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Abstract. We analyze a stochastic neuronal network model which cooreds to an all-to-all net-
work of discretized integrate-and-fire neurons where thapges are failure-prone. This network
exhibits different phases of behavior corresponding tackyony and asynchrony, and we show
that this is due to the limiting mean-field system possessialgiple attractors. We also show that
this mean-field limit exhibits a first-order phase transites a function of the connection strength
— as the synapses are made more reliable, there is a suddenodrsynchronous behavior. A
detailed understanding of the dynamics involves both aactarization of the size of the giant
component in a certain random graph process, and contrbegathwise dynamics of the system
by obtaining exponential bounds for the probabilities céretg far from the mean.
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1. Introduction

More than three centuries ago, Huygens first observed indpisrenents on pendulum clocks that
coupled nonlinear oscillators tend to synchronize [26,Sjhce then, the study of synchronized
nonlinear oscillators has had a long and storied historg, @ong the way has inspired many
ideas in modern dynamical systems theory. Moreover, thdystfioscillator synchronization has
done much to explain the dynamics of many real systems, dim@ucardiac rhythms [37, 23,
22], circadian rhythms [14, 48], biochemical kinetics anatiable media [20, 27, 49, 13, 29],
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earthquakes [35, 15], a wide variety of neural systems [3R1147, 50, 7, 46, 51, 12, 24, 36], and
even synchronization of fireflies [9, 34, 33]. See [43, 38,f6R}eviews.

It is of particular interest in mathematical neuroscierastudy the dynamics of pulse-coupled
oscillators, that is, oscillators that are coupled only wloae of them “fires”. More specifically,
each oscillator has no effect on its neighbors until it remceome prescribed region of phase
space known as the “firing regime”. The typical interactia@tvizeen oscillators is that one os-
cillator’s firing leads to an advance or retardation of theg#of the oscillators on the receiving
end of the coupling. There has been a large body of work ornrmétestic pulse-coupled net-
works [29, 30, 1, 21, 47,50, 7, 46, 51, 12, 28, 37, 34, 39], mafekhich has been dedicated to the
guestion of when such networks synchronize. The paradigiohwtas emerged from this work is
that the presence of any one of several phenomena tendsde sach networks to synchronize,
these includéeakinesgthe tendency of each oscillator to relax to an attractod) r@fractoriness
(any mechanism which imposes a minimum recovery time that mecur between the firing times
of any oscillator). If we then add noise to such a networkntties would be expected to weaken
the network’s ability to synchronize. If a network with symonization mechanisms is perturbed
by noise, then the two forces might balance, leading to thecten of certain coherent struc-
tures in the dynamics (much like the formation of coherenicitires in certain nonlinear wave
equations [45, 44])).

In [16], two of the authors considered a specific example oétavark which contains refrac-
toriness and noise; the particular model was chosen to shedgffect ofsynaptic failureon the
dynamics of a neuronal network, that is to say, the couplieigvben neurons was probabilistic
and the arrival of an action potential at a given synapse evoaly have a certain probability of
having any effect on the postsynaptic neuron. Using theuagg of neuronal models, the network
we study is an all-to-all coupled neuronal network, whoseroes are fully stochastic discrete-
state non-leaky integrate-and-fire oscillators, and wisys®apses are faulty. See [16] for further
discussion on the biological motivation for this model.

It was observed that one could choose parameters to maketwenk synchronize or desyn-
chronize. For example, if the synapses were chosen to bergkaple, the network would syn-
chronize and undergo very close to periodic behavior — iripalar, the dynamics would be a
series of large events where many neurons fired togetherthensizes of these events, and the
intervals between them, had a small variance. If the syrsapsee chosen to be very unreliable,
then the network would desynchronize and there would belsntatneuronal correlation. Both
of these behaviors were expected: strong coupling shoaldl e synchrony, and weak coupling
in a noisy system should lead to decoherence. However, tls¢interesting observation was that
when the reliability of the synapses was chosen in some migdiime, the network could support
both synchronized and desynchronized behaviors, and vatymamically switch between the two.

Numerical evidence presented in [16] suggested the camgthat if one takes the number
of neurons in the network to infinity (and scales other patanseappropriately), then there is a
deterministic hybrid system to which the stochastic nekndynamics limit. (This deterministic
limit is reminiscent of the population models commonly séadn neuroscience [28, 8, 41, 42, 25,
11, 10, 4].) Moreover, this deterministic system has (fonegarameter values) two attractors, one
of which corresponds to synchrony and one to asynchronygideneuronal network model would
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then be a stochastic perturbation of this system whosenagiacales inversely to the number of
neurons, and thus a large network would spend most of its tiea the attractors the limiting
system and switch between them rarely, but at random times.

The fundamental component of the description of the symubue state is a precise character-
ization of the “big bursts” in the dynamics, by which we meangbs which scale likev, where N
is the number of neurons in the network. What we show beloWasthere is a precise connection
between big bursts in the network model considered here lameinergence of “giant compo-
nents” in the Erdés-Rényi random graph model [18, 19, 3V@hat was done in [18] is to define
the probability distribution on graphs which correspondsnidependently choosing each of the
N(N — 1)/2 undirected edges to be present with probabijlityOnce this distribution is defined,
one can attempt to compute the probability distributiorheflargest connected component of such
a graph, or the size of the connected component of a vertesechat random. These are difficult
combinatorial questions in general; however, the greatdileough of [18] was to show that in
the limit N — oo, pN = (§ € R, the solution to these questions has a relatively simplergemn.
There is a critical values,.,. = 1 such that fors < (., all of the components are very small (the
largest has only logarithmic order), and fér> 3., the largest component scales like In fact,
one can say more: there is a deterministic functigm) such that the proportion of vertices in this
“giant component” (as Erdés and Rényi called it) is alnsstlyp(5) in the limit. Fors = (5., —
the “phase transition” (in the language of mathematicalspds) — the situation is very delicate.
It turns out that we will not need to deal with the critical edselow, which simplifies matters
tremendously.

To compute the size of the big bursts in this model, we willcheely a slight generalization of
these ideas — noting thatin the random graph model corresponds to the probabilityoéptic
transmission in the neuronal network model. This approadaliow us to characterize the size
of the big bursts as a function of the state of the system infabelgl prior to such a burst. The
big bursts are coupled to the state of the system, so we sl a¢ed to understand the evolution
of the state of the system when it is not undergoing big burgie can describe the stochastic
dynamics as a Markov process, and we will be able to use atl§ligiodified version of Kurtz’
Theorem [40, 31, 32] to describe the interburst evolution.

Combining these two main ideas will show that in the lifNit— oo, pN — 3, there exists
a deterministic dynamical syste@; x defined onR” such that the dynamics of our stochastic
model converge pathwise to the dynamicsbf, and for some choices of, K, the dynamical
system()s x has at least two attractors, one of which corresponds toythehsonous dynamics,
and one to the asynchronous dynamics. Moreover, the sy@temexhibitscritical phenomena
or bifurcations namely, for somédy, there exist critical parameters (K') such that the structure
of the attractors changes qualitatively/apasses through. (K'). We also see below that although
this model, like the Erd6s-Rényi random graph, has acaiitiransition from small bursts to large
bursts, the phase diagram has some strikingly differeritifea. In particular, the functiop(j3)
mentioned above which gives the size of giant componentldrErd6s-Rényi is a continuous
function of 3, by which we meatimgs_.,. p(3) = 0, and in fact is smooth fop > 1. In the model
we consider here, we will show that the corresponding famctivhich gives the “size of bursts”
in this model is sometimes discontinuous at the criticahpaater value, leading to a “first-order
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phase transition”.

1.1. Plan of the paper

In Section 2., we give a precise description of the processamsider here, describe some phe-
nomenological aspects of its dynamics, and make the “atiphenomena” ideas precise. In Sec-
tion 3., we propose and motivate a deterministic dynamigstiesn defined o’ which will serve

as the “mean-field ¥ — oo) limit” of our stochastic dynamical system. In Section 4. preve
Theorem 1, which shows precisely that our network procesgdipathwise onto the mean-field
system asV — oo. In Section 5., we analyze the mean-field system and prover&he5, which
shows that for” sufficiently large, there exist values gfsuch that the mean-field has two attrac-
tors, and show how the two observed stochastic states inedwork model correspond to these
attractors.

2. Neural network model

2.1. Description of model

The network model we study has four parameté¥sK € Z*,p € (0,1), p € RT. The network
consists ofV neurons, and each neuron can be at any of the Iégels ..., K — 1}. The ratep is
the rate at which the neurons spontaneously move up oneds\&etesult of exogenous input from
neurons outside the network. More precisely, in any smalét\z, each neuron has a probability
pAt + O(At?) of being spontaneously promoted one level. At a sequendmestwhose succes-
sive differences are chosen to be exponentially distributigh mean(pN)~!, an event occurs. To
implement an event in a stochastic simulation of the prqaesshoose one neuron at random and
promote it one level. If this neuron was at any level othentha— 1, then the event stops. If the
neuron was at levek’ — 1 prior to being promoted, then we say that this neuron “firesig this

is the start of a “burst”. During the burst, whenever any oauires, we promote each neuron in
the network which has not yet fired independently with prolitstbp, and if any other neuron is
raised past levek’ — 1 during a burst, it also fires. We continue this computatiotil time effect
of each neuron which fired during the burst has been comp@edourse, the number of neurons
which fire in a single burst can be any number frorto N — no neuron fires more than once in a
burst. Finally, at the end of the burst, we set all of the nesinhich fired to level 0, and the burst
is idealized to take zero time.

