Math 347 Homework 6 Solutions Due Mon., Oct. 15, 2001

1. and 4. — 14.3 — a,b,c,d and 14.7 (ungraded) See answers in back. Ask if unclear.

2a. Observe that the dominant term is n and n + (—=1)" > n — 1, hence for n > 2,
(n+(—11)")2 < (n—11)2' Since ) ﬁ is convergent (by an index-shift and the p-test with

p =2, or by (n—1)2 > n?/4 or by the theorem in class and on Bonus Notes 9, considering
% with p(z) = 1 and q(z) = (z — 1)2), this series is convergent.

b. There are two ways to do this. One is to let a,, = v/n + 1 — y/n and then observe that
the partial sums telescope to s,, = v/n+ 1 — 1. Since v/n + 1 — oo, the series diverges.

The other way to do this is to exploit the algebraic identity:

vn+ 14+ \/ﬁ 1
vn+1-— =(vVn+1—-+vn (— =
V= Vi) Vnti++vn) Vatl+yn
This suggests divergence, and in fact, if you use the inequality vn +1 — /n > ﬁ,

then the comparison test and the p-test with p = % shows divergence.

1/n
c. Using the hint of the root test, we have (:—i)lm = % — % < 1 as shown in class,

so the series converges. If you forgot that, you can still use the ratio test, and obtain

(n+1)!

ot (n+1)! n" [ n "_)1
o (n+1)-al (n+Dm 0 \n+1 e

(This computation was how we got the first limit anyway.)

3. — 14.6a. Suppose Y |a,| converges and (b,) is bounded, say |b,| < M for all n. (a)
Show that Y a,b,, converges. Following the hint, we’ll prove that it’s Cauchy. Indeed, since
> |an| converges, it is Cauchy, and for every € > 0 there exists N so that for m,n > N,
> k=mat1 lax| < e So, given € > 0, there exists N’ so that m,n > N', >7¢_ . [ax| < ¢/M.
We do this so we can make the following estimate, showing that > a,b, is Cauchy:
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The point in (b) is that a, = (£1)|a,|, depending on the sign of a,, and a sequence where
b, = £1 is bounded.

5. — 14.8. Use the hint! Suppose = and y are non-negative numbers. We have

r+vy

0<(Vo—vy)’=a-2yay+y = Vay<—— <z+y.

Let (sn) and (t,) denote the partial sums of (a,) and (b,) respectively. In view of the
hint, and because a,,, b,, > 0, we have
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Since (sp) and (t,) are bounded non-decreasing sequences, so is the sequence of partial
sums for the given series, and hence it is convergent.

6. — 14.12. Given a sequence (a,) so that liminf |a,| = 0, we wish to find a subsequence
n, SO that >"77 | ap, is convergent. In a problem like this, since the information is about
lay|, you want to prove that the sum of the subsequence is absolutely convergent, and the
easiest thing is to find a subsequence so that a,, < 2% How can this be done? We know
that liminf |a,| = 0; thus if uy = inf{|a,| : n > N}, then uny > 0 for all n (since 0 is a
lower bound) and (u,) is non-decreasing, hence uy = 0 for all N. Thus, for all £ and all
N, 27% > uy, thus there exists n > N so that 27% > |a,,|. So here’s what we do. We pick
ny so that |a,,| < 1/2. Then we pick ne > n; so that |an,| < 1/4, etc. This gives the
desired subsequence so that |a,, | < 27% and Y a,, is absolutely convergent and hence is
convergent.

7. —16.4 - ¢,f. We have, for the first,
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For the second, a little more care is required,
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8. — (The correction.) Suppose (s,) and (¢,) are bounded sequences, but not necessarily
non-negative and not necessarily convergent, and suppose limsups,, = s and limsupt,, =
t. Is it a correct theorem that limsup(s, + t,) < s+ ¢? Is it a correct theorem that
lim sup(spt,) < st? This problem requires either a proof similar to that on the last
homework, or a counterexample or both.

