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1. Backstory

In 1913, Ramanujan posed to the Journal of the Indian
Mathematical Society the following question: “Shew that

(622 — dzy + 43°)3 = (322 + 5y — 5y2)3+
(42? — 4zy + 6y°)3 + (522 — 5zy — 3y°)3,

and find other quadratic expressions satisfying similar
relations.”
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1. Backstory

In 1913, Ramanujan posed to the Journal of the Indian

Mathematical Society the following question: “Shew that
(622 — dzy + 43°)® = (32% + 5xy — 5y°)°+
(42? — 4zy + 6y°)3 + (522 — 5zy — 3y°)3,

and find other quadratic expressions satisfying similar

relations.”
The next year, S. Narayanan gave the more general expression

(tz* — nzy + ny?)? = (pz® + may — my?)>+

2 _nay+ €y2)3 + (ma:2 — mxy — py2)3,

(nx
where

C=2N+1), m=2X3-1, n=XX3-2), p=2+1

(Set A = 2 and divide by 3 to get Ramanujan’s formula.)



1. Backstory

When Bruce Berndt presented this exchange at a seminar in
Urbana in the late 90’s, I was convinced that there was an
opportunity to analyze this problem from a more algebraic
point of view. This led to a project that’s become more
combinatorial than one might expect and is strongly
reminiscent of both a rabbit hole and a white whale.
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1. Backstory

When Bruce Berndt presented this exchange at a seminar in
Urbana in the late 90’s, I was convinced that there was an
opportunity to analyze this problem from a more algebraic
point of view. This led to a project that’s become more
combinatorial than one might expect and is strongly
reminiscent of both a rabbit hole and a white whale.

Consider Ramanujan’s expression as a single equation

@G +a+ qg + ¢} = 0. This can be transposed into equal sums of

two cubes in three different ways, and there are some pleasant
surprises.
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1. Backstory

When Bruce Berndt presented this exchange at a seminar in
Urbana in the late 90’s, I was convinced that there was an
opportunity to analyze this problem from a more algebraic
point of view. This led to a project that’s become more
combinatorial than one might expect and is strongly
reminiscent of both a rabbit hole and a white whale.

Consider Ramanujan’s expression as a single equation

qi)’ + qg + qg + qi’ = 0. This can be transposed into equal sums of
two cubes in three different ways, and there are some pleasant
surprises.

First we have

(42% — 42y + 6y°)° + (52 — 5wy — 3y?)3
= (622 — 4zy + 4y*)3 — (322 + 5y — 5y?)3
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1. Backstory

When Bruce Berndt presented this exchange at a seminar in
Urbana in the late 90’s, I was convinced that there was an
opportunity to analyze this problem from a more algebraic
point of view. This led to a project that’s become more
combinatorial than one might expect and is strongly
reminiscent of both a rabbit hole and a white whale.

Consider Ramanujan’s expression as a single equation

qi)’ + qg + qg + qi’ = 0. This can be transposed into equal sums of
two cubes in three different ways, and there are some pleasant
surprises.

First we have

(42% — 42y + 6y°)° + (52 — 5wy — 3y?)3
= (622 — 4zy + 4y*)3 — (322 + 5y — 5y?)3
= (62% — 8xy + 6y°)° — (32° — 11y + 3y°)°,
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1. Backstory

A second transposition also has a third representation:

(622 — 4zy + 4y°)® — (52> — by — 3y?)3
= (42 — 4zy + 6y%)3 + (32 + 5zy — 5y?)3
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1. Backstory

A second transposition also has a third representation:

(622 — 4zy + 4y°)® — (52> — by — 3y?)3
= (4% — 4zy + 6y2)® + (322 + 5y — 5y°)3

94 2 94 2 23 2 199 23 2
(2135 - ﬁwy—l— 21Y ) + (2135 — LY+ 7Y )
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1. Backstory

A second transposition also has a third representation:

(622 — 4zy + 4y°)® — (52> — by — 3y?)3
= (4% — 4zy + 6y2)® + (322 + 5y — 5y°)3

94 2 94 2 23 2 199 23 2
(2135 - ﬁwy—l— 21Y ) + (2135 — LY+ 7Y )

Furthermore, this second set of identities can be derived from
the first by making the unimodular linear change of variables:

(= )_><59:—2y 333+3y>
» Y \/ﬁ ) \/ﬁ o
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1. Backstory

A second transposition also has a third representation:

(622 — 4zy + 4y°)® — (52> — by — 3y?)3
= (4% — 4zy + 6y2)® + (322 + 5y — 5y°)3

94 2 94 2 23 2 199 23 2
(2135 - ﬁwy—l— 21Y ) + (2135 — LY+ 7Y )

Furthermore, this second set of identities can be derived from
the first by making the unimodular linear change of variables:

(= )_><59:—2y 333+3y>
» Y \/ﬁ ) \/ﬁ o

Alas, the third transposition does not have a third
representation.
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1. Backstory

It turns out that these properties (of a third representation, and
the equivalence under linear change), are not specific to
Ramanujan’s example. One can also write down equivalent
versions for the Narayanan formulas. More to the point, up to
changes of variable, these completely describe the solution in
complex quadratic forms to qi)’ + qg’ + qg’ + qij = 0, although T'll
give a more symmetric formulation later.
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1. Backstory

It turns out that these properties (of a third representation, and
the equivalence under linear change), are not specific to
Ramanujan’s example. One can also write down equivalent
versions for the Narayanan formulas. More to the point, up to
changes of variable, these completely describe the solution in
complex quadratic forms to qi)’ + qg’ + qg’ + qij = 0, although T'll
give a more symmetric formulation later.

There is a huge literature on equal sums of two cubes of
quadratic forms, (see e.g. Dickson’s History of the Theory of
Numbers, Vol. 2, XXI-XXIII) which become instances of this
one-parameter family after a change of variables.
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1. Backstory

It turns out that these properties (of a third representation, and
the equivalence under linear change), are not specific to
Ramanujan’s example. One can also write down equivalent
versions for the Narayanan formulas. More to the point, up to
changes of variable, these completely describe the solution in
complex quadratic forms to qi)’ + qg’ + qg’ + qij = 0, although T'll
give a more symmetric formulation later.

There is a huge literature on equal sums of two cubes of
quadratic forms, (see e.g. Dickson’s History of the Theory of
Numbers, Vol. 2, XXI-XXIII) which become instances of this
one-parameter family after a change of variables.

In 1996, C. Sandor completely solved the problem of equal sums
of two cubes of quadratic forms over C, in the sense that he
gives all sets, with parameters satisfying a side-condition. He
didn’t present the three-fold sum of two cubes.
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2. Introductory material — notations

First, I'd like to introduce a few standard (and non-standard)
definitions and conventions:
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First, I'd like to introduce a few standard (and non-standard)
definitions and conventions:

o All forms (homogeneous polynomials) are in C|x, y].
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2. Introductory material — notations

First, I'd like to introduce a few standard (and non-standard)
definitions and conventions:

o All forms (homogeneous polynomials) are in C|x, y].

o Linear forms are “/(x,y)”; quadratic forms are “q(x,y)”.
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2. Introductory material — notations

First, I'd like to introduce a few standard (and non-standard)
definitions and conventions:

o All forms (homogeneous polynomials) are in C|x, y].

o Linear forms are “/(x,y)”; quadratic forms are “q(x,y)”.

o Two forms are distinct if they are not proportional; if f
and ¢ are distinct, so are f¢ and g%
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2. Introductory material — notations

First, I'd like to introduce a few standard (and non-standard)
definitions and conventions:

o All forms (homogeneous polynomials) are in C|x, y].

o Linear forms are “/(x,y)”; quadratic forms are “q(x,y)”.

o Two forms are distinct if they are not proportional; if f
and ¢ are distinct, so are f¢ and g%

o A set of forms is honest if it is pairwise distinct.
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2. Introductory material — notations

First, I'd like to introduce a few standard (and non-standard)
definitions and conventions:

(]

All forms (homogeneous polynomials) are in C[z, y].

Linear forms are “l(x,y)”; quadratic forms are “q(x,y)”.

Two forms are distinct if they are not proportional; if f
and ¢ are distinct, so are f¢ and g%

(]

A set of forms is honest if it is pairwise distinct.

(]

A linear change is an invertible linear change of variables:
(z,y) — (azx + by, cx + dy) with ad — be # 0.
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2. Introductory material — notations

First, I'd like to introduce a few standard (and non-standard)
definitions and conventions:

(]

All forms (homogeneous polynomials) are in C[z, y].

Linear forms are “l(x,y)”; quadratic forms are “q(x,y)”.

Two forms are distinct if they are not proportional; if f
and ¢ are distinct, so are f¢ and g%

(]

A set of forms is honest if it is pairwise distinct.

(]

A linear change is an invertible linear change of variables:
(z,y) — (azx + by, cx + dy) with ad — be # 0.

® (m = eZ™/™; except that & = —1, (3 =w, {4 = i.
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2. Introductory material — notations

First, I'd like to introduce a few standard (and non-standard)
definitions and conventions:

(]

All forms (homogeneous polynomials) are in C[z, y].

Linear forms are “l(x,y)”; quadratic forms are “q(x,y)”.

Two forms are distinct if they are not proportional; if f
and ¢ are distinct, so are f¢ and g%

(]

A set of forms is honest if it is pairwise distinct.

(]

A linear change is an invertible linear change of variables:
(z,y) — (azx + by, cx + dy) with ad — be # 0.

