,.,)
and degeneracies (using 1x,’s). For m|n, there is a C), /,-equivariant simplicial homotopy
equivalence
(1.0.6) U™(A; M) ~ U™ (A; M®a™)
(see Lemmas 2.6 and 4.2 of [8]).
Definition (1.1) For r|n, we let

Res” : U™ (A; M) — U™ (A; M)/

be the restriction map obtained by observing that because of cofinality,

n . ~ : LUX\An 1 An
U™ (4; M) = holim Map((§°)"", (V! (X))"),

and restricting every map f € U™(A; M )kC" to the C).-fixed points of its domain,
Cr
<(Su§)/\n> ~ (Suﬁy\(n/r)’
which have to map to the fixed points in the range,
Cr
((Vl(i))/\n> o~ Vvl(iy\(n/r)7

giving an element in

Crny/r
holim Map((S'—'K)/\(n/T)’Vl(i)/\(n/r)> /

~ U™ (A; M),
Kejk—}-l

Let N* denote the category of positive integers, with a morphism n — m whenever m
divides n. Then the U™ (A; M )", equipped with the maps Res™™, give a functor from N*
to spectra, and we can look at its homotopy inverse limit over different full subcategories
of N*.



Definition (1.2) Let
W(A; M) = holim U®(A; M)Ce
aeNX

W,(A; M) = holim U®*(A; M)
a€{l1,2,...,n}

WP (A; M) = holim UP" (A; M)C»" .

oO—Nn

We will also often look at
holim U*P" (A; M) .

0N

As a spectrum, holimeg.,, UP" (A; M)C»" ~ WP (A; M®at) because of (1.0.6), but it
also comes with an action of C}, since the restriction maps Res™™ : U " (A; M) —
U™ (A; M)C»™ respect the quotient Cy action.

Definition (1.3) Define (up to homotopy) Verschiebung maps
vp s U™ (A; M)Cn/k — U™ (A; M)©n

using the fixed point transfer map. Recall that for a naive G-spectrum X and a normal
subgroup H < G, the transfer X¥ — X% is induced on G-fixedpoints by the G-map

(1.3.1) GirpX=\/ X—X
G/H

where G acts on G4 Ay X by left-multiplication on the first coordinate (and therefore
(Gy Ag X)9 = (e m X)% = XH) and the map on the right is a G-equivariant folding
map.
Note that for any k|m and m|n, the diagram
U™ (A M) =5 U™ (A M)
| Res™/™ | Res™/™
U™ (A; M)Cme 2o U™ (A; M)Cm

commutes, since the diagram

(Co)t Ac, UM(A; M) =5 U™(A; M)
| Res™/™ | Res™/™
(Cm)s Acy, U™(A; M) =5 U™(A; M)

commutes when we use the maps (1.3.1) as the horizontal maps. This means that we also
get Verschiebung maps

vy + holim UP"™ (A; M)Crm — W) (A; M),

oO—Nn



§2. A Sum Formula for W

In this section, we will look at W(A; My V My V ---V My) and its variants, where A
is an FSP and Mj, Ms, ... M (and therefore also My V My V ---V My) are A-bimodules.
The result is that W(A; My V Ma V ---V My) is an (infinite, if £ > 1) product of W of A
with coefficients in various tensor products of the M;. We will need

Definition (2.1) For a pointed simplicial set X, we set

/\X/U/\X

e 11

where for each aln, a # n, \j_, X is viewed as a subset of \;_; X via the diagonal map
(X1, yTq) — (T1, Ty Ty e ooy Tayevy Tl .-, Tq). In other words, w,(X) consists of
the basepoint and all the non-periodic words of length n consisting of points of X other
than the basepoint. It has a free (in the based sense) C,, action induced from the C,, action
on A\;_, X, and is in fact the largest quotient on which C,, acts freely (the quotient by the
singular set for this action).

In this section, we will often use w,, (k) = w, (k ) \ %, where k = {x,1,...,k} for k > 0:
the set of all non-periodic words of length n in {1,...,k}.

Theorem (2.2) For any FSP A and A-bimodules My, ..., My, we have natural (as functors
of ordered k-tuples of A-bimodules) equivalences

W(A;Ml\/"'\/Mk)ZH H W(A;Mf(1)®A---®AMf(a))
a=1[f]e€wa(k)/Ca

Wo(A; My V -+ V My) ~ H H Winja) (A Mpy®a - - ©aMp(q))
a=1[flew,(k)/Ca

W(p)(A;Ml\/"'\/Mk)ZH H W(p)(A;Mf(1)®A"'®AMf(pb)).
b=0 [fled, (k)/C,p

Proof. We use the fact that for any spaces S,T and finite dimensional space X, there
is a natural equivalence between the spectra associated to the functors with stabilization
Map(X, SV T) and Map(X, S) V Map(X,T), which is G-equivariant for any G actions on
X, S, and T (WhereT does not act on the argument of the functor with stabilization).
We get that for any n and 7,

(2.2.1)

Un(A;Ml V "'VMk)r

~ }Egc?limMap«Suz)A”, ((M1(SX°) Ve VM (ST AASTY) A A A(SXT))An>
clr 1

- LX )An X1y A L X,
~ \/ %{(_)g})}ﬂlM&p( (S , /\ My (STO)NAST)A - NA(S )))
fi{l,.n}—{1,... .k} — 7j=1
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Let

uX X X
Up, = %?g(l)rlirlnl\/[ap ((S /_\ My (ST) A AST) A A A(SY))).

We can divide (2.2.1) according to the length of the period of the function f (if f is
non-periodic, we regard its period as n). Let 7 be the n-cycle (1,2,...,n). Then 7 acts
on U™ by sending Uy, to Ugor—1 .. We have

a—1
(U™ (A My V-V M)~ (\) \/Ufofi,r)c

aln f€wa(k)/Cq =0

- (\/ \/ H UfOTiﬂ")Cn = \/ \/ (H Ufoﬂ,r)c

aln f€ia(k)/Cu i=0 aln f€wa(k)/Cu 1=0

~\ VU

aln f€wq(k)/Ca

But if f € w,(k), Uy, is homotopy equivalent to U™ (A; My 1y, M2y, -+ s Myn))rr,....r SO
after taking geometric realization, we get

(2.2.2)
Un(A;Ml\/'“\/Mk)C"E\/ \/ Un(A;Mf(l),...,Mf(a),...,Mf(l),...,Mf(a))C”/“
aln fEW,(k)/C4
~\  UHAMy) @AMy @a- - @aMy) e
aln fEW,(k)/C4

where the last homotopy equivalence is based on an argument analogous to (1.0.6). We
can convert (2.2.2) to a product, rather than a wedge, of the spectra in question before
we take a homotopy inverse limit over Res. The proof of the theorem is completed by
observing that for m|n,

Res™/™ - U (A; My V- \/Mk)cn —U™(A; My V- \/Mkz)cm

sends the factor corresponding to f € w,(k)/C, to the factor corresponding to the same
f if alm (and otherwise to the basepoint), via
ReSn/m : Un/a(A; Mf(1)®AMf(2)®A te ®AMf(a))C"/“
— U™ (A Mpy@aM oy 4 ©aMpq)) e
since the domain of the restriction of a map is contained in the domain of the original
map. O
Applying (2.2) to the case My = My = --- = M}, = A, we get



Application (2.3) For any FSP A,

k )
wAPAHA~I] I w 4.

i=1 a=1 few,(k)/Ca

Proof. The inclusion V¥ A — @le A of functors with stabilization becomes increas-
ingly connected as it is evaluated on increasingly connected spaces, so U™(A; —)¢" and
hence also the W (A; —) agree up to homotopy for these functors.

The multiplication map A®4A — A is a homotopy equivalence (the former being a
two-sided bar construction of A with itself over itself), so A®aa ~ A as well. O

Corollary (2.4) If A is the FSP associated to a perfect field with positive characteristic,
W(A, @le A) is the Eilenberg-Mac Lane spectrum of the product of a countable number of

copies of the Witt vectors of the field (in dimension 0) indexed by all the finite non-repeating
words in {1,... k}.

Proof. Theorem 5.5, p. 72 in [6].

Corollary (2.5) If A is the FSP associated to any commutative ring, mo(W (A, @le A))
is the product of a countable number of copies of the Witt vectors of the ring, indezed by
all the finite non-repeating words in {1,...,k}.

Proof. Addendum 3.3, p. 55 in [6].

Remark (2.6)  Theorem (2.2) is also true if we use the definition of U for functors
with stabilization over a category, as in [8]—the same proof, with the obvious technical
adjustments, works.

§3. Splitting Formulae for W

From its definition, W(A; M) is the homotopy inverse limit of the tower formed by
W, (A; M), with the maps W, (A4; M)=>W,,_1(A; M) induced on homotopy limits by re-
striction from the full subcategory on {1,2,...,n} to that on {1,2,...,n — 1}. We know
from [8] (the proof will be reviewed in the proof of Theorem 3.2 below) that the layers in
this tower are
hofib(W,, (A; M) =W, _1(A; M)) ~ U™(A; M), .

In the case M = N ® X, the W,, correspond to the n’th stage Taylor approximations,
and the layers can be thought of as the homogenous degree n part of W(A; N ® X) ~
K(A;N ® X).

In this section we will see how the layers fit together. If all nonzero integers act
invertibly on the homotopy groups of W(A; M), it breaks up as the product of its layers.
If we complete at some prime p, the layers are joined only if they have the same prime-to-p
part. The latter is the analog for W (A; M) of the splitting at p of the big Witt vectors into
a product of the p-Witt vectors, known classically in the algebraic setting and for W(A; A)
by [6]. We first need a
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Lemma (3.1) If j is a (naive) G-spectrum for some finite group G so that multiplication
by |G| acts invertibly on w.(j) then the norm map induces an equivalence

()nc — ()"C.