I think I’ve made much too big a deal out of this. The theorem is correct for the sum
and false for the product. Following the old proof, given € > 0, limsup s,, = s implies that
there exists Ny so that sup{s, : » > N1} < s+ €¢/2, hence for each n > Ny, s, < s+ ¢/2.
Similarly, there is Ny so that for n > N, t,, < t + €/2, and thus, if N = max{N;, N2},
then for n > N, s, +t, < s+t + €. It follows that limsup(s, + t,) < s+t + €. This is
true for every € > 0 and so lim sup(s, + t,) < s+ t. The point here is that non-negativity
isn’t a factor when you’re adding.

For multiplication, it’s a different story. The simplest counterexample has (s,,) = (t5,)
being the sequence alternating between 0 and —1. Then s = ¢ = 0, but (s,t,) is the
sequence alternating between 0 and (—1)2 = 1, so limsup(s,t,) = 1, which is not < 0.

9. — Observe that for every n € N, there exists 7 > 0 so that 2" < n < 2"t! — 1. (In fact,
r = |logy n|.) Define a sequence (s,) as follows: if 2" < n < 2"t1 — 1 and r is even, then



sp = 1; if r is odd, then s, = 0. Thus, for n =1,2,3,4,5,6,7, we have r =0,1,1,2,2,2, 2
and s, =1,0,0,1,1,1,1. As before, let o,, = %(sl—l—- - ++8,). Compute o, when n = 2"+7,
0 < j <2"—1 and determine liminf o, and limsupo,. (Hint: first compute o92x and
0'22k+1.)

Perhaps a better hint would have been to compute o9r_1. Let z, = s1 + --- + sp,.
Then 2, = 1,23 = 1, x7 = 5 from the information given above, and x15 = 5 as well,
because for 8 < n < 15, we have r = 3 and s, = 0. But for 16 < n < 31, we have r = 4
and s, = 1, so that 31 =5+ 16 = 21, and for 32 < n < 63, we have r = 5 and s,, = 0, so
re3 = 21 as well. I hope you can see the pattern: x, = z,_1 + 1 if and only if r is even,
so there are blocks in which z,, is incrementing by 1 and blocks in which it is constant.

.’11'1:.’13‘3:1;.’13‘4:2,...,376:4.’1’}7:.’E15:5;.’E16:6,...,.’1730:20,.’11'31:.’13’63:21;....

The relevance of 1, 5,21 is that they are 1,1+ 4,1+ 4 + 16. In fact, it’s easy to see that

\)

gk+1 _q

To2k+1_1 = T92k+2_1 = 1+4+_|_4k — 2k-l-1.
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It follows from this that og2r+1_; — % and og2kt+2_7 — %

What about the other o,’s? Well, notice that s,, = 0 or 1 and so 0 < o, < 1.
Furthermore, if s, = 1, then o, < 0,41 and if s,, =0, then o, > 0,4+1. We see then that
op is increasing from n = 228 — 1 to n = 225! — 1 and decreasing from n = 22+ to n =

22k+2 _ 1 50 the values found above in fact show that limsup o, = 2 and liminfo, =

1
3 3

10. — Construct a sequence (s, ) so that

S .. . . S
ntl < liminf 371/" < lim sup s,ll/” < limsup —2*1
Sn Sn

lim inf

Suggestion: Emulate the example of Homework 5, #7, but make different rules for S’S‘¢

n

depending on whether 228 < n < 22k+1 op 22k+1 < < 22642 GQuppose we follow
the pattern of problem 9, and say that 2 = 2 if 2°% < n < 2%%+1 and 28 = 1 if
2?1 <n < 2242 Then 242 takes the values 1 or 2 infinitely often, hence their liminf
and limsup are 1 and 2 respectively.
What is s,,?7 Nothing less that 2%~ from the last problem! What is s,lz/ "? Nothing less
that 2~ from the last problem! Therefore, we have
Sn+1 Sn+1

lim inf =1 < liminf s%/" = 23 < limsup /™ = 2%/3 < limsup 2= = 2.
Sn Sn

Naturally, other examples are possible and will be carefully considered.