A more complete discussion of this model and its relatigm$biphysiological neuronal net-
works is given in [16]. Very briefly, however, the motivatibehind this network is that each neuron
is at some voltage level which is only allowed to be at therétgcstateg AV, k£ =0,..., K — 1,
where0 is the reset voltage and AV is the firing threshold. Whenever a neuron reaches threshold
it fires and activates the outgoing synapses. We assuméthaetwork is all-to-all, so that each
firing can potentially raise the voltage of every other neurothe network; however, the synapses
are failure-prone, and thus only with probabiliiywill it propagate to the postsynaptic neuron the
information that an action potential has occurred in thesymaptic neuron. The refractoriness in
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this model is given by assuming that a neuron can only fire doceg a burst — in particular, all
of the neurons which fire together in one burst are subselyugdnmped together at the end of the
burst, even if they were in different states at the beginwihipe burst.

To give a precise definition of our model, we define the statesmf our system as the set
({0,1,..., K — 1})¥; picking a point in this space specifies the level of each@eufo compute
the bursting events below, we will find it convenient to apppemo states at level& and K +1 —
we think of K as the level where a neuron is “firing”, aid+ 1 is the level where a neuron which
has already fired remains until the end of the burst. Now amrsan initial (perhaps random)
vectorX, € ({0,1,..., K — 1})", and define a cadlag process on the evolutioX pés follows.
Let0 =ty < t; < ... be asequence of times such that — ¢; is exponentially distributed with
mean(pN)~!, and defineX; to be constant oft;, ¢;,1). Pick an index: € {1,..., N} uniformly
and compute the following:

o if Xy, <K —1,thenX,,  ,
only neuronn by one level,

= Xy, + 1, andX; = Xy, , forall j # n, i.e. promote

i+15J

e if X;, = K — 1, then define a temporary vectdi? with Yj(o) = X, forallj #n

andY” = K. For eachr = 1,2,..., if there is nom with ;' " = K, then we say
Yy () = y(=1_ Otherwise, set

A ={ne{l,...,N}:Y" = K}.

Choosem uniformly out of A", and defineZ € ({0,1})" as the random vector with
Zn =1, Z; = 0 for all j such thath(T_l) € {K,K + 1}, and all other entries of as
independent realizations of the Bernoulli random variatihéch is 1 with probabilityp and
0 with probabilityl — p. Then defing’ ") = Y=Y + 7. Finally, define

)
k rl?;g(Yn # K for all n)

and

v v £ K4,
Xtjprm = {07 V) — g,
We have appended two additional levels to our state spaceawéhink of K as the “queue”,
i.e. neurons awaiting processing, alid+ 1 as neurons which have been processed. Whenever we
promote a neuron, ifitisn’t at levél’ — 1, then no burst occurs. If itis, however, we move it to the
gueue. We then iterate the following algorithm until the geiés empty: pick a certain neuron at
random from the queue, promote each neuron in the networ&hwias not yet reached the queue
by one level independently with probability leave the neurons which are already in the queue, or
have been processed, where they are, and then move the neaipoked from the queue into the
processed bin.
As defined abovey (") is defined for all- € N, but in practice we only need considgruntil
such time as the queue is empty. Howe¥ér< N, so for any burst, we need only compute a finite

5
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set of Y ("), Also notice that at each stage in the burst, how we chooseades . from A" is not
important either statistically or algorithmically: sinaé neurons are equivalent in this model, it is
easier and equivalent to simply keep track of the number ofaores at each level. This would of
course not be true in a network whose structure was inhonemgen Finally, a quick note abopit
changingp doesn’t qualitatively change anything about the stochasticess, and amounts only
to a (deterministic) time change. We will set= 1 below.

2.2. Phenomenology

We give a brief overview of the phenomenology of the netwagket a much more detailed de-
scription is given in [16]. See Figure 1. what we observe & the network’s behavior is radically
different depending upop. Whenp is chosen large enough (top two panels) the network synchro-
nizes. This can be seen in one of two ways: in (a), the burss siee close to periodic, or in (b), the
auto-correlation of the burst sizes shows a clear signatuperiodicity. However, whemp is cho-

sen small enough ( panels (c,d)) the system is asynchromalthare are very poor correlations.
Moreover, forp small, the maximum size of a burst is orders of magnitude lemthlan forp large

(in these simulations, 25 versus 800). However, one cansasdhat there are intermediate lev-
els of p where the network supports both types of behavior (see €iguand switches randomly
between the two. The main result of this paper is to explagmdtwitching.

2.3. Overview of mean-field

We define a mean-field approximation to this random systenecti@ 3., prove its validity in
Section 4., and analyze many of its properties in Sectiofmbe description of the mean-field is
somewhat technical so we delay its explicit definition uléilow, but for now we give a schematic
overview so that we can make the notion of “critical behaviotthis model precise.

We will define a deterministic hybrid dynamical system onadesspaces C R¥. Define some
distinguished subsét C S, amapG: T — S\ T, and a smooth vector field: S\ 7' — RX.
Our mean-field then has the form: take any pointin7’, flow under the ODE’ = f(x) until the
system reacheB, apply the mag+, mapping back int&'\ 7', and repeat. If the flow never reaches
T, then we just follow the flow for all time.

The correspondence between this and the system above ih¢h@DE flow corresponds to
the times between big bursts, and the miaporresponds to the effect of a big burst on the system.
Of course, itisa priori possible that some initial conditions never redthnder the flow, in which
case we do not have a big burst.

This (loosely) defines a dynamical system, and the first ma@stijon is whether we get finitely
many, or infinitely many, bursts. Defirig = 7" andU, as the subset & \ 7" which flows intoT’
under the ODE’ = f(z). For eachk > 0, defineT* = G=(U,_,) andU* as the subset &f \ T
which flows intoT*. From this definition[/* is the set of initial conditions which have at least
big bursts. Finally, defin€> = n,>,U*, the set of initial conditions which have infinitely many
big bursts.
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Figure 1. Network dynamics for synchronous and asynchrsistates. In all of these simulations,
we have choseV = 1000 and K = 10. In panels (a,b) we choge= 1 x 10~2, which leads
to synchrony. Panel (a) is a plot of the size of the burstsugetsne: all bursts here are either
quite large (near the size of the whole network) or signifigasmaller. The inset in panel (a) is a
zoomed view showing that between the large bursts therdistgcbut all these bursts are much
smaller. In panel (b) we have plotted the auto-correlatidh®burst numbers, which shows a clear
periodic structure. Specifically, if we denote the size & fth burst in the simulation als, then
we are plotting:, = (b;b; 1) / (b?) for various values of. To obtain these statistics, we simulated
the full network until10° bursts were obtained, and then averaged over a sliding winddength
9.9 x 10*. Panels (c,d) show the same for= 5 x 10~2 which leads to asynchronous dynamics.
The size of the bursts are much smaller than in the synchsoregime, and the auto-correlation
shows no temporal structure. (This data was also presem{dé}.)

The particular mean-field system that we consider depend®weeral parameters. The limit
we will consider iSN — oo,p = /N,p = 1, and K fixed, so our mean-field will depend on
3, K. The crucial questions will involve the sBt and the dynamical system restricted to this
set. We will be most interested in consideriigfixed and lettings change. We will show that
for 3 sufficiently smallUg%, = (), and forj3 sufficiently large U5 is the entire state spacg i.e.
when g is small enough, no initial conditions give rise to infinjtehany big bursts, and whemn
is sufficiently large, all initial conditions do. This leattsthe natural definition of two criticab
values

Bea(K) = nf{3: Ug # 0}, Bea(K) = sup{f : Ugy # S}. (2.1)

By definition, if 5 > 3..1(K), then the system undergoes infinitely many big bursts foresom
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Figure 2: Here we have choséh = 1000 and K = 10 as in Figure 1, but now = 9.35 x 1073.

In the left panel we graph the size of the bursts as in theegditjures. In the right panel, we are
plotting the cumulative number of spikes up to timas a function of, where each spike is the
firing of one neuron. Observe that the system switches betwgechronous and asynchronous
behavior. Also notice that the mean firing rate (slope of thmuwlative plot) is significantly lower
during the synchronous state even though the bursts in thehsynous state are large. We have
plotted two blowups to show that in the asynchronous sthtesystem fires at a fairly constant
rate, but in the synchronous state almost all of the firing$gidace during the large bursts. (This
data was also presented in [16].)

initial conditions. Also by definition, iy < (.2(K), then the system does not undergo infinitely
many big bursts for some initial conditions. Thereforegifi(KX) < (.2(K), then for all§ €
(Be1(K), Be2(K)), the mean-field system can express at least two qualitatiliérent types of
dynamics.

In Section 5., we will demonstrate that the flow mép= f(x) has an attracting fixed point for
B < Be2(K). Thus, if3.1(K) < B.2(K), then there exists an interval ofs such that the mean-
field has at least two attractors: one solution with infiryitelany big bursts corresponding to the
synchronous dynamics, and one with no big bursts correspgrd the asynchronous dynamics.
We will further show that for any fixed > 1/2, if K is sufficiently large, the. ; (K) < 6K, so
that the dynamical system is bistable foe [0 K, K].

The import of all of this is that it explains the switching ser the simulations. In Section 4.,
we will show that the probability of a realization of the dtastic system being far away from the
mean-field, on any finite time interval, is (almost) expomaht small in N. Thus the bistability
in the mean-field allows for switching in the stochastic systbut only on long timescales — and
this is exactly what has been observed numerically.

3. Mean-field (N — oo) limit — description

As seen in Section 2.2, this system essentially has twoeghafdehavior: a region in time where
many “small bursts” occur (and sometimes this region lastsver) and occasionally, a “big burst”
in the system (where by “big” we loosely mean ‘@f NV)”).
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One of the main results of this paper is that we can make tlaisackerization precise, and show
that the system is well approximated by a “mean-field limitiieh consists of an ODE coupled to
a map — the ODE corresponds to the dynamical behavior whea th@o big burst, and the map
corresponds to the effect of a big burst.

In this section we define and formally motivate the mean-fietit and give a short exposition
on its properties (the proof of its validity is delayed ur@éction 4.). The mean field is the limitin
which we fix K € N,p = 1, and letNV — oo, pN — [ and thus should only depend gnK.