Proof. To define the norm map, consider the spectrum \/ geGd The product G x Go,
where G1 = G2 = G, acts on it as follows: G1 permutes the copies of j, by having g € G4
send the h’th copy of j to the hg~’th copy; G5 permutes the copies and also acts on them,
so g € Gy sends the h’th copy j to the gh’th copy while also acting on it on the left (a
diagonal action on G A j ). The norm map can now be described as the canonical map

e = (V") = ((V D) ="

ge geG

Note that if the order of G acts invertibly on m,(j), the F5 spectral sequence

Hp(G,mq(j)) = 7Tp+q(ZhG)

in the right half-plane coming from the simplicial filtration on EG vanishes except for
7«(j)c in the 0’th column. Similarly, the Fy spectral sequence

H™P(G,mq (7))

in the left half-plane vanishes except for 7. (j )¢ in the 0’th column, and therefore converges,

and converges to 7, (j"¢).

Once we know the homotopy groups of the terms involved, we can study the map the
norm induces on them. It is the canonical change-of-order map

T (j)a = <(@ W*(i))GH)Gz . ((@ W*(i))%)Gl ~ W*(@G
geG geG

sending [a] — > 5 ga. When multiplication by |G| is invertible on 7,(j), this map is an
isomorphism (injective because for all a € m.(j), [|G|-a] = [>_ ¢ 9a] in 7. (j), surjective
because for all a € m,(5)¢, >gec 90 =|G|-a). 0

Theorem (3.2) Let A be an FSP and M an A-bimodule. Assume that multiplication by
n acts invertibly on the homotopy groups of U%(A; M) for all a|n. Then the map

U™ (A; M) 25 T U (A; M)RCe
aln
given by a product of the maps

Resn/a inc

U™ (A; M) =2 U A; M)C — U*(A; M)
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(where the inclusion is the standard inclusion of fized points into homotopy fixed points)
is an equivalence. Therefore, if all 1 < n < ng act invertibly on w,(M) (and therefore on
all the m,(U*(A; M)) ), we have an equivalence

no
Wi (A; M) [ [ U*(A; M)

a=1

and if m.(M) is a vector space over Q (and therefore all the m,(U*(A; M)) are, too), we
have an equivalence
W(A; M) T U*(A; M)

aeNX

Proof. Since for alm and m|n, Res™/® ~ Res™/® o Res™'™, the results for W, (A; M)
and W (A; M) follow from the result for U™(A; M)~ by taking homotopy inverse limits
over the categories {1,...,n0} and N*, respectively.

We will use induction on n to show that if n acts invertibly on 7. (U%(A; M)) for all
aln, the map ¢, is an equivalence. For n = 1, there is nothing to show. For n > 1, we
look at the diagram

U™MA; M)pe, —— U™(A; M)%n "% holimgy, apn U(A; M)Ca
(321) L on ! hOhmam, aF#En Pa
Ur(A M) — [, UM (A M) — Tl apn UN(As M)

The top row is the fibration of Proposition 5.6 in [8], whose proof will be reviewed below.
The map res comes from restricting categories in the homotopy inverse limit from all
of the divisors of n to all of its divisors other than itself, since holim,,, U*(A4; M )Ca ~
U™(A; M)%. The bottom row is the obvious product fibration. It is also what we get
by applying the same category restriction to the homotopy inverse limit of the functor
n— L., U"(4; M) as we did to the functor n +— U™(A; M )% in the top row, which is
why the diagram homotopy-commutes. In fact, it is strictly commutative: in the bottom
row, the homotopy inverse limit agrees with the inverse limit. So if we replaced the
rightmost term of the top row by limg,,, a2n U*(A; M )%, the composition with res would
not change and we get

holim ¢, ores= lim ¢, ores = H inc o Res™ .
aln, a#n aln, a#n
aln, a¥#n

By the inductive hypothesis, which we use only for the proper divisors of n, the
rightmost vertical map is an equivalence (since if n acts invertibly on the homotopy, all its
proper divisors do too) . But since the diagram commutes, the map ¢,, o7 factors through
a map

U™(A; M)pe, U™ (A; M)"Cn
which is equal to the composition

U™(A; M)pe, —>U™(A; M)Cr — U™(A; M),
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The map i, is the norm of Lemma (3.1) so since multiplication by n is invertible, it is
invertible. To see that i, is the norm, recall from Proposition 5.6 in [8] the proof that

U™(A; M)pe, ~hofib(U™(A; M)~ holim U®(A; M)%).

aln, a¥#n

It observes that levelwise, the homotopy fiber in question can be viewed as a homotopy
direct limit (over X)) of the total homotopy fiber of

n

Map ((SHK)A", e (gw)

mapping into
Cr
1\/[ap(((Sl_lﬁ)/\n)cn/a7 Vl(X)An>

over all aln, a # n, where V(X) is as in (1.0.4). This total homotopy fiber is equivalent
to Map(U, V(X)) where U is the total cofiber of the inclusions

((Sug)m)cn/a AN (S'—'K)/\”

for all aln, a # n. We can write U = (S“Z)"\? /| ajn ((SHX)A")Cn/a (veplacing the to-
a#n

tal homotopy cofiber by the quotient since the inclusions in question are cofibrations).
Then, since C,, acts freely (in the pointed sense) on U, the obvious inclusion induces an
equivalence

(3.2'2) M(uv Vl(z)/\n)Cn :M(L{,Vl(i)/\”)hc"

Since U is a free (in the pointed sense) complex of dimension one higher than the connect-
edness of V1(X)"", by work of Goodwillie (described in Theorem 5.5 of [8]) the Tate, or
norm map

(3.2.3) Map(U, V(X)) ~ Map(U, VH(X) ") e,
is an equivalence (in our case where n acts invertibly on the homotopy groups, this is
of course also true by Lemma (3.1)). Now V!(X) is | X|-connected, so for connectivity
reasons the collapse map (S '—'5)/\”32/{ induces an equivalence

(3.2.4) Map(U, V' (X)"") = Map((S-5)"", V(X))

which respects the C),-action and so induces an equivalence on homotopy fixedpoints and
homotopy quotients. We have

Map(U, VY(X)"")he, —  Map(Ud,VI(X)") = Map (U, V! (X))
lc* lc*
Map((suﬁ)/\n’vl(i)/\n)hcn N Map((sl_lﬁ)/\rzvl (X)/\n)Cn N Map((Sug)/\n,Vl (X)/\n)hCn

13



where the composition of the maps in the first row (equivalences by (3.2.2) and (3.2.3))
is the norm. The vertical maps are equivalences by (3.2.4). The bottom row is the
composition 7,, we are interested in, but we could have written the norm there and the
diagram would still homotopy-commute. Since all edges of the rectangle except for the
bottom one are homotopy equivalences, this means that up to homotopy, ¢, is the norm
map, which is what we needed to show. In fact it shows that for every X, and therefore by
taking the homotopy direct limit in each simplicial degree, i,, is a homotopy equivalence.
But taking homotopy fixedpoints does not in general commute with realizations so it does
not show that ¢,, would be an equivalence without the invertibility of n. O

Since the norm map is an equivalence if 7,(M) is a vector space over Q, we can write
the last decomposition of Theorem (3.2) as
W(A; M) ~ [ U*(A; M)ne,.
aeNX

When A is the FSP associated to a discrete ring and M is the functor with stabilization
associated to a discrete A-bimodule, we can further describe these layers. We can define a
multisimplicial set U, (4; M) with

Ulciln(A; M)Tl,...,ra =M® A®T1 QM R A®r2 R QM® A®7’a_

Since rationally, an Eilenberg-Mac Lane spectrum H A of a discrete ring A has no homotopy
above dimension zero, the collapse map HA AN HB — H(A ® B) is a rational equivalence,

and the realizations
U(A; M) ~q Uy, (A; M)

(where the latter is a spectrum because of its simplicial abelian group structure). So we

have
U(A; M)ne, ~q Ui, (A; M)nc, -

As before, if m,(X) is a Q-vector space, since Q with the trivial action is a projective
Q[C,)-module, the terms in the spectral sequence

Hy(Co; mg(X)) = mprq(Xne,)-

vanish unless p = 0, and 7, (Xpc,) = my(X)/Cy. Since m (U, (4; M)) = HH,(A; M®a%),
we can (if 7. (M) is a Q-vector space) deduce that

T (U(A; M)pe, ) = HH, (A; M®4%)/C,

and write out the formula
T (W (A; M) =[] HHL(A; M®42)/C,.
a=1

If we make some further assumptions, we can understand the C,-quotient on the right in
terms of the obvious C,-action on M®4¢.

14



Claim (3.3) If A is a commutative ring and M a symmetric, flat A-bimodule whose
homotopy groups are vector spaces over Q, then W(A; M) is equivalent to a product of
FEilenberg-Mac Lane spectra, and

T (W (A; M) 2 [ [ (HH.(A) @4 (M®4¢/C,))

a=1

Proof. We can rewrite (the diagonal of) U, as the simplicial abelian group
(3.3.1) i (M ® A®)® =2 (A A®H)9 © 1ga MO

since the elements of A commute with everything. (Here A®® acts on (A @ A®")®2 by
multiplying each j’th copy of A into the leftmost A of the j'th copy of A ® A®".) The
simplicial operators act only on (A® A®*)®2 which is exactly the a’th edgewise subdivision
(see [1]) of the standard Hochschild complex of A. Since M is flat over A, M®* is flat over
A®? 50 the homotopy of the realization of U, as given in (3.3.1) is isomorphic to

HH, (A) ® goa M®°.

