POLYNOMIALS THAT ARE POSITIVE ON AN INTERVAL

VICTORIA POWERS AND BRUCE REZNICK

ABSTRACT. This paper discusses representations of polynomials which are pos-
itive on intervals of the real line. An elementary and constructive proof of the
following is given: If h(z),p(z) € R[x] such that {a € R | h(a) > 0} = [-1,1]
and p(z) > 0 on [—1,1], then there exist sums of squares s(z),{(z) € R[z] such
that p(z) = s(z) + t(z)h(x). Explicit degree bounds for s and ¢ are given, in
terms of the degrees of p and h and the location of the roots of p. This is a
special case of Schmiidgen’s Theorem, and extends classical results on repre-
sentations of polynomials positive on a compact interval. Polynomials positive
on the non-compact interval [0, c0) are also considered.

1. INTRODUCTION

Suppose that p € R[z] is a real polynomial in a single real variable. p z
or all z € R then an easy onse uen e o the un amental heorem o lgebra
is that p an be ritten as a sum o t o s uares o polynomials. ¢t is natural to

on er hatone ansayi pz orpzx orxina e interval.
here are several su h representations hi h resonate ith more re ent or in
real algebrai geometry. t has long been no nthati px orx e 11
then p an be ritten as a positive linear ombination o polynomials 1 = 1 =z
or suitable integers an ernstein  ho ever it might be ne essary or
toe ee the egreeo p. n i pux or z € [ 11] then one an rite
px T 1 =z T here 2z T orall z e ete. t has also
long been no nthati pz orz €| then p an be ritten in the orm
T hereeah isasumo t os uares olyaS ego. he prooso these

results are elementary an arein lu e in this paper.

his uestion an be vie e rom a more abstra t algebrai perspe tive. e
ently .S hmu gen [ 1] has prove a remar able theorem hi h an be vie e
as a broa generali ation o these representations to positive un tions. oughly
spea ing i a ompa tset inR is e ne by nitely many polynomial ine ual
ities then any polynomial hi h is stri tly positive on an be ritten in terms
o the e ning polynomials or an sumso s uares o polynomials . he proo
o this result in [ 1] is neither elementary nor onstru tive. e no present the
re uisite e nitions.

iven non onstant polynomials € Rz z | e ne
to be the generate by the s i.e.
eR orl
et enote the set o ith € Rz xz ]. or any
1 let =« x  ith the usual un erstan ingthat = 1.
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hen e e ne the generate by the s by

1.1 T x €

ote that sin e is lose un er multipli ation an the pre
or er is also lose un er multipli ation.
or a set R let s resp. enote the set o polynomials
p € Rz z ] so that p resp. p or every
€ . Su h polynomials are sai to be on
resp. on . hese sets are also lose un er multipli ation.
et an then learly is ontaine in
s .S hmu gens heorem saysthati is ompa t then a stronger statement
is true

nother or s i on ompa t then isin the preor er generate
by the s. S hmu gens heorem is some hat simpler in one variable. s note
earlier € i € s R thatis i R he situation is more
ompli ate or polynomials in more than one variable see [1 ].  hus to give a
simple e ample one onse uen e 0 S hmu gen s theorem is that i p x or
z €| 11] thenone an ritep x z 1 =z z here z =z or
all z. his paper ontains a onstru tive proo o this result ith egree boun s
or an hi h epen on the egreeo pan the lo ation o its roots.

n se tion t o o this paper e sho that the stu yo s an or
real intervals essentially re u estot o ases [ 11]an [ .e
revie the literature on this problem hi h goes ba to ermite an is uss

or o oursat ernstein aus or olyaan Sego eete uas arlin
an Shapley an arlin an Stu en. here has been some or on s

hen R is given in the orm or linear . See papers by

an elman [ Jan i hellian in us[l ]. hese are beyon the s ope o this
paper.