3.1. Generic mean-field

We consider a dynamical system with state space

K-1
S}:{xERK:OSxkgl,Zxkzl}. (3.1)

k=0

NB: We will always index our vectors starting at index O instefitl,@.e. when we say ¢ R,
we write its components dS, 1, . .., Tx_1)-
Define the “big burst domain” as

D(Gag) ={rx €St ok 1>8"'VE@jia; > 'Na,=p"forj<k<K-1))}. (3.2
To describe the mean-field system, choose two functions
Gox: D(Goi) = (Sg \D(Gpi)),  f:(Sk\D(Gsi)) — RE.

We will specify the exact form of these functions in Sectio®. delow; once these functions are
chosen, we can define the mean-field solution with initialdition &, € S} \ D(Gj k). Defineg
as the flow generated bf; namelyo(¢, 7) := x(7), wherex(t) satisfies the ODE

d
500 = fz(t), 2(0)=¢.

Define

s SE\ D(Gsx) — RU {oo},
T — 71_r>1£{7‘ c¢o(x,7) € D(Gp)}-

If s*(z) < oo, then we define
Fpi(x) = ¢(x,5"(x)),
Sso
D(Fsx) ={z € Si\ D(Gsx) : s*(x) < o0}.
It is possible thatD(Fj x) U D(Gsx) & Si; and we will see that this is in fact true for many

choices of3, K. If the dynamical system ever ente¥$ \ (D(Fjs x) UD(Gp i), then it will never
burst again.
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We can now define our dynamical system. Pick any initial coowli, € S} \ D(Gs ) and
define

§(t) = (&), 0<t<s"(&), (3.3)
and if s*(£) < oo, i.e.& € D(Fj ), define
§(s"(&)) = Go.x (Fa,x(0))- (3.4)

In short, we flow under the ODE until we hit the sB{G k), and if and when we do so, we
apply the map; . Sincel(s*(&)) € Sy \ D(Gp.x), we can then extend the definition of this
mean-field for all time in the natural way: give(0) € S;: \ D(Gs k), define

O=m<n< <7 < -+
by 7, — 7,-1 = s*({(7,—1)), define
E(t) = o(&(Tn1),t — Tnon), fOrt € (11, 7)),

and

§(mn) = Gpr(§(10—)).
Of course, this definition allows one of the (and thus all subsequent ones) to be infinite, which
will happen if the dynamical system ever leave&F; ) U D(Gs k). Ther; are the times of the
“big bursts”: away from these; the flow of{(¢) is smooth, and at thg it is right-continuous. For
bookkeeping purposes, we will find it convenient to keepKkrafcthe burst sizes, and we define

3.2. Definition of special functions

We need to specify the function5 G . To definef, we first define the matrix » to be the
K x K matrix

_]-7 Z:.jv
(Lp)ij = 1, Z:]+1 mod K,
0, else

To be consistent with the vector notation, we will index tbevs and columns by, ..., K — 1.
We can now defing’ by

—x = f(x) = p(y)Lpz, (3.5)

where we denote = [z, _; and
1

() = T (3:6)

From (3.2), we see that ¢ D(Gp ) impliesy < 1, so that (3.5) is finite on the domain of
definition. We will find it convenient to change time by

dr

ar = u(v)

10
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in (3.5) giving the linear ODE

ix = Lpx. (3.7)

dr
Equation 3.7 is the form in which we study the system in Sackiobelow. Notice that the tra-
jectories of (3.5) and (3.7) coincide (they are, howevacdd out at different rates), so questions
about whether a trajectory enters a given set are equivadettie two systems. Writing out (3.7)
in coordinates gives

T), = Tp_1 — Ty,
where we definé periodically on the sef0, ..., K — 1}. The system is linear and subject to the
constraint thad ~ =, = 1. Clearly the point (corresponding to an “equipartition tzftes”)
= (K YLK ... K™

is a fixed point for (3.5). We will show below that, is a globally-attracting fixed point for (3.5);
in particular, this means that without the burst map alkcégries would converge ta,,.
To defineG; , we first define

Xs.k(x,t) = —t—l—ZxK P(Po(tp) > 1) —t+ZxK s (1—2# ), (3.8)
j=0

where we denoté’o()\) to be a Poisson random variable with meanThen, forxz € D(Gs k),
we define
t(x) = min{t : xax (@, t) = 0}. (3.9)

DefineLp as the( K + 1) x (K + 1) matrix (indexed, j = 0, ..., K) with

~1, i=j<K,
(LB)i,j - ]_, ’l = ] + ]_, (310)
0, else

and define= 3 k() to be the firstk” components of the vector
exp(t*(x)BLg)x + t*(x)e®, (3.11)

where we denotel?) as thejth standard basis vector. Notice that (3.8) is ftih component of
exp((5t) L)x minust.

We now show that < t*(z) < 1 forall x € D(Gsx). By definition,t*(x) > 0. Since
xs.x(x,0) = 0 for any z, the setD(Gj k) is defined as those so thatyg x(z,t) is positive
in a smallt neighborhood of 0. In fact, it is straightforward to checlatt (G i) is exactly
thosex such that the first nonzero coefficient in the Taylor serieg0f (x, t) is positive. Finally,
Xs.x(x,t) <1—t, and thug*(z) < 1.

11
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3.3. Motivation of special functions

The definitions given above are complicated and not veryitimey so we motivate their forms
here. We first have
zy, = () (Tr-1 — )

with periodic boundary conditions. In this model, neurors @nly promoted upwards, so rate of
change of the number of neurons in statevill grow as neurons come in from state— 1 and
deplete as they leave, and thus the positive term will begtamal tox;,_; and the negative term
proportional toz;. The reason for the prefactor ig~) is that, as we will show below, the mean
size of a burst ig.(v). If a neuron is in staté, and we have a burst of size, this will give B
chances for a neuron to be promoted one step, so that thef gat@nootion should be proportional
to the mean size of the burst.

To motivate the definition ofr 5 i, we use a minor generalization of the arguments of [18] for
the size of the large component of a random graph. One wayin& tf this is to imagine the
extended K + 2)—dimensional system given by the states

507517"'7SK—17Q7P7

where the() is the number of neurons in a “queue” aRds the number of “processed” neurons.
(The levelg) andP correspond to the extra level§ K +1 in the formal definition of the stochastic
process.) We start with one neuron in the queue — this cooreggpto a neuron firing. Then, every
time we “process” a neuron — compute the neurons which it ptesibecause of its firing — we
move it to P and move all the neurons which fired to st@teThe process terminates whén= 0,
i.e. the queue is empty. So, to compute the size of a burst,eed to compute the value éf
when( hits 0.

Assumey = fxx_1 > 1. Recall that each firing neuron promotes, on averageher neurons.
The mean number of neurons promoted from state; to Q will then bexx_5 = ~. Thus if
~v > 1, the expected value of the queue is growing, at least at fiifsty < 1, then we expect
the queue to die out quickly with high probability, and to &avburst ofO(N) is exponentially
unlikely.)

Now, let us assume that we have process€deurons through to state, and ask how large
we expect) to be at this point in time. Clearly) will be made up of all neurons which started in
stateSx_; and have been promotédr more times, minus the ones we have processed. There are
xi_;N neurons inSk _; at the beginning, each neuron is promoted with probabiljty, and we
have had N promotion possibilities. The probability of a neuron beprgmoted: or more steps
is exactly

b(>i;tN, B/N)

whereb(k; n, p) is the binomial distribution, and in the limi¥ — oo, b(-,tN, 3/N) — Po(tf3).
Thus the number of neurons which started in stgte; and were promotetlor more times should
be roughlyz _;NP(Po(t(3) > ©). Therefore we expect

K

Q+P =N xx P(PotB) > i)

i=1

12
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and thus?) should roughly beVx s x (2, t) (SinceP = tN by definition). The burst ends when this
first equals zero. This would suggestr) be defined as in (3.9) (we verify this below).

Now letk > 0. The number of neurons we expect to see in statafter a burst is the number
which started in stateS,_; and were promoted exactltimes:

> aP(Po(t'B) = i).

1=0

Finally, the number in stat&, after the burst will be the number which startedSnand did not
get promoted plus the number of neurons which fired in thetburs

zoP(Po(t*3) = 0) +t*.

4. Mean-field limit — proof of validity

Here we will show that the mean-field approximates the ststoharocess quite well in thy —
oo limit. We will show three things, namely

e the times at which the “big bursts” occur for the stochastmcpss are close to those times
when they occur in the mean-field,

e the sizes of these big bursts are close to the sizes predigtdte mean field,

e between big bursts, the stochastic process stays close @M part of the mean field.

We will first state the theorem, then state the crucial theserhas involved in the proof, and
then finally give a proof of the theorem based on these lemiivagdelay the proof of the lemmas
until Appendix A.

Theorem 1. Consider any: € S¥NQX. For NV sufficiently large Nz € Z* and we can define the
neuronal network procesKt(N) as defined above in Section 2.1. with initial conditiﬁﬁv) = Nz.

Choose and fix,h,T" > 0. Let&(t) be the solution to the mean-field with initial condition
£(0) = x. Then there exists a sequence of timess, . . . at which the system has a big burst. Let
binin(T) = min{B(7) : 7 < T}, 1.e. b, is the smallest big burst which occurs before tifne
and letm(7") = argmaxy 7, < 7', i.e.m(T") is the number of big bursts i, 7).

Pick anya < b,,;,(T). Consider the stochastic proceX%N) and denote b)T,ﬁN) the times
at which theXt(N) has a burst of size larger tham/N. Then there exist€), ;(¢) such that forNV
sufficiently large,

P(53 T = 15| > €) < Cole)N exp(~Ci(INV1), 4.1)

13
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and
Jm B s X e (1 )] > €| < ColON exp(-CrNH),

| — N
I=1 tefry (rypa AT ) €]

(4.2)
wherey(K) = (K + 3)7!

