Partial Differential Equations — Math 442 C13/C14

Fall 2009
Homework 2 — due September 18

1. (Strauss 2.1.1.) Solve uy = Uz, u(z,0) = e, uy(x,0) = sinz.

Solution: We use d’Alembert’s formula with
o(x) =e*, P(z) =sinz.

Then we have
x+ct
/ sin s ds = cos(z + ct) — cos(z — ct),
x

—ct
and so we have

1
u(x,t) = = (et 4 ") 4 2—(cos(x + ct) — cos(z — ct)).
c

N =

2. (Strauss 2.1.7.) We define an odd function to be any function f such that f(—xz) = —f(z) for all x.
Prove that if that the initial conditions ¢, ¢ are odd functions, then so is the solution u(x,t) for any
fixed time t¢.

Solution: There are two completely different solutions:

e Again use d’Alembert. We know that the solution is

x+ct
u(z,t) = %(d)(:c +et)+ Pz —ct)) + % / sin s ds.

—ct

Now, we compute

—x+ct
w—aw=§w«w+dw+w—x—my+i/” (s) ds

20 —x—ct

Using the fact that ¢ is odd, we have

b~z — ct) = ¢(— (@ + ct) = —d( + ct),
b~z + ct) = ¢(—(w — ct)) = —¢(x — ct).
Now consider the integral, and make a change of variables r = —s, giving
—x+tct xr—ct x+ct
/ P(s)ds = —/ Y(=r)dr = —/ P(r)dr.
—x—ct x+ct r—ct

(Note in the last equality there are actually three minus signs, since we use the fact that ¢ is odd,
and we flip the domain of integration.) Putting all of this together gives u(—z,t) = —u(z,t) and
thus u is odd.

o We showed that reversing time gives a solution to the wave equation, and so does reversing space:
if we choose v(z,t) = —u(—=z,t), then we see that

Utt(xu t) = _Utt(_ff, t)u UII(:L.7 t) = _uww(_xa t)u
and thus if u satisfies

Ut = C2U;E;E7 U(CE, 0) = (b(‘r)u ut(xa 0) = 1/1(95)7



then v satisfies
Vi = gy, v(x,0) = ¢(—x), wvi(x,0) = P(—zx).

This is true for any solution to the wave equation. If we now further assume that ¢,y are odd,
then these two PDE have the same initial data, and therefore by uniqueness, v(z,t) = u(z,t) for
all z,t, and thus u(z,t) = —u(—=z,t), and u is odd.

. We have defined a “well-posed” problem in class (also see book) typically for PDE, but we can consider
if an ODE satisfies these three properties as well. Here you are given a sequence of ODEs and initial
conditions; determine which of these problems are well-posed, and which are not':

dy
(a‘) % - 2y7 y(O) - 27

dy
(b) e Inz, y(0)=0.

Solution:
(a) This ODE satisfies the hypotheses of the E-U theorem for ODEs (in fact, the vector field is C'™)
and thus it is well-posed.

(b) We cannot apply the theorem directly, but we can solve this ODE exactly. In fact, the general
solution can be written as y(x) = xzlogxz — 2+ C for some constant C'. We see that there is exactly
one solution with (0) = 0 (in fact, choose C' = 0). To show stability, we need to show that if
we choose two different initial conditions, we can make the solutions close by choose the initial
conditions close. So consider the two solutions

yi(x) =xloge —x, yo(x)=xloge —z+ C.
Clearly, y2(0) = C, and by choosing |y2(0)| < €, we can make |y1(z) — y2(x)| < € for any .

. (Strauss 2.2.2.) Let us consider a solution to the wave equation usy = uz, (we have assumed that
¢? = 1). Define the energy density e(x,t) = 3(uf + u2) and the momentum density p(z,t) = usu,.
Show that

de  Op @_86

@) 5 = o0 4% = o
(b) e and p both satisfy the wave equation themselves (although with different initial conditions).
Solution:
(a) We have
%—uu —+ uru @—uu—i—uu
8t_ tWtt xWxt, 8ZE_ te Ux tUxax-
Using ut = Uy, shows these are equal. (similar for the other)
(b) We have

€r = Utlty + UgUgy,
2 2
Cog = Upy + Utltzr + Uy + UgUzaq,
€t = Uttt + UgUgt,

.2 2
et = Upy + UtUpgr + Uy, + UgUgrt

IRecall the Existence-Uniqueness Theorem which you saw in ODEs



Then

— 2 2
Crx — €ttt = UtUtgzr — UtUttt + uzz - utt + UgpUgpgpe — UgUttx

= U (Uge — gt + uim - uft + Uy (Uge —Ut)e =04+ 0+0=0.