n se tion three e ombine re ent results o e oeraan Santos ith or o

oursat olya an S ego to give a onstru tive proo that i pisin [ 11]
then or a omputable value o there e ist so that

px 1 =z 1 «z

ithout the in ormation on this theorem is ue to ernstein. ther ompu
tations o have been ma eby r elyian r elyian S aba os.
n se tion our e give an elementary an  onstru tive proo o S hmu gens

heorem in one spe ial ase. et be a given polynomial or hi h [ 11].
pE [ 11] egivea onstru tive proo o the e isten eo € sothat
P . hisin lu esan boun on the egreeso an base on
the egree o p an the smallest absolute value o the roots o p. n the spe ial
ase z 1 z u asprove astrongertheorem s [ 1 1] 1 =z . e
shall give ane essaryan su ient on itionon sothat s [ 1 1] .our
proo relies on a non onstru tive result o S hei erer an so is not onstru tive.
nse tion ve eturnour attention to the non ompa t interval | to hih

S hmu gens heorem oes not apply. s note earlier olyaan S ego prove



that i pe s | then theree ist € sothatp x z T x . nthis
se tion e prove that this is essentially the only asein hi h S hmu gens on

lusion hol s or | [ an [
then =z T Or some

he nal version o this paper as hammere out in  tober 1 hile the
authors ere parti ipating in the S or shop on Symboli  omputation in

eometry an  nalysis. e happily a no le ge our gratitu e to S or its
arm hospitality.

C ROUND ND I TORIC R

Suppose R is an interval. o an one es ribe s an t rst
glan e this uestion might seem to involve many ases epen ing on hether is
open or hal open or lose nite hal in nite or in nite. n a t there are really
only t o ases.

irst observe that by ontinuity s s ontains ith
the omplement onsisting o those polynomials hi h are positive on but vanish
at one or the other o its en points. € is a let han en point an
pE then there e ists an integer so that p x T T  here
€ . similar onsi eration appliesi € is aright han en point.
hus it su esto onsi er s an or lose intervals . urthermore
ipe s then p has nitely many eroesin . p an is
interior to  then p x T or some even integer an € s .
resp. isalet han resp. right han en pointo an p resp.
P then p x z T Tesp.p T £ x orsome € s
n any event p an only have a nite number o eroes sop € s or the lose
interval [ ]i an onlyi
1 pz T T T T
or some non negative integers here € an € . is hal
in nite or in nite then this ormulaismo i e a or ingly.
then it is lassi ally no n that s onsists o the sums
0o t o s uares o polynomials an onsists o the sums o t o s uares o
polynomials hi h have no ommon real eros. ishal in nite then [
resp. ] an i pe€ an T px resp. & P x then
€ [ . inally i [ ] pe an
T p
then € [ 11]. n other or s there are essentially only t o ases
[ an [ 11]

t might seem more natural toi entiy [ 1]asthe ar hetypal nite interval an
the early theorems o  ernstein an  aus or ere astin this ay. he interval
[ 11] aspreerre by analysts anting to no  hi h polynomials p have the
property that the trigonometri polynomial p 0s ta es non negative values.

t turns out that [ an [ 11] are losely relate to ea h other.
iven a polynomial o e at egree e e ne the th egree



o by
x 1 =z —_—

t is orth noting that the oursat tran orm is nearly its o n inverse

T 1 =z — 1 =z 1 — 17 T
1 —
eg an eg then the th egree oursat trans orm
o is alrea y a polynomial hen e . impliesthat 1 =z T .
L oursat s emma
€ [ 11] € [ eg € [ 11]
€ [ eg
z € 11] then — €] .Sine 1 =z e see rom
that =z resp. T i an onlyi resp. . rite
x x the oe iento z in =z 1 =z 1 =z is
1 1.
t ollo s imme iately that € [ 11 i an onlyi € [ an
eg . e ea en the hypothesis rom positive to non negative then
the same on lusions arry over ith the loss o in ormation about the egree o
ote that 1 by ontinuity in any ase. O

his sub e t appears to have been inaugurate [11] in 1 by the 1 year ol
ren h mathemati ian harles ermite in the rst volume o the ren h problems
ournal . et