We will break up the proof of this theorem into several stapgen by Lemmas 2, 3, and 4
below. A few comments: the first estimate (4.1) simply st#tasthe times at which the stochastic
system have big bursts are close to the times predicted hyéaa field. The second statement is
a bit more complicated, but essentially simply says thatafmake the appropriate time-shift so
that the interburst times start at the same time for bothgsees, then in the interburst interval,
the stochastic process is pathwise convergent to the meédnNietice that in both cases, our error
estimates are not quite exponential (they would be i 1) as the typically are in these sorts
of convergence statements. These exponents are not onesbdba Markov chain itself is badly
behaved wheW — oo simply due to the fact that as we incredgethe number of separate events
which can occur grows (since a burst can be as larg€)as

We denote throughout = z,_,0. Clearly, ify < 1, thenz ¢ D(Gp), and ify > 1, then
x € D(Gg). We will characterize the burst size in the cases: 1,7 > 1 (we do not need to
consider the critical case = 1 here). For any: € S& N Q¥, for N sufficiently largerN € Z*.
Define B(N)(z) as the random variable which is the burst size given that ae #te system in
state

(.I'()N,.CElN, cee ,{L'K_lN - ]_, 1,0)

Lemma 2. Letz be such thaty < 1. Then forany) > 1 andy < ' < 1, we have

bb—2 (,}/)b—le—-y’b
(b—1)!

P(BM(z) =b) < +O(N™Y). (4.3)
From this it follows that:
hm lim P(B™(z) > b) = 0. 4.4)

b—oo N—oo

Equivalently: leto > e~ (« can be chosen if0, 1) if v € (0, 1)). Then forb sufficiently large,

P(B™M(z) > b) < a’. (4.5)
Finally,
lim E(BM(z)) = ——
N—oo 1— ’y’

and in particular is finite fory € [0, 1).
Lemma 3. Considerz with~y > 1. Then there is @(v) € (0, 1) such that

lim lim P(B™M () > b) = p(v). (4.6)

b—o0 N—o0
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From this it follows that there existg > 0 such that

lim P(B™)(z) > #'N) > 0. (4.7)

N—oo

In fact, we can be more precisg(y) = 7/~, wherey is the unique solution if0, 1) of
el ™ = Fel 7. (4.8)

Definet*(x) as in (3.9). Then, for alh > 0, there exist£’ ;(n) > 0 such that forV sufficiently
large,
P (|B™(z) = t*(x)N| > nN|B™(z) > 1/ N) < Co(n) exp(=Ci(n)N). (4.9)

In fact, a slightly modifed restatement of the last also bdfde: sayy < 1 and there isy’ > 0
so thatys i (z,1') > 0. Definet, () to be the smallest zero gf; x (z,t) with t > 17/, then (4.9)
holds witht*(x) replaced witht,, .

As mentioned above, we will delay the proofs of these assestiintil Appendix A, but we now
discuss their content briefly. The content of Lemma 2 is syntipht if v < 1, then the probability
of a burst of sizeB* decays exponentially fast iB* when N is large, so the probability of a big
burst is exponentially small itv. Moreover, the expected size of a burst is bounded foraayl,
and, although this expectation blows upyas- 1 (as we would expect), it does not do so too badly.
The content of Lemma 3 is that when> 1, we do get big bursts with some positive probability
(although not with probability one!), but that whenever wethdve a big burst, its size is close to
its “expected sizet*(N) with probability exponentially close to one.

In short, these lemmas say that the probability of gettinggaboirst when the mean-field
doesn't, or not getting one when the mean-field does, is expttadly small in/N.

Lemma 4. Chooser, Xt(N), T=mn, Tl(N) as in Theorem 1, where we also require that D(Gj).
By definition, fort < 7, the solution(¢) to the mean-field has no big bursts), and in particular,
&k 10 < 1 during this time. Define the events

Af = {w ; )TI(N)(w) — 7‘1‘ > e}, (4.10)

AS = {w : sup )f(t) — N_lXt(N)‘ > e} , (4.11)
tel0,m AT —¢]

A = {w By - t*(g(ﬁ))N) > eN} . (4.12)

(4.13)

Then for alle > 0, there areCy ; (¢) > 0 so that forV sufficiently large,
P(AS U A5 U A5) < Coe)N exp(—Ci(e) NVH)), (4.14)

where we define/(K) = (K + 3)~.
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The lemma says that the probability of each of the three svetturring becomes exponen-
tially unlikely for N large. The first event being unlikely says that the time offtts big burst
for the stochastic system is likely close to that of the dateistic system. The second event being
unlikely says that the stochastic process likely stays teetire mean field for all of this time, and
finally the third event being unlikely says that the size @ finst big burst, once it arrives, is likely
close to that of the mean field. Notice that we excise someetithe domain in the definition
of AS; the reason for this is the non-uniformity of the process. wesapproach the big burst,
u(y) — oo (in graph-theoretic language, the random graph becoméscétt) and this should
lead to some interesting dynamics near criticality. We donsed to consider that here, however;
from Lemma 3 we have good control on the size and time of thébigt when it does occur.

Proof of Theorem 1.

Finally, we see that given our three lemmas the proof of tle®rm is clear. Consider a
solution to the mean field with(0) ¢ D(G3) and pick?” > 0. If the solution has no big bursts,
then Lemma 4 gives the theorem directly, so assume that wedtdeast one big burst. However,
in time 7', the solution will have at most finitely many big bursts; denthis numbern (7). From
Lemmas 2, 3, itis clear that (4.1) is satisfied for 1, and thenitis clear from Lemma 4 that (4.2)
holds forj = 1.

Now restart the process (with a reshifted timeyan T (V) Of course, the initial conditions
might differ by ¢, but we can modify{ () to be equal taX ) and using standard Gronwall’s
estimates for the ODE the error introduced can be controrré!rden we bootstrap and apply Lem-
mas 2— 4 again. Since we have at megf’) steps in this process, the estimates hold.

]

5. Analysis of mean-field

In this section we will study the mean-field system and thiecaliparameters. ; (K), 8.2(K) as
defined in (2.1). We will show analytically that »(K) = K andf.(K) > 1 for all K, and that
Be1(K) < B2 K) for K sufficiently large, thus giving a region of bistability inehmean-field
system. We will also present the results of a numerical stuldigh suggests that this bistability
exists fork > 6.

5.1. Existence and stability of fixed point, value of.»(K)

First we show that’ = Lpx has a unique attracting fixed point i \ D(Gs k). We see that
I + LpistheK x K matrix which shifts vectors iflR” one index to the right. Defing = e?>/X
and

= (17 CJ7 C2J7 ct C(K_l)‘j)7

and we havel + Lp)v; = (7. The eigenvalues of.p are thus); = —1 + 2™/ | =
0,...,K — 1. All of these eigenvalues have negative real parts exagpt 0. Thus the only
fixed point of (3.5) is the vector whose entries are all theesaamd subject to the normalization
> .ok = 1, this givesr,,. To see that., is attracting, consider any perturbatiog, + ev. If the
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coefficients ofz., + ev sum to one, then the coefficients @sum to zero. Since the system is
linear, the evolution of the error is given by = Lpv as well.
Let us writev = Esz‘Ol vk, Wherev,, are the eigenvectors defined above. Then

K-1 K-1
elbry = ethr (Z Oék’Uk) = Z are™ v, — aguy.
k=0 k=0
On the other hand, notice thatif = et“7 v, then
d K-1 K-1 K-1
EOIED T SIS
k=0 k=0 k=0

so we know the coefficients ef“#v must also sum to zero. Since the coefficientspum to
one, this meang, = 0, and thus all perturbations decay to zero exponentiallly fds fact, we
can even get the decay rate, which is the largest real patteohbnzero eigenvalues, which is
1 —cos(K1).)

Therefore, if3 > K, then any initial condition for (3.5) will ented (G5 k), whereas ifs < K,
some initial conditions will not, and thus. »(K) = K.

5.2. Determination of 3. ;(K), K large

The purpose of this section is to estimate (K') for large K. We will show that forK sufficiently
large, 5.1 (K) < K, thus giving a bistability band; namely, fgt in this region, some initial
conditions will decay to the attracting fixed point, and ethwill undergo infinitely many big
bursts. The main idea of the argument is to define a\sgt and show that, for< sufficiently
large ands > K/2, Ng x C Ug% and alsaVs i # 0.

We now define the seYs . First, we define

Og’K = {JI € Sf \ D(G@K) : ((b(l’,t))](_l < (105)_1,% > 0}

One can think of these as initial conditions who never gedelo a big burst, since under the flow
of ¢ the K —1'st component never gets near!. For notation, we now refer to the “left” and “right”
modes of this system; specifically we defibe= {1,2,..., |4]|} andR = {|4] +1,..., K — 1}
(note that neither of these sets contain the 0 index!). We dd$ine the projectiong;, Py in the
obvious way (P,z); = dicr;, etc.). We then say € ST \ D(Gj k) is in Ny i if the following
three conditions hold:

100
in < K0 in <———, andPpz € Os.

i€L i€R Viog(K)’

(From this it follows thatry > 1 — K~ —100/+/log(K), asd_ z; = 1. We will write zp = 1 —§
and use later that — 0 as/N — o0.) In words, what we require is that there is very little mass
in the left modes, little (but potentially much more) masghe right modes, and if we simply
flow under the mass contained in the right modes, we’'d newvetipitate a big burst. Clearly
e® € Nj i and thusN; f is not empty. All that remains to show is
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Theorem 5. Choose any > 1/2. For K sufficiently large,
Nox,x € Ugk i

Thus§,.:(K) < 6K when K is large enough, and this implies ; (K) < (.2(K) = K.
Basically, the proof consists of showing that for anyc Ng ;, we haves*(z) < oo (so that
F3 k() is defined) and then we show th@E} x o Fs k() € Nj k. Thus every point inVg g will
eventually undergo a burst, and after the big burst map fitsédf iback inNs x — thus each of
these points undergo infinitely many big bursts. We delayiheroof until Appendix B below.