Now the C, action on the a’th edgewise subdivision of the Hochschild complex, i —
(A ® A®)®a_is non-trivial, but once we pass to homology it becomes trivial since it is an
action on homotopy groups given by a C,-action which is the restriction of an S'-action
(see [1]). This means that if we multiply HH.(A) by 1@ a ®1®---® 1, we could without
changing the result first rotate, then multiply by « on the left, and finally rotate back. So
the A®% action on HH,(A) factors through A, and we can write

HH, (A) @ qea M®* =2 HH, (A) @4 A @ p0a M®*
>~ HH. (A) ®4 (A @400 M®*) =2 HH,(A) @4 M@4°

with the C,-action concentrated in the second factor. Now the Cy-action on U}, preserves
the simplicial abelian structure, so m.(Ug, /Cy) is the homology of the quotient of the
complex associated to (3.3.1) by the C,-action, which since we are working over Q is
rationally isomorphic to HH,.(A) ® 4 M®4%/C,. O

We are, however, interested in the torsion for algebraic K-theory and therefore also
for W. If we want to look at p-torsion, we can complete at p, where we find that the layers
U"(A; M)pe, of W(A; M) glue according to their prime-to-p part. The main result of this
section is

Theorem (3.4) Let A be an FSP, M an A-bimodule, and p a prime. Let n = kp®,
(k,p) = 1. Then there is an equivalence

(4 )2 T (0 (a5 o))
0|k
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given by a product of the maps

n AN Res®/¢ b C A inc b C AN hC
(U (A3 M)© ) B (U (A5 ) et ) 25 (U (45 00) %))
(where the map inc is induced by the standard inclusion of fixed points into homotopy fized
points; taking Cy homotopy fizedpoints commutes with p completion since (¢,p) = 1). This

yields an equivalence

hC
wiasany = T olim((@* (0%, )
(k,p)=1

~ holim ((U*#" (43 1)%#) ")
(k.p)=1 —b P /) hey

Proof. Forn = kp’, (k,p) = 1, set IIU(n) = [T, (U*" (A; M) )" For m = tp®, (]k
and a < b, we let
(ITRes)™/™ : TIU (n) — IIU (m)

be the map which sends each factor (Ujpb (A, M )Cpb)hcj for j|¢ to the corresponding factor
in IIU (m) by the map

b—a

(Res?” “)"Ci « (UP" (A; M) )" — (077" (A; M) Cr )"

and each factor (U v’ (A; M )Cpb)hcj for j which does not divide £ to the basepoint. Then,

b—a : ; b—a
since Res” o Res®7 ~ Res’’7 o Res? " */*, we have a commutative square

U™(A; M)C» % TIU(n)
| Res™™ | (TIRes)™/™
U™(A; M)Cn I TIU (m).

We will prove by induction on n that each r, induces an equivalence on p-completions.
The result for W(A; M), will follow from the result for all the (U™ (A; M );\)C” by taking
a homotopy inverse limit over N* of both sides. The two formulae for W(A; M), agree
by Lemma (3.1); we will find the version with homotopy quotients easier to calculate.

We have n = kp® with (k,p) = 1. In the base case of the induction, the case n = 1,
there is nothing to show. For n = k coprime to p, the map r,, is exactly ¢, of Theorem
(3.2), where it is proven that it is an equivalence if multiplication by n is invertible on the
homotopy groups of the spaces in question, here U*(A; M ), for all £|k.

So we will assume that n = kp® with b > 0 and that the result is known for all the
proper divisors of n. Consider the diagram
(3.4.1)

UM (A M)ne, ,  — UFP" (A; M)Crot 2, holim gpa e U (A; M)Core
a b
| P P | holim e
(U (4; M), )" O — TLU (45 M) )P0 o [ ge (U (45 1) )

X (TR (4; M) ot R
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where top row is the fibration of Proposition 5.6 in [8], as reviewed in the proof of Theorem
(3.2), and the map res comes from restricting the category over which we take a homotopy
inverse limit from {m : m|n} to {m : m|n, m # n}. On the bottom row, the map f is
induced by the same restriction of categories when we take homotopy inverse limits of the
functor IIU. It is the identity map on all factors except the factor corresponding to k,
where it is

p\hC _
(3.4.2) (U*#" (A; M) Cor YhCx B TE (k"1 (4. pp)Cop=1 )hCh

By the method of proof Proposition 5.6 in [8] again, we have a fibration

Res?

(3.4.3) UM (A; M), ~2U*" (A; M)t UR" (A MO
which explains why the fiber of f is (Ukpb (A; M)nc, )PCk

The diagram (3.4.1) homotopy commutes since restricting the category over which
we are taking a homotopy inverse limit commutes with applying the the transformation
from U?(A; M)t to TIU(t) for every t. Note that for m|k, m # k, the m’th coordinate in
holim r¢pa o res is inc o Resk/m, just like the m’th coordinate in 7y, so in all but the k’th
coordinate, the diagram (3.4.1) actually commutes. So the map ry,» oi factors through a
map

(3.4.4) UM (A; Mnc, , — (U (45 M)c )"

whose composition with the map (Res?)"“* from (3.4.2) is nullhomotopic. We will show
that this map, which could be added as a leftmost vertical map in diagram (3.4.1) while
keeping the diagram homotopy commutative, is up to homotopy the Ck-norm map. Since
k is coprime to p, by Lemma (3.1) the norm is an equivalence on p completions. This
would finish the proof, since the rightmost vertical map in (3.4.1) is an equivalence by the
inductive hypothesis.

Using the proof of Proposition 5.6 in [8] again, Ukpb(A; M)ne, , is shown to be
the fiber of res by explaining why levelwise (in each simplicial degree) Uk’ (A; M) hC
is homotopy equivalent to the homotopy limit over all X of Map(U;, V(X )Akpb)ckpb,
where U; (like U in the proof of Theorem (3.2)) is the total cofiber of the inclusions
((SHX)ARP"YCon y (GUX)ARP” gyer all mkp®, m # 1. In these terms, the map i in diagram
(3.4.1) is induced by the collapse map (S“X) L4, .

Similarly, the fiber in (3.4.3) should be thought of levelwise as the limit over X
of M(UQ,VI(X)A’WE’)CW? where Us is the cofiber of the inclusion ((S"X)M*P")Co
(SHX)Mp”and iy is induced by the collapse map (S"X)A" 2,14, The second row in
equation (3.4.1) has the C) homotopy fixed points of the fibration (3.4.3) in the factor
corresponding to k.

With this notation, for each X, the composites
(3.4.5)

Map(ul, Vl (K)Akpb )Ckplu_) (Map(bﬁ, Vl (X)/\kpb)cpb)hck C_§> (@(MQ, Vl (X)/\k:pb )C’pb)th
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where c3 : Uy — Us is the obvious collapse map (czocy = ¢1) induce the map we want which,
if used between the leftmost terms of both rows, would make diagram (3.4.1) commute.
The map inc in (3.4.5) is an equivalence by the freeness of the action of C on U;, and both
the first and the second term are, for that reason, equivalent to Map(Uy, V1 (X)"FP b)hc‘k -
We have a commutative diagram - ’

Map(Us, VI(X) " e, ,  —5 Map(ls, VI e, ,
(3.4.6) | !

(Map@, VHX) " e, ) (Map(he, VX)), )

where the vertical maps are the Ci-norms (and the left one is an equivalence even be-
fore completion), and the maps ¢} are homotopy equivalences because they are the maps
induced on homotopy quotients and fixedpoints, respectively, by a homotopy equivalence
which is a C,» map. The composition of (3.4.5) is, up to homotopy equivalence, the
composition of maps from the top left to the bottom right of (3.4.6), but the only map
in (3.4.6) which is not already a homotopy equivalence is the norm in the right column.
Therefore the composition of (3.4.5) is, up to homotopy equivalence, the Cj norm. Since
the norm commutes with p-completion, we know that on the p-completion of diagram
(3.4.1), our map (3.4.5) is, up to homotopy equivalence, the Cj, norm. On p-completions,
however, this Cy-norm is an equivalence by Lemma (3.1). O

Remark (3.5)  Theorem (3.4) is also true if we use the definition of U for functors
with stabilization over a category, as in [8]—the same proof, with the obvious technical
adjustments, works.

Remark (3.6) Commuting the order of homotopy limits, we can also write the result of
Theorem (3.4) as

weang = T ((wolim 0™ (400)%)")""

p co«—b
(k,p)=1
= T (ot (a0
co+—b PJ hCy
(k,p)=1

§4. A Filtration on W (4; M ® X)

Having expressed W (A; M);) in terms of holimue. o, UkP™ (A; M)Com ~ WP (A; M©Oak)
(as explained in Remark (3.6) above) in order to facilitate its calculation, we proceed
to calculate W . We will specifically want to understand the homotopy groups of
W®) (A; M ® S?) where p is a prime, and for a finite pointed simplicial set X. and A-
bimodule M, M ® X is the realization of the M-free simplicial set on the simplices of X,
n+— M A X, (for any pointed simplicial set Y, then, the functor with stabilization M ® X
sends Y to |[M(Y) A X.|). Observe that M ® X also inherits an A-bimodule structure
from M. To understand W) (A; M ® S*) we will set up in this section a filtration on
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W®)(A; M ® X) for any FSP A, A-bimodule M, and finite pointed simplicial set X. The
layers of this filtration are analogous to the decomposition of Theorem (2.2), which is just
the discrete, zero-dimensional case X = {x,1,...,k} for W(®). The filtration gives us an
E' spectral sequence which for connected X converges to W*(W(p) (A M ® X)).

(4.1) The Filtration on U?" and W®

We can rewrite equation (2.2.1) as the statement that for k finite, discrete
(4.1.1) UM A; M ®@k) ~ U™ (A; M) A J\ k.
i=1

This identification is natural in k, and a C),-equivalence (where C), acts diagonally on the
right hand side). Since the functor U™(A; —) commutes with realizations of simplicial sets,
(4.1.1) shows that for any pointed simplicial set X,

(4.1.2) UM(AM®X)~UMA M)A N\ X

i=1
is a Cy-equivalence (being a homotopy direct limit, over C,-equivariant maps, of com-
patible C,-equivalences.) We will define our filtration on UP"(4; M ® X) in terms of

UP" (A; M) A /\f:1 X. The smash product /\f:l X has a Cpn-equivariant filtration by fixed
points

a (AT (AN e (AX) T Ax

= = =1 =1

where the diagonal map defines natural Cpn /Cpi-equivariant homeomorphisms

' p" Con
AX= ( A\ X ) ’
i=1 i=1

and the quotients are exactly the

pn Cpn—t :
(NEX) ™ N

i=1
C n_t-1 t—1
< pn X) pn—t—1 ;f:1 X

(4.1.4) wy (X) =

of Definition (2.1).