0 (m = €2™/™: except that (o = —1, (3 =w, (4 = i.

o “ALL” is short for “annoying little lemma”, a semi-routine
bit of business which will not be proved today.
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2. Introductory material — the linear case

Suppose {/;(z,y) = a;x + By : 1 < i < m} is an honest set of
linear forms. If m > d + 2, then {¢¢} must be a linearly
dependent set, since the vector space of binary forms of degree
d has basis {(‘;) 297Jyd : 0 < j < d} and so has dimension d + 1.
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2. Introductory material — the linear case

Suppose {/;(z,y) = a;x + By : 1 < i < m} is an honest set of
linear forms. If m > d + 2, then {¢¢} must be a linearly
dependent set, since the vector space of binary forms of degree
d has basis {(‘;) 297Jyd : 0 < j < d} and so has dimension d + 1.
What happens if m = d + 17 It is not hard to show that,
without exception, an honest set of d + 1 {¢¢}’s is linearly
independent. There are no singular cases.
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2. Introductory material — the linear case

Suppose {/;(z,y) = a;x + By : 1 < i < m} is an honest set of
linear forms. If m > d + 2, then {¢¢} must be a linearly
dependent set, since the vector space of binary forms of degree
d has basis {(‘;) 297Jyd : 0 < j < d} and so has dimension d + 1.
What happens if m = d + 17 It is not hard to show that,
without exception, an honest set of d + 1 {¢¢}’s is linearly
independent. There are no singular cases.

What happens if you have an honest set of quadratic forms

{g; : 1 < i <m}? Since deg qfl = 2d, we again find that if

m > 2d + 2, then {¢¢} must be dependent. If m = 2d + 1, then
it is true that a general set {¢¢} is linearly independent ....
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2. Introductory material — the quadratic case

...but there are exceptions with quadratic forms. For example,
any set
{(ajz® + Bjy*)?: 1< j<d+2}
must be dependent, because each element lives in the
(d + 1)-dimensional subspace < z242%y2¥ > (The same is true

if ¢j = a;F + ;G for any two distinct quadratic forms F, G.)
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2. Introductory material — the quadratic case

...but there are exceptions with quadratic forms. For example,
any set

{(aya® + BjyH)* 1< j<d+2}
must be dependent, because each element lives in the
(d + 1)-dimensional subspace < z242%y2¥ > (The same is true
if ¢j = a;F + ;G for any two distinct quadratic forms F, G.)
By the two-square identity, for any linear forms ¢;,
(U1la + 0304)2 + (0103 — 0a204)? = (€10 — l304)% + (L1035 + Loly)?.
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2. Introductory material — the quadratic case

...but there are exceptions with quadratic forms. For example,
any set

{(aja® + ByH)* 1< j<d+2}
must be dependent, because each element lives in the
(d + 1)-dimensional subspace < z242%y2¥ > (The same is true
if ¢j = a;F + ;G for any two distinct quadratic forms F, G.)
By the two-square identity, for any linear forms ¢;,
(U1la + 0304)2 + (0103 — 0a204)? = (€10 — l304)% + (L1035 + Loly)?.
Not to mention the action of the orthogonal group:

@3 + g2 = (cos gy + sin Og)? + (— sin Ogy + cos Og)>.
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2. Introductory material — the quadratic case

...but there are exceptions with quadratic forms. For example,
any set

{(aya® + BjyH)* 1< j<d+2}
must be dependent, because each element lives in the
(d + 1)-dimensional subspace < z242%y2¥ > (The same is true
if ¢j = a;F + ;G for any two distinct quadratic forms F, G.)
By the two-square identity, for any linear forms ¢;,
(U1la + 0304)2 + (0103 — 0a204)? = (€10 — l304)% + (L1035 + Loly)?.
Not to mention the action of the orthogonal group:

@3 + g2 = (cos gy + sin Og)? + (— sin Ogy + cos Og)>.

But wait, there’s more, I mean “less”, um, “fewer”:
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2. Introductory material — the quadratic case

...but there are exceptions with quadratic forms. For example,
any set

{(aya® + BjyH)* 1< j<d+2}
must be dependent, because each element lives in the
(d + 1)-dimensional subspace < z242%y2¥ > (The same is true
if ¢j = a;F + ;G for any two distinct quadratic forms F, G.)
By the two-square identity, for any linear forms ¢;,
(U1la + 0304)2 + (0103 — 0a204)? = (€10 — l304)% + (L1035 + Loly)?.
Not to mention the action of the orthogonal group:

@3 + g2 = (cos gy + sin Og)? + (— sin Ogy + cos Og)>.

But wait, there’s more, I mean “less”, um, “fewer”:

(2® —9%)* + (2ay)® = (2” + y*)°.
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2. Introductory material — the quadratic case

...but there are exceptions with quadratic forms. For example,
any set

{(aya® + BjyH)* 1< j<d+2}
must be dependent, because each element lives in the
(d + 1)-dimensional subspace < z242%y2¥ > (The same is true
if ¢j = a;F + ;G for any two distinct quadratic forms F, G.)
By the two-square identity, for any linear forms ¢;,
(U1la + 0304)2 + (0103 — 0a204)? = (€10 — l304)% + (L1035 + Loly)?.
Not to mention the action of the orthogonal group:

@3 + g2 = (cos gy + sin Og)? + (— sin Ogy + cos Og)>.

But wait, there’s more, I mean “less”, um, “fewer”:

(2% —y)? + (22y)” = («® +y°)%.
Key here is that zy ¢< F, G > for {F,G} = {22, y?} but
(zy)? €< F?, FG,G? >.



3. The main definitions and some remarks

We make two definitions.

Bruce Reznick, UIUC Dependent powers of quadratic forms



3. The main definitions and some remarks

We make two definitions.

Definition

Bruce Reznick, UIUC Dependent powers of quadratic forms



3. The main definitions and some remarks

We make two definitions.

Definition

o Given positive integers (r,d), r < 2d + 2, we say that an
honest set of quadratic forms {qi1,...,¢ } is a W(r,d) set if
{qgl} is linearly dependent.

Bruce Reznick, UIUC Dependent powers of quadratic forms



3. The main definitions and some remarks

We make two definitions.

Definition

o Given positive integers (r,d), r < 2d + 2, we say that an
honest set of quadratic forms {qi1,...,¢ } is a W(r,d) set if
{qgl} is linearly dependent.

o ¥(d) is the smallest r so that a W(r, d) set exists.
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Definition
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{qgl} is linearly dependent.
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3. The main definitions and some remarks

We make two definitions.

Definition

o Given positive integers (r,d), r < 2d + 2, we say that an
honest set of quadratic forms {qi1,...,¢ } is a W(r,d) set if
{qgl} is linearly dependent.

o ¥(d) is the smallest r so that a W(r, d) set exists.

Note that honesty implies ®(d) > 3. The determination of
whether {q;l} is linearly dependent or independent is not
affected by linear changes, or by replacing ¢; with c;q;, ¢j # 0.
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3. The main definitions and some remarks

We make two definitions.

Definition

o Given positive integers (r,d), r < 2d + 2, we say that an
honest set of quadratic forms {qi1,...,¢ } is a W(r,d) set if
{qgl} is linearly dependent.

o ¥(d) is the smallest r so that a W(r, d) set exists.

Note that honesty implies ®(d) > 3. The determination of
whether {q;l} is linearly dependent or independent is not
affected by linear changes, or by replacing ¢; with c;q;, ¢j # 0.
Thus W(®(d), d) sets can only be characterized up to
linear changes, permutations and the scaling of
individual elements, and there is no loss of generality in
assuming that the linear dependence is qil FooodF q,ﬁl = 0.
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3. The main definitions and some remarks

We make two definitions.

Definition

o Given positive integers (r,d), r < 2d + 2, we say that an
honest set of quadratic forms {qi1,...,¢ } is a W(r,d) set if
{qgl} is linearly dependent.

o ¥(d) is the smallest r so that a W(r, d) set exists.

Note that honesty implies ®(d) > 3. The determination of
whether {q;l} is linearly dependent or independent is not
affected by linear changes, or by replacing ¢; with c;q;, ¢j # 0.
Thus W(®(d), d) sets can only be characterized up to
linear changes, permutations and the scaling of
individual elements, and there is no loss of generality in
assuming that the linear dependence is qil FooodF q,ﬁl = 0.
(This is one way that the solutions in C[x,y] are hugely easier
to analyze than the subset of Diophantine solutions over Z.)
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4. Known results about ®(d)

The old results in this section have been phrased in the new

notation W(r,d) and ®(d).
®(2) = 3.| All W(3,2) sets come from {z? — %, vy, 2% + y*}

after permutation, linear changes and scaling. The proof is
similar to the one for Pythagorean triples.
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4. Known results about ®(d)

The old results in this section have been phrased in the new

notation W(r,d) and ®(d).

®(2) = 3.| All W(3,2) sets come from {z? — %, vy, 2% + y*}
after permutation, linear changes and scaling. The proof is
similar to the one for Pythagorean triples.

Liouville proved that Fermat’s Last Theorem is true for non-
constant (and pairwise relatively prime) complex polynomials.
Thus ‘ ®(d) > 4 for d > 3. | The proof can be found as one of

Paulo Ribenboim’s 14 Lectures on Fermat’s Last Theorem.
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4. Known results about ®(d)

The old results in this section have been phrased in the new

notation W(r,d) and ®(d).

®(2) = 3.| All W(3,2) sets come from {z? — %, vy, 2% + y*}
after permutation, linear changes and scaling. The proof is
similar to the one for Pythagorean triples.

Liouville proved that Fermat’s Last Theorem is true for non-
constant (and pairwise relatively prime) complex polynomials.

Thus ‘ ®(d) > 4 for d > 3. | The proof can be found as one of
Paulo Ribenboim’s 14 Lectures on Fermat’s Last Theorem.

