Errata for Advanced Modern Algebra, Chapters 1to 7
March 7, 2003

This list of errors will be corrected in the next printing of the book. If you have found
any other mistakes —typos, errors in a proof, false statements, unclear exposition, important
omission — please write me at

rotman@math.uiuc.edu

Page 12line 2 Change formula to

n o/ n n
3 (L) =12
i=1 \e=1 i i
Page 12line6 Change f™” to “(fg)™”
Page 12line —9 Change Exercise 1.14 as follows:

114 Ifr,a) = 1= (r’, a), prove that(rr’, a) = 1.
Page 14line 15 Should read: “1& —1 mod 11"
Page 14line —11 Delete “on page 14"
Page 2Qline 13 Change “01,...,k—1" to “0,1,...,n—1"
Page 21lines 910 Change the definition.

Definition. Define theEuler ¢-function as the degree of theth cyclotomic polyno-
mial:

¢ (n) = deg Pn(X)).

Page 41line—7 Shouldread: &: 1+ 6.
Page 49line —6, —5 Add 1-cycles12) and(16), and calculate sgn) = (—1)16-5.
Page 58line —12 Change “Theorem 2.33(1)” to “Theorem 2.24"
Page 60Qline 5 The beginning of a sentence was omitted. It begins
(i) The symmetry grougx (;r5) of a regular pentagon ...
Page 62 The hint for Exercise 2.23 should refer to Theorem 2.24
Page 65line 10 Change Proposition 118 to “Proposition 1.19
Page 65line—7 Change “by (i),” to “by Theorem 2.24
Page 68lines3and4 Change (W e R": Ax=0}" to “{xeR": Ax=0})"

Page 70line —13 Change the reference from Exercise 1.19 to the new Exercise 1.14.
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Page 74lines—12, —11 Change “3,4” to “4,5"

Page 79line —13 A finite nonabelian group is calldwmiltonian

Page 82Exercise 2.59 Change M2=—E” to “M2=—|"

Page 82 Exercise 2.60 Change ij“= —ki” to “ik = —ki”

Page 83line—11 Change “Legke bK” to “Let gke gK”

Page 86line —9 Change “Theorem 2.33(i)" to “Theorem 2.24”
Page 87line—93 Change #+— (hd,d"th)” to “d~ (hd,d~1k)”
Page 88line 17 Change 4K =H" to “aH=H"

Page 90Restate Proposition 2.78 to read as follows.

If G is a finite abelian group and d is a divisor g&|, then G contains a subgroup of
order d.

The present proof proves this result whetis a prime, and the following paragraph
completes the proof.

Let d be any divisor of G|, and letp be a prime divisor ofl. We have just seen that
there is a subgroup < G of orderp. Now S < G, becausés is abelian, and5/S is
a group of orden/p. By induction on|G|, G/S has a subgroupl* of orderd/p. The
correspondence theorem givils = H/S for some subgroupd of G containingS, and
[H| = [H*||S|=d e.

Page 91line 15 Delete %= hh'kk™
Page 92line 20 Change “Theorem 2.33(I)” to “Theorem 2.24"
Page 93line 15 Change “[Theorem 2.33(i)]" to “[Theorem 2.24]"

Page 94 line —9 Leep’s proof assumes that the graBps abelian. This enters in the
proof to ensure that is a homomorphism.

Page 101 line -13 Change Ng(x) = {g e G:gHg ! < H}” to “Ng(H) =
{ge G:gHg 1=HY)

Page 104line-9 Change fi>1" to “n>0"
Page 113 Replace Exercise 2.88.
2.88 FindNg(H) if G = SyandH = ((1 2 3)).
Page 113 Change Exercise 2.91 to read
291 For alln > 5, prove that all 3-cycles are conjugateAn.

Page 115 Change the formula on the bottom line to read:

5 (q6+2q4+4q3+3q2+2q)



Page 125Exercise 3.19() Stochastic matrices should all be nonsingular.
Page 129lines-5t0 -3 Change “Lemma 3.15(iii)” to “Proposition 3.14”
Page 134lines—5, —4, —3 Should read:

element of each of them is known. For example, finding a primitive eleméyzofessen-
tially involves checking the powers of eadl, [where 1< i < 257, until one is found for
whichi™ % 1 mod 257 for all positive integers < 256.

Page 141line —4 Change “Exercise 1.15(ii)” to “Exercise 1.15(i)"
Page 150line 2 Change “Example 3.15" to “Example 3.45(i)"
Page 150line 8 Assume thap is injective.

Page 150lines -5, -4 Rewrite as follows:

Prove thatF is a field (with operations matrix addition and matrix multiplication), and
prove that there is an isomorphigm F — C with det(A) = p(A)p(A).

Page 154line6 Change “or” to *“and” inthe display.
Page 155line 18 Change rhmod 4” to “mmodp”
Page 156bottom Change the statement of Proposition 3.68:
Leta = a+ bi € Z[i] be neithelO nor a unit. Thenx is irreducible if and only if
() «isan associate of a prime p i of the form p= 4m + 3; or
(i) «isan associate ol + i or its conjugatel —i; or
(iii) 9o = a® + b?is a prime inZ of the form4m + 1.
Page 157Redo part (iii) of the proof as follows:

If 3(e) is a primep (with p = 1 mod 4), thenw is irreducible, by Proposition 3.64(ii).
Conversely, supposeis irreducible. Asd(«x) = p or d(e) = p?, it suffices to eliminate
the latter possibility. Now | p, so thatp = B for someg € Z][i]; hence, as in case (i),
d(ae) = p? implies thatB is a unit. Nowaa = p? = («f)?, so thate = «B2. But
B2 = +1, by Proposition 3.64(iii), contradicting # +a. Thereforep(a) = p. e

Page 158Change Exercise 3.61 as follows:

3.61 If kis a field, prove thak[[ x]], the ring of formal power series ové&r is a PID. (See
Exercises 3.26 and 3.27 on page 130.)

Page 163line 4 Should read: “finite list itv”
Page 166line 9, Change ‘“re-ordering thés” to “re-ordering thev's”
Page 173Change the sketch of proof of Proposition 3.94.