1 =z 1 =z
ermiteas e i p€ [ 11] has egree must it belong to his uestion
as ui lyans ere inthenegative by . oursat[] .Sa ier[l Jan . ranel
[ ] in several i erent ays. later solution appeare in olya S ego [1 ]
e present oursat s proo .
Suppose p € an px 1 =z 1 =z ith . hen
px z 1 =z
so that the oe ients o p are nonnegative. or letp 2 =z . ehave
p T 1 =z 1 =z 1 z 1 T
learly i then pe€ [ 11]. utpe i an onlyi the oe ientso
p are nonnegative an this is true only or 1. hus or 1 p provi es
a negative ans er to ermites uestion.
o ever i p € [ 11] then it is true that p € or su iently large
his as prove by ernstein [1]in1 1 although olya S ego attributes this
result to aus or [l pp. ]in1l 1 as part o his solution o the lassi al
moment problem on [ 1]. o proo s o this theorem are given in [1 ].  ne

uses oursat s trans orm ombine  ith another theorem o olyas[l1 ]. e il
give a omputational version o the latter proo in the ne t se tion. inally it



is orth noting that i peE s [ 11 an p or € 11 then
upon setting x in the e uation p x 1 =z 1 =z ith
e on lu e that or all a ontra i tion. t then ollo s easily that
11
o other results oun in [1 ] give egree in ormation absent in S hmu gen s
heorem. pxz € s [ 11] an phas egree then

pz T 1 =z T

or some polynomials an o egreeat most an 1respe tively.  his result
[1 ] is attribute to . e ete but noa itional bibliographi etails are
given. n er the same hypotheses p an be ritten as

pT T 1 =z T 1 =z T 1 =z T
so that ea h summan has egree . his result [1 ] is attribute to
u a s again ith no etails. urther i iseven then an i

iso  then .
arlinan Shapley [ p. ]gavean even more pre ise representation. Suppose

pr € [ 11] haseven egree then
px T 1 =z T T
p has o egree 1 then
px 1 =z T T 1 =z T T

hese representations are uni ue un er the a itional on ition that 1 =z

z 1. arlinan Stu en[l p.1 ] give a similarly interla e repre
sentation or polynomials in [ .
e present no a short proo o the representation result [1 ] or|
P olya S ego pE [ pPE =
€ P T T T eg egx egp
irst observe that i p T ith eg egw egp then
P PP x x x
here eg egx egp. hus itsu esto ritepe s | asapro ut

o a tors ea ho hih satis es the esire on ition.

o a tor p over Rlz]. ny positive roots appear to an even egree hen e the
linear a torso p ill either appear to an even egree or illbeapro u to terms
T T ith x . heirre u ible wua rati a tors o p are positive e nite.
Sin eany ps a tor isalrea yin it anbe rittenas x  thelinear a tor
x x anbe rittenasx x 1. nvie o the rst paragraph this ompletes
the proo . O

roposition implies a stronger on lusion than S hmu gens heorem or 1
T an 1 =1 =x.

[ 11] 1 =z 1 z1 =z



e allthati pe 1 =z thenpx T 1 =z =z or €

s R sope s [ 11]. similar argument appliesto 1 =z 1 =z.
o prove the onverse supposep € s [ 1 1] an egp .y oursats
emma an the last roposition there e ist € Rz] eg an
eg so that
pT r x

o per orm another oursat trans orm o egree
pz 1 =z T 1 =z 1 =z T

iseven e an absorbthee tra a torso 1 =z to obtain

pz 1 =z T 1 =z 1 =z T
sope 1 =z . iso  then e obtain a similar i longer e pression
px
1 =z 1 =z T 1 =z 1 =z T

henepe 1 z1 =z

inally observe that ian onlyi € an € . eare
onei e ansho thatl z€ 1 2 an 1 =z € 1 =z 1 =z . helatter
is imme iate rom 1 =z 1 =z 1 =z an thei entity
1 =z 1
1 z — -1 z € 1 z
O
ote that
1 =z 1 =z 1 =z T
an
1 1
1 =z r_ 2 -1 z
here 1 T x is ps by the arithmeti geometri ine uality. hus
1 =z 1 =z or all positive integers . o ever Stengle [ ]hassho n
that 1 =z € 1 =z SO oes not imply that . See

also orollary 11 belo .

O UTIN T RN T IN R
Suppose € [ 11] has egree . e ne to be the smallest integer
so that € has been alle the o by e orean
orent [] an the 0 by or einan relyi[]. wur rst

tas in this se tion is to ompute
olya prove in 1 [1]thati p € R then or su iently large
1 z pzx z haspositive oe ients. nparti ular i € [



then orsu ientlylarge 1 2  z hasnon negative oe ients. et e
note the smallest integer or hih 1 2z 2z has non negative oe ients.
e ently e oeraan Santos [l p. ] have ma e an algorithmi analysis o

[1 ] there are several un ortunate typos in [1 | but the statement belo
e use this to give an upper boun or

P 1] x z

is orre t.

