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Abstract

In a companion paper, we considered a scalar wave equation on a thin, laminated,
three-dimensional plate. We showed that if the plate was sufficiently thin, then there
exists a hierarchy of two-dimensional equations whose dynamics model the dynamics
of the full plate, each of which successively lengthens the time interval over which the
approximation is valid. In certain cases, these approximating equations may formally
be ill-posed. In this paper, we consider modifications of the approximating equations
which are themselves well-posed, and which qualitatively afford the same approxima-
tion. We also present an algorithm to compute the coefficients in the approximating
equations in closed form, and show numerical evidence that the estimates on the effi-
cacy of the approximating equations are sharp.

1 Introduction

In [3], a dynamic model for a scalar wave equation in a laminated thin plate
was studied, based on static models considered in [1] and [4]. In [3], we began
a study of the dynamics of those models and their approximation by “reduced
equations” — that is, by equations defined on lower-dimensional spatial domains.
The main theorem of [3] can be summarized as saying that for a solution to a
full three-dimensional boundary-value problem which modeled the dynamics of
a thin laminated plate, there are a sequence of two-dimensional boundary-value
problems, each of which afford a successively better approximation to the full
problem. These two-dimensional problems can be thought of as capturing the
dynamics of the full three-dimensional model projected down onto the two thick
dimensions in the problem. For more references and discussion of the history
and applications of this problem, see [3].

In this paper, we extend [3] in two ways: First, in [3], a formal expression
for each two-dimensional problem was written down, but in each case these



equations contained a number of constants whose value was only implicitly
defined. Here we will write down a formula for these constants. Second, it
turns out that many of the two-dimensional models derived in [3] are given
by PDE which look ill-posed. This is a seemingly paradoxical result where we
have ill-posed PDE affording good approximations to well-posed PDE. Here we
resolve this paradox and show a way to suitably modify the approximating PDE
to both make them look well-posed and preserve the fact that they are good
approximating models.

To be more precise, in [3] we considered the following boundary-value prob-
lem: Define w C R? to be be bounded with C* smooth boundary . Given w
and a positive thickness parameter d we define the three-dimensional domain
Q = w x (0,7d), its lateral boundary I' = x (0,7d), and the faces

R_ = {(z1,72,y)|(21,22) € w,y = 0},
Ry = {(x1,22,9)|(x1,22) € w,y = 7d}.

In Q we consider the hyperbolic problem with zero forcing terms on the
faces, i.e.

ug = Lu in 0 X R,
u=0onT xR, (1)
Opu=0o0n Ry xR,

where the operator L is given by

o ou
Lu=5. (a(y/d)a—y> +b(y/d)Va - (C(x)Vau),

where V, = (9/(0z1),0/(0z2))T, and z = (x1,22), and we have an initial
condition (u®,u) € H2(Q) x H*(Q).

The standard state space to consider when posing this equation is H*(£2) x
H*71(Q) for some s, and in fact we would like to consider this state space with
s = 1, as that is the norm in which the estimates are done in the companion
paper.

In [3], the two eigenproblems

Lo = b(0)(C(2)Ve)o = — s, (2)
an = (a(n)d’n)n = -, (3)

were defined. It was then shown that the approximating two-dimensional equa-
tions were always of the form

Uy = Lyu + Z C(q)d2(q71)Lgu, (4)
q=2
for some constants C(?), C®) ... independent of d.



To restate the aims of this paper, we remind the reader that the equation
given by (4) may in fact be ill-posed on H'(w) x L?*(w), and that we have not
given a formula for the constants C'9) which appear above.

In Section 2, we show that there are several situations in which the reduced
equations give rise to PDE which are ill-posed on H'(w) x L?(w), and we show
that there is a reasonable way to make these PDE well-posed without qualita-
tively affecting the approximation. In Section 3 we give an inductive algorithm
for determining the constants C'?) exactly. In Section 4 we discuss the numeri-
cal efficiency of using the reduced models versus simulating the full model, and
show some numerical evidence that shows that the dependence of the bounds
in [3] on d are sharp up to powers of d.

2 Well-posedness of the reduced equation

In this section, we recall what it means for an equation to be well-posed, and
show that the approximating equations obtained in [3] may not be well-posed.
Recall that the reduced PDE was always of the form

Uy = Lgu + Z C@g2a=ay, (4)

q=2

Definition 1. Consider a PDE of the form
Ut = Z AngU,
qg=1

defined on a region w, with
Liu|8w =0 for all i < n.

We say that this PDE is well-posed on H*(w) x H* Y(w) if, for any initial
condition (u°,u?) € H*(w) x H*~1(w), there exists a unique solution u(x,t) for
all t, and, for any t, there exists a C(t) with the property that if we choose two
differing initial conditions (u®,u?) and (a°,a?), then

(2, t) = u(@, )l e pge-s < C@ |, uf) = (@8 | oy gror - (5)

For convenience, we are using a stronger notion of well-posed than is stan-
dard. Typically, one only requires that the solution at time ¢ be continuous with
respect to the initial data, and we have further required that it be Lipschitz.

It turns out that there are problems (1) which, when dimensionally reduced,
give rise to an approximating equation as in (4) which is ill-posed on H'(w) x
L?(w). This seems paradoxical, in that our original equation (1) is well-posed
on H*(Q) x L*(Q), and we would not expect a well-posed equation to be well
approximated by an ill-posed one. But, as was shown in [3], an equation of the
form (4) effectively approximates (1) in general.



The reason that there is no contradiction is that we take our initial con-
ditions in the space H}(w) x L2 (w) for some a € (—1/2,0), as defined in [3].
Furthermore, it was shown that the solution to (4) lies in H} (w) x L2 (w) for all
time, and the PDE is well-posed on this space.

We will make two arguments in this section. The first is that the PDE (4)
is well-posed on H!(w) x L?(w), and the second is that we can modify (4) so
that we lose nothing in its efficacy in approximating (1), but that it is now well
posed on H!(w) x L?(w).

Assume that we have a solution u(z,t) of (4). Recall the sequence of func-
tions ¢y, defined in (2). For any ¢, we write u in a Fourier series in ¢y, and thus
we have

u(z,t) = Z ax(t) o (). (6)
k=0
The eigenfunctions ¢, were chosen to satisfy L,¢r = —ur¢y, and thus
Ligr = (—=1)"uj¢n.

Putting (6) into (4) gives us

n

> = Y COE Y i,
k

q=1 k

and equating coefficients of the ¢y gives
i (t) = Brax(t),

where
n

B2 = Z(_l)qc(q)d%q—l)uz'

q=1
From the asymptotic behavior of (2), we know that pr = O(k), so that

5}3 ~ Z(—l)qC(Q)dQ(q_l)kq.

q=1

If (—=1)"C™ > 0, or, equivalently, if sgn(C) = (—1)", then the leading
order term of this expression is positive, and thus as k¥ — oo, we know that
32 — o0o. On the other hand, if (—1)"0(") < 0, then this expression is uniformly
bounded from above, i.e. there is a C such that 37 < C for all k.