If e, ..., ey is the standard basis &f, defineP to be the matrix whosih column is
the coordinate set of (). If S: k" — k" is defined byS(y) = Py, thenS = T because
both agree on a basis:(g) = Zj ajiej = Paq.
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Page 174line 4, Change thx 1column” to ‘hx 1column”
Page 175line 2, Change & =)" to z=)>"
Page 175line 3, insertT (vi) = z

Page 181 line -7, complete the definition of the column space as the subspak® of
spanned by the columns &f

Page 183line 12, Change “Corollary 2.52" to “Corollary 2.69”
Page 185Change the statement of Proposition 3.116

If k is a field and | = (p(x)), where [x) is a nonzero polynomial in[k], then the
following are equivalent: () is irreducible; Kx]/1 is a field; i{x] /I is a domain

Page 188line -10, Change ¢(c)=c+1" to “¢p(c+1)=c"

Page 189line 7, Change ¢(c)=c+ 1" to “gc+1)=c"

Page 189line 8, Change ¢~1y” to “y¢1”

Page 191line 19, Change f(x) e k[x]" to *“ f(x) € K[x]"

Page 192line 13, Change “Fra&[yi, ..., ¥n])” to “Frac(K[yi, ..., YaD[X]"

Page 192line -16, Change “iiK contains” to “ifk contains”

Page 193line 15, Should bé& = {@ € K : g(a) = 0};

Page 194lines -11 and -2, Change “Corollary 3.129(v)” to *“Corollary 3.117(v)”
Page 196line -1, Change x3—x?+1)" to “(x3—x%—-1)"

Page 197 Change Exercise 3.85 (which repeats Exercise 3.33).

3.85If X is a subset of a commutative rifgy defineZ (X) to be the intersection of all those
ideals! in R that containX. Prove thatZ(X) is the set of ala € R for which there exist
finitely many elementsgy, ..., X, € X and elements; € Rwitha =ryxg + - - - + rpXn.

Page 197 Add new exercise.

3.95 Let K/k be a field extension. IfA € K andu e k(A), prove that there are
ai,...,an € Awithu e k(ay, ..., ap).

Page 202 Change the first sentence of Theorem 4.17(i):
(i) Let E/k be a splitting field of a separable polynomialxh
Page 202 Change the first sentence of Theorem 4.17(ii):
(i) If E/k is a splitting field of a separable polynomial(x) € k[x], then

Page 204line -8 Change “NowWE* = (w),” to “The group of all roots ok™ — 1
is cyclic, say, with generatas,”



Page 205line 17 Add new sentence at end.
By Theorem 3.131, GéE/k) is independent of the choice of splitting fied
Page 205line 22 Change 2" to “z"
Page 205line 8 Delete: “itis a deep theorem of L. Kronecker and H. Weber that”
Page 208line -13 Add the following
[note thath® is also a root of this quadratic, so thet= 3(—r — VR)].
Page 208line -3 Change R[x]" to “Q[x]"
Page 208line -2 Change @Q(qg,r)” to “Q”
Page 211 Change the statement of Lemma 4.17(ii) to read

(i) If K/k is a radical extension, then the extensiopkieconstructed in part (i) is also
a radical extension.

Page 212line 10 Add “wherep; # char(Kp),”

Page 212line -9 Change “By Proposition4.11,” to “By Theorem 4.7(ii)"
Page 213line 18 Add “wherep; # char(k),”

Page 214line 18 Replace lines 7, 8, 9 by following.

the last equation holding becau&gGi;1 = Gj. SinceGj11 < Gj N Gj4+1N, the third
isomorphism theorem gives a surjectiGn/Gi 11 — Gi/[G; N Gj4+1N], and so the com-
posite is a surjectiosi /G 11 — GiN/Gj11N. As G;/Gj.1 is cyclic of

Page 215line -5 Replace “Proposition 4.21” by “Lemma 4.20”
Page 218 Replace Exercise 4.11 by the following

4.11Letk be afield, letf (x) € k[x] be a separable polynomial of prime deggeand let
E/k be a splitting field. Prove that G&/k) = I, implies thatf (x) is irreducible.

Page 224line 4 Change “its normal closure” to “the radical extension constructed
in Lemma 4.17”

Page 224line 13 Change ¢&,_;" to “g;”

Page 2251line 17 Change “Ifg € k(9), there are” to “Ifa € k(S), then few
Exercise 3.95 on page 197 says that there are”

Page 227 Replace the proof of Lemma 4.42 as follows.

Proof. Sincea, b < a Vv b, we havep(a Vv b) < ¢(a), ¢(b); that is,¢(a v b) is a lower
bound ofp(a), ¢(b). It follows thatp(a v b) < p(a) A ¢(b).

For the reverse inequality, surjectivity @f givesc € £ with ¢(@) A ¢(b) = ¢(C).
Now ¢(c) = g(a) A p(b) < ¢(a), ¢(b). Applying (p_l, which is also order-reversing,
we havea,b < c. Hence,c is an upper bound o, b, so thata v b < c¢. Therefore,
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p@vb) = ¢(c) = p(a) Ap(b). A similar argument proves the other half of the statement.
[ )

Page 228lines 3and 5. Interchange (iit/k) and Sul§Gal(E/k))

Page 228line-9. Change E/ECaE/B)» o “E/B”

Page 232lines 18,19 Change n+1” to “n—1" 4times

Page 232lines -3, -2 Replace sentence beginning “By the fundamental” with

By the fundamental theorem of symmetric polynomiatse(f] Exercise 6.84 on page
410), there is a polynomigl(x) € R[Xq, ..., Xp] with

Page 233lines -13,-12 Replace “Henc&[:C]= .. ifm—1>1,this" by

Now E/C is also a Galois extension, and G&JC) < G is also a 2-group. If this
group is nontrivial, then it has a subgrotpof index 2. By the fundamental theorem of
Galois theory, the intermediate fieEt is an extension of of degree 2, and this

Pages 235, 23&n the proof of Theorem 4.53, replace the last two lines on page 235 and
first 13 lines on page 236:

Proof. SinceG is solvable, it has a normal subgrotp of prime index, sayp. Let
o be a primitivepth root of unity, which exists in some extension fiéf becausé has
characteristic 0. We distinguish two cases.

Case (i):w € k.

We prove the statement by induction db [ k]. The base step is obviously true, for
k = E is aradical extension of itself. For the inductive step, consider the intermediate field
EH. Now E/E" is a Galois extension, by Corollary 4.36, and GIE") is solvable,
being a subgroup of the solvable gro@ Since E : EM] < [E : k], the inductive
hypothesis gives a radical tower

EfcRC---CR,

whereE € R;. Now EM/k is a Galois extension, becausé < G, and its index
[G: H] = p = [EY : K], by the fundamental theorem. In this case, Corollary 4.51
(or Proposition 4.52) applies to gie™ = k(z), wherezP ¢ k; that is,E" /k is a pure
extension. Hence, the radical tower above can be lengthened by adding thé prefiX ,
thus displayingR;/ k as a radical extension.

Case (ii): General case.
Page 237line4 Change K(x)" to “K[x]"
Pages 237, 23&Replace the proof of Proposition 4.56.