€ 1

T T T

his proposition has an imme

iate interpretation or inhomogeneous polyno
mials o one variable

x z € |
min 1 e 1]
et T an apply roposition to  noting that
or later re eren e observe that in 1 — el 1
O
T xr € [ 11] z x
x z e[ 11] ma
irst suppose so that
1 =z — 1 =z T x
ith . pply the oursat transorm o egree to both si es above
to obtain
T 1 =2 1 =z
hus

his proo o ernstein s theorem is in [1 ].
o prove the onverse e rst observe that a representation

T 1 =z 1 =z



ith non negative an al ays be homogeni e

an i or all then orall as ell. hus isal ays a hieve
by a homogeneous representation.
e have su h a representation or ith then upon ta ingthe oursat
trans orm o  egree e get
1 1 =z — 1 =z T T
hus an so
inally by orollary . — here is the in mum o
1 — or €[ 1. o ever
1 -
1 — 1 1 — 1
1
so that is pre isely the minimum o on[ 1 1].
O
relyi[] Jan r elyian S aba os[ ] have given etaile omputa
tions o or ua rati polynomials. or e ample i the omple rootso the
e nite ua rati  lieon theellipsez — 1 then €| 1 ] an
these boun s are essentially a hieve . hese results an be oun in[ pp. ]
E e ompute p or here p = T € [ 11].
e all that
p T 1 =z 1 =z 1 z 1 T
so that p i 1. en eorth assume 1 an that € 1 1]
or some positive integer . e shall sho that p 1 theleast o integer
or 1 ompare ith heorem . e have an
ma 1 hi hyiel san upper boun o — — 1.
et =z 1 r x sothat p 1 here —. e have
€E[— - an p

y the binomial theorem

a urther al ulation sho s that

1 x T EE— T



hus is the smallest  so that

or all
Suppose . hol s or even . he ine uality or 1 implies that
— so . n the algebrai i entity
sho sthat . hol s hen ——. Similarly i . hol s oro 1
then implies — SO an thei entity
1 1 1 1 —
sho sthat . hol s hen —— sin e is an integer value variable.

Sine e ishe to n the so that . hol s or given e
on lu e that 1 an so p p 1. he
omputation in this e ample is uite similar to [ pp. ]

C UD N OR OR[ 11]

n this se tion e give a onstru tive proo o S hmu gens heorem in the
spe ial ase that there is a single polynomial su h that [ 11]. hatis
i[11] =z = an pzx orz €[ 11] then e onstru t ps real

polynomials an  so that

1 p

s note earlier in one variable onsists o the ps polynomials so it su es
tosho that an  are non negative on R.

e begin ith some simple remar s. irst i [ 11] thenm =z hanges
sign only at z 1 an an have eroes ith even egreeonlyin 11. hus
x 1 =z 1 =z x  here 1 an an are botho . wurther
more on 11 an z or z 1. t ollo s rom 1.1 that or
any polynomial . hus sin e iseven e an multiply by
anevenpo ero 1 z an assume that iso
i =z 1 =z z so that [ 11]. Sine is a polynomial in
one variable =z as x so there e ists so that =z or
T € 1] [I . Sine is ontinuous there e ists so that x or
ze[ 11)]
he main te hni al result is the ollo ing
T T 1 =z T T
x € 1] N1 x ze[ 11
1 _
T 1 x T T T
his theorem implies that € hen e 1 T T €
et =z x then ith the same values or an e have
1 T € upon ta ing x z eseethat 1 T € . hus