Clearly, if the wavenumbers grow without bound, an estimate such as (5)
cannot hold. This argument gives us

Lemma 1. Equation (4) satisfies (5) if and only if sgn(C™) = (=1)"~1,
Thus (4) is well-posed in H'(w) x L*(w) if and only if sgn(C™) = (=1)"~1,



Now, every equation whose solution lies in H!(w) x L?(w) for all time is
well-posed in that space, because this is a finite-dimensional space. The well-
posedness follows from continuity arguments for the theory of ODEs. But one
can also calculate the frequencies 37 directly here, where we only have con-
tributions from modes where [ < d®. Then 6,% can be bounded uniformly
by

n
Z(_l)qc(q)d(ﬂa)qﬂ'
g=1
If @ < 0 is chosen appropriately, this is bounded above.

Since all of the equations we study are linear hyperbolic equations, existence
and uniqueness results are standard. Lemma 1 is a simple way to check whether
or not (4) is well-posed on H'(w) x L?(w).

If our equation given by (4) is ill-posed, then we will make the equation well-
posed by introducing perturbations which are small on our phase space. Some
of the corrections that we add to our equations will be singular perturbations,
so it is not a priori clear that this will not dramatically change the quality of
our approximation. We will show below that it does not.

We will modify (4) only if it is ill-posed. If (4) is already well-posed, we will
leave it as is. Thus we assume that sgn(C(™) = (=1)".

Observe that the original equation

Uy = Lyu + Z O(Q)dQ(qfl)Lgu (4)

q=2
looks formally like an equation of the form
ug = Lyu + (small),
or
L,u = uy — (small).

Following this, we will replace one power of L, in the last term of (4) by 9.
We then get

n—1
u = Lyu+ Y CO@ D Ley 4 M@= Vo7 1, (7)
q=2
and we want to demonstrate that it is well-posed on H'(w) x L?(w). Since it
is not of the form mentioned in Lemma 1, we need to calculate the frequencies
directly.
We expand

u(z,t) = Z ak(t)or(x),

k>0
and if we insert this into (7), we have

n—1

indr = —prardrt Y COd D (=1) pdapgr+(—1)" ' CM > gy,

q=2



or
n—1
(1 + (—1)”0(”)d2(”’1)u271) i = (‘Hk + Z(_l)qc(q)dZ(ql)ﬂz> .
q=2

Stated differently, we have
ak(t) = ﬁ]%ak(t),
where we now have
n—1 B
52 _ Hr + ZqZQ (—1)qc(q)d2(q UMZ
k 1+ (—1)nCm@2n—1) nT

(8)

Since we have assumed that sgn(C(™) = (—1)", the denominator is never
zero. We see that 0 is uniformly bounded above for non-negative k since

Onfl
. 2 _
Jm G =~ mem

Thus (7) is well-posed. Note also that in the expression (8), the numerator
is the original frequency less the higher order term, and the denominator is of
the form 14 O(d>»~D1+2)) Thus we have

Proposition 2. If, instead of using (4) to approzimate the dynamics of (1), we
instead use (7) to approximate the dynamics of (1), then Theorem 1 of [3] still
holds. Specifically, if we say that u(x,y,t) satisfies (1) and ut,(x,t) satisfies (7),
each with appropriate initial conditions as chosen in [3], then the energy of the
error between the two approximations,

||’U,(.’IJ, Y, t) - U:;(JJ, t)l(y) ||H1 (w)X L2(w)
satisfies the same estimates as in Theorem 1 of [3].

Proof. If, instead of making the approximation L,u = uy, we make the
exact substitution

Lou = uy — Z C(q)dz(q_l)Lgu7

q=2
then
L' = L' Y(L,u)
=L <utt - Z C(q) dz(ql)Lgu>
q=2



This makes

O(")d2("_1)LZu — C(")d2("_1)3t2LZ_1u _ C(")C(‘J)d2("+q_2)Lg+"_lu.

n
q=2
So our full equation is

n—1
ug = Loyu+ C DL a4y COPe D Ly
. "~ (9)
_ Z C(")C(‘J)dz("+q_2)Lg+"_1u,
q=2
The highest order term in this expression is

_(O(n))2d4(n—1)L§n—lu.

Now the only difference between (7) and (9) is that the terms

Z CcM @) g2tnta=2) patn—1,

q=2

where ¢ > 2, are dropped from (9) to obtain (7). These terms are, at worst, of
order d*"L"*! in H'(w) x L?(w). By Lemma 22 of [3], this does not appreciably
affect the approximation. This is because the term we have thrown away is, by
inspection, O(d?" 2"+ 1)) and this is the same as the error we already had in
the approximation of (1) by (4).

O

3 The coefficients of the reduced PDE

In this section, we will derive a formula for the constants C'(9 which appear
in (4). In [3] (cf. Equation (25)), it was shown that the full model could be
written in certain variables as

i = JVH(2).

After some analysis, it was shown that the dynamics for z were well approxi-
mated by the flow (cf. Theorem 3 of [3])

{ = JV(HS,, + H§)(Q), (10)
where
Hy = Z Oo+2(I)L1(G)o,
IeM, 1
and

Li(G)g = Crd?Dpiot,



(Here we are using notation from [3]. See the beginning of Section 3.2 to
recall the definitions of ©(I), Cr, Ly, and p(I).)

We showed that we could write this as a reduced PDE in the form (4). We
grouped the coefficients by the powers of L,, and we obtained a PDE of the
form

N
Ut = Lxu + Z C(Q)Liua (4)
q=2
where
cW = N (~1)146,.(I)Cr. (11)
Iezd,,
p(1)=2(q—1)

Recall that the H)  term in (10) is what generates the L, term in (4), and
the HJ term in (10) generates the higher-order terms in (4).

If we examine (11), it is clear that if we can write down a formula for every
Cr and ©g42(I), then we can generate from that a formula for any C@, At
this point, we have a working solution to the problem of finding the coefficients.
In principle, one could compute C; and Og42(I), at least numerically, for any
I, since we have a recursive formula in Lemma 3 below, which comes straight
from calculations in [3].

The drawback of this formulation is twofold. First, the formula for C7 is
only in a recursive form. Second, and more importantly, the formula for Cj
is expressed in terms of the Fourier coefficients of b and the eigenvalues of the
operator L,. We will not explicitly know these in practice, and would have to
approximate them numerically. The formula we exhibit below will have neither
of these drawbacks.

In Section 3.1, we examine the expressions in Fourier variables that we will
encounter, and see what their continuous analogs are. In Section 3.2, we write
down several inductive formulas for Cr, Qr(1), fr(1), and gr(l). In Section 3.3,
we derive a non-recursive formula for the C; which, for I € M,,, depends only n
functions by, ...b,_1. In Section 3.4 we derive a non-recursive formula for these
b;. Finally, in Section 3.5, we write down a formula for ©;(I) and ©¢;2(I).
Armed with all of these formulas, we see from (11) that we can now calculate
C@ for any q. Finally, in Section 3.6, we carry out the procedure fully to
compute C® and C®).

3.1 Taking Fourier series

Recall from the eigenvalue problem (3) for n that the 4; are an orthonormal
basis for L? with the property that

Ly = =Nt
We define the operator F: L? — (2 as

F(H() = / " F)un) dn.