Definition (4.2) We define a natural Cpn-equivariant filtration on UP" (A; M ®@ X) (see
(4.1.2)) by

* . ift<O
Fil,UP" (A; M @ X) = UP"(A; M)A (N, X)9mt if0<t<n
UP" (A, M ® X) ifn<t

The inclusions Fil;_; C Fil; come from the inclusions of fixed points (4.1.3).
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Definition (4.3) We let
Res? : (Fil,UP" (A4; M ® X)) — (Fil,U?" ' (4; M ® X))

be the usual restriction map Res” of Definition (1.1) if ¢ > n, the identity map if ¢ < 0,
and otherwise the natural composite

n n

(U7 (45 1) A (;\ X)Cpn—t)c’”” = (07" (400 A (A %)% —t>Cp>C””/C"
i=1 i=1
— <Up"(A; M)Cp A (pn X)Cpn—t Cpn/Cp Resnid <Upn I(A, M) A (;( X)Cpn_t>cpn/0p

- (Up"_l(A; M) A (

where Res : UP" (A; M)%» — Upnfl(A;M) is the restriction map, analogous to those
defined in Definition (1.1). Since effectively all we are doing is applying Res, we get

Lemma (4.4) For all n,t, and X, the following diagram commutes:
(FiL,U?" (A; M @ X)) —  (Fily UP" (4; M @ X))Cem

| Res? | Res?
(FiLUP ™ (4 M @ X)% o (FilyyaU?" ™ (A3 M X)),

This enables us to get a filtration on W),
Definition (4.5) We have a natural filtration on W) (A; M ® X) given by

Fil, W ") (A; M @ X) = holim (Fil,UP" (A4; M ® X)“»")

o0—n

with the inclusions Fil;_; C Fil; induced by those of Definition (4.2).

Now we have two goals: The first is to check whether this filtration converges to
W® (A; M ® X), that is, whether

hocolim Fil, WP (4; M @ X) = hocolim holim(Fil,UP" (4; M @ X))“»"

(4.5.1) .
;holimhocolim(FiltUp (A; M @ X))%" ~ WP (A4; M ® X).

00— t—

This is not obvious, nor indeed always true, as we can see from the calculations we have
done for X = k discrete, where the method used to obtain (2.2.2) would give us

t
(FiLUP" (4 M © X))% ~ [] (Up"(A; M)Co= A (X) /Cpk)
k=0
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SO

hocohm hohm(FlltUp (A M® X))C”n

t—o0 oco—n

(45.2) ~ hocohmH holim U*P™ (A; M)Cr™ A wpr (X)/Cpr)

ocO—n

\/ holim U*P" (A; M)C»" A wpr (X)/Cpr),
k=0

whereas
holim hotcolim (Fil, UP" (A; M ® X)) o
s ity [T 0930 01/,

H (holim U™ (A; M)“»™ A w(X)/Cpr).

0N

(The map of (4.5.1) is the obvious inclusion of the result of (4.5.2) in that of (4.5.3).)
However, if X is O-connected, (4.5.1) is a homotopy equivalence. We show this by

pursuing our second goal: an analysis of the layers Fil, W (®) / Fil;_1W®) which increase in

connectivity as t increases when X is 0-connected.

(4.6) Analyzing the Cofibers

We start with the fundamental fibration sequence, for all 1 < k < n, saying that for
any A-bimodule N,

(4.6.1) UP" (A N)ne,, — UP" (A N)Oor B0 (4 N) i

This was shown in the proof of Theorem (3.2) for £ = n, and can be shown for smaller k
by the same method, or by viewing UP" (A; N) ~ UP" (A; N®ar" "),

Observe that UP" (A; M®X) commutes with colimits as a functor of X, so UP" (A; M®
X)hcpk does too for any £ < n. We can use these two facts and (4.6.1) to show by induction

that U?" (4; M ® X)%* commutes with colimits for any k < n.

Lemma (4.7) The functors (Fil,UP" (A; M ® X))°»" commute with colimits as functors
of X, and we have a fibration sequence

(FiLUP" (A4; M @ X))ne,. — (FILUP" (A; M @ X)) B5(Fi, U™ (4, M @ X)) O,

where the inclusion of the fiber is the restriction to Fil; of the inclusion of the fiber in

(4.6.1).
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Proof. By (4.1.4) and Definition (4.2), the non-trivial cofibers in the filtration on
UP" (A; M @ X) are

Fil,UP" (A; M ® X)

4.7.1
(47.1) Fil,_1U?" (A; M ® X)

~ UP"(A; M) Awye (X), 0<t<n.

Thus, we can prove that the functors (Fil,UP"(A; M @ X))“»" commute with colimits
inductively, by checking that the functors (UP" (A; M)Aw,:(X))“»" commute with colimits.
Now

Cpn Cyn /C

(Upn (A; M) A wye (X))
= (UP"(A; M) A wpe (X))

= (U (A; M) A wye (X))Cm )

(4.7.2) i .
oGt UP" (4 M)Ort A, wye,

where the homeomorphism in the beginning of the second line is due to the fact that Cp,n—+
acts trivially on wy:(X), and the homotopy equivalence following it is due to the fact that
Cpt = Cpn /Cpn—+ acts freely on wy: (X), using

Sublemma (4.8) Let R be a spectrum with a right action of a finite group G, and let Y be
a finite pointed simplicial set on which G acts freely simplicially on the left. Then

(RAY)Y ~ RAgY.
In terms of the spectral sequences
Ts(RAgY,) = mrps(RAGY)

and
Ts(RAY,) = mrps(RAY),

the composition
RAcY ~(RAY)°SRAY
sends [a- 0] — 3 ag—!-go for alla € nsR, 0 €Y.
Proof. For Y = (G, the inclusion
RAGy=\/R=]]R
G G

is a weak equivalence which respects the G-action and is the spectrification map (assuming
that R is already an {)-spectrum). So by our definition of fixed points on a spectrum,

(RAG)E = (JIR)¢ = R=Rnrc (Gy).
c

We can realize the homeomorphism

RAg Gy = ([[R) = F(G,R)°
G
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(where R is viewed as a left G-spectrum by having h € G act as h~! on the right) by
sending [r, g] — {hg — rh~1}.

Similarly, for general discrete Y with free G-action, Y = Iy A G4 (where I has trivial
G-action), and the map

RAgY — F(Y,R)¢
(4.8.1) , i,hg) — rh=!
gl (DT
(J,h) == VjFi
is an equivalence RAgY = (RAY)C.
For higher dimensional Y, use the fact that the fixed points of the G-action on R A

Y can be computed simplicial-degree-wise (with respect to Y). The maps R Ag Vi —
F(Y;, R)¢ from (4.8.1) commute with the simplicial boundary maps: if (i,g) € Y and

8a(iag) = (i/agl) € Yk—l»
8a([7“,i,g]) = [T7 ilvg/]

while 9, of the map sending (i, hg) to rh~! will exactly send (i’, hg') to rh=" for all h € G
and (j',h) for j/ # i’. Since they are homotopy equivalences on each level, they induce a
homotopy equivalence on the homotopy direct limits, which are the realizations.

The result on the E?-terms of the spectral sequences follows directly. O

Since wyr (X)/C, clearly commutes with colimits, by (4.7.2) so does (UP" (A; M) A
Wk (X))Cpn and by our induction so does (Fil,UP" (4; M @ X))C»".

To prove that the sequence of maps in the statement of Lemma (4.7) is a fibration
or, equivalently, a cofibration, it suffices again to check that it gives a cofibration on the

layers and use induction. We look at
(4.8.2)

(Upn(A;M)/\Uth(X)) o Cpn-t

n n—1
W (UP" (A; M) Awpe (X)) 77" — (UP (A4 M) Awye (X)) 7
The restriction of Res? to (Fil,UP" (A; M))C»" gives Res? in the UP" (A; M) coordinate and
the homeomorphism induced by (AP, X)%m=t o (AP"" X)%n=1=¢ in the second coordi-
nate. Using the identification (4.7.2), we can rewrite (4.8.2)

UP" (A M), Ac,, wpr(X)-LoU" (4 M)Sr =t Ac, wpe(X)
Res? Aid
—_—

UP" (A M) G Ao, wpr (X)

where f is the inclusion of the fiber from (4.6.1) (for N = M) smashed with the identity
of wyt (X)/Cpe. But then we just have the cofibration sequence (4.6.1) smashed with the
identity of wy:(X)/Cp+—and so, a cofibration sequence. O
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Proposition (4.9) (i) We have

pt

Fil, W ® (A; M @ X) = (holim U™ (4; M) A J\ X)),
i=1
with Cpe acting on holimag.,, Upn+t(A; M)Crm A /\f;l X diagonally.