And the case of even quadratic forms implies | ®(d) < d + 2.
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4. Known results about ®(d)

In view of Liouville, ‘@(3) =®(4) =d(5) =4 ‘ follows from

(2 + 2y —12)° + (& — 2y —1)° = 2(%)° — 202)%
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4. Known results about ®(d)

In view of Liouville, ‘@(3) =®(4) =d(5) =4 ‘ follows from

(2 + 2y —12)° + (& — 2y —1)° = 2(%)° — 202)%

(2% + yH)* + (wr? + w?y?)* + (WP2? + wy?)? = 18(zy)%;
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4. Known results about ®(d)

In view of Liouville, ‘@(3) =®(4) =d(5) =4 ‘ follows from

(2 + 2y —12)° + (& — 2y —1)° = 2(%)° — 202)%

(2% + yH)* + (wr? + w?y?)* + (WP2? + wy?)? = 18(zy)%;
3
Z(ika:Q + i/ =2 zy + igky2)5 =0.
k=0
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4. Known results about ®(d)

In view of Liouville, ‘@(3) =®(4) =d(5) =4 ‘ follows from

(2 + 2y —12)° + (& — 2y —1)° = 2(%)° — 202)%

(2% + yH)* + (wr? + w?y?)* + (WP2? + wy?)? = 18(zy)%;
3
Z(ik$2 + i/ =2 zy + i3ky2)5 =0.
k=0

I’'m not sure who proved the cubic one first. The quartic is a
simple application of a central technique we’ll talk about more
later (and also goes back in some sense to Diophantus), and the
quintic was found independently by Adolphe Desboves in 1880
(it’s in Dickson) and by Noam Elkies in 1996. Noam told me he
found it by replacing v/—2 with a parameter and solving; there
are actually several “natural” ways to derive it.
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4. Known results about ®(d)

A deep theorem of Mark Green from 1975 states that if {¢;},
1 < j <r,is an honest set of holomorphic functions in n
complex variables and

s
> ¢ =0,
j=1

then d < (r — 1)2 — 1. This implies that 1+ +v/d +1 < r, and so

[ 1++vd+1] < ®(d).| This implies Liouville’s result for
d > 4. Green’s approach does not lend itself to the construction
of quadratic form examples.
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4. Known results about ®(d)

A deep theorem of Mark Green from 1975 states that if {¢;},
1 < j <r,is an honest set of holomorphic functions in n
complex variables and

s
> ¢ =0,
j=1

then d < (r — 1)2 — 1. This implies that 1+ +v/d +1 < r, and so

[ 1+Vd+1] < ®(d).| This implies Liouville’s result for
d > 4. Green’s approach does not lend itself to the construction
of quadratic form examples.
Gary Gunderson has constructed four entire functions f; so
that Z?Zl fj6 = 0. It is not known whether this can be done
with polynomials. It can’t be done with quadratic forms.
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4. Known results about ®(d)

A deep theorem of Mark Green from 1975 states that if {¢;},
1 < j <r,is an honest set of holomorphic functions in n
complex variables and

s
> ¢ =0,
j=1

then d < (r — 1)2 — 1. This implies that 1+ +v/d +1 < r, and so

[ 1+Vd+1] < ®(d).| This implies Liouville’s result for
d > 4. Green’s approach does not lend itself to the construction
of quadratic form examples.
Gary Gunderson has constructed four entire functions f; so
that Z?Zl fj6 = 0. It is not known whether this can be done
with polynomials. It can’t be done with quadratic forms.
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5. Announcement of new results

The first four items give the bulk of the expository grief. They
follow from a complete analysis of W(4, d).
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follow from a complete analysis of W(4, d).

e W(4,3) comes from a one-parameter family of solutions.
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5. Announcement of new results

The first four items give the bulk of the expository grief. They
follow from a complete analysis of W(4, d).

e W(4,3) comes from a one-parameter family of solutions.

@ W(4,4) comes from two different solutions.

Bruce Reznick, UIUC Dependent powers of quadratic forms



5. Announcement of new results

The first four items give the bulk of the expository grief. They
follow from a complete analysis of W(4, d).

e W(4,3) comes from a one-parameter family of solutions.
@ W(4,4) comes from two different solutions.

@ W(4,5) comes from the Desboves-Elkies solution.
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5. Announcement of new results

The first four items give the bulk of the expository grief. They
follow from a complete analysis of W(4, d).

(4,

° 4,3)
(4,4) comes from two different solutions.

w comes from a one-parameter family of solutions.
4%

W(4,5) comes from the Desboves-Elkies solution.

If d > 6, then ®(d) > 5.

(]
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5. Announcement of new results

The first four items give the bulk of the expository grief. They
follow from a complete analysis of W(4, d).

e W(4,3) comes from a one-parameter family of solutions.
@ W(4,4) comes from two different solutions.

@ W(4,5) comes from the Desboves-Elkies solution.

e If d > 6, then ®(d) > 5.

e 9(6) = ¢(7) =5. (Examples)
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5. Announcement of new results

The first four items give the bulk of the expository grief. They
follow from a complete analysis of W(4, d).

e W(4,3) comes from a one-parameter family of solutions.
@ W(4,4) comes from two different solutions.

W(4,5) comes from the Desboves-Elkies solution.

If d > 6, then ®(d) > 5.

®(6) = ¢(7) = 5. (Examples)

$(14) < 6. (A very special example)

e 6 o6 o
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5. Announcement of new results

The first four items give the bulk of the expository grief. They
follow from a complete analysis of W(4, d).

e W(4,3) comes from a one-parameter family of solutions.
@ W(4,4) comes from two different solutions.

W(4,5) comes from the Desboves-Elkies solution.

If d > 6, then ®(d) > 5.

®(6) = ¢(7) = 5. (Examples)

$(14) < 6. (A very special example)

A family of examples which implies that ®(d) < |d/2]| + 2
when d > 4. These are explicitly given for even d.

e 6 o6 o
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5. Announcement of new results

The first four items give the bulk of the expository grief. They
follow from a complete analysis of W(4, d).

e W(4,3) comes from a one-parameter family of solutions.
@ W(4,4) comes from two different solutions.

W(4,5) comes from the Desboves-Elkies solution.

If d > 6, then ®(d) > 5.

®(6) = ¢(7) = 5. (Examples)

$(14) < 6. (A very special example)

A family of examples which implies that ®(d) < |d/2]| + 2
when d > 4. These are explicitly given for even d.

e 6 o6 o

@ The only sextics which are a sum of two cubes in more
than 3 ways are 2% + % and zy(z* — y?).
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5. Announcement of new results

All known W(®(d), d)’s seem to be be very symmetric
collections of quadratic forms. It’s unclear whether these
symmetries are inherent, a “Strong Law of Small Numbers”
phenomenon, or artifacts of the techniques used. Extremal sets
are often symmetric, though as we’ve seen this week, not
necessarily as symmetric as we’d like.
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5. Announcement of new results

All known W(®(d), d)’s seem to be be very symmetric
collections of quadratic forms. It’s unclear whether these
symmetries are inherent, a “Strong Law of Small Numbers”
phenomenon, or artifacts of the techniques used. Extremal sets
are often symmetric, though as we’ve seen this week, not
necessarily as symmetric as we’d like.

For example, in each case, there is a linear change after which
all coefficients of the ¢;’s are algebraic numbers of relatively low
degree; this degree seems to slowly increases with d.
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5. Announcement of new results

All known W(®(d), d)’s seem to be be very symmetric
collections of quadratic forms. It’s unclear whether these
symmetries are inherent, a “Strong Law of Small Numbers”
phenomenon, or artifacts of the techniques used. Extremal sets
are often symmetric, though as we’ve seen this week, not
necessarily as symmetric as we’d like.

For example, in each case, there is a linear change after which
all coefficients of the ¢;’s are algebraic numbers of relatively low
degree; this degree seems to slowly increases with d.

More surprisingly, for every known W(®(d), d), there is a linear
change after which |o;| = |v;| in every

¢j(z,y) = a;z® + Bjzy + 19>
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5. Announcement of new results

All known W(®(d), d)’s seem to be be very symmetric
collections of quadratic forms. It’s unclear whether these
symmetries are inherent, a “Strong Law of Small Numbers”
phenomenon, or artifacts of the techniques used. Extremal sets
are often symmetric, though as we’ve seen this week, not
necessarily as symmetric as we’d like.

For example, in each case, there is a linear change after which
all coefficients of the ¢;’s are algebraic numbers of relatively low
degree; this degree seems to slowly increases with d.

More surprisingly, for every known W(®(d), d), there is a linear
change after which |o;| = |v;| in every

¢j(z,y) = a;z® + Bjzy + 19>

These observations suggest a new look at an old idea of Felix
Klein, introduced in his book The Icosahedron.
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6. Klein polyhedra

Associate to each non-zero linear form ¢(z,y) = sz — ty the
image of t/s € C* in the unit sphere S? under the Riemann
map and vice-versa. (Assign ¢(z,y) =y to oo to (0,0,1). A
concrete implementation of the Riemann map is:

. 2q 2+q2_1
ptig— <p 2+¢°+17 p?+¢>+1° p?+q°+1
u+iv

(u, v, w) — 2.
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6. Klein polyhedra

Associate to each non-zero linear form ¢(z,y) = sz — ty the
image of t/s € C* in the unit sphere S? under the Riemann
map and vice-versa. (Assign ¢(z,y) =y to oo to (0,0,1). A
concrete implementation of the Riemann map is:

. 2q 2+q2_1
ptig— <p 2+¢°+17 p?+¢>+1° p?+q°+1

u+1iv

(u, v, w) — 2.

Since (az + by, cx + dy) = (sa — tc)z + (sb — td)y, note that

t/s+— T(t/s), where T(z) = %=L is a Mobius transformation.
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6. Klein polyhedra

Associate to each non-zero linear form ¢(z,y) = sz — ty the
image of t/s € C* in the unit sphere S? under the Riemann
map and vice-versa. (Assign ¢(z,y) =y to oo to (0,0,1). A
concrete implementation of the Riemann map is:

. 2(1 2+q2_1
ptig— <p 2+¢°+17 p?+¢>+1° p?+q°+1

u+1iv

(u, v, w) — 2.

Since (az + by, cx + dy) = (sa — tc)z + (sb — td)y, note that
t/s+— T(t/s), where T(z) = %=L is a Mobius transformation.
Any rotation of the unit sphere corresponds to a Mdbius
transformation on C*, and thus to linear changes, although not
all linear changes in (z,y) correspond to M&bius

transformations which give rotations.
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6. Klein polyhedra

It can be routinely checked that if (u,v,w) — z = re?, then
(—u, —v, —w) — —1/2 = —r~1e?. The quadratic which is the
product of linear forms associated with such an antipodal pair is

(fL‘ _ T,eiGy)($ +T—16i0y) — 22 + 1_:267;9333/ . e2i9y2.
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6. Klein polyhedra

It can be routinely checked that if (u,v,w) — z = re?, then
(—u, —v, —w) — —1/2 = —r~1e?. The quadratic which is the
product of linear forms associated with such an antipodal pair is

(fL‘ _ T,eiGy)($ +T—16i0y) — 22 + 1_:267;9333/ . e2i9y2.