Given a function f € L2([0,n]), this integral is defined for all I > 0, and,
furthermore, we know

FUIF@e =92 1FDle =171 L2

The operator F applied to a function f gives us the Fourier series of f with
respect to the basis {¢;}. If we define

D(L,) ={ue H2([0,7]) | v (0) =/(7) = 0},

then it is easy to see that L, is symmetric on this domain, and that the image
of L, is

Dt = {ue 2O [ utna=o}.

For any [ > 0, ¢; € D(L;l), and it makes sense for us to write the equation
Ly = ——. (12)

Another way of saying this is that for any function f € D(L,; 1), we are guaran-
teed that F(f)(0) = 0, and thus we can define how L, ' acts on Fourier series

g o =-200 (13

Where convenient, we also use the notation that
f=7), 9=F "),

Also, if we have two functions f,g € D(L, 1), then Parseval’s Equality can
be written as

/0 " fmet) dn = 3" FHDF@)). (14)

>0

Combining (13) and (14) gives us
FHOOFDO (" apy [T
3 - /O Ly (f) - gdn /0 foLgydn,  (15)

>0 )\l
; %;W _ /Oﬁ LN(f) - L7 (g) dn. (16)

Also, we consider the expression (;; which was defined in [3] to be

_ B(lvll) _ , 7 A T , 7 _ l T
By = ) o, b(LT) —/O b(m)vu(m)pw (n)dn,  b(0) = 7T/O b(n) dn.
If we further define the function
~ 1 ~
b(n) = = (b(n) ~ b(0)) (17)



and note that ¢y = 1/4/7, then we have

By = /07T b, (18)
1 ("
- [ b= ILGUER (19)
>0

bf =F! (Z f(f)(”)ﬁl,l/) : (20)

’>0

for any f € D(L,").

3.2 The inductive step

In this subsection, we will derive two inductive formulas. In Lemma 8 of [3], it
was shown that all of the terms in our expansions led to a certain form, with
unspecified coefficient functions. Lemma 3 below gives an inductive formula for
these coefficient functions, using the calculations from [3].

We recall some notation from [3]. There are three types of terms, Type 0, 1,
and 2. Type 0 terms were terms which coupled [ = 0 modes to [ = 0 modes,
Type 1 terms were terms which coupled ! = 0 modes to [ > 0 modes, and Type 2
terms were terms which coupled I > 0 modes to I > 0 modes. In Lemma 3 of
[3], it was shown that taking Poisson brackets with the functions denoted by x,,
sent Type 1 terms to Type 0 4 2 terms, and sent Type 0 + 2 terms to Type 1
terms. Of course, applying two of these Poisson brackets sends Type 0+ 2 terms
to Type 0 + 2 terms, and Type 1 terms to Type 1 terms.

Also, we denoted in [3] the map

Li(H) = {xi, H},

and
L](H):Lzl O"'OLin(H)

if I =4y...4,. Recall that we also defined Cr, Q;(l) and K™(l) so that
Li(G)o.koo = C’Idlﬂ(f)wz((Jl)Jrl7

1/2
w
Li(G)1,k10 = QI(l)dp(l)‘*f]l:(()l)Jr1 I;(/Jz’
Wit
w1/2 1
o = K2y 2 L
Wit

We first state inductive formulas for the Cy, fr, qr, Qr:

10



Lemma 3. We have the following formulas:

Cu=—2Y HEEE, a0 =50, 00 =@,
>0
Qu) = 0,50 _ gy o Klolle) _ ) 5 K ill)
12>0 2 I2>0 2

Proof. The calculation is straightforward, and was done in the proof of
Lemma 9 in Appendix A of [3]. For a more detailed derivation, see Appendix H
of [2].

O

Lemma 4 will be Lemma 3 iterated twice, but we state the formulas explicitly
for convenience. Since taking two Poisson brackets sends Type 042 to Type 0+2
and Type 1 to Type 1, it is possible to derive a formula for @);;; which depends
only on @, and a formula for Cj;r, fijr, and g;;; which depends only on Cf,

fr, and gr.

Lemma 4. We have the following two-step formulas:

Cor = -2 0,3 EORQ) 5 K0ui) | 5~ K050

A Al Al
>0 >0 >0
K1) f1(1) K'(Dgr(1)
_9 Z " LAV Z )\lgl ,
>0 >0
oy o BN = QK1)
QUI(Z) - 2 )\l ygo )\l’

KI(l) x—~ Qr(l)K' (L) K'(l) K7 ()
D

11>0 >0 l21 ,
fijr(l) = K;\(l),
l
i) = €50 gy 3 o) _ ) 5~ KA,
11>0 1 1150 1

We consider the various sums in the above expressions. For example, con-
sider the very first sum,

>0

Let’s say that for any ¢ > 0, we had a function b; such that F(b;(n))(l) =
Ki(l) for I > 0, i.e. the function K represents the Fourier coefficients of the
function b;. Then the sum in (21) would be

/0 L, (bi) Ly, * (by) dn,

11



using the formula given in (16).

We will show below in (33) that for any ¢ > 0, there is a function b; such that
F(bi(n))(1) = K¥(l) for I > 0. Furthermore, we will exhibit a iterative formula
for b;. In the meantime, we need only be concerned with the fact that such b;
exist. Then, using (15), (16), and (19), we can rewrite Lemma 4 as

Lemma 5. We have the following two-step formulas:
Cijr = —2 cl/ Lt (bi) L" (bj)—z/ L, (b;) ar ></ L, (b:) fi
0 0 0
—2/ Lt (b5) fi ></ L, (b:) ar,
0 0
Qijr = 2L, (bi)/ Lt (b)) Qr — Ly " (b)) x
0

></O Lnl(bi)QI_QI/O L, (bi) Ly " (b)),
fisr =Lt (b),
gijr = CrLy ™" (b)) — ff/o Lt (by) gr — QJ/O L, (b)) f1.

3.3 A formula for C;

Although Lemma 5 is good as an inductive lemma, we need a little more. In
the next two sections, we turn the inductive lemma given by Lemma 5 into a
closed-form formula for C; and Q7. In this section, we derive a formula for Cy
using Lemma 5, and in the next, we do a similar analysis to derive a formula
for ;. Thus we will use the first, third, and fourth equations in Lemma 5 in
this section, and the second equation of Lemma 5 in the next section.

When deriving these formulas, we find that a notational complication arises
because the process described in Lemma 5 generates many terms, especially if
I is long. For example, if Cr and §; are both sums of n terms, then C;;; and
Gijr will have 3n terms. After a cursory inspection of the inductive formulas, we
see that every term in Cr involves combinations of terms of the form L (bs,).
The complication is that at each stage they are combined in various ways, and
we need to compute how they are organized.

Definition 2. Given a set S, we define P(S) to be the set of pairings of S. We
say that a set of sets s is a pairing of S, or that s € P(S), if

e cvery element of s (except possibly one) is a two-element set,

o if there is an element of s which is not a two-element set, it is a singleton,
and

e the elements of S are completely represented, i.e. every element of S ap-
pears exactly once in the elements of s.

Remarks:

12



1. Tt follows from the definition that if #(S5) is even, then the elements of s
will only be two-element sets, but it #(S5) is odd, then one of the elements
of s will be a singleton.