(i) The inclusion maps of subsequent layers of the filtration are given, using this identifi-
cation, as

t t4+1

p p
(holim U7 (A4; M) A A\ X)7 =((holimUP""" (45 M) )% A ( J\ X))
=1 =1
pt+1
— (holim U™ (A4; )% A N\ X) T
=1

(iii) The quotients of subsequent layers of the filtration are given by

Fil, W) (A; M @ X) — o
’ ~ holim UP""" (A; M)C»" A (X).
Fil,_ W® (A, Mo X)  eoen (A; M)Z2" A, wpe (X)

Proof. We have, using Definitions (4.2), (4.3), and (4.5)

Fil, W®) (A; M @ X) = holim (Fil,U?" (4; M @ X)) "

0N

P
~ hOhm(Upn (A’ M) A (/\ X)Cpnft)cp”

co—n /
=1

P
~ hOhm((Upn (A’ M) A (/\ X)Cpnt)cpn—t>cpt
=1

0N

=

(4.9.1) ) "
~ holim (U (4; M)t A (

0N

X))

=

=1

=l

p

ol (U7 (4: ) n J\ X)

00N !
=1

ocO—Nn

pt
~ (holim U" (A; M)C=t A\ X) '
=1

proving (i).
For any n, the inclusion

(Fil,UP" (A; M @ X)) " C (Fily, UP" (A; M @ X))
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C

comes from the inclusion of fixed points (AF_, X )=t < (AP_ X)»n==1 which translates

+1
to the inclusion of C)-fixed points /\filX — /\ft:1 X. In terms of (4.9.1), we get the
homotopy inverse limit of maps

t t4+1

b p
(U7 (A M) %= A\ X) T (U (A M) T N\ X))

i=1 i=1

induced by the inclusions of C)-fixed points in both coordinates, which is exactly (ii).

To see (iii), since homotopy inverse limits commute with finite colimits, we can take
the homotopy inverse limit of the Cpn-fixed points of formula (4.7.1), which we know by
formula (4.7.2), and get holimae._, UP"" (A; M)Com Ac,, wpt (X). O

Corollary (4.10) If X is n-connected, the inclusion map
Fil, W® (A; M @ X) — WP (A; M @ X)
is p'(n + 1)-connected. In particular, if X is at least 0-connected,

hocolim Fil, W®) (A4; M @ X)=WP) (A; M @ X).

Proof. This follows from the analysis of the cofibers in Proposition (4.9)(iii): we will
show that holime._p, UP"" " (A; M)Crm Ac, . wps (X) is p*~1(n + 1)-connected for all s, and
apply it to all the quotients Fils;q/Fily where s < t.

We are assuming that holime._, UP"" " (A; M) is (—1)-connected. Since H,(X) =
0 for « < n, H,(X"P") =0 for x < p*(n+1)—1and H, (X" ") =0 for * < p*(n+1)—1
so H.(wps(X)) = H (X" X" ") is zero for * < p*~!(n + 1). We have a spectral
sequence

H,(wy (X); m, (holim U (A M)Or)) = . (holim UP"" (A MO A wys (X)),
By the universal coefficient theorem, the E? term vanishes below total dimension p*~!(n+
1) + 1; therefore 7, (holimee.p, ur (A; M) Awpe (X)) does too. Since Cps acts freely
(in the based sense) on wy: (X) and therefore also on holim,.,, ur (A; M)Cr™ Awps (X)),
the quotient by the action is the same as the homotopy quotient, and we get a spectral
sequence

H,(Cpe; m, (holim UP" " (A; M) Awp (X)) = s (holim UP"

oco—n oco—n

(A5 M)T™ Ao wps (X))

which again vanishes below total dimension p*~!(n 4+ 1) + 1. Therefore the spectrum
holimaep, UP" " (A; M)Com Ac,. Wy (X) is p*~1(n + 1)-connected. O
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Corollary (4.11) If A is an FSP, M an A-bimodule, and X a connected, finite, pointed
simplicial set, we have a spectral sequence

. n+nr
E,, = m_p(holim U?

o0—n

(A M) Ac, wyr (X)) = WP (A M @ X).

§5. A Calculation of W®)(A; M ® S%)

In this section, we will use the spectral sequence from Corollary (4.11) above to cal-
culate W@ (A; M ® S*). We start with two lemmas which describe the E'-term of the
spectral sequence:

Lemma (5.1) If W is a spectrum with a Cyr-action whose homotopy is concentrated in
dimension 0,
~ 1-T
Tapr (W Ac,, wpr (S%)) 2 ker (o (W) —mo(W)),
where T = (_1)a(pr,1)7_* and 7 : W — W 1is the action of the generator of Cpr, acting on
W on the right.

Proof. The filtration by skeleta gives us a complex (the Atiyah-Hirzebruch spectral
sequence which vanishes off the zero’th row)

—_— P

To(W Ac,r ((wpr (S9)k) ) = m0(W) @zic,0) Zl(wpr (S%))i]

P

whose homology is m.(W Ac,. wpr(S®)). Here (wpr(S%))x is the set of all non-degenerate
k-simplices in wy-(S5%)).

We use the standard simplicial model of S* with one 0-simplex and one non-degenerate
I-simplex to give the simplicial structure we will use on S = (S1)A" and its quotient
wyr (8) = SapT/Saprfl. In this model, the non-degenerate ap”-simplices of w,-(S*) are in
one-to-one correspondence with the permutation group >,,: to each o € X, there corre-
sponds a simplex p, whose i’th component is the degenerate ap” simplex on S* consisting of
o(i) zeros and ap” +1—o (i) ones. Note that the only face of one of these simplices which is
equal t0 Jy(3)Po 18 Op(i)P( (i) o(i)—1)os Where (o(i) o (i) — 1) is the transposition exchanging
those two numbers. (Because of this, Zoezwr (—1)? py generates H,,- (S ;7) = 7.)

Now w,r(S5%), being ap”-dimensional, has no non-degenerate (ap” + 1)-simplices. So if
we want to calculate mq,- (W Ac, . wpr (S*)), we only need to find the kernel of the boundary
map

70(W) @g10,] ZU(Wpr (5%))apr |- S70(W) @510, Z(wpr (5%))apr1]-

The source of this map can be written as the free mo(W)-module on representatives
of the cosets of Cpr in Y. We will take as representatives all the permutations o for
which 1 < o(1) < a. Say > ¢, 1<,(1)<a} WoPo € kerd for some choice of w, € mo(W). We
will show that we must have w, = (—1)%wjq for all o with 1 < o(1) < a, and also that
T(wia) = wid-
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—_—

The only other element in (W) ® Z[(wpr (S))apr—1] which can cancel wy0y(;)po 18
WoO0s (i) P(0 (i) o(i)—1)o- SO after we divide out by the C)r action, we see that w,0y(;)ps can
only be cancelled by the terms —w,7 7/ 0y(i)prioc and ~WoT 7 00(i) P7i (0(i) o(i)—1)s (Where
we embed Cpr — X, in the usual way, cycling the p” a-tuples of coordinates). But
among our representatives of the cosets of Cpr in ¥,,-, we have no p,;, for j # 0 (and
the term corresponding to j = 0 is the one we are trying to cancel), so we need to look for
cancelling terms of the second kind.

There are two cases to consider here. If (¢(i) (i) — 1)o also sends 1 to the inter-
val {1,2,...,a}, then the only member of the equivalence class of —ws0y(i)0(o(i) o(i)—1)0
which could appear in the boundary of Z{J: 1<0(1)<a} WoPo 1S —We0u(3)P(o(i) o(i)—1)0 it-
self, which would appear as ws(i) o(i)—1)0 90 (i)P(o(i) o(i)—1)o- From this we deduce that
—Wo = W(o(i) o(i)—1)e- Since every permutation o with 1 < (1) < a can be obtained from
the identity by transpositions which keep o(1) in {1,2,...,a}, we get that a necessary
condition for Z{J: 1<o(1)<a} WoPo to be in ker d is that w, = (—1)%wiq for all these o, that
is: the element of the kernel has to be of the form Z{m 1<0(1)<a}(—1) widpo-

The second case to consider is if (0(i) o(i) — 1)o does not send 1 to the inter-
val {1,2,...,a}. Say for example that o(1) = a and o(i) = a + 1. Then the only
member of the equivalence class of —ws0,(i)P(s(i) #(i)—1)e Which could appear in the
boundary of Z{G: 1<o(1)<a} WoPo 1S —WoT0s(3)Pr—1(0(i) o(i)—1)c Which would appear as
Wr=1(5(i) o(i)=1)00at1Pr-1(a(i) o(i)—1)o- S0 for the terms to cancel, we need to have

Wr=1(g(i) o(i)—1)o = —w,T

We already know that
Wr=1(o(i) o(i)—1)o = —(—1)7(=1)7wia, —wo7 " = —(=1)"wiqT,
so we get
(—1)"wiq = wiaT,

and since 7 cycles p” a-tuples, (—1)7 = (=1)%P" =D we get a second necessary condition:
For Z{U: 1<U(1)<a}(—1)°'widpg to be in the kernel of d, we must have T'(wiq) = wiq.

Taken together, the two necessary conditions above are sufficient: that is, for any
w € mp(W) with T'(w) = w, or in other words for any w € ker(1 — T,

Z (—=1)7wps € kerd

{o: 1<o(1)<a}
by direct calculation, based on the above cases. If 1 < (1) < a but the same does not hold

for the permutation (o(i) o(i)—1)o, o(1) must be either a or 1, and then 771 (o (i) o(i)—1)o
or 7(o(i) o(i) — 1)o, respectively, send 1 to the interval {1,2,..., a}. O
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Lemma (5.2) Let p be a prime and let W be a spectrum with a Cpr-action (r > 1) whose
homotopy is concentrated in dimension 0. Let 7 : W — W 1be the action of the generator
of Cyr, acting on W on the right; this makes T = (—1)*®" ~Yr, act on mo(W). Then

H,_pr—1_1(Cpr;mo(W)) ap" l 1< x<ap”
a ~ _(_ GPTflT*
(W Ac,r wpr (57)) = ker(?ro(W)4>1 =D mo(W)) *=ap"”
0 otherwise.

Proof. The action of Cpr on W A w,p-(S*) is free in the pointed sense (because it is free
in the pointed sense on wyr(S®)) so the homotopy quotient is homotopy equivalent to the
quotient W A . w,r(S®). We get a spectral sequence

(5.2.1) H. (Cprs (W Awypr (89))) = (W Ac,r wpr (5%)).