It follows that 2% + Azy + By? comes from an antipodal pair if
and only if |B| = 1 and —A?/B is a non-negative real. For
example, if B = 1, then A has to be purely imaginary. This will
happens a lot.
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6. Klein polyhedra

It can be routinely checked that if (u,v,w) — z = re?, then
(—u, —v, —w) — —1/2 = —r~1e?. The quadratic which is the
product of linear forms associated with such an antipodal pair is

(fL‘ _ T,eiGy)($ +T—16i0y) — 22 + 1_:267;9333/ . e2i9y2.

It follows that 2% + Azy + By? comes from an antipodal pair if
and only if |B| = 1 and —A?/B is a non-negative real. For
example, if B = 1, then A has to be purely imaginary. This will
happens a lot.

If the quadratic ¢(z,y) corresponds to points (wy,ws), then
p(z, ey) corresponds to (wy,ws) rotated along a parallel of
latitude by 6.

Bruce Reznick, UIUC Dependent powers of quadratic forms



6. Klein polyhedra

Klein’s original motivation was that a highly regular set of
points on S2, such as the vertices of a Platonic solid, will be
invariant under a large number of rotations, hence the product
of the linear forms associated to the vertices will be invariant
(up to multiple) under many linear changes.
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6. Klein polyhedra

Klein’s original motivation was that a highly regular set of
points on S2, such as the vertices of a Platonic solid, will be
invariant under a large number of rotations, hence the product
of the linear forms associated to the vertices will be invariant
(up to multiple) under many linear changes.

We have repeatedly found that highly symmetric figures created
by looking at the {¢;}’s in W(®(d), d), in terms of the
corresponding pairs of points on S2.
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6. Klein polyhedra

Klein’s original motivation was that a highly regular set of
points on S2, such as the vertices of a Platonic solid, will be
invariant under a large number of rotations, hence the product
of the linear forms associated to the vertices will be invariant
(up to multiple) under many linear changes.

We have repeatedly found that highly symmetric figures created
by looking at the {¢;}’s in W(®(d), d), in terms of the
corresponding pairs of points on S2.

For example, the quadratic forms from the Pythagorean
parameterization {22 — y? 2% + 42, vy} come from the antipodal
pairs of the vertices of an octahedron:

(£1,0,0) —» £l —xFy, (0,£1,0)+— +i— x Fiy,
(0,0,1) — oo —1y, (0,0,—1)— 0 z.
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6. Klein polyhedra

The antipodal pairs of the vertices of the cube %(:i:l, +1,41)

correspond to the Desboves-Elkies form: ) qg’ = 0 and note
that [, ¢; = 28 + 14zty* + y® (up to multiple).
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6. Klein polyhedra

The antipodal pairs of the vertices of the cube %(:i:l, +1,41)
correspond to the Desboves-Elkies form: ) qg’ = 0 and note
that [, ¢; = 28 + 14zty* + y® (up to multiple).

The (six) antipodal pairs of the vertices of an icosahedron
correspond to six quadratic forms satisfy > qJ1-4 = 0 and

l_[j qj = zy(x1® + 11iz5y® + y'°), up to multiple.
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6. Klein polyhedra

The antipodal pairs of the vertices of the cube %(:i:l, +1,41)

correspond to the Desboves-Elkies form: ) qg’ = 0 and note
that [, ¢; = 28 + 14zty* + y® (up to multiple).

The (six) antipodal pairs of the vertices of an icosahedron
correspond to six quadratic forms satisfy > qJ1-4 =0 and

l_[j qj = zy(x1® + 11iz5y® + y'°), up to multiple.

The 10 quadratic forms corresponding to the dodecahedron
only give > q]1-4 = 0; no higher exponent.
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6. Klein polyhedra

The antipodal pairs of the vertices of the cube f(jzl +1,41)
correspond to the Desboves-Elkies form: ) qj = 0 and note
that [, ¢; = 28 + 14zty* + y® (up to multiple).

The (six) antipodal pairs of the vertices of an icosahedron
correspond to six quadratic forms satisfy E 14— 0 and

I[[;¢ = ry(x!® + 11ixdy® + y19), up to multlple.

The 10 quadratic forms corresponding to the dodecahedron
only give > q]1-4 = 0; no higher exponent.

A sum of the form

H

m—
ac + azy + Cm )d = c(:cy)d
k=0

corresponds to two horizontal regular m-gons equally spaced
with respect to the equator, plus the north and south poles.
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7. The strategy for W(4, d)

Suppose p = ¢ + ¢ = ¢ + ¢, d > 3.
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7. The strategy for W(4, d)

Suppose p = qf +¢§ = ¢§ +qf, d > 3.
1. Several ALL’s let us assume that the ¢;’s are pairwise
relatively prime and that p has 2d distinct linear factors.
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7. The strategy for W(4, d)

Suppose p = ¢ + ¢§ = ¢§ + ¢f, d > 3.

1. Several ALL’s let us assume that the ¢;’s are pairwise
relatively prime and that p has 2d distinct linear factors.

2. It is not hard to show that if (g1, ¢2) are distinct and
relatively prime, then there is a linear change which
simultaneously diagonalizes them. Thus, wlog we may assume
that ¢;(z,y) = oz + Bjy?, j = 1,2, so p is even!
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7. The strategy for W(4, d)

Suppose p = ¢ + ¢§ = ¢§ + ¢f, d > 3.

1. Several ALL’s let us assume that the ¢;’s are pairwise
relatively prime and that p has 2d distinct linear factors.

2. It is not hard to show that if (g1, ¢2) are distinct and
relatively prime, then there is a linear change which
simultaneously diagonalizes them. Thus, wlog we may assume
that ¢;(z,y) = oz + Bjy?, j = 1,2, so p is even!

3. Another ALL implies that neither ¢3 nor ¢4 is even.
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7. The strategy for W(4, d)

Suppose p = ¢ + ¢§ = qf + qf, d > 3.

1. Several ALL’s let us assume that the ¢;’s are pairwise
relatively prime and that p has 2d distinct linear factors.

2. It is not hard to show that if (g1, ¢2) are distinct and
relatively prime, then there is a linear change which
simultaneously diagonalizes them. Thus, wlog we may assume
that ¢;(z,y) = oz + Bjy?, j = 1,2, so p is even!

3. Another ALL implies that neither ¢3 nor ¢4 is even.

4. We now back up and study the cases in which

(azx® 4 by + c3y®)? + (agx? 4 bazy + cay®)?

can be an even polynomial for d > 3.
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7. The strategy for W(4, d) — the rabbit hole

5. There are three “obvious cases”: by = by = 0,

(az? + by + cy®)? + (az® — bry + cy®)?,
(ax? + cy®)? + (bay)?, d even.
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7. The strategy for W(4, d) — the rabbit hole

5. There are three “obvious cases”: by = by = 0,

(az? + by + cy®)? + (az® — bry + cy®)?,
(ax? + cy®)? + (bay)?, d even.

6. There are exceptional solutions for d = 3,4,5. For example,
the family for d = 3 is (after scaling x, y):

(:132 — afzy + y2)3 + (962 + Bzy — y2)3
a# 41, (1 —a?) = 12.
Without the constraint on 3, the coefficients of 2°y and zy®

vanish; the condition comes from requiring the same for z3y3.
In an exceptional solution, y — —y gives a different solution.
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7. The strategy for W(4, d) — the rabbit hole

7. Once we know all the cases in which p, a sum of two d-th
powers of quadratic forms, has the shape h(x2,y?) for a form h
of degree d, we use an 1851 algorithm of Sylvester to find the
minimal number of linear forms ¢; so that h(z,y) = Y £:(x,y)?
and so p(z,y) = > (4(22, y?).
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7. The strategy for W(4, d) — the rabbit hole

7. Once we know all the cases in which p, a sum of two d-th
powers of quadratic forms, has the shape h(x2,y?) for a form h
of degree d, we use an 1851 algorithm of Sylvester to find the
minimal number of linear forms ¢; so that h(z,y) = Y £:(x,y)?

and so p(z,y) = ZE?(Q;Q,yZ).

8. For example, if the number of summands is 2, then a certain
(d — 1) x 3 Hankel matrix of coefficients has rank 2. When
d = 3, this will always be the case; not so for d > 3.
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7. The strategy for W(4, d) — the rabbit hole

7. Once we know all the cases in which p, a sum of two d-th
powers of quadratic forms, has the shape h(x2,y?) for a form h
of degree d, we use an 1851 algorithm of Sylvester to find the
minimal number of linear forms ¢; so that h(z,y) = Y £:(x,y)?

and so p(z,y) = ZE?(Q;Q,yZ).

8. For example, if the number of summands is 2, then a certain
(d — 1) x 3 Hankel matrix of coefficients has rank 2. When
d = 3, this will always be the case; not so for d > 3.

9. The implementation of this strategy, which currently takes
about 20 pages to work out completely, simultaneously
establishes the uniqueness description of solutions for W(4, 3),
W(4,4), W(4,5) and the non-existence of W(4,d) for d > 6.
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8. Characterization of W(4, 3)

Theorem: Every W(4, 3) set is derived from the first two lines of

(az?® — 2y + ay®)® + a(—2% + azy — y?)° =
(wox? — zy + wlay?)? + a(—wz? + azy — w?y?)® =

(W2az® — ry +way?)® + a(—w?2? + azy — wy?)?
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8. Characterization of W(4, 3)

Theorem: Every W(4, 3) set is derived from the first two lines of

(az?® — 2y + ay®)® + a(—2% + azy — y?)° =
(wox? — zy + wlay?)? + a(—wz? + azy — w?y?)® =
(W2az® — ry +way?)® + a(—w?2? + azy — wy?)?