Proof. Leto be a root off (x). It is easy to see that the roots 6fx) arex + i, where
0 <i < p, for Fermat’s theorem givé$ =i in Fp, and so

a@+D)P—(@+i)—t=aP+iP-a—-i—-t=aP—-a—-t=0.
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It follows that f (x) is a separable polynomial and tHatx) is a splitting field of f (x)
overk. We claim thatf (x) is irreducible ink[x]. Suppose thaf (x) = g(x)h(x), where

d-1

g(0) = x4+ cg_1x@ - o e K[X]

and 0 < d < degf) = p; theng(x) is a product ofd factors of the forma + i.
Now —cq—1 € k is the sum of the roots—cy_1 = da + j, wherej € Fp, and so
da € k. Since O< d < p, howeverd # 0 ink, and this forces € k, contradicting the
lemma. Thereforef (x) is an irreducible polynomial iR[x]. Since degf) = p, we have
[k(a) : K] = p and, sincef (x) is separable, we havé&alk(x)/k)| = [k(a) : K] = p.
Therefore, Gak(a)/k) = Ip.

It will be convenient to have certain roots of unity available. Kebe the set of all
gth roots of unity, where < p is a prime divisor ofp!. We claim thate ¢ k(£2). On
the one hand, ih = ]'[Q<pq, then® is contained in the splitting field of" — 1, and so
[k(2) : K] | n!, by Theorem 4.3. It follows thap 1 [k(2) : k]. On the other hand, if
a € k(Q), thenk(a) C k(2) and k() : K] = [K(R2) : k(a)][k(@) : K] = p[k(R2) : k(a)].
Hence,p | [k(€2) : K], and this is a contradiction.

If f(x) were solvable by radicals ovkt<2), there would be a radical extension

k(@) =By BiC---CB

with k(2, ) € B;. We may assume, for each> 1, thatB;/B;j_; is of prime type;
that is, B = Bj_1(uj), Whereuiqi € Bj_1 andgq; is prime. There is som¢ > 1 with
a € Bj buta ¢ Bj_;. Simplifying notation, we setj = u, q; = ¢, Bj_1 = B,
andBj = B’. Thus,B’ = B(u), u = b € B, v € B, ande,u ¢ B. We claim
that f (x) = xP — x — t, which we know to be irreducible ik[x], is also irreducible in
B[x]. By accessory irrationalities, Exercise 4.5 on page 217, restriction gives an injection
Gal(B(x)/B) — Gal(k(e)/k)) = I. If Gal(B(«)/B) = {1}, thenB(«) = B andu € B,
a contradiction. Therefore, G(«)/B) = Ip, and f (x) is irreducible inB[x], by (new)
Exercise 4.11 on page 218.

Sinceu ¢ B’ and B contains all thegth roots of unity, Proposition 3.126 shows that
x9 — bis irreducible inB[x], for it does not split inB[x]. Now B’ = B(u) is a splitting
field of x4 — b, and so B’ : B] = q. We haveB C B(«) € B/, and

g=[B:B]=[B : B@)][B(x): B].

Sinceq is prime, B’ : B(a)] = 1, thatis,B’ = B(a), and sag = [B’ : B]. As « is a root
of the irreducible polynomiaf (x) = xP — x — t € B[x], we have B(«) : B] = p; there-
fore,g = p. Now B(u) = B’ = B(«) is a separable extension, by Proposition 4.38, for
« is a separable element. It follows that B’ is also a separable element, contradicting
irr(u, B) = x4 — b = xP — b = (x — u)P having repeated roots.

We have shown that (x) is not solvable by radicals ové&(2). It follows that f (x) is
not solvable by radicals ové for if there were a radical extensibn= Ry C Ry C --- C
R: with k(a) € Ry, thenk(2) = Ro(2) € R1(2) C --- € R(£2) would show thatf (x)
is solvable by radicals ovéaq(€2), a contradiction. e
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Page 238line-2 Change (j”"and“u;” to “«;”and “v;j
Page 240line 7 Change & — icn1” t0  “oi + icn_1”
Page 240line -3 Add the phrase
(we saw on page 208 thge — h® = V/R)
Page 241line -7 Should read: Let f(x) € Q[x]”
Page 242line 12 Should read: x8 — 2 is irreducible inQ[x]”
Page 242line -7 Delete: “thatis, if these fields are linearly disjoint”
Page 246Exercise 4.19(iii): Change I AK” to “[LVK”
Page 257line 10 Change t'eT" to “veT”
Page 257Replace the first 8 lines of the proof of Lemma 5.15 by:

Proof. SinceG is finite, we may choose an elemenie G of largest order, sayp‘. We
claim thatS = (y) is a pure subgroup d&.
Suppose that € S, so thats = mp'y, wheret > 0 andp  m, and let

s=p"a

for somea € G; an element’ € S must be found witls = p"s’. We may assume that
n < ¢: otherwises = p"a = 0 (for p‘g = 0 for all g € G becausey has largest order
pt), and we may choosg = 0.

If t > n, defines’ = mp~"y e S, and note that

p's' = p'mp "y =mpy =s.

Page 259line—6 Change %" to “Xx"
Page 262line 1 Definex, = x
Page 263line1 Change “2.79" to *“5.7"
Page 266Replace the last paragraph of the proof of Theorem 5.32 with the following.

To prove isomorphism, it suffices, by the fundamental theorem, to prove that the ele-
mentary divisors can be computed from the invariant factors. Sinee p1 p2 pn ,
the fundamental theorem of arithmetic shows thjatietermines all those prime powers
piaj which are distinct from 1; that is, the invariant factassdetermine the elementary
divisors. e

In Example 5.31, we started with elementary divisors and computed invariant factors.



Let us now start with invariant factors and compute elementary divisors.
invariant factors< elementary divisors
2|1616=2[2-3|2-3 < (2,2,2,3,3)
6112=2-3|22-3 « (2,4,3,3)
3124=3|22.3 « (8,3,3
212118=21212-3 < (22,29
2136=2|22.3% < (2,4,9
72=28.3 & (8,9).
Page 269line -9 Change 4Ga!” to “a'Ga’
Page 277line5 Change ‘“ayy” to “a’
Page 279 Add to the remark:

The Zassenhaus lemma is sometimes calletulterfly lemmdecause of the following
picture. | confess that | have never liked this picture; it doesn’t remind me of a butterfly,
and it doesn’t help me understand or remember the proof.

A(A* N B¥) B(A* N B*)

\/

A* N B*

A(A* N B) B(AN B*)

\/

A D = (A*N B)(AN B

T

AN B* A*N B

w

Page 279line -8 Replace the sentence beginning with “Note ity

Now ¢ is well-defined: ifax = a’x’, wherea’ € A andx’ € A* N B*, then(a’)~la =
x'’x~1 e An (A*N B*) = AN B* < D; also,¢ is a homomorphismaxax’ = a’xy,
wherea” = a(xa'x™1) e A (becauseA <1 A*), and sop(axax’) = g(@’xx) = xxX'D =
p@xp@x).

Page 281 lines—11, —9, —7 Change ‘“refinement” to “subsequence”
Page 281 line —6 InsertafteNj 1 < Nj,

says both subsequences are normal series, hence are refinements, and there is
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Page 288 Delete the finiteness in all three parts of Exercise 5.47
Page 289line —14 Change “K,L,h]" to “[K,L,H]
Page 289line —10 Should read:

the three subgroups lemma with = ¢?(G) andH = K = G.