(similar for p)

5. (Strauss 2.2.3.) Show the following invariance properties for solutions of the wave equation. Assume
that u(x,t) satisfies the wave equation, then show that each of the transformed solutions also satisfy
the wave equation:

(a) translation: u(z — a,t) for any «,
(b) derivative: u,(z,t),

(c) dilation: u(ax,at) for any a
Solution:

(a) Define v(z,t) = u(z — a,t). We see, using the chain rule, that

ov ou d ou
8—x(:1c,t) = £($ —a,t) - E(m —a) = £($ —a,t).
Similarly,
0%v 0%u
@(l’,t) = ?((E — a,t).
We also work out that
821)( f = 82u( 0
5 () = 5 (@ —at).

Therefore
Vit (2, 1) — Pvge (2, 1) = uge(x — 0, t) — g (z — oy t) = 0.

(b) Define v(z,t) = uy(x,t). Then
Uit = Ugtt, Vo = Uzzx,

SO

00
Vit — 021)11 = Ugtt — C2uxxx = Utta — C2uzzz - (utt - C2uzz)x - % =0.
¢) Define v(z,t) = u(ax,at). Then
fi h
ov ou
%(a:,t) = %(ax,at) - a,
0?v 0, Ou 0?u 5 0%u
@(:v,t) = %(a%(amat)) = a@(a:mat) a=a @(a:mat),
ov ou
E(m,t) = E(ax,at) - a,
0?%v 0, Ou 0?%u 5 0%u
W(m,t) = E(ag(amat)) aw(ax,at) a=a W(ax,at)

Thus we have

Vit (7, 1) — e (2, 1) = aPug(az, at) —a®ug, (ax, at) = a®(uy(ax, at) — cugze (az, at)) = a*-0 = 0.




6. (Strauss 2.3.3.) Consider a solution to the diffusion equation u; = u,, for € [0,L] and t > 0.
Define

M(T) = maximum of u(z,t) on the rectangle [0, L] x [0,T],
m(T) = minimum of u(z, ) on the rectangle [0, L] x [0, T].

Does M (T') increase or decrease as a function of 7?7 Does m(T') increase or decrease as a function of
T? Explain why.

Solution: It turns out the answer to this is somewhat complicated as it could depend on the boundary
and initial conditions. Let us first fix the boundary conditions as

u(0,t) =0, wu(L,t)=0,

for all ¢ and assume that the initial condition ¢(x) is positive for some z € [0, L] so that M (0) > 0.
The claim here then is that M (T'), m(T) are functions which are constant in 7.

First, notice that by definition, if 77 > T, then M (T") > M(T) (since we’re taking the maximum over
a larger set).

We now want to prove that M(T’) < M(T), and then we are done. So we prove by contradiction:
assume that M (T") > M(T). If this is so, then clearly the maximum inside the rectangle [0, L] x [0, T"]
must occur for t € (T,T’]. Since M(T") > M(T) > M(0) > 0, this means that this maximum may not
occur on the left- or right-hand edges, but must occur either in the interior of the rectangle, or on the
top edge. But this directly contradicts the Maximum Principle. Since assuming M (T") > M (T) leads
to a contradiction, it must be true that M (T") < M(T).

The argument for m(T) is similar: reverse every inequality above and use the Minimum Principle.
Of course, with different boundary conditions things could be more complicated. If we now assume
that w(0,t) = f(¢), and this function is increasing (rapidly enough), then it’s possible that M (T)
increases, since M (T') > max;c(o,7] f(t) at least. In this case, the final statement would be that M (T")
can increase, but no faster than f. Other permutations are left to the reader...