1 T T r T



here € an eg eg are boun e above by

- eg - €g
e ant tosho that =z or all x € R.  bserve that 1 T
or z 1 an x x or x 1. hus e nee only onsi er
T € 1 11.
irst rite x € 1 as 1 here . e must sho
that
x 1 1 1 1
e have the estimates 1 1 an 1 an sin e iso
1 1
he last ine uality ollo s rom an the sele tion o one term rom the
binomial e pansion o . husitsu estosho that
1
an this ollo s ire tly rom the e nition o
o supposez € 11. mneasy al uluse er ise sho sthati an  are
positive an 1 then 1 —— . sing this argument ith x
e have
T 1 T T 1 =z T
ut — 1 an sin e - — e have
- 1 —
O
or €R an € let T 1 T T T. e
have not attempte to be pre ise in the al ulation o an as one might suspe t
or parti ular e amples z illbe ps or asmaller valueo  than the one

asserte above. ote or e ample that the argument o the last theorem or s ith
the value o re u e roughly by provi e issmall enough that this integer
is non negative.

onsi er =z 1 2z or hih as eveseen noa itional ma hinery is

re uire to prove S hmu gens heorem. he ollo ingi entity sho s that
ill a tually or i 1 then T -T - — -1 =z . eta e
x 1 =z then an x 1 so 1 an the boun or is

— — . ore pre ise results an be ompute in this spe i ase. t
anbesho n ore ample that the minimumo z 1 =z onRisappro imately

111 hen e ore ample ith 1 lz 11 =z 1 =z isps.
n the other han set 1l an onsi er T 11 =z 1 z .
then 1 1 but i 1 then 1

hen e 1 . hus z isnot ps orany . his oes imply that
11 =z€ 1 =z merely that there is no e pression o this simple orm.

e an repeat this argument or 1 1 implies



an 1 1 implies 1 hese arguments an be repeate
tosho thati 1 1 =z x isps then 11 an a numeri al argument
sho s that or all z

11 2z 11 z 1 z 1 =z

he ollo ing uantitative spe ial aseo S hmu gens heorem ontains egree
in ormation unavailable in the original. bserve that i pis positiveon[ 1 1] then

by ontinuity it is positive on [ 1 1 ] or some
T 1 =z T T z 1

T z 1 px € [ 11] p

1 €

p
1 -
a tor p over R[z] into linear a tors x an irre u ible ua rati a tors

€ . hen 1. bserve that = x  ith the

sign hosen so that the a tor is positive on [ 1 1] thus

px x x
o use heorem .1 to rite x ith the egrees
- eg eg an substitute above. O

here is no egree epen en ein e etes heorem on the lo ation o the roots
o p. ntheother han Stengle hassho n|[ p.1 ]that thereisa onstant
su h that given € ith

1 =z T x 1 =z

then eg . ealso[ p.11] onstru te su h a representation in
hi h eg log . his implies that i then there is no boun or
the egrees o an hi h epen s solely on the egree o p an in ormation
about . t also suggests that a better onstru tion might re u e the e ponent on
1 rom 1 to -.
orollary . statesthat [ 1 1] . nvie o theresultso e etean
uas as ellas orollary . itisnaturalto on er hen e have the stronger
result that s [ 1 1] . e are able to ans er that uestion ompletely
this happensi an onlyi =z 1 = x here isasbeore an 1
ur proo relies on a very re ent result o S hei erer [ -]

L S hei erer € R[z]



P € R[z] [ 11]

z 1 T 1 1 =z
1 =z
e give the proo or 1 z  the proo or 1 =z is similar. rite

x 1 =z x an note that must beo . e ant to apply emma

to the polynomials 1 z an x . hey are learly relatively prime. e
have z 1 = [1 an on [1 by its e nition. en e
on itions an o the lemma hol . hus there e ist € so that 1

z 1 = T x. ultiplying both si esby 1 =z yiels 1 =z

z 1 =z T T € . O

he proo 0 emma . isnot onstru tive hen e this oes not yiel
a onstru tive metho or n ingane pli it representationo 1 2 an 1 =z
in the preor er.

[ 11] pE€E [ 11] pE
1 p
[ 11]
1 1
rite =z 1 =z 1 =z T here =z or 1 an T

or z 1. verype s [ 11] anbe ritten as

pT 1 =z T x 1 =z =
here z lan € [ 11]. is even or isevenan i iseven
or is even then by orollary . an roposition . pisapro uto
a tors rom hen e p €
0 suppose iso or is o . he proos are similar an e
give the rst. Suppose e oul rite p ith € . henl =z p
an 1 =z hene 1 =z . ut isps so any linear a tors appear to an
even egree. hus 1 =z an 1 implies that 1 =z p hih
ontra i ts the e nitiono . O

here are several other ire tions in hi h these results oul be generali e .
he most obvious is to allo ith so that [ 11].
s note earlier any ompa t interval might as ell be [ 1 1] but S hmu gens
heorem also applies hen the semialgebrai set is a union o lose intervals.
Stengle prove [ ] that i [ 1 1] then there e ists a single in
so that [ 11]. is proo re uires various non onstru tive

Stellensat e an e have been unable to n a onstru tive proo .
evertheless e an present here some remar s to ar s a onstru tive proo .