2. For example, the set P({1,2,3}) consists of the pairings
{1,23, {33}, {{1, 3}, {23}, {42, 3}, {1}}-

3. For the purposes of notational simplicity, we will write the pairing

{{1.2},{3}} as [1 2][3].

Let I be a multiindex of length n, where n is odd. Let s € P ({1,...,n,*}),
and t € P ({2,...,n,*}), where

s = [s11512)[s21522] - - - [Sm15ma2],

and
t = [t11t1z][tortee] - - - [tm]-

If n is even, we choose s € P({1,...,n—1,%}) and t € P({2,...,n—1,%}).
Here we are thinking of * as a special place marker. Note that in either case,
whether n is even or odd, we have chosen s to be a pairing from a set with an
even number of elements, and ¢ to be a pairing from a set with an odd number
of elements.

We then define

Cro=T1 [ 237 () B )
i=1
m—1
=y (n,) T [ 27 (00,) £ (b)),
=1

where, if z is an integer and b, € D(L; "), then L, (b,) is given by (12), and if
T = *,

—0 if n is odd,

bL 1 (b,) if nis even,

For simplicity of notation below, we say that x + 2 = x.

Let us calculate some examples explicitly. Choose n =3, and I =7,5,4, i.e.
C7 will be the coefficient of the Type 0 piece of the term Lo Lso Ly(HY). Let’s
say that we choose the pairing s = [13][2%] € P({1,2,3,*}). Then

1 -~ -~ - ~
Cro= o= [ £t ) 1 ) dn [ 15" (bs) -

13



On the other hand, if we were to choose the pairing s = [12][3%], then

1 ~
Cro= o= [ £ ) 1 ) dn [ L5 (bo) -

Now, choosen =4 and I = 12,9,7,6, so that C7 is the coefficient of the Type
0 piece of the term Lis o Lg o L7 o Lg(HY), but we again choose s = [13][2%] €
P({1,2,3,%}) (recall that for n even we choose s € P({1,...,n — 1,%})). Then

Cra= [ Ly ) L Or) dyx [ 5L, (bo) L 00) di

There are two special sets, S, C P({1,...,n,%}) and T,, C P({2,...,n,*}) (if
n is odd), or S, € P({1,...,n—1,%}) and T, C P({2,...,n — 1,%}) (if n is

even), so that
Cr= Z Crs, g1= Z Jr,t-

SES, teT,

To start, assume that we have an s € S,, and a t € T}, , where

5 = [s11512][521522] - [Sim15mal,
t = [titie][taitaz] - - - [tm)-

Further assume that C; and g; have a simple form, namely that C; = Cy
and gr = gr,, and we will be able to extend the argument by linearity.
Denote I =ijl. Consider the second term in Cj;; in Lemma 5,

2 e fox [ e
By definition,

m—1
gl’t B be H / be il 771 (blfiz)

and we know that §
fl = L771 (bll) s

so the second term in Cj;; in Lemma 5 becomes

_Q/L;1 (bi) L, " (bh)/L (b;) L, " (b,,) H / (br,,) Ly (br,,, ) -
Noting that I = ijI, and thus Iy o = Ij, we can write this as

2 [0 )2y ) [ 17 () 2 (b, )
m—1 (22)

-1 -1
x Ly (bn ) Bt (v ) -
=1

14



Thus (22) is —2Cf 5, where
S=[13][2tm +2)[t11 +2t12+ 2] [tm—1,1+2 tm—12+2].

In this way, we say that ¢t gives rise to 5. Looking at the terms in Lemma 5, we
see that given a pair (s,t), we give rise to six terms (51, 82, 83, t1, t2, t3), where

51 =[12][s11 + 2 s12 + 2] - - [Sm1 + 2 Sm2 + 2],
Gy = [13)[2 tm + 211 +2t12+ 2] [tmo11 + 2 tm_12 + 2],
§3 =1ty +2][23][t11 +2 t12 + 2] -+ [tr11 + 2 tin—12 + 2],
t1=12][s11 +2 s12+ 2]+ [Sm1 + 2 Sm2 + 2], (23)
f _[3][ mA 2t 2t + 2] [tme11 + 2 tne1.2 + 2],

[

tm —|—2H23][t11+2 t12+2] [m 171—|—2tm,1)2—|—2].

More specifically, if we start with the terms C7 s and §r ¢, then applying L;;
generates the two terms

_2 (Cf,gl + Cf,gz + Cj,§3) ? and - (gi,fl + gi,£2 + gi,f{;) ?

where 3; and #; are defined in (23).
Upon inspection, we see that if we take any ¢ above, and turn the odd

singleton into a pair by inserting a 1, then we get one of the §’s above. So we
define the map ¢ by

d([tr1t1a] .. . [tm]) = [tratiz] .. [1 t]-

Then if we start with ¢t € T, and ¢(t) € Sy, then

1= ¢(t1),

S2 = ¢(t2),

53 3 = ¢(t3), (24)
tr=[2][tir +2 tia+ 2] -+ [t + 2 3],

to=1[3]2tm +2)[t11 +2 tia + 2] [tm—11 + 2 tm_1,2 + 2],
t3=[tm +2][23][t11 + 2 t12 + 2]+ [tm—1,1 + 2 tm—1,2 + 2).

If we have already defined the sets S,, and T,, then this gives a method to
define S, 12 and T}, 2. For example, we define the set of pairings T}, 12 by saying
that ¢ € T}, o iff it arises in one of the three ways in (24) from a pairing ¢t € T},.
Similarly, we define S,,42 as arising from one of the three ways in (23). It is

then clear that if S, = ¢(T},), then S,12 = ¢(Th42). In particular, we have
shown

Lemma 6. Fix a multitndex I = I115...1,, and a € R. We assume that we

can write
Cr=a Z Crs, g1r=« Z gr,ts

sES, teTy,
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where Sy, = ¢(T,). Then if we define a new multiindex of length n + 2 as
I =14jl, then

Cr=-2a > Ci, gi=-a Y g

5€Sn 42 t€T 2
where Spyo = ¢(Thi2), and Tyio is related to T, by (24).

The only thing left are the initial cases. Since Lemma 6 gives the formula
for two steps in the process, we must have initial cases for |I| = 1 and |I| = 2.

First, we consider the case L;(G)or2 = L;(HY). Using the formulas from
Appendix A of [3], we have that

ll 6l1, _ 1
z 2 Z /\ll ’ gz(l) - 26!,07

11>0

and thus . )
C;=——— [ bL:' (b)), §i =——=b. 25
5= [ 00, 5= (25)
For the case |I| = 1, we see that C; has one term, with s = [1 ], and g; has
one term, with ¢ = [«].
Next, we consider the initial case L;;(G)ot2 = Lij(HY)o+2. Using the for-
mulas from Appendix A of [3],

_ K'()EI(1") B I K OB
= Z )\l)\l/ ] gl] - 2 Z )\l/ 9

l 1’>0 >0
or

1 [~ _ _ . 1-
Cij =—3 /bLnl (b)) L' (bs) s Gij = —QbLnl (bs) - (26)

For the case |I| = 2, we see that C;; has one term, with s = [1 %], and ¢ has
one term, with ¢ = [«].