5.3. Calculation of 5.1 (K), K small

Here we present some discussion for specific small valués. ddne observation which we make
in all cases is that when we choose> . .(K), the system seems to be attracted to a periodic
orbit where all the bursts are the same size, which size wetden(3, K). (Note that while

B > B.2(K) implies that there by infinitely many big bursts, we have rfaiven that there the
burst sizes are independent of initial condition, or thalthecome a constant sequence, etc.)

We will first show analytically that.»(2) = 2, thatt*(53, 2) is well-defined forg > 2, and
thatt*(3,2) is continuous ati = 2. This contrasts significantly with the case whéfds large as
shown in Section 5.2.. We will then present some numeridaes\ce detailing the transition from
K “small” to K “large”; in particular, we will show that onc&” has reached 6, it seems to be the
same as th& large case, and the transition from 2 to 6 shows some susmisevell.

To see thapi.»(2) = 2, note thatK’ = 2 is really just a one degree-of-freedom system, since
> x, = 1. So, consider any < 2 and an initial condition: ¢ D(Gp ). One of the following
three cases must be true; > 71, xg < 1 < 71, orzy > z;. In the first caser € D(Gs k),
andGp k() is then in the third case. In either of the two last casesed#'sy to see that the system
will decay to(1/2,1/2), and thus have no further big bursts.

Now we showt* (3, 2) is continuous ati = 2, and in fact we will actually compute the Taylor
expansion to the right of = 2. Using (3.8) and noting that the big burst occurs whes=

((8—1)/8,1/5), we have
Xpa(w,t) = —t+1—e — (3 —1)e "
Writing 8 =2 + ¢,
Ahxp2(2,t)]i=0 = 0,

attXﬁ,Q(xa )|t=0 = 25(6 - 1) - 52 = 2e+ 0(62)7

t
8tttx,3,2(x7t)‘t=0 = 362(1 — ﬁ) + 53 = —4 — 126 + 0(62).

Since the third derivative is of the opposite sign, and ajéarorder, than the second, we can find
the root by the third-order Taylor series truncation, angsttve have
ﬁ@+@m:§+o@,
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and thus* (3, 2) is continuous ap = 2, and moreover

0 1
(8,2 pmar = .

op 2

For K > 2, we present a series of numerical experiments designednpuet*(3, K), a
synopsis of which is presented in Figure 3. We reiterate#tiiat &) is nota priori well-defined
for K > 2. All we have shown is that fo > [(.,(X), some initial conditions give rise to
dynamics which include infinitely many big bursts. Howewee always observe that whenever
B > fB.2(K), the system seems to be attracted to a unique periodic oithied/bursts of the same
size, so we defing (3, K) to be this observed size.

To computer™ (3, K), we first need to set three discretization parametes$,, i nt Len, and
dt . We then compute* as follows: We consider the initial conditia”), and flow under (3.5)
until we hit D(Gg ). To determine whether this has occurred numerically, werdtize (3.5)
using a first-order Euler method with timestép, and if we ever get withitt ol of D(G k), we
say we've had a burst, and if we ever integrate the ODE for tonger than nt Len, we say we
have decayed to the attracting fixed point. If we have detseththat we have enterdd(Gg ),
we need to determing, but to do so we simply use a standard bisection method to famdedlest
root of x5 x, and we verify that this bisection method has converged thiwt ol . In all of the
numerics presented here, we chdse= 10~*,t ol = 107°,i nt Len = 102,

As seen in Figure 3, as we increaBewe have a transition from th& = 2 case to thek
large case. We observe that for &l < 5, 3.,(K) = K, i.e. that there is no bistable regime.
However, something interesting seems to happeli at 5: even thoughp. ;(5) = 5, numerical
evidence suggests thiam .5, t*(5,5) > 0. (Contrast Figures 3(a) and (b).) Once we increfse
to 6 (Figure 3(c))3.1(K) moves to the left of<, giving a bistable regime, but this bistable regime
is not very large in3. Finally, as we increasé&” further, 5.,(K)/K decreases. The numerically
computed values up to four decimal places are

K | Bea(K) | limgp, )+ (8, K)
4 4.000 0.0000
5 5.000 0.3901
6 5.973 0.5529
10| 9.414 0.7402

6. Conclusions

It is well-known that many neuronal network models (and realronal networks!) have the ability
to exist in several states (many networks exhibit both sggmobus and asynchronous behaviors),
and when perturbed by noise, will switch among these segtaitds. We have considered a very
idealized model of a neuronal network in this paper, but wesHzeen able to rigorously explain
why the network switches between competing states: it is allsstochastic perturbation of a
deterministic system. We hope that the ideas containedisnpiper can be extended to more
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Figure 3: We plot the numerically-computed valuettfs, K) for K = 4,5,6,10 and various
values of 3. As mentioned in the text, it is observed that the mean-fielly imits onto two
attractors: the equipartition or the big burst solutioneblch case, we are plotting the size of the
big burst to which our system is attracted. One sees a widetyaf different behaviors depending
on K for K small enough, we have. ,(K) = K, andt* is a continuous function of, but for &K
large enough, the functiari becomes discontinuous, afd; (K) < K.

complicated network models and can explain the wealth oaWieh observed there (e.g. it was
shown in [17] that a finite-size effect can lead to non-ttiggnchronization behavior in a more
realistic network model.)

There are also several open questions left unresolved abisunodel. Numerical evidence
suggests the conjecture that for @l 3. »(K), the mean-field system always limits onto one spe-
cial infinite-burst periodic orbit, thus leading to the défon of a canonical “burst sizet* (3, K)
associated t@ and K. Moreover, it is observed that is always an increasing function gffor
fixed K, and forK large enough*(3, K') has a discontinuity ai. »(K'), or a first-order phase tran-
sition. This is in stark contrast with the Erd6s-Rényi mbgtorresponding td< = 1), for which
t*(3) is a continuous function gf, and actually right-differentiable there:(1+¢, 1) = 2e+0(¢?).
We saw numerically in Section 5.3. that far = 2, 3, 4, the behavior of* is much like that for the
Erdds-Rényi model, but fok™ > 4 it is quite different. Moreover, the evidence seems to sagjge
that as we increask, . ;(K)/K decreases, and moreover

lim (3, K
/B_’,Bc,l(K)+ (/6 )

seems to increase as well. The numerical evidence sugests t

. ﬁcl(K) . .
lim 2o\ g lim (8, K) = 1.
Ko K P R
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A Proof of Lemmas 2— 4.

To prove Lemmas 2, 3, we will need a few formulas concernirggdize of the burst. We will
compute the size of the burst by “stages”. We start Wjjth= 1, with one neuron in the queue.
To move from@,, to @,.1, we process all of thé),, neurons in the queue, and see how many
are promoted. If this is ever zero, then the burst stops, beddtal burst size i§ "~ Q;. (This is
formally different from the definition above, but since dletneurons are interchangable, we can
see that this is an equivalent formulation.)

First notice that whenever we process the effect of a neurdhe queue, we promote each
neuron in stat&x_; with probabilityp = 5/N. The total number of neurons which are promoted
are then given by the binomial distribution; in particulag promotek neurons with probability

b(k; 21N, B/N) = (“TK;N) (%)k (1 - %)IMN_R.

Most of the calculations below involve getting upper anddowstimates for various convolutions
of the Bernoulli distribution. We will find it convenient tcse the notation

if we have
f(N) < g(N)forall N, f(N)—g(N)=O(N"')asN — oo.

Thus this symbol corresponds to an explicit upper bound i@ dinection and and asymptotic
equivalence in the other direction.

Lemma 6. For C' > 0, we have

ko—

b(ks e N = C,B/N) S 1

wherey = xx_ 3. Moreover, for anyy’ > ~,

(,an)ke—Qw

X +O(N™N).

P(Qn+1 = k|Qn) S
Proof. To prove the first claim, we simply note that
aNlog(1 — B/N) < —af,
from a Taylor series expansion, and of course

k

[Ta-im s,

1=0

21



DeVille, Peskin, Spencer Stochastic Neuronal Networks & Gaph Theory

and the first claim follows. To prove the second, let us firskendne assumption that the number
of neurons in stat®_; stays lower tham ;- _; NV throughout the burst. Then we have:

P(Qui = klQn) = Y BlkizkaN,B/N)B(kyzx 1N — ky, B/N)x
kit--+kq, =k
- X B(an;xK—lN —ky—ky—--— kQ7L—175/N)
< Z 7/lme‘—w 7kzel—v N VkQ” e'_“f
i+t g, =k ]{51. ]{52. an'

1
— —Qny - @@
=" 2 Tlks! ko, !

k14-tkg, =k
k
k —Qn“{Q
B (1Qu)re
N k! )

Now considery < v/ < 1. Define¢ so thatt 5 = +'. If we know that the number of neurons in state
Sk _1 stays below V throughout the burst, then the previous estimate holdswitiplaced byy'.
So, we need to compute the probability that the number oforein stateS; ; ever exceed§N.
Definingé = ¢ — zx_1, it is easy to see that this probability is bounded above by

(B —7)Ne= =
(EN)! ’

and using the very coarse version of Stirling’s approxioathat there i€ > 0

b(> EN; (1 — 25 _1)N, B/N) <

Al < CAA+1/2€_A,

shows that this probability is bounded above by a constamegiVv ="
[

Proof of Lemma 2.

Throughout this proof, for ease of notation, we will neglextwrite the error term of size
O(N~Y) in every equation.

Given a random sequencg), 01, . . ., definen* = min,, Q,, = 0 and then the size of the burst
is 32", Q:. So we have

P(Qi=¢q,i=1,....,n") =P(Qy = q1) HP(Qz’ = ¢|Qi—1 = ¢i1)

=2
- Ale™ 1"_[ (Ygi—1) s quLe (1422 ai) H
~ g ! . o 1%
a5 ai @i'g! . g P
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and of course

i=1

q1tq2++g,x=B—1

Recall that by definitiod), = 1, so this last expression is exactly the probability of thesbsize
beingB. Thus we have

P(burst = B) = y""e™7" 3 Y

1,1 N .
q1+g2+-+g,-=B—1 q1'q2" - . . Q!