= (@ = 1)(az’ + )@’ +ay’),  o®#1L
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8. Characterization of W(4, 3)

Theorem: Every W(4, 3) set is derived from the first two lines of

(az?® — 2y + ay®)® + a(—2% + azy — y?)° =
(wox? — zy + wlay?)? + a(—wz? + azy — w?y?)® =
(W2az® — ry +way?)® + a(—w?2? + azy — wy?)?
= (o — 1)(az® + ¢*) (2 + ay®), o #1.
This identity can be easily verified! Let F = 22 + y? and
G = zy. Then F3 — 3FG? = (22 + %)% — 3(2? + y?)22¢°
= 2%+ 9%, and
(ax? — 2y + ay?)® + a(—2® + azy — ¢y*)° =
(aF =GP + a(—F +aG)3 =
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8. Characterization of W(4, 3)

Theorem: Every W(4, 3) set is derived from the first two lines of

(az?® — 2y + ay®)® + a(—2% + azy — y?)° =
(wox? — zy + wlay?)? + a(—wz? + azy — w?y?)® =

(W2az® — ry +way?)® + a(—w?2? + azy — wy?)?

= (o — 1)(az® + ¢*) (2 + ay®), o #1.
This identity can be easily verified! Let F = 22 + y? and
e :Gaj—y?gk;iélpg _3FG? = (a2 + ) — 3(22 + y2)xy?

(ax? — 2y + ay?)® + a(—2® + azy — ¢y*)° =

(aF =GP + a(—F +aG)3 =
= (a3 —a)(F® = 3FG*) + (o* - 1)G?
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8. Characterization of W(4, 3)

Theorem: Every W(4, 3) set is derived from the first two lines of

(az?® — 2y + ay®)® + a(—2% + azy — y?)° =
(wox? — zy + wlay?)? + a(—wz? + azy — w?y?)® =
(W2az® — ry +way?)® + a(—w?2? + azy — wy?)?
= (o — 1)(az® + ¢*) (2 + ay®), o #1.
This identity can be easily verified! Let F = 22 + y? and
E;:G?QE};ZEF?) _3FG? = (a2 + ) — 3(22 + y2)xy?
(ax? — 2y + ay?)® + a(—2® + azy — ¢y*)° =
(aF =GP + a(—F +aG)3 =
= (a3 —a)(F® = 3FG*) + (o* - 1)G?
= (@ — 1)(a(z® + %) + (a® + 1)23y?).
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8. Characterization of W(4, 3)

The three-fold symmetry is a consequence of the sum of the
cubes being a quadratic in {z3,y3}. Under the linear change
(z,y) — (x + iy, z — iy), we get a formally real version, in which
the symmetry is obscured: qi” + aqg’ = qg’ + aqi = qg) + ocqg ,
where
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8. Characterization of W(4, 3)

The three-fold symmetry is a consequence of the sum of the
cubes being a quadratic in {z3,y3}. Under the linear change
(z,y) — (x + iy, z — iy), we get a formally real version, in which
the symmetry is obscured: qi” + aqg’ = qg’ + aqi = qg) + ocqg ,
where

q1 = 2a — 1)z? — (2a + 1)y,

@ =(a—2)2" + (a+2)y°
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8. Characterization of W(4, 3)

The three-fold symmetry is a consequence of the sum of the
cubes being a quadratic in {z3,y3}. Under the linear change
(z,y) — (x + iy, z — iy), we get a formally real version, in which
the symmetry is obscured: qi” + aqg’ = qg’ + aqi = qg) + ocqg ,
where
¢ = (20— 1)z? - (20 + 1),
¢ = (a—2)2° + (a + 2)y?
g3 =—(1+a)z’> - V12 a zy — (1 — a)y?

= (1+a)z>+ V12 zy — (1 — a)y?
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8. Characterization of W(4, 3)

The three-fold symmetry is a consequence of the sum of the
cubes being a quadratic in {z3,y3}. Under the linear change
(z,y) — (x + iy, z — iy), we get a formally real version, in which
the symmetry is obscured: qi” + aqg’ = qg’ + aqi = qg) + aqg ,
where

q1 = 2a — 1)z? — (2a + 1)y,

g = (o — 2)2° + (o + 2)y”

—(1+a)z? — V12 a zy — (1 — a)y?

g =(1+a)r? + V12 zy — (1 — a)y?
—(1+a)z? +V12 azy — (1 — a)y?
(1+a)z? — V12 zy — (1 — a)y?.

g6 =
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8. Characterization of W(4, 3)

Although this last expression is hard to read, notice that it’s
almost what Ramanujan and Narayanan were looking at. First
take y — /3y, so that v12zy — 62y and y? — 3y2. Now let

a = A3, so that qg’j_l + aqgj = qg’j_l + (A\ga;)3. Narayanan’s
formula arises by taking x — 2z — y and dividing by 4.
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8. Characterization of W(4, 3)

Although this last expression is hard to read, notice that it’s
almost what Ramanujan and Narayanan were looking at. First
take y — /3y, so that v12zy — 62y and y? — 3y2. Now let

a = A3, so that qg’j_l + aqgj = qg’j_l + (A\ga;)3. Narayanan’s
formula arises by taking x — 2z — y and dividing by 4.

Sandor used a different approach to this problem. He showed
that all W(4, 3) sets are given up to linear change by:

@1 = wa(wy — w3):U2 + (w% = w%)xy + wa(wy — wg)yQ

@2 = —ws(wi — ws)x® + (wh — wi)zy — wi(ws — wa)y?
q3 = wy(wy — w3)x2 + (w% - w%)azy + wo(wy — wg)y2
g1 = —wy(wy — wg)x2 + (w% = wi)my — w3 (wg — wg)y2

where w3 + wi = w3 +wi, w; € C.
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8. Characterization of WW(4, 3) — the rabbit hole

One other complication in figuring this out is that there is a
peculiar symmetry. If we apply the unimodular transformation:

T+ way —w2a:c—y
(x7y) = ) 9
Va2 -1 Va2 -1

to ¢} + ags = g3 + aq} = ¢& + aqgg, then it turns out that
(QL q2, 43, Q4) = (q3) —q2,41, _qll)) S0
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8. Characterization of WW(4, 3) — the rabbit hole

One other complication in figuring this out is that there is a
peculiar symmetry. If we apply the unimodular transformation:

T+ way —w2a:c—y
(x7y) = ) 9
Va2 -1 Va2 -1

to ¢} + ags = g3 + aq} = ¢& + aqgg, then it turns out that
(QL q2, 43, Q4) = (q3) —q2,41, _qll)) S0

G +ag=q¢g+agi — ¢ —ad=q-ag
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8. Characterization of WW(4, 3) — the rabbit hole

One other complication in figuring this out is that there is a
peculiar symmetry. If we apply the unimodular transformation:

2

(2.9) <x+way —w am—y)
w? — ) )
Y Va2 -1 Va2 -1

to ¢} + ags = g3 + aq} = ¢& + aqgg, then it turns out that
(QL q2, 43, Q4) = (q3) —q2,41, _qll)) S0

G +ag=q¢g+agi — ¢ —ad=q-ag

And (g5, gs) gain the denominators we saw earlier, going to

T (W a(2 + a?)2? + (1 + 5a?)zy + wa(2 + a?)y?);
a —

1
7 (WPa(l +20°)a” + a(5 + a®)zy + wa(l +20%)y7).
o7 —

Bruce Reznick, UIUC Dependent powers of quadratic forms



8. Characterization of WW(4, 3) — the rabbit hole

Put another way, suppose {q1,42,q3,q4} € W(4,3). Then up to
a permutation,

@ There exists {gs, g6} so that {q1,q2,45,9} € W(4,3) and
{g3,94,95,q6} € W(4,3).
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8. Characterization of WW(4, 3) — the rabbit hole

Put another way, suppose {q1,42,q3,q4} € W(4,3). Then up to
a permutation,
@ There exists {gs, g6} so that {q1,q2,45,9} € W(4,3) and
{4394, 95,96} € W(4,3).
e There exists {q7,gs} so that {q1,q4,q7, 95} € W(4,3) and
{42,43, 97,98} € W(4,3).
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8. Characterization of WW(4, 3) — the rabbit hole

Put another way, suppose {q1,42,q3,q4} € W(4,3). Then up to
a permutation,
@ There exists {gs, g6} so that {q1,q2,45,9} € W(4,3) and
{4394, 95,96} € W(4,3).
e There exists {q7,gs} so that {q1,q4,q7, 95} € W(4,3) and
{42, 43,97, 48} € W(4,3).
@ There is no pair that joins simultaneously with {q1, g3} and
{2, a4}
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8. Characterization of WW(4, 3) — the rabbit hole

Put another way, suppose {q1,42,q3,q4} € W(4,3). Then up to
a permutation,
@ There exists {gs, g6} so that {q1,q2,45,9} € W(4,3) and
{4394, 95,96} € W(4,3).
e There exists {q7,gs} so that {q1,q4,q7, 95} € W(4,3) and
{42, 43,97, 48} € W(4,3).
@ There is no pair that joins simultaneously with {q1, g3} and
{2, a4}
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8. Characterization of WW(4, 3) — the rabbit hole

Put another way, suppose {q1,42,q3,q4} € W(4,3). Then up to
a permutation,
@ There exists {gs, g6} so that {q1,q2,45,9} € W(4,3) and
{4394, 95,96} € W(4,3).
e There exists {q7,gs} so that {q1,q4,q7, 95} € W(4,3) and
{42, 43,97, 48} € W(4,3).
@ There is no pair that joins simultaneously with {q1, g3} and
{2, a4}

There is a lot of combinatorics here yet to explore.
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8. Characterization of WW(4, 3) — the rabbit hole

So, suppose you are given four quadratics f1, fo, f3, f4 which
satisfy f3 + f3 + f3 + f2 = 0, how do you determine which one
of the one-parameter family does it come from, how do you find
the linear change, and how do you find a? It can be done;
here’s the start of how you do it. Recall:
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8. Characterization of WW(4, 3) — the rabbit hole

So, suppose you are given four quadratics f1, fo, f3, f4 which
satisfy f3 + f3 + f3 + f2 = 0, how do you determine which one
of the one-parameter family does it come from, how do you find
the linear change, and how do you find a? It can be done;
here’s the start of how you do it. Recall:

qL = ar? — Ty + ozy2, q2 = 041/3(—962 + ary — y2),

g3 = wox? — zy + W2ay?, g = oP(—wa® + azy — wi?).
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8. Characterization of WW(4, 3) — the rabbit hole

So, suppose you are given four quadratics f1, fo, f3, f4 which
satisfy f3 + f3 + f3 + f2 = 0, how do you determine which one
of the one-parameter family does it come from, how do you find
the linear change, and how do you find a? It can be done;
here’s the start of how you do it. Recall:

@ =’ —zy+ay’, =o' P(—2® +azy — 1),
g3 = wox? — zy + W2ay?, g = oP(—wa® + azy — wi?).