Since wyr (%) = §%" /5" where $%" " sits as the diagonal (ap”!)-sphere,

~ o ~ 7 % = apr—l + 1 apr
H* Woyr S = ’
(wpr (5%)) {0 otherwise

SO

N _ r—1 T
(5.2.2) T (W Awpe(S9)) = H, (wy (59); 10 (W) {”O<W> *=ap’™ +1,ap
0 otherwise.

We need to know how the generator 7 of Cpr acts on (5.2.2). In the proof of the previous
lemma, it was mentioned that Hy,- (S ;Z) & Hgpr (w,r(S®); Z) is generated by the class
of the cycle zoezwr (—1)?p,, and T acts on this by sending p, +— pr, where 7 cycles the p”
a-tuples of coordinates. Since the sign of this cyclic permutation is (—1)(pr_1)“, we get that
the generator of the C, acts as (—1)® =Y, on the copy of mo(W) in 7apr (W Awapr (S2)).
By naturality of the boundary map in the long exact homology sequence of a couple,
the action of Cpr on mgpr—141 (W Awgpr (S)) = Hapr—1+1(Sap7‘/Sap7‘7l ;mo(W)) agrees with
its action on H,pr-1 (5" o (W)). The Cpr-action on S reduces to the quotient Cpyr—1
action on S92 (§97")C» which acts as (—1)2(®" =D, (the parity distinction between
p" and p"~1 is of course unnecessary unless p is even, a is odd, and r = 1).
Understanding the E2-term of this spectral sequence completes the calculation, since
no differentials or extensions can affect the terms of total degree less than ap” sitting
in E?,apr_lﬂ = B -1y 0= < ap” — ap”~! — 1, since Lemma (5.1) gives us the
correct answer in total degree ap”, and since above degree ap” we do not expect any
homotopy (w,r(S?) is an ap”-dimensional complex and the homotopy of W is concentrated
in dimension 0). O
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Theorem (5.3) Assume that p is a prime, A is an FSP and M is an A-bimodule so that
the homotopy of WP)(A; M®Apr) 18 concentrated in dimension O for all v > 0. Set W, =
7o (holimugep, UP"" " (A; M)Cr™ ) = 7 (WP (A; MOaP")) for allr > 0. Let vy, : Wy — Wy_y
denote the map induced by the p Verschiebung map (1.3), and let T : W,. — W,. denote the
map (—1)‘1pr—1_17'*, where 7 : holiMag.p, Uan(A; M)®" — holimsg.p urt (A; M)Crm
generates the Cyr-action. Then T generates a Cyr-action on W,., and we have that

(0 if x<a
4T 4 +TP =10y,
(p) S v e if x=ap™ 1 +1
P (A M ayy) o AW r .
W*(W ( ) ®S )) H*—apr_l—l(cpr; Wr) if apT—l +1l<x<ap”
1-T
ker(W, —W,.) : — T
RFE S T if x = ap"”.
\ im(WT+1 WT‘)

Proof. By Corollary (4.11), we have a spectral sequence with

(5.3.1)  El, =m_ (holimU”""" (A, M) Ac . wyr(S%)) = m.W P (4; M ® S%).

0N

By Lemma (5.2), this has the form

Wo r=0,s=a
1~ ) Hegsmapr—1-1(Cprimo(W)) 1<, ap" P+ 1<r+s<ap”
nE ker(WrﬂWT) 1<r,r+s=ap”

0 otherwise.

Because of the staircase form of this spectral sequence, the only possible nontrivial differ-
entials are

1 .ol 1
(532) dr,ap’"*l—&—l—r ‘Er,ap’"*l—&—l—r - Er—l,apT'*l—H—r?

and there are no possible extension problems.
We know that

<533) Ei»apr'71+1—r = H()(CPT; WT) = WT/lm(Wr 17_>T WT‘)
and
(5.3.4) E | qprip1r = ker(Wr,lﬂWH).

Let @ = ) o5, (=1)7ps be a generator of the top simplicial homology class of the
ap”—

diagonal ap”~1-sphere §97" " < §9" like in the proof of Lemma (5.1). Let 8 =>"" a;¢;
be a simplicial (ap” ! + 1)-chain on S®" with integer coefficients such that 98 = a. Let

c: 8% e (89) = S /g
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be the collapse maps and

g : holim UP""" (A; M) Awye(5%) — holimUP" " (A; M) A, wye (S%)

oo—Nn oO—nN

be the quotient maps for t =r — 1, r.

By looking at the inclusion of the first column into the spectral sequence (5.2.1) or
by looking at the universal coefficients spectral sequence for Z over Z[Cpr| (which turns
out to be the same calculation), the map induced by ¢ on the lowest nontrivial homotopy

group

Qv ¢ Tapr—141(holim UP""" (A; M)P™ A wyr (%)) = W,

0N

— Tapr—r 1 (Rolim TP (A; M) Ac, wye (S%)) 2 W, fim (W, W)
is the obvious quotient map. Filtering w,-(S®) by simplicial skeleta gives a complex

o (holim U™ (A5 M) A (wyr (S*)))

whose homology is . (holimee.,, UP" " (A; M)Crm A wyr (S%)) and a complex

o (ESL”E e’ (A; M)Cr Ac,r (Wpr (S))k)
whose homology is 7, (holimse.p, UpnM(A; M) Ac,, wpr (S%)).

In these terms, the classes in 7,,r—141(holimep U (A; M) A wyr(S%)) are
represented by w - ¢, (3 for all w € W,., whose images will be ¢.(w-c.(3). By the equivalence
of Sublemma (4.8), g.(w - ¢,3) € 7o (holims., Uan(A; M) Aey (wpr (S*)) apr—141)
corresponds to

p—1
Z wr™ - 7le,f € mo ((hohm o (A; M)“P™ A (pr(Sa))apr_l—i—l)cpr)y
=0

where we denote elements of ((holimoa_n UpnM(A; M) A (wpr (S“))applﬂ)cpr) by
the names they get from the inclusion into holimae._, UP"" " (A; M) A (wpr (S%)) apr—141-

Our aim is to find d apr—1 41 (@ (w-c.B)). By Proposition (4.9)(i)—(ii), the differen-
tial (5.3.2) is induced by the boundary map in the long exact sequence of the cofibration

r—1

p
(A )% A\ 85

=1

( holim Upnwi1

oco—n

oco—nNn

n+r pr CPT71
(5.3.5) ~ ((holim Ut (A4; M)C””)Cp A (/\ SG)CP)
i=1

r

p
”

— (holim UP""" (A4; M) A\ §9)7".

co—n /
=1
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Note that

r

p

( holim U7 (A; M) A (J\ S“)CP) o

co—n !
=1

:((holimUp (A: M)Com A /\S“ ))C”

0N

r

p
= ((nolim U7 (4; M) ) A\ 57 ) o

co—n /
=1

so the cofibration (5.3.5) can also be thought of as

[ [

(5.3.6) (}égli%l U™ (A; M)Cor /\(;\ SQ)CP)C”T - (Iéf?liﬁ? UP" (A M) AN S“)
=1 =1

p’l"

(leading to another proof of Theorem (4.9)(iii)).
We get that

p"—1 p -1

d71"ap7’ 1+17T<q*(w.c*ﬂ _Q*C* Z wT R Tjﬁ —Q*C* Z wT . 7']

But recall that o is a sum of simplices in 9" = (§9" )% so

pril pr‘—lil pfl
. . r—1 . .
E wr ! T = g (g wrkP )T

Now Zz;é wr*?" s the Cp norm of w, which lands in the C)p-fixed points of the
spectrum, (holima.,, UP "M(A M) )Cr = holimaee, UP" ' (A; M) . Recall that
holimeeepn, UP" (A; M) is in fact the coefficient spectrum in the (r — 1)’st column,

which we have identified into the C),-fixed points of holimy.,, U P (A; M)C in (5.3.5)
above to make 1t e?sier to understand the cofibration bou?dary map. If we want, then, to
view Zk o WTP"" as an element of o (holimyg.,, UP PN (A MO, it s exactly vp(w).

So

pr_l prfl_l

. . . . n+r—1 r—1

Z wr™ Tl = Z vp(w)T ™7 - 7 € o (holim UP ’ (A; M)CP™ A (S9P Japr—1)-

: =0
By Sublemma (4.8) again, the element

pr71—1 pT71—1
s Z vp(w)T 7 - Tia) = vp(w)T 7 - T
j=0 §=0
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nt+r—1 1 C -1

is in the image of the fixed points (holimug.p, UP (A; M)Com A(SP" ) 1) 77" and
corresponds by the equivalence there to ¢, (v,(w) - c.cr). So

0 i1 (@ (w0 - 0a8)) = qu(vp(w) - co).

Recall now that

Pl
a= Y (“D)7%pe= Y (=1)TIVEC YT (<1)7p).
oEXN, r—1 £=0 {o: 1<o(1)<a}
So
prfl_l
r—1_ o
s (vp(w) - car) =g ( (_1)a(p Ue“p(w) -7t Z (—=1)%¢cxpo)
£=0 {o: 1<0(1)<a}
p’Tt -1
= ¢.(( (—1)* @ Dy (w)rh) Y (1)7eps)
£=0 {o: 1<0(1)<a}
=g (L T+ Tyw) - DT (1))

{0 1<o(1)<a}

which, in terms of identifying 7 -1 (holim.., UpnM_I(A; M)Crm Ae,,s wyr-1(S)) as

ker(Wr_liWT_l) in (5.3.4) by the analysis of Lemma (5.1), corresponds to (1 + T +
TP (w).
We have, then, shown that in the terms of (5.3.3) and (5.3.4), d!

rapT—l141—7r =

A+T+---T ""Hou, O

Corollary (5.4) Assume that A is an FSP for which the homotopy of WP (A; A) is
concentrated in dimension zero; set W = wo(WP)(A; A)). (i) If p is an odd prime, or if a
1S even,

0 if *x <a
ker(p"'v,) ifx=ap"t+1

(5.4.1) W*(W(p)(A;A ®8Y)) = W/p"W if ap"~! < x < ap”, x —ap” even
Annyp” if ap™~t < x < ap”, * —ap” odd

W/p (W) if x = ap”

(i1) If p =2 and a is odd,

0 if x <a
W/ve(W) ifx=a
(5.4.2) W*(W(Q)(A; A®SY)) = ¢ ker(vg) ifx=a+1
W/2W if * > a is odd
Annyy2 if ¥ >a+1 is even
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where v, is the Verschiebung map of Definition (1.3).

