Math 347 Homework 10 Solutions Due Wed., Nov. 14, 2001

1. — 24.15, 26.3 (ungraded).

2. —24.16. Let
ne x

fn(z) = 1+nz2  1/n+z?
To find f(z) := lim f,,(z) for x € R, we need to separate out z = 0 and = # 0, First,
fn(0) = 0 for all n, hence f(0) = 0. If z # 0, then we see from the above that f(z) = 5 =
%. Clearly, each f,, is continuous on R, so if f,, — f uniformly on [0, 1] then f would have
to be continuous, which it isn’t, so the convergence is not uniform. Alternatively, we have
that f,(0) = f(0) for all n, and for x # 0,
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Thus, since we can ignore x = 0 in taking the sup, but think about z — 07,

sup{|fn(z) — f(z)| : « € [0,1]} = sup{ ( € (0, 1]} = oo,

— iz
z(1 + nx?)

and so the convergence is not uniform on [0, 1]. On the other hand, we see that

1 1
sup{|fn(:v)—f(x)|:xe[l,oo]}:sup{m: € [1, oo]} o
Since lim —— + = 0, it follows that the convergence is uniform on [1,00). If you prefer the
e/N approach given € > 0, let N = %, then if n > N and z € [1,00), then |f, () — f(z)| =

w(1+na:2) < l—l—n <€

3. — 25.10. Consider

>
n:01+a:”'

If 0 <z <1, then |14 z™| > 1, hence |1f;n| < |z|™. Since Y |z|™ converges as usual, it
follows that the given series converges by the comparison test. Now suppose a is fixed in
[0,1). For z € [0,al, it follows that |1_”|”_;n| < a™. Applying the Weierstrass M-Test with
M, = aF, we see that the series converges uniformly on [0, a]. On the other hand, we have,
for0<z<1 > %, and since all terms are positive,
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If convergence were uniform on [0, 1), then this limiting sum would be continuous, but it’s
clearly unbounded as x — co. The sum is an interesting function in number theory. If you



expand it out, the coefficient of 2" in 13”_% is the number of odd divisors of r minus
the number of even divisors of r. So, since the divisors of 12 are 1,2,3,4,6 and 12, the
coefficient of z'2 is 2 —4 = —2.

4. —26.2. T guess I did this in class. For all z € (—1,1), we have the power series identity
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:Z$":1+x—l—x2+x3—l—x4—|—....
T
n=0

We can differentiate this term by term to obtain
o0
— n—1 __ 2 3
1_$ an —an =142z + 32" +4z° +....
n=1

For each z € (—1,1), this is a convergent series, and so we can multiply through by the
constant x to obtain

It follows from putting z = 3 above that } .o, 2= =@ 1{/22)2 — 2, and from putting in
— 1 [es] n o __ / . ( 1)n _1/3 _ 3
v =43, that Y ~, 5% = G173 = 3, and Y 0 T = = Giar =5

6. —26.4. Well, I could just make the observation. What a weird question! Since the series
for e converges for all z, by putting in —22, we also get a convergent series: for all z,

:ZO(— :Z:O(—

We can integrate power series term by term, so that
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There is no obvious way I can think of to simplify (2n + 1)n!.

7. - 26.6. (In (b), use (a), but don’t try to square the series term by term.) Let
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Then differentiating term by term gives

> 2n + 1)z z2 ozt
(@)=Y (cprnte g o et
s () 7;)( et o Tt
, _ o . (2n)x2n—1 _ .’L'3
Since Zntl. = 1o and 2% = L we see that s'(z) = c(z) and ¢/(z) = —s(x), and
(2n+1)! (2n)! (2n)! 2n—1)1» ’

it then follows from the Chain Rule that (c¢* 4 s2)" = 2¢c’ 4 285" = 2¢(—s) + 2s¢ = 0 Thus,
c? + 5% is a constant function. Putting z = 0 into the definition of ¢ and s, we see that
¢(0) = 1 and s(0) = 0, hence this constant is 12 + 0% = 1.

8. — 28.2 a. Let f(z) = x3; to compute the derivative at 2, we observe that

— f(2 3_93
f(a;)j_;( ) :xx—2 :x2+2x+22,

if x # 2, and of course is undefined if x = 2. Thus,

i @)= £(2)

= lim 22 4+ 22 + 22 = 12,
z—2 r—2 z—2

and this is the derivative f/(2). For 28.2d, let r(z) = 22%1 and we compute the derivative

at 1. We have, with some algebraic simplification, for z # 1, % (where r is undefined) ,

3244 11-11
r(@)—r(l) =1 =7 St 11

z—1 r—1 -1  2z—1

It follows that .
L) = ()

_— — /
m —— =-11=7r'(1).
9. — 26.8. Some similarity to #5. We have
= 1
y <1 = Zyn = 1=y

n=0

Putting in y = —2? and noting that |z| < 1 implies | — 22| < 1, we get

2\n __ n,2n __ 1
Y (e =D (-1’ = et




When z = 1, the series on the left is an alternating series of terms which decrease to zero.
Thus it is convergent, and by Abel’s theorem, we obtain

o
—1)" 1 1 1
Z( ) :arctanlz’r=>7r:4<1——+———+...>.

on + 1 4 3'5 7

n=0

As z — —1, contrary to what you might think, the same thing occurs: (—1)"(—1)?"*! =
(—=1)™*!, and the series at the left is just the negative of what we had before. Of course
arctan(—1) = —%, so there’s nothing very interesting.
10. — Find a family of polynomials p,(z) so that
fa(@) =143z 4522+ -+ (2n+1)2" = Y (2k+ 1)z* =
k=0

pn () .
(1-2)?

[Hints omitted.] You may want to prove the formula you can guess by induction, or any
other correct method. I'll guess that
pu(z) =142 — (2n+ 3)z" T + (2n + 1)z 12

This is evidently valid for n = 0 (note that 1 + z — 3z + 2% = (1 — x)?), and so to verify
by induction we need evaluate

n+1
14+z—(2n+ 3)z"t! + (2n + 1)2z™+? Pnt1(T)
2%k 4+ 1)zF = o + 3t = Zntl)
;( + 1)z L + (2n+ 3)x -2

Multiplying through by (1 — z)? gives
Pppi(@) =1+ —2n+3)z" ™ + 2n + 1D)z" ™2 + 20+ 3)z" (1 - 2)? =
1+z—2n+3)z" ™ + 2n + 1)z" ™2 + (2n + 3)z" ™ — (4n + 6)z™ 2 + (2n + 3)z" 3
=1+2—(2n+5)z""? 4+ (2n + 3)z" 13,

which verifies the inductive step for n — n + 1.
It follows that if z € (—1,1) is fixed, then since

lim nz™ = lim (n+ 1)z"t! = lim (n+ 2)2"*? = lim 2" =0,
n—>00 n—>00 n—>00 n—00
we have that
lim p,(z) = lim (1+2z—2(n+ 2™t — 2"t 4+ 2(n +2)2" "> — 2"*?) =1 + 2.
n—0o0 n—oo

Thus, for for z € (—1,1),

> 1+2x
(2k + 1)31:’c =
;; (1—x)2

The point of this problem is that we could also get the answer more simply by manipulating
power series, but perhaps we wouldn’t believe it:
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