There is a linear change after which the f;’s become c;q; for
some ¢;’s. Observe that < fi, fo > is a two-dimensional
subspace as is < f3, f4 > and that the intersection of these two
subspaces is < xy >. The corresponding intersections of the
other pairs of subspaces turn out to be < (z — wy)(x + wy) >
and < (az + wy)(z + way) >. Now compute the same
intersections for the ¢;’s, and try to match up factors for the
linear change.
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8. Characterization of WW(4, 3) — the rabbit hole

The analysis is aided by another elementary result:

If p is a form, then there exist f,g € Clz,y] such that
p = f3+¢> if and only if p is a cube, or p = qi1q2q3, where g;’s
are distinct, but linearly dependent.
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8. Characterization of WW(4, 3) — the rabbit hole

The analysis is aided by another elementary result:

If p is a form, then there exist f,g € Clz,y] such that
p = f3+¢> if and only if p is a cube, or p = qi1q2q3, where g;’s
are distinct, but linearly dependent.
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8. Characterization of WW(4, 3) — the rabbit hole

The analysis is aided by another elementary result:

If p is a form, then there exist f,g € Clz,y] such that
p = f3+¢> if and only if p is a cube, or p = qi1q2q3, where g;’s
are distinct, but linearly dependent.

Suppose p = ¢} + ¢5 = qg‘ + ¢} is a sum of two cubes of
quadratics in more than one way. After a linear change, q1, ¢o
and p are even. Using a bunch of ALL’s we can assume that

p(z,y) = (2 — r*y?)(a® — s°y?)(a® — £79?)

where rst # 0 and +r, +s, +t are distinct.
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8. Characterization of WW(4, 3) — the rabbit hole

The analysis is aided by another elementary result:

If p is a form, then there exist f,g € Clz,y] such that
p = f3+¢> if and only if p is a cube, or p = qi1q2q3, where g;’s
are distinct, but linearly dependent.

Suppose p = ¢} + ¢5 = qg’ + ¢} is a sum of two cubes of
quadratics in more than one way. After a linear change, q1, ¢o
and p are even. Using a bunch of ALL’s we can assume that

p(z,y) = (2 — r*y?)(a® — s°y?)(a® — £79?)

where rst # 0 and +r, +s, +t are distinct.
More ALL’s imply that each linearly dependent factorization
corresponds to one representation of p as a sum of two cubes.
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8. Characterization of WW(4, 3) — the rabbit hole

The set {2% — r2y? 22 — s%y?, 22 — t?y?} corresponds to
p = ¢} + ¢3. There are 15 ways to partition the six linear factors
of p into three pairs, and we test them for linear dependence.
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8. Characterization of WW(4, 3) — the rabbit hole

The set {2% — r2y? 22 — s%y?, 22 — t?y?} corresponds to
p = ¢} + ¢3. There are 15 ways to partition the six linear factors

of p into three pairs, and we test them for linear dependence.
For example

{2 =%, (z — sy)(z + ty), (z + sy)(z — ty)}

is dependent iff r? = st.
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8. Characterization of WW(4, 3) — the rabbit hole

The set {2% — r2y? 22 — s%y?, 22 — t?y?} corresponds to

p = ¢} + ¢3. There are 15 ways to partition the six linear factors
of p into three pairs, and we test them for linear dependence.
For example

{2 =%, (z — sy)(z + ty), (z + sy)(z — ty)}

is dependent iff r? = st.
Similarly, we have to look at dependence in sets like

{(@ —ry)(z + sy), (z — sy)(z + ty), (z — ty) (= + 1y)}

I'll skip the details. A exhaustive (exhausting?) analysis shows
that everything is a linear change from the one-parameter
family described earlier.
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8. Characterization of W(4, 3) — extras

There are two cases where the solutions coalesce:

(22 + 2y — y?)® + (2% — 2y — y?)® = 220 — 29°

is, as it stands, a sum of two cubes in two ways, and two others
come from taking y — wy,w?y. (Take o = +i and y +— iy.)
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8. Characterization of W(4, 3) — extras

There are two cases where the solutions coalesce:

(@ + 2y —y*)° + (2 -y — y?)° = 22° — 2

is, as it stands, a sum of two cubes in two ways, and two others
come from taking y — wy,w?y. (Take o = +i and y +— iy.)

Let h(x,y) = zy(xz* + y*) (an octahedron!) The representations

are (with n = (o4 =

6%2h(z,y) = (2% + Vbzy — v?)% + (-2 + V6ry + 3?)?
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8. Characterization of W(4, 3) — extras

There are two cases where the solutions coalesce:

(@ + 2y —y*)° + (2 -y — y?)° = 22° — 2

is, as it stands, a sum of two cubes in two ways, and two others
come from taking y — wy,w?y. (Take o = +i and y +— iy.)

Let h(x,y) = zy(xz* + y*) (an octahedron!) The representations

are (with n = (o4 =

6%2h(z,y) = (2% + Vézy — y*)* + (—2* + Vbry + ¢°)°
6%/2h(x,y) = (iz? — Vozy + iy?)® + (—iz® — Voay — iy?)>
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8. Characterization of W(4, 3) — extras

There are two cases where the solutions coalesce:

(@ + 2y —y*)° + (2 -y — y?)° = 22° — 2

is, as it stands, a sum of two cubes in two ways, and two others
come from taking y — wy,w?y. (Take o = +i and y +— iy.)

Let h(x,y) = zy(xz* + y*) (an octahedron!) The representations
\/51-\/5 - \/52\/5 ):

are (with n = (o4 =
6%2h(z,y) = (a* + Vozy — y*)® + (—a® + Voay +°)°

6%/2h(x,y) = (iz? — Vozy + iy?)® + (—iz® — Voay — iy?)>
332h(z,y) = (nz® + zy + n"'y?)° + (n°2® — zy + n"y?)?
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8. Characterization of W(4, 3) — extras

There are two cases where the solutions coalesce:

(@ + 2y —y*)° + (2 -y — y?)° = 22° — 2

is, as it stands, a sum of two cubes in two ways, and two others
come from taking y — wy,w?y. (Take o = +i and y +— iy.)

Let h(x,y) = zy(xz* + y*) (an octahedron!) The representations
\/51-\/5 - \/52\/5 ):

are (with n = (4 =
6%/2h(z,y) = (2® + Véay — y*)* + (—2* + Vbay + y*)°

6%/2h(x,y) = (iz? — Vozy + iy?)® + (—iz® — Voay — iy?)>
332h(z,y) = (nz® + zy + n"'y?)° + (n°2® — zy + n"y?)?

332h(z,y) = (—n2® + ay — n"'y?)? + (—nPa? — ay — n"y?)?
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8. Characterization of W(4, 3) — extras

There are two cases where the solutions coalesce:

(@ + 2y —y*)° + (2 -y — y?)° = 22° — 2

is, as it stands, a sum of two cubes in two ways, and two others
come from taking y — wy,w?y. (Take o = +i and y +— iy.)

Let h(x,y) = zy(xz* + y*) (an octahedron!) The representations
\/51-\/5 - \/52\/5 ):

are (with n = (4 =
6%/2h(z,y) = (2® + Véay — y*)* + (—2* + Vbay + y*)°

6%/2h(x,y) = (iz? — Vozy + iy?)® + (—iz® — Voay — iy?)>
332h(z,y) = (nz® + zy + n"'y?)° + (n°2® — zy + n"y?)?

332h(z,y) = (—n2® + ay — n"'y?)? + (—nPa? — ay — n"y?)?

3%2h(z,y) = (n'1a® + zy + ny?)3 + (n72? — zy + 1°y?)?
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8. Characterization of W(4, 3) — extras

There are two cases where the solutions coalesce:

(@ + 2y —y*)° + (2 -y — y?)° = 22° — 2

is, as it stands, a sum of two cubes in two ways, and two others
come from taking y — wy,w?y. (Take o = +i and y +— iy.)

Let h(x,y) = zy(xz* + y*) (an octahedron!) The representations
\/51-\/5 - \/52\/5 ):

are (with n = (o4 =
6%/2h(z,y) = (2® + Véay — y*)* + (—2* + Vbay + y*)°
6%/2h(z,y) = (iz® — Voéxy + iy?)® + (—iz? — V6zy — iy?)?
3%2h(z,y) = (n2® + zy + n"'y?)? + (2’
332h(z,y) = (—n2® + 2y — "2 + (—nP2® — xy — ny?)?
3320(z,y) = ("'a® + zy +my®)P + ("2
3320(w,y) = (—n"'a® + 2y —ny*)® + (-

Bruce Reznick, UIUC Dependent powers of quadratic forms

noz® — zy +n'y?)?

2 Ty + n5y2)3

—n'z? — 2y — n°y?)>.



9. Characterization of W(4,4)

All W(4,4)’s come from two identities: The first is

(2 + y2)4 + (wz? + w2g/2)4 + (wz? + wy2)4 = 18(a:y)4.