For any vector of integers, define

C — H?ZQ q;]l—l
4 (J1'Q2'Qn*"

and we are left with
P(burst = B) = y51e® Z Cq.
la|=B—1

Using the fact that
B-2

BB-
= — Al

lal=B-1

which we prove in Lemma 8 below, gives (4.3). Now we applyl®tys approximation to the

(B + 1)st term in the sum, namely

B_—~(B+1) B+ 1)8-1 B_,—~(B+1) B+ 1)B-1B
IP’(burst:Bjtl):76 (B+1) ~ € (B+1)" e

B! V2nBBB
e B+1\" el=

_ B-3/2 ,YBeB(l—fy) ~ (761—7)33—3/2.
2T ( B ) v 2T

Define¢(a, B) = a® B=3/2. Using the Stirling approximation that
B! = V2rBBBe Bels

where(12B +1)7! < Ap < (12B)~! for all B, it is straightforward to show that

P(burst =B +1) € <€\_/12/_:¢(B), 1+ \/%QS(B)) ~ (0.3676(B), 1 + 1.08¢(B)).

Define -~
V(o) = ZO/BB_U2
B=1
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and we have
w(v) = E(BWM(x)) € (0.367¥(a), 1 + 1.08¥(a)),

wherea = ~ve' ™. In particular, this implies that(vy) < oo for v < 1.
To prove thatu(y) = (1 — ), we will show that

p(y) = 14+ yu(y).

Let us now defing:.(v|k) as the mean size of a burst with) = & (as opposed to the normal burst
where(), is always 1). Notice that if we can show

p(vlk) = ku(y[1) = ku(y), (A2)

then we are done, since by the law of total probability,

_1+Z,m|k: (Q1 = k) —1+ZkIP’ = EB)u(y) =1+ yu(y).

To establish (A2), we defing(v|k) as above. Now, let us also consider the auxiliary stochastic
process where we computeburstsBy, . . ., B, and define

)

It is easy to see that(~|k) > u(+v|k), and, in fact, the only time the two stochastic processderdif
in when, in the second case, two different buBtshappen to promote the same neuron. Given
that a finite number of neurons are promoted in each case,rtalpility that the same neuron
is promoted in different3; must scale likeV—2, but since there are at moat neurons the total
probability of this ever happening 8(N~!). Since each random variable has a finite mean, the
difference in expectations can be bounded abov@hy ).
]
Proof of Lemma 3. From Lemma 2 we know that for < 1,

i P(BM(z) =b) = 1.

We want to show that this quantity is less than 1 when 1. Define

2 pp2ab1ob
A= G
b=1

and we compute that
bbb—l

A =3 O

b=1
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DefineA(v) = 7‘1[1(7) and notice thaﬂ(q) depends on only through the quantitye™". Thus,
foranyy < 1 (resp.y > 1) we definey’ > 1 (resp.y’ < 1) to satisfyye™ = ~'e~, and we have
A(v'") = A(y). Thus whenevey > 1,
1[1 1[1 / /
Aly) = (v) _ AWY) _7
Y Y Y

sincey’ < 1.
Finally, to establish (4.9) is straightforward using then@al Limit Theorem.
]
To prove Lemma 4, we will use Kurtz’ theorem for continuousdiMarkov processes [31, 32]
(for an excellent exposition see [40, p.76],), which weestaithout proof:

Theorem 7 (Kurtz’ Theorem for Markov chains)Consider a Markov process with generator

J

LM f(z) =Y " NXj(2)(f(z +v;/N) = f(x)), (A3)

j=0

where),(z) are Lipschitz continuous and bounded. D" be a realization of (A3). If we define
x*(t) by the solution to the ODE

J
—a(t) = > A(@)vy, weo(0) = XV, (Ad)
then for anye > 0,7 > 0, there exist’;, C; > 0 such that for every,

P < sup )xoo(t) - Xt(N)‘ > e) < Cy(e, T) exp(—Cy(e, T)N/T*NJ ),

te[0,7

where

andlim,_.q e 2Cq(e,T) € (0,00) for all T,

We do not prove this theorem; we have followed almost exabiyformulation of Theorem
5.3 of [40], with the exception that we have made the deperelen.J, 7, A explicit. The need for
this restatement will be made clear below: if we could asstimag/ is fixed then each of the terms
J,w, \ area priori bounded and then can be subsumed into the definitiai; G6f). However, we
will need to take/ = J(N) and thus the dependence of the constant on these quantitiptay
arole below.

In short, what Theorem 7 says is that the stochastic protags slose to its mean with proba-
bility exponentially close to one on any finite time interval

Proof of Lemma 4. We first give a sketch of the main points of the proof of the leami/e
proceed as follows:
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1. ChooseB* > (0 ande > 0. We consider only those reaIizationslsifN) which do not have
a burst of size greater thaB* for ¢ € [0, 1 — €]. Define this set of realizations to &;-
From Lemma 2, it follows that there a€e;(¢), Cs(€) so that

P(Qp+) 2 1 = C3(e) N exp(—Cia(e) B).

Notice the presence of the prefactdi this appears since we ha¢g N) opportunities to
have an untimely big burst.

2. OnQp-, we can replace the generator of the procﬁé‘g) with the one which is the same
but which explicitly caps all bursts at siZe*. We will write down this generator in the form
of

J(B*)
L) f — Z NX;j(z)(f(z +v;/N) — f(z)),

(notice that/ now depends o*), and we will show that the mean-field equation as defined
in (A4) gives the same ODE as in (3.5) fpr< 1.

3. We now letB* — oo asB* = N? for somep € (0,1). We will show that there is &', so
that
J(B*) < (B + K, v<KB*, X<, (A5)

and from this we have

P (QB* N {w : sup ‘xoo(t) — Xt(N)(w)‘ > e}) < C(e) eXp(_C2(€>N1—p(K+2))7
te|

0,71 /\Tl(N) —€]

and this combined with step 1 above gives, for any 0,

P ( sup ‘xoo(t) - Xt(N) (w)} > e)
te|

0,71 /\Tl(N) —€]

< Ci(€) exp(=Co(e)N'PEF2)) 1+ Cy(e) N exp(—Cy () NP).

One error term is improved by increasipg(if we take B* larger then we are discarding
fewer realizations in step 1) and the other is worsened (itake B* larger then there are
more ways to have a fluctuation away from the mean). The begtratotic) estimate is
obtained if we choosg to make the powers equal in the two terms, which is if we choose
p=1v(K):= (K +3)"'. Then we have

P < sup ‘xw(t) — Xt(N)(w)‘ > e) < Cyexp(—Cs NV,
te0,n AT —¢]

This establishes(4.11).
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4. We have already shown half of (4.10), namely tﬁfﬂ) > 11 — € With exponentially large
probability. We now need to show that once 7 — ¢, then a big burst occurs soon, and its
size is close ta*(£(m)). Two things can occur here: we have a slightly early big bwiti
~v < 1, or we have no big burst until > 1.

If the latter, it is straightforward, using Lemma 3: onge> 1, there is a nonzer®(1)
probability of a big burst every time something changesﬂﬁv). Moreover, in anyO(1)

time, the proceth(N) will undergoO(N) changes and the probability of having a big burst
isO(1), so that it is exponentially unlikely that a big burst notegiace in this time interval.

If we have a burst while is still less than or equal to one, we can use the alternatenséant

at the bottom of Lemma 3. Let us consider the case where the-fiedd has a big burst with
Ex_of > 1,&k_ 18 =1 (the cases wherg,_»3 = 1, butéy,_33 > 1, etc. are similar). By
definition x5 (£, 0) has zero first derivative, but positive second derivativeeso. Let us
now assume that the big burst happens early and that we hawstddrger tham /N but not
close tot*(¢{(m))N. Chooses > 0, and by (4.11) we can guarantee that this happens with
v > 1 —e. Let¢ be a vector obtained by decreasifyg_; by O(e) and changing all of the
other coefficients of by no more than. Thenx(é, t) becomes negative for smallbut it
has aroot in & (¢) neighborhood of the origin (consider its Taylor seriesy #us becomes
positive after its first root, which i€)(¢). By choosinge small enough, we can guarantee
that this root is less tham, and by the last statement of Lemma 3, if the burst is largen th
aN thenitis neafa(é)]\f with probability exponentially close to one. Moreover, ioetthat

T (€) will be within O(e) of t*(€), sincey .k (€, 1) andy s« (€, t) are uniformly withinO(e)

of each other. Therefore, even if the big burst occurs e#nlyill be within O(¢) of t*().
This establishes (4.10) and (4.12).

5. Finally, we need to show is that if we consider the genex@tthe process where we cap the
bursts at size3*, then the mean-field ODE is the correct one, and moreovef{Atgtholds.
In fact, what we will show is even simpler: we can compute formally even without the
restriction of makingB* finite.

To show these two, let us first consider a simpler processehgtine process where we have
no bursting whatsoever (i.e. settipg= 0). It is easy to see that this can be written as a
continuous-time Markov chain (CTMC) with generator

J

Lf(x) =Y MN(@)N (f(z+N"1v) - f(x)), (A6)

=0

where);(z) = xg, vy = e® ) — e wheree® is the kth standard basis function. The
reason why this is true is that neurons are being promotedR@isson process, and we
choose a neuron in statg with probability z;,, and if this neuron is chosen we increment
Sks1 and decremeng,.. Applying (A4) gives
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which is the same as (3.5) with= 0, which is what we expect.