Suppose [ 11]. ssumeeah hasa atoro 1 =z. not
replae by 1 =z € so that 1 z . here is no
real so that orall . wurgoalisto n ps p p su h that
p P is positive e nite. Setting P 1 =z p e
then have [ 11] an e anapply heorem .1.

E Suppose 1 z =z an T here 1

hen [ 11] | ]



[ 11]. nalgebrai i entity sho s that

T 1 T 1 =z T
11 =z =z 1 =z z
1 =z 1 =z 1 =z T
1 =z T T 1 1
Sin e zx T 1 1 1 e
have [ 11). nother or s e have use the above onstru tion ith
T 1 =z T p 1 an p 1.
tis i ult to apply heorem .1 ire tly to in this ase be ause o the
omputationo an . or on reteness set an so that 1
1 T 1 =z =z T 1z an 1. t is routine to veri y that
x x z 1z is in reasing on [ 1 1] hen e 1 an
z 1 x x x hen e 1. e set 1 then heorem .1
tells us that ith — an 1
T r —z 1 =z =x T 1z
is ps . his an easily be on rme by graphing it. hatis e an e pli itly
rite T € [ 11] asan element o
T T —x T T 1z T —z 1 =z T

I IN INIT INT R

simple e ample sho s that theree ists so that [ but |
isnot ontaine in
E bserve that =z [ an that 1 =z € [ .outi
1 ze€ 2z then there oul e ist € s R so that
1 =z r z

bserve that the egrees o an are even. en e the egreeso z an
£ x namely an are i erent an hen e the egree o their sum is
ma hi h must e ual 1 a lear ontra i tion.

his e ample generali es onsi erably. e rst nee a amiliar ol lemma.

L
T z €[ ]

etpx £ an hoose no es x T T . he

ollo ing system o 1 e uations in the 1 un no ns
px x
has an ermon e eterminant x T hen e there e ist SO
that
px

he assertion is no imme iate. O



e note the ollo ing use ul property o in the ase

here [ ah an eah € has positive lea ing oe
ient. hus there an beno an ellation in the highest egree terms. n parti ular
ip then orea h egp eg
T [ p
egp egp P P pE
rite
1 p z T T T
ith € an any summan  hi h is ero has been elete rom the
sum. oreah egp egp ma  eg eg hen e there is
a uni orm boun on the egrees o eg . ah 1z isapolynomial hih is
non negative on [ hen e there e ists an interval on hih =«
et min . hen there e ists so that =z orzel[-—] [ ]
Sin e p p theree ists sothatp =« orall an ze€[ ]. t ollo s

rom .1 that oreverysubset an z €[ |

p =z x x x
hus z orz€[ ] an eg egp. t ollo s rom emma
that there is a uni orm upper boun to the oe ients o z . hus there

e ists a onvergent subse uen e so that or ea h T T oe

ient ise. e onlu e rom .1 that

px x x x
O
[ x €
z x
nvie o heorem 1 it su estosho that x € implies

that some is a multiple o z. Suppose other ise an  rite

T T x x

a h summan has egree 1. Sine € it must be a non negative onstant
T . urther i then eg T 1 so is asingleton

here =z z is linear. Sin e =z on [ e have an
by hypothesis.  ter a suitable relabeling e obtain the i entity

x x
y setting x e on lu e that a ontra i tion. O
E et px z x learly p [ . e sho that or

every o  integer an su iently small z € p. tsu estosho



by in u tion on o that z

€ so that

bserve that
impossible or

e have
T Or some

ma
1. Suppose

T T €

ut this implies that

€g

an

€ p . Suppose other ise. here oul e ist

r T T

eg here eg eg are even. his is
e have sho n this impossible or here
sox x an sine € it ollo s that

x

hus
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