Page 290line 3 Should read “where € k andr # 0”

Page 291line 16 Change (92— q)(@®>—q)” to “(@2—1 (@2 —q)"
Page 292line 9 Change['SL(2, Fg)|” to “|PSL2,Fq)|"

Page 292 In Lemma 5.64, drop the hypothesis thhtcontains the center.
Page 295line5 Change “2v=-2ub#0" to “—2v=6ub=4ub#0"
Page 295line -16 Should read: *“all the nonabelian simple groups”

Page 296 Change the hint for Exercise 5.53:

Hint. Let A = [9 3] andB = [} ¥"], whereu € Fq satisfiesu? = —1. If AandB

represent elemengsandb in PSL(2, Fg), prove thatab has order 5 anfla, b)| = 60.
Page 301line1 Change “lfu~vandu ~v” to “If u~u andv ~v"”
Page 302 Replace last 10 lines of proof of Proposition 5.71 by the following.

The only ways the deletion dfb~1 can occur in the second instance is ifup_1 =
XY, we haveX = X'borY = b~1Y". If X = X'b, thenwj_1 = X'bY andwj =
X’bb~1bY (and it will be the subwordbb—! that will be deleted by the elementary opera-
tionwj — wjy1). As with the first possibility, we do not need the insertion. In more detail,
the chain

X'bY - X'bb~lbY — ... — Abb IC - Aaa lA’bbI1C — Aaa lA’C,

where the processe§ — A andbY — C involve insertions only, can be shortened by
removing the insertion d§—b:

X'bY —» ... — AC — Aaa lA’C.

The second cas®, = b~1Y’, is treated in the same way. Therefore, in all cases, we are
able to shorten the shortest chain, and so no such chain caneexist.

Page 305 The mapg’ was not defined in the proof of Lemma 5.74.

Defineg': F/F' — G by wF’ — g(w) (¢’ is well-defined becausé abelian forces
F’ < kerg).

Page 307 Replace the statement and proof of von Dyck’s theorem:

Theorem 578 (von Dyck's Theorem). Let a groupG have a presentation

G=(Xg,....,%n|rj,j €d);
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thatis,G = F/N, whereF is free on{x, ..., X} andN is the normal subgroup & gen-
erated by altj =rj(xg,...,Xn). If H=(hy, ..., hy)isagroupandifj(hy,..., hpy) =
linH forall j € J, then there is a surjective homomorphi€n— H with x;N > h;
foralli.

Proof. If F is the free group with basi§xy, ..., Xn}, then there is a homomorphism
¢: F — Hwith ¢(x)) = hj foralli. Sincerj(hy,...,hy) = 1linHforall j e J,
we haverj e kerg for all j € J, which impliesN < kerg. Therefore,p induces a
(well-defined) homomorphisi® = F/N — H with xiN — h; for alli. e

Page 307 Change the definition so that

w 0
A: |:0 w_1:|.

This leads to two more changes:

i 2 -1
Y 0 and BABl=|? O
0 w?

Page 310line 10 Change “15” to “14”
Page 311 The correct spelling is Nielsen

Page 315/316 Replace the last paragraph of the proof of Theorem 5.88 (bottom 4 lines
of page 315, top 2 lines of page 316).

If ¢ = —1, then the definition of coset functions gives

—1,Su Suxi—1
) = )

(x X = (YSurl,x)_l-

Hence,
(X DY = (tguy10 = [(SuxHxe(Sux1x)] ™ = [e(SuxhHxe(Su] L.

Sincet is a Schreier transversal, we ha(Su) = u andf(Sux 1) = ¢(Sv) = v = ux L.
Hence,
P((xH%Y =[x Hxu =1

Thereforeyg, 1 « is special(x 1)SU e T, and the proof is complete.

Page 316/317 Replace the bottom of the proof of Corollary 5.91, starting on line -5,
ending on page 317.

SinceSb # S, we havet(Sh = b = ux®; sincel is a Schreier transversal, we have
u € £. Definey (Sb) as follows.

(Su x) if 6 = +1;

v (SuX) = {(Surl, x) ife=—1.
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Note thaty (Sux) is a trivial ordered pair. 18 = +1, then{(SuxX = £(Sb = b = ux,
so that!(Sux = ux andts,x = 1. If e = —1, thenl(Shx = 2(Sux1x) = ¢(Su) = u,
so that?(Shx = bx = ux~1x = u andtspy = 1.

To see that) is injective, suppose that(Sb = ¢ (S, whereb = ux® andc = vy”,;
we assume that, y lie in the given basis of and thate = +1 andn = +1. There are
four possibilities, depending on the signseands.

(SuX) = (S, y), (Su X) = (Svy L, y); (Suxt, x) = (Sv, y); (Sux) = (Suy L, y).

In every case, equality of ordered pairs gives y. If (Su x) = (Sv, X), thenSu= Sv,
hence,Sb = Sux = Svx = Sg¢ as desired. [{Su x) = (Svx~1, x), thenSu = Sg
and sol(Su) = £(SO = c. But£(Sux = £(SuxX = b, becausgSu x) is a triv-
ial ordered pair. Hencdy = £(Sux = cx = vx~1x, contradictingb (as any element
of a Schreier transveral) being reduced. A similar contradiction shows that we cannot
have(Sux®, x) = (Sv, x). Finally, if (Sux®,x) = S(vx~1, x), thenSb= Sux?! =
Svx~! = Sc

To see that) is surjective, take a trivial ordered paBw, x); that is,£(Sw)X = wx =
£(SuxX. Now w = ux®, whereu € £ ande = +1. If ¢ = +1, thenw does not end with
x~1, andy (Swx) = (Sw, x). If ¢ = —1, thenw does end wittx 1, and soy (Su) =
(SuxL x) = (Sw, x). e

Page 318Change Exercise 5.72

5.72Let Y andSbe groups, and let: Y — Sand6: S — Y be homomorphisms with
00 = 1s.

@) If p:' Y — Y is defined byp = 6¢, prove thatop = p andp(a) = a for every
a € imé. (The homomorphism is called aretraction.)

(i) If K is the normal subgroup of generated by aly~1p(y) for y € Y, prove that
K = kerg.

Hint. Note that ke = kerp, for @ is an injection. Use the equatign= p(y)(p(y) 1)y
forally € Y.

Page 319line-4 Change (a) C (b)” to “(b) € ()"
Page 323line -3 Delete the parenthetical remark.
Page 325 Delete part (i) of Exercise 6.4.

Page 325 Add a new part to Exercise 6.10.

(iii) Let P be a prime ideal an@s, ..., Q, be ideals. Prove that®1n--- N Q; C P,
thenQ; C P for somei.

