Math 348 Homework 1 Solutions Monday, Jan. 31, 2000

1. In order (using De Moivre’s Theorem and other basics),
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2. (corrected!) We have, conveniently enough, that
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Thus the desired answer is
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Mathematica gives the answer to the original problem as, roughly, —42.5856 — 47.7752;. Expanded
as rational numbers, the real and imaginary parts would not fit into one line.

3. We have —4 = 4e™, so z* = —4, hence
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Similarly, 8¢ = 8¢™/<, so that the three cube roots are
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Finally, if 272 = 2i, then 22 = - = —1 = 1e3™/2, 50 that the values of z are
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4. In order, these can be described as: a vertical line, the right half-plane, the unit circle, the
outside of the unit circle, a horizontal line, the half-plane below this line and an annulus. Pictures
are ok as well, to “count” as a description.



5. See pictures; note that —1 = e™, 14 i = v/2e"™/4, %_Z = %

6. If f(z) = 12, then
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7. (revised) This is the strip bounded by the lines z = —1 and z = 1. The first transformation
doubles the region and shifts it up by 1 (not that we’d notice), into the region bounded by z = —2
and £ = 2. The second transformation can’t be done so easily in words. If z = 1 4 it, then
w=(1+2)(1+it)+1 =2—t+i(l+t), and the pair (2 —¢,1+¢) parameterizes the line z +y = 3.
Similarly, if z = —1 4 ¢t, then w = (1 +4)(—1+4t) + 1 = —t + i(—1 — t), and the pair (—t,—1 — )
parameterizes the line z + y = —1: the region is the strip between these two lines.

8. See picture. Note that if z = re!® and w = 1/z, then w = (1/r)e™**.

9. Notice that Pi(z) = z and since (z + 271)%2 = 22 + 2 + 272, we have P»(z) = 2 — 2. Suppose
by induction that 2" + 27" = P,(z + 27 1). Let f,(z) = z + 2!, and observe that

fn(2)f1(z) = (z” + zin) <z—|— %) = (z"+1 + zﬂ%) + (z"_l + zn1_1> = far1(2) = fr_1(2).

That is, (z 4+ 2)Pa(z 4+ 1) — Po_1(z + 1) = 2! + L. Thus, we may take P,i1(z) = 2P, (z) —
P,_1(z), and so by induction, P, ;1 is a polynomial of degree n + 1.

This is closely related to a famous family of polynomials called the Chebyshev polynomials,
and we’ll see later that P, has the interesting property that P, (2 cos(f)) = 2 cos(n#).




An alternative proof is to solve for z in the equation z 4+ 2! = w; this becomes a quadratic
in z, 22 —wz + 1 = 0,and there are two solutions; z = wEvw =4 V;"L‘l. However, the solutions are

reciprocals, so in any event,
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If you now expand the right-hand side by the binomial theorem, and note that (a+b)™ + (a —b)" =
2>, (;;C) a” 2%k because alternate terms cancel, you will get an explicit formula:
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10. You can substitute in directly, or note that z2 = 22 — 32 + i2zy, so that 22 = 22 — y2? — i2zy,
1,2

and so 22 — y? = 2(2% + 2%) and 2zy = £ (2% — 2%), and similarly, 23 — 3zy® = (23 + 23).
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11. There are two ways to draw the triangle. In the first, (23 — 22) = w(z2 — 1) and in the second,
(23 — 23) = w?(29 — 21). Thus, recalling that w + w? = —1, either

z3—z2—w(z2—z1):wzl—(1+w)Z2+23:wz1+w222+2320

or
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23—z —w(ze —21) = w2z — (1 +wh)zy + 23 = w21 +wog +23 =0

Either one happens if and only if the product of the two polynomials is 0; that is

0 = (w21 + W’z + 23) (W21 + w2g + 23) = W32F + W22 + 23

—I—(w2 + w4)z1Z2 + (w+ w2)(zlz3 + 2923) = 224+ 22+ z% — (2129 + 2123 + 2223).
12. Writing a,, + b, = (3 4+ 44)™, we have

Gpy1 +ibpy1 = (an +1b,) (3 + 44) = (3a, — 4b,) + i(4a, + 3by,).

If you know modular arithmetic, it’s easy to see that a,, =3 mod 5 and b, =4 mod 5 imply the
same for a,+1 and b,4+1. If you don’t know modular arithmetic, follow the hint and find that

5¢ni1+ 3 =3(5cn +3) — 4(5dn +4) = 5(3cn — 4dp —2) +3 = Cny1 = 3¢y — 4dy, — 2
5dni1 + 4 =4(5c, +3) + 3(5d, +4) = 5(4cn + 3dp, +4) +4 => dpyr = 4ep + 3d, +4

and induction implies that c¢,, and d,, are integers for n > 1.
If arc'“’;rin‘*/?’ = T, then z =3 +4i = 5e™im/™ g0 that 2" = (3 + 4i)" = 5"e™™ = +£5" would be
real, and so that b, = 0, but this is impossible since b, =4 mod 5.