Bruce Reznick, UIUC Dependent powers of quadratic forms



9. Characterization of W(4,4)

All W(4,4)’s come from two identities: The first is
(22 + yH)* + (wr? + w?y?)* + (W?2? + wy?)? = 18(zy)*.
After (z,y) — (x + iy, x — iy), this becomes

(222 — 2y + (2% — 2v3zy — y?)* + (2 + 23y — v?)?
= 18(z* + y?)L.
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9. Characterization of W(4,4)

All W(4,4)’s come from two identities: The first is
(22 + yH)* + (wr? + w?y?)* + (W?2? + wy?)? = 18(zy)*.
After (z,y) — (x + iy, x — iy), this becomes

(222 — 2y + (2% — 2v3zy — y?)* + (2 + 23y — v?)?
= 18(z* + y?)L.

Setting y — /3y makes the coefficients integral.
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9. Characterization of W(4,4)

All W(4,4)’s come from two identities: The first is
(22 + yH)* + (wr? + w?y?)* + (W?2? + wy?)? = 18(zy)*.
After (z,y) — (x + iy, x — iy), this becomes

(222 — 2y + (2% — 2v3zy — y?)* + (2 + 23y — v?)?
= 18(z* + y?)L.

Setting y — /3y makes the coefficients integral.
Diophantus observed that

ut + ot + (u+0)* =20 4+ wv + 1?)2,

so any quadratic substitution making u? 4+ uv + v? a square
gives a W(4,4). If u = 22 + y? and v = wr? + w?y?, then
u+v = —(w?z? + wy?) and v? + uv + v? = 3z%2,



9. Characterization of W(4,4)

The other identity for fourth powers is three-fold
(8V3)ay(a® - 4°) =
(= + V3zy — v*)* — (2” — VBazy —y?)*
= (Wz? 4+ V3zy — wy?)* — (Wi? — V3zy — wy?)?
= (wz? + V3zy — W2y — (wz? — V3Bzy — W24
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9. Characterization of W(4,4)

The other identity for fourth powers is three-fold
(8V3)ay(a® - 4°) =
(= + V3zy — v*)* — (2” — VBazy —y?)*
= (Wz? 4+ V3zy — wy?)* — (Wi? — V3zy — wy?)?
= (wz? + V3zy — W2y — (wz? — V3Bzy — W24

(Note that the sum is invariant under (z,y) — (wx,w?y), giving
the other sums.) If you take a pair of the identities and flip the
summands above, sometimes you get another image of the
original, under a linear change, and sometimes you get

1828 — 284y + 188
= (V32 +V2 2y — V3 ) + (V32> — V2 zy — V3 ¢?)*
= (V322 +iV2ay+ V3 )t + (VB 22— iv2 ay + V3 o?)",

which has no third pair.
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10. Characterization of W(4,5)

The only W(4,5) comes from Desboves-Elkies. Let
ar(z,y) = i*x? + 25/ =2 a2y + i3F2.
Then Zi:l gr(z,y) = 0, but also, by the interplay of the roots

of unity,
4 4

Y a=) ¢ =0

1=1 =1
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10. Characterization of W(4,5)

The only W(4,5) comes from Desboves-Elkies. Let
ar(z,y) = i*x? + 25/ =2 a2y + i3F2.

Then Zi:l gr(z,y) = 0, but also, by the interplay of the roots

of unity,
4 4

Z%’ZZQ?:O-

1=1 =1

The ¢i’s can be derived from these by making the substitution
g4 = —(q1+ g2 + ¢3) and solving 7 +¢5 + 3 + (¢1 + g2+ ¢3)* = 0
in the usual Pythagorean way. But wait a minute!
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10. Characterization of W(4,5)

The only W(4,5) comes from Desboves-Elkies. Let
ar(z,y) = i*x? + 25/ =2 a2y + i3F2.

Then Zi:l gr(z,y) = 0, but also, by the interplay of the roots

of unity,
4 4

Z%’ZZQ?:O-

1=1 =1

The ¢i’s can be derived from these by making the substitution
g1 = —(q1+ g2+ g3) and solving ¢} +¢3 +¢3 + (1 + g2+ ¢3)* = 0
in the usual Pythagorean way. But wait a minute!

The equations Z?Zl X, = Z?Zl X2 = 0 define the intersection
of a plane and a sphere in C*. This is, projectively, a curve.
Unless something special is going on, this curve shouldn’t
contain another curve (q1, g2, 3, q4)-
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10. Characterization of W(4,5)

What'’s special is that the ideal generated by Z?Zl X; and
1, X? contains Y5 | X7
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10. Characterization of W(4,5)

What’s special is that the ideal generated by Z?Zl X; and
1, X? contains Y5 | X7
More generally,

If m cannot be written as a(n — 1) +bn,0 < a,b € Z, then any
symmetric form in n variables of degree m, is contained in the
ideal generated by {37 xi, ..., S0 a2}, In particular, this

(2
is true for m = n? — 3n + 1.
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10. Characterization of W(4,5)

What’s special is that the ideal generated by Z?Zl X; and
1, X? contains Y5 | X7
More generally,

If m cannot be written as a(n — 1) +bn,0 < a,b € Z, then any
symmetric form in n variables of degree m, is contained in the
ideal generated by {37 xi, ..., S0 a2}, In particular, this
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is true for m = n? — 3n + 1.
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10. Characterization of W(4,5)

What’s special is that the ideal generated by Z?Zl X; and
1, X? contains Y5 | X7
More generally,

Theorem

If m cannot be written as a(n — 1) +bn,0 < a,b € Z, then any
symmetric form in n variables of degree m, is contained in the
ideal generated by {37 xi, ..., S0 a2}, In particular, this
is true for m = n? — 3n + 1.

The proof combines the Frobenius problem with Newton’s

theorem on symmetric forms. Unfortunately, for n > 5, the
intersection ﬂf;lz i, xf has positive genus and so has no
polynomial parameterization.
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11. That synching feeling

Most of the examples in this talk involving higher degrees come
from the orthogonality properties of sums of roots of unity. One
simple application is:

Theorem

E
[\~}
N

2(42_15+2332 + C%k+2y2)

=0

:(k+1)<2:> 2k 2k (k+1)<2:) (zy)*
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11. That synching feeling

Most of the examples in this talk involving higher degrees come
from the orthogonality properties of sums of roots of unity. One
simple application is:

Theorem

E
[\~}
N

2(42_15+2332 + C%k+2y2)

=0

:(k+1)<2:> 2k 2k (k+1)<2:) (zy)*
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11. That synching feeling

Most of the examples in this talk involving higher degrees come
from the orthogonality properties of sums of roots of unity. One
simple application is:

Theorem

E
[\~}
N

2(42_15+2332 + C%k+2y2)

:(k+1)]<:2}> 2k 2k (k+1)<2:) (zy)*

This implies that ®(2k) < k + 2.
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11. That synching feeling

Most of the examples in this talk involving higher degrees come
from the orthogonality properties of sums of roots of unity. One
simple application is:

Theorem

E
[\~}
N

2(42_154&332 + C%k+292)

=(k+1)]<:22§> Hy? = (k + )<2kk) (o)™

This implies that ®(2k) < k + 2.
If 2k = 2, (op1o = @ and (22 + y2)? + (iz? — iy?)? = 2(?) (wy)?; if
2k = 4, this is the Diophantus quartic example, in its w-form.
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11. That synching feeling

We can take (z,y) — (2 + iy, — iy) and let 0y = 775 to get a
version with real coefficients:

k
2(2 cos(jek)(ac2 — y2) — 4sin(j9k)xy)2k
j=0

= (k+1) <2:> (22 + y?)%.
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11. That synching feeling

We can take (z,y) — (2 + iy, — iy) and let 0y = 775 to get a
version with real coefficients:

k
Z(Q cos(jek)(ac2 - y2) = 4sin(j9k)xy)2k
j=0
2k
=4 ) () @ 2
Taking k = 5 and making a further linear change gives
(22 — dary + y2)10 + 35 (22 — y?)10 4 35(2zy — ¢2)10
+3°(2xy — )10 + (=222 + 22y + )10 + (22 + 22y — 2°)™°
= 1512(2° — zy + v*)*°.
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11. That synching feeling

More generally, for a parameter a,

3

G (2% + allyzy + CHy?)

Il
o

J

2d=kyk where k = r mod m.

will only have terms of the form x
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11. That synching feeling

More generally, for a parameter a,

3

G (2% + allyzy + CHy?)

Il
o

J
will only have terms of the form 22¢=*y* where k = mod m.
These coefficients will be polynomials in a with positive
coefficients. If we choose r symmetrically with respect to (d, m),
then there are half as many polynomials to solve.
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11. That synching feeling

More generally, for a parameter a,

3

G (2% + allyzy + CHy?)