Now, let us consider the network wigh> 0. Let us say that the network undergoes a burst
of size B. The effect of this on all neurons not in statg _; is to present each of them with
B chances to be promoted, each with probabjity: 5/N. The effect of this, on average,
will be to additionally promote, on average;3B neurons from staté; to stateS;,;. To

be more precise, if we have N neurons in staté;, and we have3 neurons fire in a given
burst, then we will promoté neurons out of stat§; with probability

b(k; BNx;, 3/N) 4+ O(N™') = (8Bx;)* exp(—BBx;) + O(N).

For any burst, let us define the random ved®r (B, By, ..., Bx_1) as the number of
neurons promoted from statg to stateS; ;. The effect of such a change is to add the vector

K-1
> B
k=0
to the state of the system. Now, consider any vebterZ* and define

p(b) = P(B =b).

Our stochastic process is literally defined as follows: at given time, X' — 1 “simple”
events can occur; fok = 0,..., K — 2, we can add the vectar, to the system, and do
so with ratex;, NV, or we can have a burst, which occurs at rate ; NV, at which time we
add the vectoEsz‘Ol brvi, With probability p(b). However, since all rates are constant, it
is equivalent to instead consider the process where we addetttorv, with ratex, N for
k=0,..., K —2and add the vectoy_ b,v,, with ratex,_1 Np(b).

From this, we have that

d o0 o0
pri Z T v + Z z%_p(b) b Uk
k=0 bezZK k=0
K—2
= (56130 + > 56??_129(]0)1%) v+ 2% > p(b)br vk 1.
k=0 beZX bezZk

The sum oveb in the last term is the expected size of a burst, namély). The sum over
b in the first term is the expected number of neurons promotad BtateS, during a burst.
We compute:

E(Br) =Y P(Bp=bi)by =Y Y 0P(By=by|Bx_1 = qQ)P(Bx_1 = q)

b, g

=Y PBx-1=0q)) bkm exp(—xxq)

=Y P(Bx1 = q)zifg = w8 Y P(Bx 1 = q)q = ziu(7)-
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So we have
d K—-2
pri D a1+ yp(y))ok + 25 p(Y) o1
k=0

As we proved in Lemma 24(v) = 1+~u(y), and this gives (3.5). Finally, to establish (A5):
every rate is bounded above Bywith a cap on burst size d@*, the total number of changes
which can occur are bounded above(#3/)* + K (the number ob € Z* with b; < B*,
plus theK — 1 non-burst steps, and finally;| < K B* (each entry is at mogs* and there
are K coordinates).

]

Remark. We can see from the proof (specifically, part 4) why the aitior near-critical,
graph does not affect the mean-field. One might think that as 1 — as the graph approaches
criticality — something untoward might happen in the lintitowever, any burst of size( V) does
not appear in the limit, and, moreover, the conditionalreate of Lemma 3 shows that even if
we do have a (rare) event 6f(N) when the graph is near-critical, this event will be very elos
to the expected super-critical event which would have aeclisoon anyway. Basically, when the
process is near-critical, either nothing happens, or ibeg] it is close to what is expected, and in
any case, the process is far away from criticality after trené Moreover, the system only spends
a finite time near criticality, so if no big bursts occur foranfj enough time, the process moves
through criticality to supercriticality. It will of coursée interesting to understand this critical
behavior for several reasons, one of which is that it surédyga role in understanding the most
likely path of switching in the case where we have multipteaators.

All that remains is to show:

Lemma 8. o
B —
lal=B-1 ’
Proof. We will use an induction argument. Now, let us consider= (qi,...,qx) andq =
(7, q1, - - -, qr) With v € N. Then
TR AL WP SRR Y
T oAl YT gl g

In short, prepending an integer to a vector effectively iipliis the associated constant /4!,
whereg; is the starting constant of the vector to which we are prepgndefine

Co= S C
‘q|:nyql:k

We first want to comput€’,, ;. Now, take any partitiory with |q| = n andg; = 1. Then, after
removing the leading 1, we have a partitionof 1 with leading digitg,. Then
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Thus itis easy to see that
n—1
Cn,l - Z Cn—l,j-
j=1

Now, consider: = 2, so we havey, = 2. After removing the leading two, we have a partition
of n — 2 with leading digitg,. Then we have

2¢Z2
C(ql ..... Gn) TC((H ..... qn)
From this we have
n—2 2j
Cn,2 - Ecn—Z j
j=1
In general, by the same argument we have
n—k :
k]
Cn,k: - ch—k]
j=1
We now assert that for < n,
nn—k—l
Cor= . A7
T k= 1D)l(n—k)! (A7)

First check that”; ; = 1. Now assume that the claim holds for alk »*. Then we compute

n —k‘ k‘-] n*—k ]{/‘J (n* . k)n*_k_j_l
ok = 2 3O hd = 2L [0 G~ i — &~ J)
= it 7 ! I)!
1 n*—k—1 ]{,‘l+1(n* _ k,)n*—k—l—2 L n*—k—1 kl(n* _ k,)n*—k—l—l
Tk & U k-1l (= kK 22: N —k—1—1)!
n*—k—1

1 n—k—1 1/« n*—k—l—1
~ k- Di(n* — k). 2 ( l )k(n )

=0

n* —k + ki)n*—k—l‘

= D =R

This establishes (A7). Now, finally notice that

B-1
Y Cq=Cpi=) Cpaj
j=1

lal=B-1
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Expanding, we obtain

B —2)! .
BB—2 — ( (B o 1)B—]—2
—NB—j—2)
_ -— (B — 2)' (B . 1)B—l—1
— (—D(B—-1-1)!
B—-1
=(B-1)! Cp-1;,
j=1
and we are done. O

B Proof of Theorem 5

We first give a quick recap of the mean-field process and eskatnlany of the calculational short-
cuts we will use later in the proof.

B1. Preliminary remarks

Here we reconsider both the flowand the mag~; x and give a simplifying description for the
dynamics of each, and then we show the Gaussian approximsatie use in the proof.

Simplified description of ¢. Consider (3.5). Up to a change in time variahiéy, t) = etfrz,
whereLp is the K x K matrix with

_17 ZZ])
(Lp)ij: ]_, ZE]+1 mod K,
0 else.

Since the trajectories of an ODE are not affected by a timegbathe question of whether a
trajectory enters a set or not is independent of this chalBgeause of this, we will simply replace
é(x,t) with e'Lr throughout this proof without further comment.
From the definition of Poisson RVs, if we consider the initiahditionz(0) = ¢©, then we
have
x;(t) =P(Po(t) =i mod K).

Moreover, by linearity, if we choose € R%, 2 = (zq,...,2x_1), then

wherex(t) is the solution tar’ = Lpz with initial conditione™. Of course, we also have

2D(t) =P(Po(t) = (j —i) mod K),

J
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which then gives

K-1
x(t); =Y xP(Po(t) = (j —i) mod K). (B1)
=0
Simplified description of G . The mapGy x andt*(z) are defined above in (3.9, 3.11);
however, there exists an alternate description of the fap (andt*) motivated by the queue
arguments of Section 3.3., which we now describe.
Considerz € D(Gs ). Now considery € R+ (we now let the index go from, ..., K,
wherey corresponds to the queue) where wesget x; fori = 1,..., K — 1 andyx = 0. Let
it flow under the linear flony = 5Ly, with L defined in (3.10).yx (t) will be the (rescaled)
number of neurons which have been pushed into the queue by,tand since neurons are flowing
out at rate 1, we continue this process uptilt) < t. (Note that such a time is guaranteed to occur
sinceyk (t) < 1 for all t.) Call this timet*, and then definé&/s x () as the vector with

it*7 izl,...,K—l,
G sela): = yi( *) * i
yo(t*) + yr (t*), i=0.

We can go further: if we now replace the flaw; with the ODE on the set of variables indexed by
N where we define = 5Lz with

_17 ZZ])
(L)ij =191, i=j+1,
0, else

then it is easy to see thak (t) = >, x 2(t). In other words, we can think of the “burst flow” as
a flow on the whole real line where we count how much mass hasegdake point{, or we can
consider the finite-dimensional flow which absorbs all of thass at poinf<. We will use both
viewpoints below as convenient. In particular, this allavgsto note that the exact solution to the
Lg flow gives us, for alk > 0,

k(to+1) = ZyKZtO (Po(Bt) > i), (B2)

and
yi(to +1) = Zyl to)P(Po(pt) = 7 —1). (B3)

Compare (B1) with (B2, B3); these formulas are basicallyghme, and the only difference is a
factor of 3 in the time variable or how boundary conditions are handled.

Gaussian approximation. We can use the standard Gaussian approximation for thedpoiss
RV: for anya > 0, if we choose > oK, then

P(Po(t) = j) = e~ (IRt 4 o(K19), (B4)
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(We choose the power 10 for concreteness in what followspofse, we could use any polynomial
decay here.) It also follows that

1
V27t

where; is the member of the equivalence claa$, closest tof. In particular, if thisj has the
further property thatt — j| > K? for somep > 1/2, then

P(Po(t) =a mod K) = e U2 4 (K1), (B5)

P(Po(t) =a mod K) = o(K'?). (B6)

These approximations will be of direct use for understagdie L » flow; of course we need only
replacet with 5t when approximating thé g flow.

B2. Proof of Theorem 5.

Proof of Theorem 5. We break up the problem into several steps. In Step 1, we at&in(x)
for x € Nok k. In Step 2, we estimate (F () for x € Nyk k. Finally, in Step 3, we put it
all together and show th&éts ;i (Fj k() € Ny i foranyz € Nyk k. Throughout the proof, we
will use C' as a generic constant which is independenk’of

Step 1. Estimatings*. Here we show that i € Nj g, then there is & > 0 with s*(z) =
K—-C+\/Klog(K)+o(y/K log(K)). To establish this, we have to both estimate the time at which
zr_1 = $71, and show that at this timeg_, > xx_1.