>~

Proof. The crucial observation is that the action of any element of C,,» on W(P)(A; A)
holimeo.p, UpnM(A; A)C» is homotopic to the identity for all n. Once this is known, T
from the result of (5.3) acts as (—1)*®" =1 and the answer follows (for the case of p = 2,
a odd observe that if r > 1, (14+T+---+T? ~1)ouvy =0, but if r = 1 we get Lovy = va).

The Cpr action we have on holim.. UP""(A; A)C s exactly the Cpr action
W®)(A; A) gets from its Connes cyclic structure. The point is that for any n, the
UP"""(A; A) is exactly the p”’th edgewise subdivision of UP" (A; A) (see [1] for an anal-
ogous calculation; in fact, each UP" (A; A) is the p™’th edgewise subdivision of THH(A),
the example discussed there). This identification preserves the Cyn+- action, and thus the
Cpr action on the C,» fixedpoints; it also commutes with the restriction maps Res, as n
varies. Thus we get a Connes cyclic structure on the homotopy inverse limit.

The action of any element in Cp- on the realization of a cyclic set in Connes’s sense
is homotopic to the identity because the Cp- action is the restriction of an S Laction. O

Corollary (5.5) Let A be the FSP associated to a perfect field of characteristic p > 0,
A(X ) = |A[X ]/A-*|, and let W (A) denote the (algebraic) ring of p-typical Witt vectors
of A. Then if p is odd or a is even,

0 if * < a or*x—ap odd

®)(A- @)
T (W (A; A® S5Y)) = {W(A)/p’“W(A) if ap™™! < % < ap”, x — ap even

Proof. This follows from Corollary (5.4) by results of Hesselholt and Madsen, who have
also proved the case a = 1 of this Corollary. The facts we need are that the homotopy
of W) (A; A) is concentrated in dimension zero (note that W®)(A4; A) is TR?)(A) in the
notation of [1] and [6]), which is Theorem 5.5 in [6]; that 7o(W ®)(A; A)) is isomorphic
to the p-Witt vectors of A in an isomorphism which carries our Verschiebung map to the
algebraic one, which is the inverse limit of Theorem 3.3 in [6]; and that in the algebraic
p-Witt vectors of A, v, and multiplication by p are both injections and their images are
the same.

From pages 48-49 of [6], we have formulas for the Verschiebung and Frobenius maps
on the p-typical Witt vectors in terms of the Witt coordinates: For any ring A,

vp(ag, ar,az,...) = (0,a0,a1,az,...)

and for F,-algebras,
F(ao, ai,az, .. ) = (ag, a’f, ag, .. )

It is clear from these formulas that v, is always injective, and that for a perfect charac-
teristic p field, F is an isomorphism. Formula (10) in [6] is that the composition F o v, is
multiplication by p. Thus multiplication by p is also injective on the p-typical Witt vectors
of a perfect characteristic p field. We can write v, as F~! composed with multiplication
by p, but since multiplication by p commutes with any ring homomorphism, we can switch
the order and write v, as multiplication by p composed with the isomorphism F~1, which
shows that the images of v, and multiplication by p coincide. O
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Corollary (5.6) Let A be the FSP associated as above to a perfect field of characteristic
2. Then for a odd,

0 if x < a orx is even

(WP (A4 A® §9)) = {W(A)/QW(A) if x> a is odd

Proof. The a = 1 case of this is again due to Hesselholt and Madsen, and the proof is
analogous to that of Corollary (5.5). O

§6. Calculations of ((holime. , U?" (4; A ® 54)%" );\)hct

In our calculation of reduced algebraic K-groups of extensions by free modules of finite
rank, we will use the decomposition from Remark (3.6), so we will need to study homotopy

quotients ((holimug.p U™ (A M)Cen )y) hCy

can be described easily, and this description will be used in our calculation for M = A®F,

for ¢ coprime to p. In the case M = A, they

Lemma (6.1) Let t be coprime to p. If t is odd, or a is even, the obvious map from a
spectrum to its Cy homotopy orbits induces an equivalence

p

(Utpb(A’A® Sa)cpb);\i><(Utpb(A;A® Sa)cpb)/\>hc
for any b > 0. Taking the homotopy inverse limit of these equivalences, we get an equiva-
lence
n+t

WP (A; A® S™)) =~ (holim U?

oco—nNn

(A;A® 54 %m))

= ((holim UP" ™ (4; A © §4)»")

oo—n

» e,

Proof. We have the usual fibrations (which, for spectra, agree with cofibrations)

Res?

Utpb (A7 A ® Sa)hC’pb — Utpb (A, A (29 Sa>cpb Utpb71 (A’ A ® S“)Cpbfl

using the method described in the proof of Theorem (3.2). This means that ((Utpb (A;A®
S“)Cpb)g) is built out of pieces of the form ((U*"(4;4 ® S“)hcpn);\) for n < b.

th th
We will show that the usual map from a space to its homotopy quotient
n a VAN n a VAN
(6.1.1) (UP (4;A® S )hcpn)p — (U" (440 S )thn)p)hct

is an equivalence for any n.
Since t is coprime to p, the spectral sequence

H, (Ct; T (U™ (A4, A® SYe,n )2)) = T <((Utpn (A A® Sa)hcpn);\)hct)
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is non-zero only in the zero’th column, where consists of

T (U™ (A4 A® S)ne,n )p) e,

and is the image of m, (UP"(4;A ® SVhe,n )p) under the map (6.1.1). We will show

that the action of C; is homotopic to the identity on m, (U?" (4; A ® S*)nc,. )p):
Recall that by (4.1.2), there is a Cy,n-equivalence

tp™
UP (A A® S") ~UP" (4 A) A N\ S°,

=1

where Cy,» acts diagonally on the right hand side. Note that U*P" (A; A) is just the (¢p™)’th
edgewise subdivision of THH(A) from [1]; the Ci-action on it is the restriction of Connes’
St-action on a cyclic object. Therefore the action of the generator of C; is homotopic to
the identity via the action of the elements on the arc in S! from 1 to e“t . Note that if
we use a homotopy of this kind, it is Cpn-equivariant (where Cpn also acts as a subgroup
of S') because S! is abelian.

The generator of C acts on /\fi nl S by cycling t blocks of p"a coordinates. We can

arrange the coordinates as /\fi1 S where the C; action cycles the ¢ blocks of a coordinates
in each of the p" components. So on each S%, a generator acts by a permutation whose
sign is (¢ — 1)a which is even since ¢ is odd or a even. This means that on each S
there is a homotopy from the action of a generator of C; to the identity. Applying this
homotopy simultaneously on all the p™ coordinates in /\1;):1 Se . we get that the action of
the generator of C; is Cpn-equivariantly homotopic to the identity.

Putting this together, we get that the action of a generator of C; on all of U™" (4; A®
S) is Cpn-equivariantly homotopic to the identity. Thus the induced action on U tp” (A; A®
S*)nc,» is homotopic to the identity, and so is the induced action on (UP" (A; A ®

Sa)hcpn )I/’\ (|

Lemma (6.2) Lett be an even number coprime to the prime p. Then for a odd,

b
(U (A 4@ S ))) 0, =4

for any b >0, and so
((holim U'™" (A; M)©rm)

oO—n

>~ Xk,

»)ic,

Proof. As in the proof of Lemma (6.1) above,, Utpb(A; A ® S%)%* is built by successive
fibrations (which, for spectra, are cofibrations) from pieces of the form U" (A; A® S ) hCyn

for n < b. Thus (U tp® (A; A® S) % )2>th is built by successive cofibrations from pieces
of the form ((Utpn (A;A® Sa)hcpn)g)hc for n < b.

Since ¢ is coprime to p, the spectral sequence
H.(Cisma (U (434 $ncy,)p) ) = e (07" (454 © S, )p)nc, )
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is non-zero only in the zero’th column, which consists of m, (U" (4; A ® S%)nc,n )Q)Ct.

We will show that Cy acts as multiplication by —1 on m, (U'" (4; A® S*)nc,. )5 ). Then
taking the C coinvariants is the same as quotienting out by the image of multiplication
by 1 — (—1) = 2, which is invertible after the p-completion. Therefore anything built from

the ((Utpn (A;A® S)he,n )2) o by cofibrations will have to be contractible.

As in the proof of Lemma (6.1), U®"(A; A ® S%) ~ U™"(A; A) A /\';Zin1 S Cipn-
equivariantly. As before, the C} action on U (A; A) is Cpn-equivariantly homotopic to
the identity. Since t is even and a is odd, the generator of C; acts on each of the p™
coordinates of §4P" =~ /\f:l S by a map of degree —1: it cycles t blocks of a coordinates,
and (t — 1)a is odd. Since t and therefore also at are even, the antipodal map on each S
is also of degree —1. So the action of a generator of C} on /\f:1 St is Cpn-equivariantly
homotopic to the antipodal map.

We get that the action of a generator of C; on UtP" (A; A S?) ~ U" (A; A) /\/\f]in1 @
is Cpn-equivariantly homotopic to a map which acts trivially on U tpn(A; A) and by the
quotient Cy action (via the antipodal map) on the sphere. Therefore the action of a
generator of Cy on U™ (A; A ® S) hC, is homotopic to the action of a generator of Cy

induced by taking the identity on U (A; A) and the antipodal map on the sphere.