Il
o

J
will only have terms of the form 22¢=*y* where k = mod m.
These coefficients will be polynomials in a with positive
coefficients. If we choose r symmetrically with respect to (d, m),
then there are half as many polynomials to solve.
For example,

2
Z w 2?4+ azy + w*y?)? = 3(a® + 2)z?y?,
k=0

Set a = v/—2; the Klein polytope of this version of the
Pythagorean formula is an octahedron resting on a face.
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11. That synching feeling

What Elkies did for quintics was to observe that

3
Z(ika + i%*azy 4 i3%y?)5 = 40a(a® + 2) (=" + 23y,
k=0
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11. That synching feeling

What Elkies did for quintics was to observe that

3
Z(ika + i%*azy 4 i3%y?)5 = 40a(a® + 2) (=" + 23y,
k=0

Alternatively, he might have observed that

2
Z(w‘ka + axy + Fy?)® =
k=0
(15 + 30a?) (z®y? + x2y®) + 3a(30 + 2a%a*)x%y°

2
: N
= E (w*z? + T3+ why?)s = (%xy)
k=0
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11. That synching feeling

What Elkies did for quintics was to observe that

3
Z(ika + i%*azy 4 i3%y?)5 = 40a(a® + 2) (=" + 23y,
k=0

Alternatively, he might have observed that

2
Z(w‘ka + axy + Fy?)® =
k=0
(15 + 30a?) (z®y? + x2y®) + 3a(30 + 2a%a*)x%y°

2
: N
= E (w*z? + T3+ why?)s = (%xy)
k=0

The Klein polytope rotates from a cube from its xyz orientation
to one in which vertices are at the north and south poles.
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11. That synching feeling

One can do this for higher degrees, at the cost of either more
terms or more complicated equations for a. For example,

3
Z(i’ka + azxy + i*y?)% = 12(2 + 5a2) (2% 4 2%y'°) + p(a)25y°.
k=0
—
3 6 6
5632
Z (i_kx2 + 4/ —%wy + iky2> = —ﬁxGyG bk (\/ _58353/> )

k=0

Bruce Reznick, UIUC Dependent powers of quadratic forms



11. That synching feeling

One can do this for higher degrees, at the cost of either more
terms or more complicated equations for a. For example,

3
Z(i’ka + azxy + i*y?)% = 12(2 + 5a2) (2% 4 2%y'°) + p(a)25y°.
k=0

—

6 6
5632 4 g
( —i-\/ a:y—l—zy) =~ %Y :11-<\/5xy> ,
k=0
showing that ®(6) = 5. Three other W(5,6)’s have the shape

3
(z% + cxy +y*)° + (2° — czy + %) Z arz® + Bry?)®
k=1

where ¢? is a root of t3 + 80t% + 1360 4 4480; c is purely
imaginary. There may be other W(5,6)’s as well.
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11. That synching feeling

Similarly, but more uglily,

3 7 23/291/2

_ : 24°/234/2 .13
g (z kg2 4 —gxy—i-zky?) = —Tz(xyﬂ
k=0

which comes from zapping the coefficients of z''y? and x3y'!.
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11. That synching feeling

Similarly, but more uglily,

7 23/291/2
242143 13
( 24 4= xy—l—z y> = Tuxyf
k=0

which comes from zapping the coefficients of z''y? and x3y'!.

More generally, if d = 2k + 1, then

k
Z (Cli+1$2 +azy + ijilzﬂ
=0

f(a)( 3k+2 k_+_1: y3k+2)+g(a)x2k+1y2k+1.

>2k‘+1

Choose a # 0 so that f(a) =0 (possible when k£ > 2 since
deg f = k + 1), and it follows that ®(2k + 1) < k + 2.

Bruce Reznick, UIUC Dependent powers of quadratic forms



11. That synching feeling

Finally and miraculously,

4

Y (G taxy+GryH)t =
k=0

fla) @yt + 2*y*) + g(a) (2" + 2%9") + h(a)z"y™,
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11. That synching feeling

Finally and miraculously,

4

Y (G taxy+GryH)t =
k=0

F(@)(@*y* + 29 + g(a) (& + 2°y") + h(a)z'y™,
where  f(a) = 455(1 + a®)(1 + 11a?) and
g(a) = 10010a(1 + a®)(5 + 25a% 4 11a* + a®).
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11. That synching feeling

Finally and miraculously,

4

Y (G taxy+GryH)t =
k=0

F(@)(@*y* + 29 + g(a) (& + 2°y") + h(a)z'y™,
where  f(a) = 455(1 + a®)(1 + 11a?) and
g(a) = 10010a(1 + a®)(5 + 25a% 4 11a* + a®).

Take a = i. Let qi(v,y) = F2® +i x y—{—CgkyQ, 0<k<4and
g5(z,y) = v/—5 z y (another miracle in the constant). Then

5
> gt (@,y) =0.
=0
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11. That synching feeling

The Klein polyhedron is two antipodal pentagons at height
+1/+/5, and both poles. These are precisely the vertices of a
regular icosahedron.
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11. That synching feeling

The Klein polyhedron is two antipodal pentagons at height
+1/+/5, and both poles. These are precisely the vertices of a
regular icosahedron.

If you rotate the icosahedron to consist of four parallel triangles
of points, the identity becomes two sets of three involving w and
the golden ratio. I won’t spoil your fun by writing it down here.
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11. That synching feeling

The Klein polyhedron is two antipodal pentagons at height
+1/+/5, and both poles. These are precisely the vertices of a
regular icosahedron.

If you rotate the icosahedron to consist of four parallel triangles
of points, the identity becomes two sets of three involving w and
the golden ratio. I won’t spoil your fun by writing it down here.
An extensive Mathematica searching shows that this is the only
case up to d = 100 of a common factor in the coefficients you
want to disappear in a synching sum.
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11. That synching feeling

The Klein polyhedron is two antipodal pentagons at height
+1/+/5, and both poles. These are precisely the vertices of a
regular icosahedron.

If you rotate the icosahedron to consist of four parallel triangles
of points, the identity becomes two sets of three involving w and
the golden ratio. I won’t spoil your fun by writing it down here.
An extensive Mathematica searching shows that this is the only
case up to d = 100 of a common factor in the coefficients you
want to disappear in a synching sum.

I don’t know why the 14th degree identity is true. Possible hint:

5
Zq?k(x,y):o for k=1,2,4,7
5=0

But why do the quartic q?-’s lie on ﬂZil Xik for k=1,2,4,77
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12. What’s next?

Open questions:
e Can one find a formula for ®(d)?
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12. What’s next?

Open questions:
e Can one find a formula for ®(d)?
e What about asymptotics? Is ®(d) = Q(d)?
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12. What’s next?

Open questions:
e Can one find a formula for ®(d)?
e What about asymptotics? Is ®(d) = Q(d)?

o Is there some structure to the minimal W(®(d), d) sets?
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12. What’s next?

Open questions:
e Can one find a formula for ®(d)?
e What about asymptotics? Is ®(d) = Q(d)?
o Is there some structure to the minimal W(®(d), d) sets?
o What is so special about d = 147

Bruce Reznick, UIUC Dependent powers of quadratic forms



12. What’s next?

Open questions:
e Can one find a formula for ®(d)?
e What about asymptotics? Is ®(d) = Q(d)?
o Is there some structure to the minimal W(®(d), d) sets?
o What is so special about d = 147

e Can the analysis for ®(d) = 4 be extended to ®(d) =57 A
crucial step for ®(d) = 5 would be characterizing sets of
three quadratic forms whose d-th powers have an even sum.
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12. What’s next?

Open questions:
e Can one find a formula for ®(d)?
e What about asymptotics? Is ®(d) = Q(d)?
o Is there some structure to the minimal W(®(d), d) sets?
o What is so special about d = 147

e Can the analysis for ®(d) = 4 be extended to ®(d) =57 A
crucial step for ®(d) = 5 would be characterizing sets of
three quadratic forms whose d-th powers have an even sum.

e What can be said about W(r,d1) N W(r,d2)? The
examples at d = 5, 14 suggest that the champions can fight
in several different weight divisions.
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12. What’s next?

o Given a family, is there an easy way to determine whether
there is a linear change making it real, or rational?
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12. What’s next?

o Given a family, is there an easy way to determine whether
there is a linear change making it real, or rational?

o It is provable that no linear change makes the
Desboves-Elkies example real, but it’s not hard to give a
W(5,5) C Z[x,y]. It may be sensible to define ®r(d) and

Pq(d).
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12. What’s next?

o Given a family, is there an easy way to determine whether
there is a linear change making it real, or rational?

o It is provable that no linear change makes the
Desboves-Elkies example real, but it’s not hard to give a
W(5,5) C Z[x,y]. It may be sensible to define ®r(d) and
Oq(d).

o Euler gave a famous example of binary septics over Q
which satisfy fi + fi = f3 + fi. What happens if you
replace “quadratic forms” with “degree k forms”?
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12. What’s next?

o Given a family, is there an easy way to determine whether
there is a linear change making it real, or rational?

o It is provable that no linear change makes the
Desboves-Elkies example real, but it’s not hard to give a
W(5,5) C Z[x,y]. It may be sensible to define ®r(d) and
Oq(d).

o Euler gave a famous example of binary septics over Q
which satisfy fi + fi = f3 + fi. What happens if you
replace “quadratic forms” with “degree k forms”?

o Many algebraic geometers in the audience have been
internally screaming during this talk that all I'm doing is
looking at curves parameterized by quadratics which lie on
the Fermat surface:

X{+ - +X'=0
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12. What’s next?

o Given a family, is there an easy way to determine whether
there is a linear change making it real, or rational?

o It is provable that no linear change makes the
Desboves-Elkies example real, but it’s not hard to give a
W(5,5) C Z[x,y]. It may be sensible to define ®r(d) and
Oq(d).

o Euler gave a famous example of binary septics over Q
which satisfy fi + fi = f3 + fi. What happens if you
replace “quadratic forms” with “degree k forms”?

o Many algebraic geometers in the audience have been
internally screaming during this talk that all I'm doing is
looking at curves parameterized by quadratics which lie on
the Fermat surface:

X{+ - +X'=0
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12. What’s next?

o Given a family, is there an easy way to determine whether
there is a linear change making it real, or rational?

o It is provable that no linear change makes the
Desboves-Elkies example real, but it’s not hard to give a
W(5,5) C Z[x,y]. It may be sensible to define ®r(d) and
Oq(d).

o Euler gave a famous example of binary septics over Q
which satisfy fi + fi = f3 + fi. What happens if you
replace “quadratic forms” with “degree k forms”?

o Many algebraic geometers in the audience have been
internally screaming during this talk that all I'm doing is
looking at curves parameterized by quadratics which lie on
the Fermat surface:

X{+ - +X'=0
Granted.
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12. What’s next?

o Given a family, is there an easy way to determine whether
there is a linear change making it real, or rational?

o It is provable that no linear change makes the
Desboves-Elkies example real, but it’s not hard to give a
W(5,5) C Z[x,y]. It may be sensible to define ®r(d) and
Do (d).

o Euler gave a famous example of binary septics over Q
which satisfy fi + fi = f3 + fi. What happens if you
replace “quadratic forms” with “degree k forms”?

o Many algebraic geometers in the audience have been
internally screaming during this talk that all I'm doing is
looking at curves parameterized by quadratics which lie on
the Fermat surface:

X{+ - +X'=0
Granted. Aside from Green’s theorem, how does this help?
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13. Oh, look, I have some more time
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