Page 326Exercise 6.15 Should read: “Exercise 8.21 on page 533"
Page 329line 19 Replace (b)” by “(r)”

Page 331line -5 Rewrite the definition of content and then move it to the next page,
after the new version of Lemma 6.24.
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Definition. If Ris a UFD withQ = FraqR), and if f (x) € Q[x], then f (x) = df*(x),
whered € Q and f*(x) € R[X] is primitive. We calld the contentof f(x), writing
d = c(f), and we callf *(x) theassociated primitive polynomial

Page 332 Replace the statement of Lemma 6.24 as follows.
Lemma 6.24. Let R be dJFD, let Q = FraqR), and let f(x) € Q[X] be nonzero.

(i) There is a factorization
f(x) =df*(x),

where de Q and f*(x) € R[X] is primitive. This factorization is unique in the
sense that if {x) =rg*(x), wherere Q is nonzero and §x) € R[x] is primitive,
then *(x) and g*(x) are associates in k] and there is a unitv € R withwd =r.

(i) If f(x),g(x) € R[X], then g fg) and q f)c(g) are associates in R andfg)* and
f*g* are associates in R].

(i) Let f(x) € Q[x] have a factorization fx) = dg*(x), where de Q and g(x) €
R[x] is primitive. Then fx) € R[x] ifand only ifde R.

(iv) Let g*(x), f(x) € R[x]. If g*(x) is primitive and §(x) | bf(x), where be R and
b #£ 0, then g (x) | f(X).

Page 334 Here is new proof of part (i)

Clearing denominators, therebss R with bf (x) € R[x]. Define f*(x) = (b/c) f (x),
wherec is the content obf (x). Now f*(x) is primitive, forc is the gcd of the coefficients
of bf (x), and f (x) = (c/b) f*(x).

To prove uniqueness, suppose thdt(x) = f(x) = rg*(x), whered,r € Q and
f*(x), g*(x) € R[x] are primitive. Exercise 6.17 on page 339 allows us to wrji in
lowest termsr /d = u/v, whereu andv are relatively prime elements &. The equation
vf*(X) = ug*(x) holds inR[x]; equating like coefficients) is a common divisor of each
coefficient ofug*(x). Sinceu andv are relatively prime, Exercise 6.18(i) on page 339
givesv a common divisor of the coefficients gf (x). But g*(x) is primitive, and s is a
unit. A similar argument shows thatis a unit. Therefore;,/d = u/v is a unitinR, call it
w; we havewd = r and f *(x) = wg*(x), as desired.

Page 334 Here is new proof of part (iii)

If d € R, then it is obvious thaf (x) = dg*(x) € R[x]. Conversely, iff (x) € R[x],
then f (x) = c(f) f*(x), wherec(f) € Ris the content off (x). By uniqueness, there is
aunitw € Rwithd = we(f) € R.

Page 335line 15 Add: “namelym(x) =irr(«, Q),”
Page 338line 14 Change “UFD” to “PID”
Page 33%Change the proof of Corollary 6.37.

Let R = K[x1, -+, Xn]. Note thatf is primitive in R[y], becausgg, h) = 1 forces
any divisor of its coefficientg, h to be a unit. Sincd is linear iny, it is not the product
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of two polynomials inR[y] of smaller degree, and hence Corollary 6.36 shows thist
irreducible inR[y] = K[X1, ..., Xn, Y].

Page 342line7 Change In=J" to “lp=J"
Page 343line1 Change J” to “I’(two times)
Page 351 Replace the second paragraph of the proof of Theorem 6.53

Suppose thaab € | buta ¢ | andb ¢ 1. Sincea ¢ I, the ideall + Rais strictly
larger thanl, and sol + Rais finitely generated; indeed, we may assume that

| + Ra=(i1+ria,...,in+rna),

whereix € | andrk € Rforall k. Consider = (I : a) = {Xx € R: xa e 1}.
Now | + Rb C J; sinceb ¢ |, we havel C J, and soJ is finitely generated. We
claim thatl = (i1,...,in, Ja). Clearly, (i1,...,in, Ja) C |, for everyix € | and
Ja C |. For the reverse inclusion, f € | € | + Ra, there areux € Rwith z =
D kUk(ik + re@. Then(Q, ukrka = z— Y Ukix € |, so that) ", uxrg € J. Hence,
z =) Uik + Q pukra € (i1, ...,in, Ja). It follows thatl = (iq,...,in, J&) is
finitely generated, a contradiction, andlis@ a prime ideal.

Page 354line 14 Shouldread “Exercise 9.93 on page 755.”
Page 355line -8 Replace the proof of Corollary 6.59 by:

If k is countable, then the s&tof all nonconstant polynomials is countable, kjx] is
countable. Hence[T] is countable, as is its quotiekt (in the proof of Theorem 6.58).
It follows, by induction om > 0, that evenyk, is countable. Finally, a countable union of
countable sets is itself countable, so that an algebraic closkresaountable.

Page 357line 4 Change the second display

n

fg(pe0) = [ Jox = b,

i=1
where f§: Eq[x] — K[x] is the map induced byo.
Page 358line 4 Should read: “Now(x) € k(x) has”
Page 358lines 7—11 Replace paragraph

If A=[28] e GL(2 k), write (A) = (ax+b)/(cx+d). If we define{A') (A) = (A'A),
then it is easily checked that the set(kl- of all linear fractional transformations with
entries ink is a group under this operation. In Exercise 6.57 on page 375, the reader
will prove that LRk) = PGL(2, k) = GL(2,k)/Z(2, k), whereZ(2, k) is the (normal)
subgroup of all 2x 2 (nonzero) scalar matrices.
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Pages 359 - 360 Replace liroth’s theorem.

Theorem 666 (LRroth’s Theorem). If k(x) is a simple transcendental extension, then
every intermediate field B is also a simple transcendental extensianTdfeke isp € B
with B = k(¢).

Proof. If 8 € B is not constant, therk[x) : k(8)] = [k(X) : B][B : k(B)] is finite,
by Proposition 6.63; hencek(x) : B] is finite andx is algebraic oveB. The proof of
Proposition 6.63 shows thatgf € k(x), theng is a coefficient of ir¢x, k(¢)); the proof of
Liroth’s theorem is a converse, showing tBat k(¢) for some coefficienp of irr(x, B).
Now

ir(x, B) = y" + Bn_1y" 1 +--- + Bo € B[yl.