From the above we see that Sy = S; = {[1 *|} and T5 = T1 = {[#]}. From
this and Lemma 6 it is clear that for n even, S, = S,_1 and T,, = T,,_1.
Note that functions we get in (25) and (26) are different, but the difference
corresponds exactly to the difference in the definition of b, for |I| even and odd.

Theorem 1. Given a multiindex I = 1115 ...1I,, we define b, so that

1 -

—0 if |I] is odd

L*l(b*) _ ﬁ Zf| | s oaa,
bL, ' (br,) if 1] is even.

If we define

Cra=T1 [ 227 ) " o).
i=1

16



s = [s11512][s21522] - - . [Sm15m2],
then L,
cr= (2= Y o
seS,

Proof. First consider |I| = 1. From the calculations above, we know that
C; = —C; s/2 with s = [1 ]. Thus

1
C; = —3 Z Ci,ss

SES)

and —1/2 = (=2)7!. For |I| = 2, we know that Cj; = —Cj; /2 with s = [1 ],

so that .
Cij=—3 > Cijs
SESH

and —1/2 = (=2)~!. Our induction hypothesis is that

C] = (—Q)L%%J Z Cl,sa

SES,

where |I| = n. We apply Lemma 6 and see that for I with |I| = n + 2,

Cr= (=271 3 o

5€Sh42

Noting that |I| = n + 2, we are done. O

Theorem 1 solves the problem fairly completely. It tells us that our coeffi-
cients are sums of terms which we can compute explicitly. We do not yet have
an expression for S, or T,,. We have what amounts to a recursive relationship
between S,, 2 and S,,, and we need to derive a non-recursive formula for S,, and
T,.

Let us fix n odd. Of course, if we know what T;, is for n odd, then we
have T, 11 = T, and we know T, for n even. There is a certain pairing e,, €
P({2,3,...,n,*}) which we will consider special, namely

en=[23][45]...[n—1 n][].

Given a permutation m of the set {2,...,n,*}, we can apply 7 to e, and
obtain another pairing ¢t € P({2,...,n,%}). It is certainly true that every
pairing t € P({2,...,n,*}) can be realized as a permutation of e,. (In fact,
since pairings ignore order, there are many permutations which will realize a
given pairing as a permutation of e,.) Characterizing the elements of T, is
equivalent to characterizing the set of permutations which gives rise to them.
We will characterize T}, in such a manner, i.e. we will say that there is some set

17



I1,, of permutations of {2,...,n,*} such that ¢t € T,, iff there is a permutation
7 € Il, with t = w(e,).

We write the transposition which switches the elements a and b as (a b).
Given a pairing t, we define (a b)t to be the pairing which switches the entries
a and b in t. Of course, many transpositions will have no effect on a pairing,
since order is irrelevant.

We note that we can always write

= (%141)(% i2) -

for some collection of numbers i, < n. This statement is not very strong. All
we claim here is that every permutation can be realized as a product of transpo-
sitions with a given fixed element. This is true because every permutation can
be written as a product of transpositions, and every transposition of the form
(a b) can be written as (x a)(x b)(* a).

The unusual element here is that we will show that our permutations can be
written in this fashion, with the iy strictly decreasing.

Lemma 7. Assume that every element of Il,, can be written as

s

(% ik)- (27)

= (%11)(* i2) ... (% i) =

k=1

with i1 > g > -+ > i,,. Then
o the same holds true for 11,12,

o for every element w € 1l,,, there are three corresponding elements in 11,42,

as follows. We define
w=]]0ix+2)

k=1
and then
T =T,
ﬁ'g :7~T(* 2),
ﬁg :7~T(* 3)

Then w € 11, iff the three elements w1, 72, T3 are in I, 4o.

Proof. Since the first conclusion follows directly from the second, we
need only prove the second. Let us assume that ¢ = [t11t12][ta1tes] . . . [tm] € Th,
and we denote by 7 the permutation which gives t = w(e,). Assume that 7
satisfies (27).

We recall that

t3=[23][t11 +2tia+ 2] [tm-1.1 + 2 tn—1.2 + 2|[tm + 2],
t1=[3tm +2|[t1n +2ti2+2] - [tn—11+2 tm_1.2 + 2][2],
to=[2tm +2|[t11 +2ti2+2] - [tim—11+2 tm_1.2 + 2][3].
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Clearly, if t = 7(e,,) where ™ = ( i1)(* ia) - - -, then {; = 7(e,12) as defined
above, so that 71 = 7. Also, we see that o = (2 t,,+2)m and 73 = (3 £, +2)71.
So we will be done if we show that

(2t + 2)T1 = 71 (x 2),

and similarly for 7s.

Before we continue with the proof, we make a couple of observations. Note
that our special pairing e, has a * in the singleton. We are applying to this
pairing a series of transpositions of the form (x ). When we apply (x ) to e, this
will put the number ¢ into the singleton. Furthermore, there is no way remove a
number from the singleton once it is there, since all further transpositions will
be of the form (x j) with j > i. Thus, by inspecting m(e,), we know that the
first (i.e., rightmost) transposition of 7 must be (x ¢) where ¢ is the number in
the singleton of 7(e,). By the same argument, if * is in the singleton of 7 (e,,),
then 7 must be the identity.

Now, we prove that (2 t,, + 2)T1 = 71(x 2). There are two cases. Either
tm + 2 = * or not. If ¢, + 2 = x, it follows from above that m is the identity.
But the identity commutes with everything, so that

(x 2)id = id(x 2),

and 7o = 7(x 2).
So we assume that ¢, + 2 # *. Since the number ¢,, + 2 is in the singleton,
it follows from (27) that 7 is of the form

= (1:[ (% zk)> (% tm),

k=1

i.e. that the first permutation must have been (* t,,). Then

m—1
Tl = (H(* z’k+2)> (* tm +2).

k=1

Note also that i + 2 > ¢, + 2 for all k because of (27). And, of course, since
ix+2 > 4 for all k, we know that the permutation (2 ¢,, +2) will commute with
all but the last. Then we have that

m—1

(2tm—|—2)7~r1—(2tm+2)(H(*ik+2)> (* tm + 2)

k=1

= (nﬁ (x i + 2)) (2 tin 4 2)(x tm +2),

k=1

and it is a direct calculation that (2 t,, +2)(* tm +2) = (% tm + 2)(x 2), so that
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Every permutation in II, gives rise to three in Il,,;2. Note that it follows
from the proof that 7 will not contain both (* 2) and (* 3). It can have either
one, or neither, but it cannot have both. From this it follows that no 7 has both
(* n) and (x (n+ 1)) for n even.

We know from direct calculation that II; has one element, id. From this we
can deduce that II3 has three permutations, (x 2), (x 3), and id. Thus the three
elements of T5 (or Ty) are

[+123], [3 #][2], [2 +][3]-
Also, from this we know that the three elements of S (or Sy) are
[1 %][23], [3 %][12], [2 %][13].