The antipodal map induces multiplication by —1 on H, (S*®";7Z), so it induces multi-
plication by —1 on 7, (U®" (A; A® §%)) = H,(S*"; 7, (U™" (A; A))). We have a spectral
sequence

H (Cpr;m (U (A, A® S))) = 1 (U (A, A® SYne, ).
The action of the generator of Cy induces multiplication by —1 on the E? term, and
therefore also on the E°° term, of this spectral sequence. We are however interested in its
effect on 7. (Utpn (A A® S heym )

So what we have is a (5 action on a filtered graded abelian group which induces
multiplication by —1 on the associated graded complex, and we need to see what it does
on the original group. Let T denote the generator of Cs, and let F),, denote the n’th
filtration. Then on Fy, C5 acts as multiplication by —1. For any x; € F}, we know that
Tz, = —x1+x0 for some z¢ € Fy, and so T?z, = T(—z1)+Txo = 1 —2x0, but T?x, = x4
so 2xg = 0. For any xy € Fy, Txy = —x9 + 21 for some x1 € F for which Tx1 = —x1 + xg
for some zo € F, satisfying 229 = 0. We get T?zy = 29 — 221 + 29 = o implying
2x1 = xg and so 4z = 0. In general we get that for all x,, € F),, Tz, = —x,, + x,,_1 Where
2”.@”,1 =0.

Once we take the p completion, since p is odd all the 2-torsion will be eliminated. We
get that the generator of Cy (which acts homotopically to the generator of C; which we
were originally looking at) acts as multiplication by —1 on 7, ((Utpn (A;A® S)he,n )1/7\)

0

§7. The Reduced Algebraic K-Theory of Extensions of a Perfect Characteristic
p Field by Direct Sums of Itself

In this section we will calculate the completion at p of K(Ax(A®)), the reduced
algebraic K-theory of the trivial square-zero extension of A by a direct sum of finitely
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many copies of itself, where A is a perfect field of characteristic p. The case k = 1,
the dual numbers over A, has been done by Hesselholt and Madsen [6]. They calculated
K (Ale]); by looking at TC(Ale]). Here we do a different calculation: we use W, and what

we need to know about A is that W®) (A4; A) in our notation (which is TR®) in the notation
of [1] and [6]) is known and its homotopy is concentrated in dimension 0. Theorem 5.5 in
[6] gives this for A a perfect field of characteristic p.

By [2], for any A-bimodule M

(7.0.1) K(AxM) ~ K(A; B.M) ~ K(A; M @ SY).

The leftmost term maps to K(A) via the augmentation Ax M — A; the right two terms
map to K(A4;0) = K(A) via the map M — 0. By the functoriality in M of the corre-
spondence (7.0.1), these reduction maps (both of which are split by the maps induced by
0 — M) are compatible and give an equivalence of the reduced theories

K(AxM) ~ K(A; M ® S1).
But by [8], for any A-bimodule M,
K(A;M®SY ~W(A; Mo SY).

Using the decomposition from Remark (3.6), we can decompose W (A4; M ® S!) into a
product and get that

K(asny = [ (oo (4010 8H%)")

oc0+—n p
(t,p)=1

When the homotopy of holime., U™" (A; M)Cr" = W (A; M®4T) is concentrated in di-
mension 0 for all » > 0, we can use Theorem (5.3) to give us an explicit formula for the
homotopy groups of holima.., U™" (A; M ® S*)C»" | from which we would also know the
homotopy groups of its p completion, but we would still need to calculate the effect of
taking the homotopy quotients.

For M = A®* however, we can use the decomposition formula from Theorem (2.2)
to get our answer in a closed form: We have

k
K(Ax(A%%)) ~ K(A; (A®%) @ §') ~ W (A; (A%F) @ S ~ W (AP A S).
=1
As explained in the proof of Application (2.3),
k k
WAPAeS) W4\ Ae s,
=1 =1
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and by Theorem (2.2),
k 00 3
WA\ AesH~T] I wWA@e s
i=1 a=1[f]€wq(k))/Ca

Since (A® S1)®a0 ~ A®aa0g (§1)Ae ~ A ® S%, putting all the above equivalences together,
we get that

(7.0.2) K(Ax (A®k)) H IIT waesy.
L[f]€@a(k))/Ca

Now, if we complete at p, we can use Remark (3.6) on each W(A4; A ® S®) to decompose

WA A® s, = [T ((holim U™ (4; 40 5% );)

co—n hC
(t.,p)=1 ‘

and Lemmas (6.1) and (6.2) analyze the factors. We get

Corollary (7.1)  For any FSP A, (i) If p is an odd prime and a is odd,

W(AA® Sy~ [ WwP(4 487,

(t,2p)=1
(ii) If p is an odd prime and a is even,
W(A;A® Sy~ [ WP (440 8.
(t,p)=1
Giii) Ifp =2,
W(A;A® S, ~ [ WP (44053

(t,2)=1

To encode the resulting decomposition of K(Ax(A®*))A, we will use the Mobius

p-function defined on positive integers n by

p?

0 if n has a nontrivial square factor

(7.1.1) wn) = { (—=1)* if n = pypo - - - py for distinct primes p;.

Recall that }_,, 1(%)k? counts the non-periodic words of length a in k symbols.
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Theorem (7.2) For any FSP A and prime p,

oo

K (Ax (A%}) = W(A; (A) @ §1)) H(W<p> A;A® S )m

where for i odd or if p = 2,

=2 Z”td

t|i
(t,p)=1

while for i even and p odd,

> LS u( )k

tl3 d|¢
(t,p)=1

Proof. By Corollary (7.1) above, for p odd

W(A; A% @ SHN ~ H [T w@aesy)
1[f]€@a(k)/Ca

1T [[ w®(4;40 5400,

[f]€w2b+1(k)/c2b+1 (t,2p)=1

0 T I w@aas sy

b=1[flewap(k)/C2 (t,p)=1

ﬁ(W(p)(A A® S )

1=1

12
I ::]8

where for odd 4, since a copy of WP (A; A® S?) could come only from the first part of the
product corresponding to a = 2b + 1 odd,

ZZ

t|i t|i
(t,p)=1 (t,p)=1

m; =

for yu as in (7.1.1), while for i even, since a copy of W) (A; A® S%) could come only from
the second part of the product corresponding to a = 2b even,

= 2 Z“td

2 tls d|y
(t,p)=1 (t,p)=1
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For p = 2, by Corollary (7.1) again,

W(A4;A%% @ Yy ~ [ W(A;A® S*))
a=1[f]€da (k)/Ca

[y

a=1[flewq(k)/Ca (t,2)=1 i=

where 2 (k)|
ws(k t i

mi= ), —5—= ) > nl)k"

(t,t2|)i:1 ’ (t,tz‘)i=1 dl¢

0
When A is an FSP for which the homotopy of W(P)(A; A) is concentrated in dimen-
sion zero we then can use Theorem (5.3) to explicitly calculate the homotopy groups of
W) (A; A ® S?) for all i. This completes the calculation of . (K (Ax(A®*))™) for such
FSPs A.
The actual formulae for 7, (K (Ax (A®k))7) are in general a little cumbersome to write
out, but in the special case where A is a perfect field of characteristic p > 0, we use the
results of Corollaries (5.5) and (5.6), and get

Theorem (7.3) Let A be a perfect field of odd characteristic p; we will use the notation A
also to denote its associated FSP. Let W(A) = mo(W®P)(A; A)) denote the ring of p-typical
Witt vectors of A. Then for j odd,

(K (A (4%9))) = B W@y WA)

2i+1<j
(2i+1)pT—1<j<(2i+1)p"

and for j even,

A ~J T mao;
m(K(Ax(A%) ) = P (W(A) W (A))"
2ipT*211<§jJ§2ipT
where ) .
B t i+1, 4
masi= D gy 2 m(Tg )k
t|2z~|;1 d|w
(t,p)=1 t
and
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Theorem (7.4) Let A be a perfect field of characteristic 2; we will use the notation A also
to denote its associated FSP. Let W (A) = mo(W2)(A; A)) denote the ring of 2-typical Witt
vectors of A. Then for j odd,

mi (K (Ax(49))) = @D (wyaw)m,
2i4+1<j

and for j even,

i (K(AIX(A@k));\) o~ @ (W2 W )mai

2i<j
i2T <j<i2r+1

=2 Z“td

t|i
(t,p)=1

where

Ezample (7.5) As a sample of other calculations which can be done with our methods, we
re-calculate K (ZxQ), which is known by work of T. Goodwillie in [7] to be equivalent to the
relative cyclic homology of ZxQ over Z (shifted up by one degree) which can be calculated
directly, and is also given by his formula (IV.1.6). By Theorem (3.2), W (Z; Q®S!) actually
splits as the product of its layers, so we group the layers according to their prime-to-2 part
to obtain
K(ZxQ) ~W(Z:;Q® S ~ [ WP (Z:Q® "),

(t,2)=1
Choosing the prime 2 saves a few lines in the argument, but this calculation can be done
with any prime.

Observe that since HZ N HQ — HQ A HQ induces a homology equivalence, hence a
weak homotopy equivalence, U"(Z; Q ® S?) ~ U™(Q; Q ® S*) Cy,-equivariantly for all n.
By the method of Lemma (6.1)(which uses only the fact that multiplication by ¢ acts
invertibly on the homotopy groups), W®(Q;Q ® S*)—-W @ (Q;Q ® S e, for all t odd
and so
KizxQ) ~ [] WP @aes).
(t,2)=1

Now by Corollary (5.4),

coker(vg) if x =1t

(W(g)(@ Q®SY)) = {ker(vg) ifx=¢t+1
0 otherwise

since multiplication by 2 is an isomorphism over the rationals. In terms of the Witt coordi-
nates, on the 2-typical Witt vectors of A, va(ag,a1,as,...) = (0,a9,a1,as,...). This shows
us that m, (W (Q; Q®S*)) is Q in dimension ¢ and vanishes elsewhere, so W) (Q; Q® S*)
is the Eilenberg-Mac Lane spectrum K(Q,t) and

KzxQ) ~ ] K@)

(t,2)=1
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