Each coefficienis; € B C k(x) is a rational function, which we write in lowest terms:
Be = 9e(X)/ e (X), wherege (x), he(x) € k[x] and(ge, hy) = 1. As in Lemma 6.24(i), the
contentc(irr) = d(x)/b(x), whereb(x) is the product of thér, andd(x) is their gcd. It is
easy to see that (x), defined byf (x) = b(x)/d(x), lies ink[x]; in fact, the reader may
generalize Exercise 1.26 on page 13 to show i@ is the lcm of theh,. Define

i(x,y) = f(x)irr(x, B),

the associated primitive polynomial kix][y] (of course k[x][y] = K[X, y], but we wish
to view it as polynomials ity with coefficients irk[x]). If we denote the highest exponent
of y occurring in a polynomiah(x, y) by degj(a), thenn = deg,(i); letm = deg.(i).
Sincei (x,y) = f(X)y" + ZQ;& f (x)Beyt, we havem = max {deq f), deg fB8¢)}. Now
he(x) | f(x) for all ¢, so that deth;) < deq f) < m [becausef (x) is one of the
coefficients of (x, y)]. Also,
ho---hn1 ge hO"'ﬁl"'hn—lg
d he d “

Since(hg---hg - - - hn—1)/d € Kk[x], we have de@,) < deq f8,) < m. We conclude that
deggr) < mand deghy) < m.

Some coefficieng; of irr(x, B) is not constant, lest be algebraic ovek. Omit the
subscriptsj, write 8j = g(x)/h(x), and define

¢ = Bj =9(x)/h(x) € B.

Now g(y) — ¢h(y) = g(y) — g(x)h(x)‘lh(y) € B[y] hasx as a root, and so ifx, B)
dividesg(y) — ¢h(y) in B[y] € k(x)[y]. Therefore, there ig(x, y) € k(x)[y] with

irr(x, B)a(x, y) = g(y) — ¢h(y). 1)

Sinceg(y) — ¢h(y) = h(x)~1(h()g(y) — goh(y)), the content(g(y) — ¢h(y)) is
h(x)~! and the associated primitive polynomial is

(x,y) = hx)g(y) — gCoh(y).

fBe =
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Notice thatd (X, y) € k[x][y] and thatd (y, X) = —d (X, Y).
Rewrite Eq. (1), where(q) € k(x) is the content ofj(x, y):
fO™H (X, Y)e@ax, y)*h(x) = & (x, y)

(remember thaff (x)~1 is the content of intx, B) andi(x, y) is its associated primitive
polynomial). The product(x, y)q(x, y)* is primitive, by Gauss’s Lemma 6.23. But
®(x,y) € K[X][y], so that Lemma 6.24(iii) gives (x) "1c(q)h(x) € k[x]. We now define
g (x, y) = f 0~ te@h)g(x, y), so thaig*™(x, y) € k[x, y] and

I VAT (X, y) = (X, y) in KX, y]. )
Let us compute degrees in Eg. (2): the degree @f the left hand side is
deg (ig™) = deg,(i) + deg,(q™) = m+ deg,(q™), ©)
while the degree ix of the right hand side is
deg (®) = maxdegg), degh)} <m, (4)

as we saw above. We conclude tmat+ deg (q**) < m, so that deg(q**) = O; that
is, g**(x, y) is a function ofy alone. Butd(x,y) is a primitive polynomial inx, and
hence the symmetrp (y, x) = —®(X, y) shows that it is also a primitive polynomial
in y. Thus,gq** is a constant, and s@x, y) and®(x, y) are associates kix, y]; hence,
deg (®) = deg (i) = m. With Eq. (4), this equality gives

m = deg, (®) = maxdeqgg), degh)}.
Symmetry of® also gives deg®) = deg,($), and so
n= deg},(d>) = deg (®) = m = max{deqg), degh)}.

By definition, degre@) = maxdegg), degh)} = m; hence, Proposition 6.63 gives
[k(x) : k(p)] = m. Finally, sincep € B, we have k(x) : k(p)] = [k(x) : B][B : k(p)].
As [K(x) : B] = n = m, this forces B : k(¢)] = 1; thatis,B = k(¢). e

Page 362lines -3to -1 Replace with following.

the exchange axiom. ¥ < Sandx £ S—{y}, thenS= S U {y} withy ¢ S. There are
scalarsy, awith x = ay+ ) ; a5, wheres € S sincex ¢ (S), we must have # 0.
Thereforey = a=1(x — Y, as) € (S, x), and soy < S U {x}.

Page 363lines 6 - 8 Replace text beginning with “In light” by

Using this notationx < Sif and only if x € k(S). Moreover,s < T for everys € S
says thatS C k(T). It follows thatx € k(T), by Lemma 6.56(i), and so < T.

Page 363line 14 Change K(S)[y]" to “Kk(S wly]
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Page 363 Add text and replace Lemma 6.70.

By Proposition 6.67, algebraic independence defined on page 361 coincides with inde-
pendence just defined for the dependency relation in Lemma 6.69.

Lemma 6.70. Let < be a dependency relation on a $et If T € Q is independent and
z £ T forsome z= Q,then TU {z} 2 T is a strictly larger independent subset

Proof. Sincez £ T, axiom (i) givesz ¢ T, and sol C T U{z}; it follows that(T U{z}) —
{z} = T. If T U{z} is dependent, then there exists T U {z} witht < (T U {z}) — {t}.
Ift =z thenz<TU{z} —{z} =T, contradictingz £ T. Thereforet € T. SinceT is
independent; £ T — {t}. Ifwe setS=T U {z} — {t}, t = X, andy = zin the exchange
axiom, we conclude that < (T U {z} — {t}) — {z} U {t} = T, contradicting the hypothesis
z £ T. Therefore,T U {z} is independent. e

Page 365 Place Theorem 6.73 after the definition of transcendence basis.
Pages 366 Change (iii) of Proposition 6.76 to read:

(iii) Ifk is afield of characteristic p- Oand if f'(x) = 0, then f(x) has no repeated roots.
Conversely, if £x) is an irreducible polynomial in k], then the conditions in part§)
and (ii) are all equivalent.

Pages 366—367 Rewrite Corollary 6.77.

Corollary 6.77. If k is a field of characteristic p- 0 and f(x) € k[x], then there exists
e > 0and a polynomial ¢) € k[x] with g(x) ¢ k[xP] and f(x) = g(xP*). Moreover, if
f (x) is irreducible, then gx) is separable

Proof. If f(x) ¢ k[xP], defineg(x) = f (x);if f(x) € k[xP], there isf1(x) € [x] with
f(x) = f1(xP). Note that degf) = pdeq f1). If f1(x) ¢ k[xP], defineg(x) = f1(x);
otherwise, there ig2(x) € k[x] with fi(x) = fo(xP); that is,

F0) = f1(xP) = fo(xP).

Since degf) > deq f1) > - - -, iteration of this procedure must end after a finite nungoer
of steps. Thusf (x) = g(x”*), whereg(x), defined byg(x) = fe(x), does not lie irk[xP].

If, now, f(x) is irreducible, thenfy(x) is irreducible, for a factorization of1(x) would
give a factorization off (x). It follows that f; (x) is irreducible for ali . In particular, fe(x)

is irreducible, and so it is separable, by Proposition 6.76(iis).