We know that II5 has nine elements. We can choose to do (x 2), (* 3), or
do nothing at the first step, and we can then choose to do (x 4), (x 5), or do
nothing at the second step, giving a total of nine possibilities. We carry out this
induction in the following theorem:

Theorem 2. Letn be odd. Choose the (n+1)/2 permutations m;, each of which
has the property that w; = (x 2i),(x 2i + 1), or the identity. Then II,, is the set
of all compositions

7T(n+1)/20~'~O7T1.
If n is even, then 11, =11, 1.

Proof. Choose n odd, and the proof is the same for even n. The theorem
is certainly true for n = 3, since Il3 is the set

(x 2), (+ 3), id.

Let’s assume that we have a 7 = 7, 4.1y/2 0+ --om € Il,. Then in Lemma 7 we
get 7 by increasing each entry by 2. In this scheme, we can write

T = M(n4+3)/2 0" O3,

where m; = (% 2i), (% 2i 4+ 1), or the identity. Then we know the three permuta-
tions we get from this are

T(n+3)/2 0 " 073,
7T(n+3)/20"'O7T3(* 2),
T(n43)/2 0+ 0 T3(* 3),
which can be written
7~T=7T(n+3)/20---o71'307r1,

where w1 = (x 2), (x 3), or the identity. O

This scheme says that at each step, the set of permutations (and thus the
set of possible pairings) grows by a factor of 3. Since the increasing assumption
means that there will be no repeats, we have that |S,,| = 3L»=1)/2],
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3.4 A formula for K™ and b,

At each step of the inductive process of [3], we chose x,, to solve the equation
{xn, HY..} = —HT,. It was shown that

HY\ o= Y ©1(I)Li(G).
IeM,_1
p(I)=2n

We also recall that the function Q; (1) was defined in Lemma 9 of [3] to be the
part of L;(G); which depended on [. With all of this in mind, it is not surprising
that (for details, see the calculations leading to (109) in [3], or Appendix H in
[2]) the function which encapsulates x,,’s dependence on [ is given by

K*()= ) 4Q:(). (28)
IeMqp_1
p(I)=2n

‘We remind the reader that

p(I) = 21y + 1),

k

where I, are the entries of I.

At first glance, the reader might think that this formula has is circular, since
the formulas for the Q; depend on K7 themselves. The reason that this is not
circular is that the function K7 enters the formula for Q; only if j is one of
the indices of I. If a multiindex I has an n as an entry, then by necessity,
p(I) > 2n+ 2. It follows that the largest entry of any I with p(I) =2nisn— 1.
Thus this formula for K™ might depend on K7 for all j < n, but the right hand
side of (28) will not depend on any K7 with j > n.

To calculate K™, we need a general algorithm to determine Q) for any I.
The calculation of Q7 is very similar to that of C;. If we inspect Lemma 5, we
see that the inductive two-step process which defines Q7 is very similar to the
one which determines C;. We will see that the main difference between the two
formulas is the initial cases, but that the step-by-step process is almost exactly
the same.

Let us fix a multiindex I. If |I| is even, we choose t € P ({1,...,n,*}), and
if |I| is odd, we choose t € P ({1,...,n — 1,x}). In contrast to the choice in the
last section, here the set of elements includes a 1, for |I| both even and odd. In
either case, we are choosing from an odd number of elements, so that we can
write

t = [t11t12] - .- [tm]-
Then we define
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where L, 1(b,) for x an integer is the same as defined in the previous section,
and 1
—b, if |I| is even,
Ly (b)) =3 VT .
bL, !

There is a set U, C P ({1,...,n,*}

—~

by), if |I]is odd.
or U, C P({1,...,n—1,%}) such that

~—

Q1 Qr.e-

-

te

n

We see from Lemma 5 that if we choose a term of the form Q 1+ and apply
L;; to it, we will get —Qj 7, 2Q57,, and —Qj 7., where

t1 = [1 2][t11 + 2t12 + 2] .. [t + 2],
ty = [2 ty + 2)[t1 + 212 + 2] ... [1], (29)
ts = (1 ty + 2|[t11 + 2t12 + 2] ... [2].

Just as before, we define U, 12 to be the set of pairings that arise in one of
these ways from the set U,.

Lemma 8. Fiz a multiindex I, and define I = ijI. If we can write

Qr= Z a(t)Qr,e,

teU,

then 5 5
Qr= > at)Qj,,

teUn +2

where a is some real number which depends on the pairing t.

Proof. The proof is exactly the same as in the case of Lemma 6, except
that we have the coefficients a(t). O

To determine the initial cases, we do something slightly different than in the
previous lemma. Before, we chose |I| =1 and || = 2 to be our initial cases. In
this case we can simplify and choose |I| = 0 and |I| = 1 as the initial cases in
the induction.

In this manner,

Qu(l) = —iﬁl,o, (30)

or

- 1 -
-
Qo W
so that Qg has one term with ¢ = [«].
The calculations in Appendix A of [3] give

_ I KB
Qi) =5 E‘B — (31)
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or 1
Q; = ZbL;l (bs),

so that Ql has one term, with ¢ = [*]. From this, we know that Uy = U; and thus
U,, = U, 41 for n any even number. Moreover, the permutations corresponding
to the Q7 are similar to those corresponding to the ¢y, in that U,, = T}, for any
odd n, and U,, = T,,_5 for any even n. Thus we have

Theorem 3. Given a multiindex I = L1 15 ...I,, we define
1 -

—b, if |I| is even,
L (b)) = V7 T
71 . .
bL, " (by), if || is odd.

If we define
m—1
Qrt = L;l (b[,m) H /L;l (b[r 1) L;l (b[r 2) ,
i=1
for

t = [tiitia] ... [tm],

then there exists a set of pairings U, and a function a: U, — R such that

Qr= Z a(t)Qr e

teU,

We need to determine the set U,, and the function a(t). We do so in the
following theorem. We should note that we will again characterize U, as a set
of permutations applied to a special element. Since the situation is so similar
to that in the previous section, we compress this information in the following
theorem.

Proposition 9. Let n be even. Choose the n/2 permutations w;, where w; =
(x 2i), (x 20 — 1), or the identity, and let

7T:7Tn/20-~'O7T1.
We define the special element e, € P ({1,...,n,*}) to be
en =[*¥][12][34]---[n—1n]
Then t € Uy, iff it can be written w(e,) for a permutation m in the form above.
Furthermore, let 3 be the number of transpositions in © of the form (x i)
with © odd. Then for t € U, with t = w(ey),

If n is odd, then U, = U,_1.
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Proof. The part of the proof which describes U,, is much like the proofs
of the last section. Let us assume that we have ¢t € U,,, where ¢t = w(e,). We
define 7 to be the permutation with all of the transpositions of 7 increased by
2. In other words, if

(* ix),
1

n
m =

k
then

Then referring to (29), we have that
tr =71(en), t2="malen), t3="7s3(en),

where
=7, wo=1t,+2)7, 73=(2t,+2)7T.