Consider anys < 0.99K. By the definition ofN; x, the contribution tarx_,(s) from the
modes ink is at mos{103) !, and the contribution from the modesiiris at mostx ~'°. However,
from (B6), the contribution fron(0) can be at mosk —'° as well. Therefore;c_;(s) is certainly
less than3~! for all z < 0.99K and thuss*(z) > 0.99K.

Now considers € [0.99K, 1.01K]. By the arguments of the last paragraph, the total contribu-
tion from L and R can be bounded above iy~ + (103)~! = O(K~'). The contribution from
Io(O) is

P(Po(s) = K — 1) 4+ o(K~1°).

However, it is easy to see th@f Po(s) = K — 1) achieves its maximum at= K — 1 and this
maximum isO (K ~'/2). Therefores* < K — 1. In fact, we can get an even better estimatg*of
use the Gaussian approximation (B5), plugin K — ¢(K) and consider larg&l’ asymptotics,
matching scales shows that we haye ; = 37! ats* = K — (1 + o(1))y/K log K. Thus we can
choose and fix; > 1,y < 1 and for K sufficiently large,

K —CivVKlog(K) < s* < K —Cy\/Klog(K). (B7)
We have established the timéwhen (L7 ), = 37!, but we also need to show that
(e"Pag)k_o > B,

or a burst will not occur.
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Choose any > 1/2. By (B7, B6), we know that (up t@ (K ~'?)), the contributions to
Tr_o(s"), xx_1(s*) must have come from levels withili? of zero, on one side or the other. By
the definition of Ny x, these all came fron®, since there is onl@) (K ~'°) total mass in_.. Thus
we know

KP

rr-1(5") = 2P(Po(s") = K — 1) + Y _ax_P(Po(s") =i— 1+ K)+ O(K ),

o (B8)
Tr_o(s") = zoP(Po(s*) = K — 2) + Z rr_iP(Po(s*) =i—2+ K)+ O(K™'%).

i=1

We want to showe i 5(s*) > xx_1(s*), thus we will need to estimate quotients of the form

P(Po(s*) = K +i—1) s* >K—C\/Klog(K)>1_C log(K)
P(Po(s*) =K +i—2) K+i—1" K+i—1 - K

for anyi = o(K'). But then comparing the equations in (B8) term-by-term gjive
Tr_o(s*) > (1 — CKY2(log(K)) V) xg_1(s*) > 71,

so that a burst does occurat s*.

Step 2. Estimatingt*. Definey as above, namely we sgi(s*) = xx(s*) fork =0,1,..., K—
1, yx(s*) = 0, and lety flow undery’ = GLgy.

We will showt* > 0.99. We break this up into three intervals:

t€10,4/K],[4/K,2C:/K log K /8], [2C1 /K log K /3,0.99],

which we denote as Stages 1-3. The constans the one which appears in the estimate for
in (B7). We will show that* cannot lie in any of these three intervals.
Stage 1¢ € [0,4/K]. Here we only consider the last two entriegjin

y(s" + 1) 2 yx—1(s")P(Po(Bt) = 1) + yx—2(s*)P(Po(St) = 2).
Writing out the conditionyk (s* + t) > t gives
(1—e 4 (1—eP —tBeP)B =t >0,

or
2(1 —e Py 4 tpe™ —t3 > 0.

It is easy to check that the function
20l —e )+ ae™® —a

is positive for allo € (0,2), so that as long &g < 2, ort < 4/ K, then these inequalities all hold.
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Stage 2¢ € [4/K,2C,+/ K log(K)/5]. Pick anyp > 1/2. From (B5, B6), we know

KP
yK_l(s*) = l‘o]P)(PO(S*) =K — 1) -+ Zl’K_i]P’(Po(s*) =7—1+ K) + O(K_m%
=1
KP
yk—1(s"+1) = 2P(Po(s” + 1) = K = 1)+ Y _ax_P(Po(s" +1) =i — 1+ K) + o(K'°),
i=1

forallt € [4/K,2C,\/K log(K)//3]. But now choose = 0.6, and for alli = 0, ..., K*, we can

show that
P(Po(s*+t)=1— 1+ K) 1

> 1+ —. B9
P(Po(s*) =i—1+K) — e (B9)
To see this, notice that this quotient is
* _ o o¥ 2 _ _ * 2
s exp (K-1-s) (K-1-(s"+1)
s*+t 2s* 2(s* +1)

We simply need to observe that the argument to the expohengiasitive for0 < ¢t < (K —1)% —
(s*)?)/s* and scales liké<, and (B9) follows. Thus we have

yK_l(s* + t) > yK_l(s*)(l + K_Z) -+ O(K_lo) > ﬁ_l,

andy(s* +t) > 1forall ¢t in Stage 2. Thereforgx (s* +t) —t > 0 for all ¢ in Stage 2.
Stage 3¢ € [2C+/ K log(K)/3,0.99K]. Consideryk (s* + t) att = 2C1+/ K log(K) /5. We

can get the lower bound
Y (s* +1) > 20(0) (P(Po(s* + ft) > K) — P(Po(s*) > K)) + O(K ™)

from the following observation. Imagine that we had the flawtbe real line generated byj,
as described above. Thep(t) would simply beP(Po(t) = k). However, the way in which we
modify this flow is that until times*, we wrap the flow around periodically, and after tigie we
absorb everything into levek. This guarantees that there is at least as much at Iévielr our
system as would have passed lekebetween the times of ands* + ¢. But from (B7),

P(Po(s*) > K) < o(K ™).
We also have

P(Po(s* + 3t) > K) = 2570 do + O(K 1),

1 / o= +0)2/(
\/Ss* + ﬁt K

This is clearly an increasing function afIn Stage 3, we have

s+t > K+ Civ/Klog(K),
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so we replace* + t with its smallest value and change variables to obtain

P(Po(s* + ) > K) 1 / o~/ K108(K)/2)2 /2/ (K ++/KTog(K) /2)
\/271’ (K + v/ Klog(K)/2)

This integral is in the form

i e oo (7))

We haveu(K)/o(K) — oo (notice that this is one place where théog(K) term is crucial,
without it we would have./o = O(1)!), and using the standard asymptotic expansion (see, for
example, [2, Chapter 7]) fanf(x) for largex gives

P(Po(s* + 8t) > K) > 2o(0)(1 + 3K 1) >1— (6 + 3K ) + o(K ™),

and by the definition o6 we can make this as close to one as we like, and in particulazane
make it larger thar®.99. But then this makegy(s* +t) —t > 0 for ¢t < 0.99, and therefore
t* > 0.99.

Step 3.G 3k (Fp,x(x)) liesin Ny . We denoter = Gg i (F. (). Now, for anyj # 0, we
have

_Zyz Poﬁt)_j_i)'

Considerj € L, so that the sum is onIy ovérc L, and, in particularj — ¢ < K/2. But since
t* > 0.99, gt* = O(K) and this probability is exponentially small 8 — oo. So we have
ZjeL z; < K~1° which satisfies the first criterion 0¥ .

To get an estimate on; for j € R, we need to control how much of the mass “wrapped
around” betweers = 0 ands = s*. So, let us define the sétF’ (the “left edge”) asLE =
{0,1,..., [ K/100]} (notice this time we do include zero!). From our estimatesdrabove,
we know that the entire mass which contributes)ty_, . y; had to come from modes within
2C1+/ K log(K) of LE. By the assumption oV i, we know that the terms in the left did not
contribute, so the contribution had to have been fromthend the modes withiaC / K log(K)
of the right, so we have

2014/ K log(K)
> uils?) SxP(Po(s") > K)+ Y ax_P(Po(s" > K +j)).
i€LE j=1

On the other hand, we can get the upper bound

2C14/ K log(K)
yk—1(s) > 2gP(Po(s* = K = 1))+ > axP(Po(s) =j— 1+ K) + O(K™"),

=1
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but, by definitionyx_1(s*) = 8~. To compare these two, we will need to estimate quotients of

the form
P(Po(s*) > K + j)

P(Po(s*) =K +j—1)
Use the Gaussian approximation and see that the quotieoitrisesc

[ o (Fems s m1o 0,

*
K+j 2s

V 2 2s*

Using the standard asymptotics fafc(z) gives

P(Po(s*) > K + j) - s* <C K
P(Po(s*) =K+j—1) - K+j—1—s — log(K)’

The last inequality is true for ajl > 0, and in fact gets better gggets larger. Thus we have

K C
i(s") <Oy | ——=yr 1 (s) + O(K™1) < ————

(recall thats > 0K). This gives an upper bound on all of the mass containddfinand since we
know the rest of. can only contairD (K ~'?), this means the bulk of the mass is containe®in

However, note that, up t&(K ~'%), all of the mass withif K + 2./ K log(K) of K will be
absorbed into levek during the burst — in particular, this includes all mass eomed inR at the
beginning of the burst. Therefore, the total mass which caa@e moving tg during the burst
is contained inL £ at the start of the burst, thus giving

> 2 < C(Klog(K)) ™2, (B10)
JER
which satisfies the second condition & k.

Finally, we need to show thatrz € Ogyx , that is, thatp(Pgrz,t) never gets more than
(108)~1in the (K —1)st level. Note that the bound in (B10) is not good enough esihe O(K).
We've already noted that all of the massigz had to have come from;(s*) with i € LE, and
in fact this is an upper bound (some of the mass will have gatie/’ during the burst) up to
O(K ™). Therefore, if we consider the flow/”» with the initial conditionP, zy(s*), this (again
up toO(K~1'%)) gives an upper bound ofzz. However, notice that if we choog¢e > 0.99, and
anyi, then

P(Po(tT) =i mod k) < CK~'/? (B11)
sinces = O(K). Therefore every coordinate ef “» P, 5(y(s*)) is bounded above by (B11) plus
the total mass i, 5 (y(s*)), and from (B10) this means that every coordinate'6f» P, p(y(s*))
is bounded above bg' K ~*(log(K))~'/2. This establishes the third condition ffx x (notice

that yet again thg/log(K) factor plays a critical role!) and we are done.
]
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