Page 369lines 5-10 Replace by the following.
Thereforeh; (x) is constant; absorbing it intgy (x), we havex P o= 01(x) and
xP° —c = g1 (xP) = g™

If p| m, thenxP® — ¢ = (g(x)P)M P, and so all the coefficients lie kP, contradicting
c ¢ kP; therefore,p ¥ m. Equation (5) now giveg'(x) = 0, so thatg(x) € k[xP]; say,
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g(x) = go(xP). This forcesm = 1, becausaP — ¢ = gx)m givesxpe*l —c=g(x)M,
which is a forbidden factorization of the irreducibi®® ™ —c. e

Page 369 The proof of Proposition 6.81 is garbled. Borrow part of Corollary 6.83, so it
looks as follows.

Proposition 6.81.

() Letk € B C E be atower of fields with B algebraic. If E/k is separable, then B
is separable

(ii) Let E/k be an algebraic field extension, where k has characteristic® If E/k is a
separable extension, then £ k(EP). Conversely, if Ek is finite and E= k(EP), then
E/k is separable.

Proof. (i) If « € E, thenw is algebraic oveB, and ir«, B) | irr (e, k) in B[x], for their
gcd is not 1 and i, B) is irreducible. Since i, k) has no repeated roots, (#; B)
has no repeated roots, and hencéirB) is a separable polynomial. Therefoie/B is a
separable extension.

(i) Let E/k be a separable extension. N&6MEP) C E, and soE/k(EP) is a separable
extension, by part (i). Butifs € E, thengP € EP C k(EP); say,BP = «a. Hence,
irr(8, K(EP)) | (xP —a) in (k(EP))[x], and so this polynomial is not separable because it
dividesxP — a = (x — B)P. We conclude thas € k(EP); that is,E = k(EP).

Conversely, suppose th& = k(EP). We begin by showing that i1, ..., Bs is a
linearly independent list ife (whereE is now viewed only as a vector space okgrthen
Y, ..., B is also linearly independent ovier Extendgs, . .., fs to a basisy, . . ., fn Of
E, wheren = [E : K]. Now 87, ..., B spansEP overkP, forif n € E, thenp = 3" ai i,
whereg; € k,andhencgP =3, aipﬂip. Now take any element € E. SinceE = k(EP),
we havey = Y, ¢jnj, wherecj € kandy; € EP. Butn; = Y afj 8 for aji € k, as

we have just seen, so that= Y, (Zj ¢ aﬁ) BP; thatis, By, ..., B spansE overk.

Since dimg(E) = n, this list is a basis, and hence its subﬁ@, ...,ﬂsp must be linearly
independent ovek.

Since E/K is finite, eachx is algebraic ovek. If irr («, k) has degreen, then 1 «,
o?,. ..M is linearly dependent oves, while 1, , o2, ..., «™ 1 is linearly independent.
If o is inseparable, then i@, k) = fe(xP°) andm = per wherer is the reduced degree of
irr (e, k). Sincer = m/p® < m, we have la, a . linearly independent ovée. But
« P is aroot of fe(x), so there is a nontrivial dependency relation oa &, 2", ..., a'P°
(for rp® = m). We have seen, in the preceding paragraph, that linear independence of
1, o, ¢2,...,a" implies linear independence of &, «2F°, ..., «"P°. This contradiction
shows thate must be separable ovkr e
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Page 370 lines -2, -1. Should read,

apurely inseparable extensioif E/k is algebraic and, for every € E, there ise > 0
with P € k.

If E/k is a purely inseparable extension aBds an intermediate field, then it is clear
thatE/B is purely inseparable.

Page 371 Add a phrase to Proposition 6.85.

Proposition 6.85. If E /k is an algebraic field extension, thery Es is a purely inseparable
extension. Moreover, if € E, thenirr(«, Es) = xP" — ¢ for some ne 0.

Proof. If « € E, write irr(e, k) = fe(xpe), wheree > 0 and fe(x) € K[X] is a separable
polynomial. It follows thateP* is separable ovek anda®® € Es. If « ¢ Es, choose
m minimal with «?" € Es. Now « is a root ofxP" — «P", which is irreducible, by
Lemma 6.80, and so if&, Es) = xP" — ¢, wherec = a”". o

Page 371 line-12 Delete “by Proposition 6.85,”
Page 372 line 13  Should read bipe € Bs

Page 372 line 14  Should read

the Iistbfe . b,pe is linearly dependent ovess, contradicting Corollary 6.82 (foEs/Bs
Page 372 line 13 Shouldread “BuEs/B”
Page 391 Corollary 6.83 now reads as follows.

Corollary 6.83. If k € B C E is a tower of algebraic extensions, therilBand E/B are
separable extensions if and only if/ E is a separable extension

Proof. SinceB/k and E/B are separable, Proposition 6.81(ii) givBs= k(BP) and
E = B(EP). Therefore,

E = B(EP) = k(BP)(EP) = k(BP U EP) = k(EP) C E,

becauseBP C EP. Therefore E/k is separable, by Proposition 6.81(ii).

Conversely, if every element @& is separable ovet, we have, in particular, that each
element ofB is separable ovel; hence,B/k is a separable extension. Finally, Proposi-
tion 6.81(i) shows thaE /B is a separable extensions

Page 391line -14 Rewrite the definition:
Page 393line 16 Replace “ThusQis” by “Thus,Q = (x2,y)is”

Definition. An ideal Q is primary if it is a proper ideal and ib € Q (wherea, b € R)
andb ¢ Q, thena" € Q for somen > 1.
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Page 394 Replace lines 1, 2 as follows:

must stop (becausik/J, being a quotient of the noetherian rifyy is itself noetherian);
there ism > 1 with ker(aﬁw) = ker(ag‘/J) for all ¢ > m. Denote(ar,3)™ by ¢, so that

ker(p?) = kergp. Note
Page 394 Replace lines 6, 7, 8 by
kerp Nimg = {0}.
If x € kerp Nimg, thenp(x) = 0 andx = ¢(y) for somey € R/J. Bute(X) =
p(e(y)) = ¢%(y), so thaty € ker(p?) = kerg andx = ¢(y) = 0.
Page 394line -9 Remove subscriptfrom P,
Page 394line -6 Remove radical fron/(I : ¢j)
Page 394line -4 Should read
if abe (I : ¢c)anda ¢ (I : c),thenb € P, and(l : c) is P -primary.
Page 395 Replace lines 11 and 12 by

If c € Qj,then(Q; : ¢) = R; if ¢ ¢ Qj, then we saw, in first part of this proof, that
(Qi : ¢)is B -primary. Thus, there is < r with

P= (Qllc)ﬂﬁmzﬂlﬂmpls

Of course,P € R; for all j. On the other hand, Exercise 6.10(iii) on page 325 (new
exercise) give$; < P for somej, and soP = P, as desired. e

Page 404line —8 Change “Write” to “Define”

Page 404line —2 Change Xex’ t0 “<jex”

Page 406line 3 Should read

(i) Let h(X) = cX” + lower terms and leg(X) = bX? + lower terms, so that Lth) =
Page 410Add a second part to Exercise 6.79.