An argument exactly like that in the proof of Lemma 7 gives us that

1:ﬁ, ﬁgzﬁ(* 1), ﬁ3=ﬁ(*2)

R

Now, we want to determine a(t). We see from Lemma 5 that 72 comes with
a factor of 2, and 7; and 73 come with a factor of —1. This means that if we
consider the formulation above where 7 is written as a product of transpositions,
every time we use (x 2i — 1), we get a factor of 2, but if we choose (x 2i), or
the identity, then we add a factor of —1. Another way of writing this is that we
choose a factor of —1 for every m;, and then multiply an additional factor of —2
for any choice of (* 2 — 1). There are | (n —1)/2] 41 terms, so the permutation
7w comes with a prefactor of

(-pl= (27, (32)

where [ is the number of transpositions of the form (x 2¢ — 1) (the number
of transpositions of * with an odd number). If we consider the equations (30)
and (31), we see that a([¥]) = —1/4. Combining this with (32) gives us the
formula for a(t). O
As we know, if we can calculate @ for any I, then to find K", we calculate
the sum
K'=4 Y Qr
IeMp—1
p(I)=2n
Recall that we define the function b,, so that F(b,) = K™. If we want the
function b, then we simply need to compute

-1 Y O (33)
IeM, 1
p(I)=2n

24



3.5 A formula for ©y5(/) and O,(])

We will show a recursive formula for ©g42(/) and ©1(7). Not surprisingly, the
formula for each function will depend recursively on the other. Let us fix a
multiindex

I =nPr(n—1)P"-1...0P, with n >0,

where we denote ~
I = (n _ 1)Pn71 .. ,Opo7

and calculate O©gy2(7). First, consider the formula from [[3], Equation (46)]:

i n—1 i /ﬁ
n n—l(Hl,low) Liz—l(Hl )
f = ¥ Eelim)y 5 Bl

i odd i odd i even

v Lallin) gy

i!

where we recall that H?;}V are the terms of H}'! of order exactly 2n in d, and
that we have defined £(i) = (i + 1)!/i.
From this we see that

1 .
—'®0+2(I), if p,, is even,
Pn: .
0, if p,, is odd, and p(I) < 2n,
= 1 ~ ~
Oo+2(1) ——0,(I), ifpy isodd, and p(I) = 2n,
§£pn)

—'Gl(f), if p,, is odd, and p(I) > 2n.

n -

If we choose I = 0P°, then (34) gives us that

1 . .
— if pg is even,
Oo42(0P0) = poi
——, if po is odd.
&(po) ’
To calculate ©4(I), we consider [[3],Equation (47)]
Ly (H35) Ly (HY.,) Ly (1)
HnJrl _ n 042 n slow n 1 35
7 O lie>‘/8n 7 even
and thus
1 ~ . .
—O042(I), if pn is odd,
0, if p,, is even and p(I) < 2n,
I)= 1 ~ ~
O1(1) m@ﬂ[), if p,, is even and p(I) = 2n,
1 ~ -
Zﬁ®1(1), if p,, is even and p(I) > 2n.
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If we have a sequence of the form I = 0P°, then (35) from [3] gives us that

1

T if po is odd,
poi
0, (0P) = ———, if pg is even and positive,
&(po)
O7 lf Po = 0

For example, let’s say that we have I = 2,2,2,2,1,0, i.e. we are consider-
ing the terms L2 2221,0(G)o+2 and L2 2221,0(G)1, and we want to calculate
@0+2(I> and @1([)

From the formulas above,

1 1 1 1
2,2,2,2,1,0) = —Og(1,0) = —— _ _
®0+2( y Ly Ly 4y 50) 4!®0+2( 70) 4'5(1)61(0) 4'5(1)1' TS
On the other hand
1 1 1 1
©1(2:2:2,2,1,0) = 301(1.0) = g770+2(0) = 7737 = 37

(The first step above gives a 1/4! since, even though there are an even number
of 2’s, p(1,0) =6 > 2-2.)

3.6 The coefficients C® and C®

In this section, we summarize the steps needed to compute C(9, and compute
the coefficients C(?), C®) explicitly. First, we reproduce (11), noting that we
can simplify because we have chosen all ©g;2(I) to be 0 when I ¢ Z§, ,, and so
we get
CW= 3" (=1)"46:2(I)Cy. (36)
p(I1)=2(q—1)

Now, to compute C'(9) using (36), we first need to find all I such that p(I) =
2(¢ — 1). Recall that p(I) = 2>, (I + 1) where I, are the entries of I. One
this set of I has been found, we then compute C; and ©g42(I) for each I.

First, we compute C'®). The only I for which p(I) = 2 is I = 0, so the sum
in (36) has only one term with I = 0, and we have

C® = 40¢,2(0)Cy = 2Cy.

Using (25) we calculate that

s

Co bL, " (bo) dn.

-1
2T /o
To calculate by, recall that there is only one multiindex I with p(I) = 0, that
is, I = 0. So, using (33) and (30), we have that

1 -
bo = F14Qy = —ﬁba
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and thus

We can also write this as

1 i ~

C?® = — /b —b(0)) L, (b(n) — b(0)) dn.

02 Jo (b(n) = b(0))L,, " (b(n) — b(0)) dn

This will be positive for any b(n), since L, 1 is negative definite.
Now we compute C'®). We know that

c® = Z —40042(1)Cr,
p(I)=4
and we only have two multiindices contributing to this sum, 00 and 1.
We know from the formulas that Cy is the coefficient which arises from the
term LZ(HY), and C; is the coefficient that arises from L;(HY). We claim that

we can make our calculation simpler, because by a happy coincidence, L3(HY) =
L1 (HY). This is because of the following: Since D; g = 4d2wk0H}i,low,k}l/)\l7 and

L;(L1(G)1)o,k00 = Z Li(G)1,k10Di k1,
1>0

it is clear from inspection that L;(H{, ) = Li(Hf,low)' We also note that
HY,, =H)and H{ = Lo(H3), and thus L,(HY, ) = Lo(HY?,,,), or

L low
Loo(Hy) = L1 (HY).
Then we know that
C®) = —4(0042(00)Coo + Op12(1)C1).

Since ©g42(00) = Og;2(1) = 1/2, we have that C®) = —4Cqq. Using (15), (31)
and Appendix A of [3], we can calculate that

1
Coo = [ BL; (o)L, (b
0

1 (7. N -
= bL-Y D)L (b
3 |, Py OILy () dn.

and thus 5 o7
3) _ Ir—1/7 -1/
c® = ——/0 bL ()L, (b) d.

™
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4 Numerical Simulation of the PDE

4.1 Numerical efficiency

Here we compare the numerical efficiency of the two methods of computing a
solution. Given an equation of the form (1), we can solve (1) directly, or solve
its approximation (4). A reasonable question to ask is, how much more efficient
is the algorithm that computes the reduced equation versus the full equation?
This is not as clear as it first seems. Although the reduced equation is posed on
a lower dimensional space, it is of higher order, and it could be true that needing
to choose smaller timesteps for the purposes of stability could overwhelm the
gains made by being on a lower-dimensional space.

We will consider this question for the simplest case consistent with the PDE
posed in (1). We will assume that w is a rectangle, and thus € is a thin rectangu-
lar prism. To compute the numerical approximation for (1), we have to choose
At = O(Ay) to ensure numerical stability. Assume that we choose a grid which
is uniform in the dimensionless variables, so that Az; = Azy = 7/N, and Ay =
dm/N. We can see that to compute any step in the numerical approximation, we
need to do O(N?) operations. Since we must choose At = O(Ay) = O(d/N),
to compute (1) until time 7" directly, we need to do O(N*/d) operations.

On the other hand, if we want to compute (4) directly, we are given the n
CFL conditions

At=0 (lmax dl_iAxi) .
i=1,...n
Now, as the solution is stated in [3], we chop off the modes with wavenumber
greater than d* (for some —1/2 < o < 0) in the initial condition. Thus it is
reasonable to consider grid-sizes in the = direction with Az > d=“. Then, for
each CFL condition we have

d' 7 (Az) > Ax(Az/d) ™" > Apd~ U0
> Azd~ 30D > Ax.

Thus we see that the most restrictive condition is At = O(Ax). If we want to
compute until a fixed time 7', the simulation of the reduced problem requires
O(N?) operations, and the simulation of the full problem requires O(N*/d)
operations.

Contrasting the two algorithms, we see, first of all, that the algorithm that
approximates the reduced PDE is superior in that it is one order better in N.
In fact, the difference is even more pronounced, since the full problem is stiff in
the sense that as d — 0, we need to resolve the grid more finely to get resolution
in the thin direction, but there is no small parameter in the reduced equation,
and simulating it is independent of d.

4.2 Some example reduced equations

In the problem described in [3], we were working on a domain of the form
Q = w x [0,7d], where w was a two-dimensional domain. We can work out
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an exactly analogous theory if we assume instead that w is simply the one-
dimensional interval [0, 7]. It turns out that all of the estimates, and even all
of the formulas, are exactly the same, as long as we redefine L, appropriately,

i.e. we define 5 5

for some scalar function c(z), and thus our full PDE is

0 ou 0 ou
= — d)— bly/d)=— —
we =5 (a5t ) + o/ (0 5. (3%)
and the reduced PDE can still be written as
up = Lyu+»_ COd* DLy, (39)

q=2

where we have redefined L, as in (37).

In this section, we assume that we have chosen a = 1,¢ =1 in (38). We will
pick three different choices of the function b. In each case, we will derive the
reduced equation up to the third (L2) term.

We note here that the numerical evidence suggests even more than has been
proved. Theorem 1 of [3] says that the successive approximating reduced equa-
tions will afford a good approximation for longer intervals of time, but the
numerical evidence suggests that they also afford qualitatively better approxi-
mations over the intervals on which they are valid.

4.2.1 The case b=1
In this case, the PDE (1) is in the form

Utt = Uyy + Lmua

which is simply the standard two-dimensional wave equation. There is no in-
teraction between the x and y derivatives. We can see by inspection that there
is no coupling when, using the notation of [3], we go to discrete variables, i.e.
that T'y ;o = 0 for all 1,1’ > 0. In this case, we would expect that the reduced
PDE

Ut = Lzu

would afford as good an approximation as possible. This is because any energy
we start with in the [ > 0 modes will stay there for all time. We now compute
the coefficients and show that this heuristic argument is true.

By inspection, we can see that by = by = 0, from the formulas in (30)
and (31). From this it is clear that for any I = 1"0™, we have that 1 = 0. But
since @1, Qoo = 0, we know that b, = 0. This implies that for all I = 2™1™0P,
Q7 = 0. Proceeding through this inductively, we can show that b; = 0 for all
1, and from the formula in Theorem 1, this means that C; = 0 for all I, and
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thus C@ = 0 for all ¢ > 2. This means that the reduced PDE affords a good
approximation for any timescale that we would desire.

In Figure 1, we show some numerical evidence for this. What we did was
numerically simulate the two equations

Uy = Uyy + Lyu, (40)

and
Ut = LI’U/ (41)

We took the solution of (41) and multiplied by 1(y), and compared the H' x L?
norm of the difference of the two solutions. Below, we will refer to this as the
“energy of the error”. Figure 1 is a time-series of this error. As we describe
above, we analytically expect this to be 0 for all time, and up to numerical error,
this is what we get.

4.2.2 The case b= 1+ cos(n)/10

We use the formulas in Section 3.6. We know that

c® :—1/0 bL, ™ (b) dn,

s

and

c®__2 /O bL, ()L, (b) di.

™

From the definition of b, we have that

-1
b—ﬁcos(n).
Thus L .
c<2>=——/ o dn —
= ), ~T00 < M dn =555
and

2 (M1 -1 -1
c® — _—/0 — cos(n)l—o cos(n)l—o cos(n) dn = 0.

Thus we expect that the reduced PDE

1
Uttt = LI’LL + ﬁdQLiu

affords a good approximation to (1) for timescales of O(d~°). This is because,

since C®) = 0, the second approximating equation is really also the third.

For the numerical simulations, we simulated
Ut = Uyy + b(n)LzU, (42)
and the two reduced equations

Ut = Lxu, (43)
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and
Uy = Lou+ CPd?L2u. (44)

As we stated above, we expect that (44) will afford a much better approxima-
tion to (42) than (43) would. The first figure, Figure 2, shows two time-series.
The first is the energy of the error between the solutions to (42) and (43). The
second is the energy of the error between the solutions to (42) and (44). In both
cases, we fixed d = 0.01. As we expect, the error is much smaller in the second
case. Note the scales on both graphs; the error in the second case is about 10™*
times that in the first.

The next figure, Figure 3, again shows the difference between the two ap-
proximations. Each picture shows the energy of the error at three selected
times, and for four different values of d. In each picture, we compute the error
at T = 10° (cross), T = 5 % 10° (circle), and T = 10° (star). We see that
the error at any fixed time gets smaller as d does, and the line in each picture
shows which power law the error follows. This is evidence that the error at fixed
time goes to 0 like d? for the first approximating equation, and like d° for the
second. The reason that we would expect the error to go like d° for the second
approximation is, again, the second approximating equation is actually also the
third approximating equation, since C'®) = 0.

4.2.3 The case b=1+ (n—7/2)/10+ (n — 7/2)%/10

As before, we use the formulas

c -1 /0 L, (b) dn,

™

@ 2 / bL, ()L, ' (b) dn,

™ Jo

where b = (n — 7/2)/10 + (n — ©/2)?/10. Numerically evaluating the integrals
in these expressions one finds that C'?) = 0.0474808 and C'®) = —0.0304309.

For the numerical simulations, we simulated
Ut = Uyy + b(n)LzU, (45)

and the three reduced equations

Ut = Lmu, (46)
uy = Lyu+ CPd?L2u, (47)
ury = Lyu + CPd?L2u + CPd* Liu. (48)

As we have proved, each successive approximating equation should afford a
better approximation to the solution of (42). The next figures suggest that this
is true.

In Figure 4, we have three time-series. Each is the energy of the error be-
tween (45) and one of the reduced equations. As predicted, when we add an
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additional term in the approximating equation, we get a much better approxi-
mation.

As we did before for Equation #2, we also compute the error at a selection
of three different times, T = 10° (cross), T = 5x10° (circle), and T = 10° (star).
This is shown in Figure 5. Again, we insert a line to show what power law the
error observes. This is evidence that the error at fixed time goes like d? for the
first approximation, like d* for the second, and like d® for the third.
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