(i) Prove that Degfg) = Deg(f) + Deg(g), and Degf™) = mDeq( f) for allm > 1.
Page 411Add a new exercise.

6.84Let f(X) =), e X* € K[ X] be symmetric, wherkis afield andX = (xq, ..., Xn).

Assume thalN" is equipped with the degree-lexicographic order and that Deeg- 8 =
B1, .-, ﬁn)-
(i) Prove that ifco[xi‘1 e xr‘f" occurs with nonzero coefficiet,, then every monomial
X1 -+ Xoh also occurs inf (X) with nonzero coefficient, where € S,.
(i) Provethats; > B2 > --- > Bn.
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(i) If eq,..., e are the elementary symmetric polynomials, prove that
Dege)=(,...,1,0,...,0),

where there arel'’s.

(iv) Let (y1,....v0) = (BL— B2, B2 — B3, .-, Bn-1— B, Bn). I g(X1, ..., Xn) =
Xt ... xI", prove thag(ex, .. ., &) is symmetric and De@) = 8.

(v) Fundamental Theorem of Symmetric Polynomial®rove that ifk is a field, then
every symmetric polynomiaf (X) € k[X] is a polynomialin the elementary sym-
metric functionsey, . . ., 5. (Compare with Theorem 4.37.)

Hint. Prove thah(X) = f(X) —cgg(ey, ..., &) is symmetric and Dep) < B.
Page 411line -5 of text Replace sentence as follows

Conversely, assume that evefye | has remainder 0 moG, but that{gi, ..., gm}is
not a Gbbner basis of = (g1, ..., Om).

Page 41@ine 4 Left side should be D&’ (Vaji g;)
Page 419Replace Proposition 6.139 as follows:

Proposition 6.139. Let k be a field and let[iX] = k[xy, ..., Xa] have a monomial order
for which x > x2 = --- > xp (for example, the lexicographic ordeand, for fixed p> 1,
letY = Xp, ..., Xn. If I € K[X] has a Gibbner basis G= {g1, ..., Om}, then GN ly is a
Grobner basis for the elimination idea} I= | NK[Xp, ..., Xn].

Proof. Recallthatq, ..., gn} being a Gobner basis of = (g, ..., gm) means that for
each nonzerd < I, there isg; with LT(g;) | LT(f). Let f(Xp, ..., Xn) € Iy be nonzero.
Sincely C I, there is somay; (X) with LT(gij) | LT(f); hence, LTg;) involves only
the “later” variablesxp, ..., Xn. Let Deg(LT(gi)) = 8. If gi has a ternt, X* involving
“early” variablesx; withi < p, theno > g, becausex > --- > Xp > --- > X,. Thisis a
contradiction, forg, the Degree of the leading term @f, is greater than the Degree of any
other term ofg;. It now follows thatg; € K[Xp, ..., Xn]. Exercise 6.92 on page 422 now
shows thatG NK[Xp, ..., Xn] is a Gibbner basis foty = | NK[Xp, ..., Xn]. o

Page 42]1Exercise 6.88 Change x¥ —y” to “x2—y”
Page 422 Add a new exercise

6.92Let | be anideal irk[ X], wherek is a field andk[ X] has a monomial order. Prove that
if a set of polynomialqgs, ..., dn} € | has the property that, for each nonzdrce 1,
there is some; with LT(gi) | LT(f), thenl = (g1, ..., gm). Conclude, in the definition
of Grobner basis, that one need not assumelthagenerated by, ..., gm.

Page 425lines 5,6 Should read:

Note that the composite d®-homomorphisms is aR-homomorphism and, if is an
R-isomorphism, then its inverse functidir ! is also anR-isomorphism.
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Page 435 Add the following after the proof of Proposition 7.19

See Exercise 7.79 on page 519 for the generalization of this proposition for infinitely
many submodules.

Page 437 Replace lines -17 through -7 by

The converse of the last proposition is not true. Bet (a), B = (b), andC = (c) be
cyclic groups of orders 2, 4, and 2, respectivel;_i.:lfA — B is defined byi (a) = 2b and

p: B — Cis defined byp(b) = ¢, then 0— A . B c— 0isanexact seguence
which is not split: im = (2b) is not even a pure subgroup Bf By Exercise 7.12 on page
440, for any abelian groupl, there is an exact sequence

0> A-5BUM-"CuUM 0.

wherei’(a) = (2b, 0) and p’(b, m) = (c, m), and this sequence does not split either. If
we chooseM = I4[x] u I[x] (the direct summands are the polynomial rings diseand

I, respectively), thelA L (C u M) = B u M. (For readers who are familiar with infinite
direct sums, which we introduce later in this chapkéris the direct sum of infinitely many
copies ofl4 LI T5.)

Page 440Exercise 7.3 Change ‘kdrc K"to “K C kerf”

Page 444line -4 Should read: “is aaquivalencegor anisomorphisn) if there”

Page 445lines -9, -8 Change each occurrence ofp”to  “p”

Page 446line -6 Replace “(the intersection of two abstract sets is not defined)” by

(if two sets are not given as subsets, then their intersection may not be what one expects:
for example, ifQ is defined as all equivalence classes of ordered pairs) of integers
with n £ 0, thenZ N Q = ©).

Page 446line—3 Replace A'NB” by “AUB”
Page 446line—1 Change “subsetdu, v)” to “setarnu,v)”
Page 447line -6 Should read: “Exercise 7.21 on page 458.”
Page 448line -6  Should read:

coproducts of A and Bshould they exist, are equivalent

Page 452 The displayed equations at the bottom should read:
p(@) =y (Y a@)
i
= Yai@)=)_ fi@).
i i

Page 453line 17 Should read: 6 x — (fj(x))”
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Page 454 In both diagrams, change X" to “A”
Page 456 line-1 Change #: X —- D" to “6#:D — X"
Page 457 Change the first sentence of Example 7.39(i):

() If B andC are subsets of a sé, then there are inclusion mapsBNC — B and
j: BNnC — B.

Page 457line-4 Change f:B— A" to “f: A— B”
Page 459 Combine parts (i) and (ii) of Exercise 7.29; add new part

(i) If is aterminal objectin a catego€y prove, for anyG € obj(C), that the projections
A:GNQ — Gandp: NG — G are equivalences.

Page 461After top diagram, insert:
wherei andp are the equivalences in Exercise 7.29(ii).
Page 461pp, many places Change “G@B)” to “obj(C)”
Page 465line 3. Should read: sums to products
Page 465line 8. Should readf*(g+h) = (g+ h) f
Page 470line 12 Change ¢” to “h” (twotimes)
Page 471line-1 Change ¢§: X - M" to “g: F —> M”
Page 472line7 Change 6: F - W” to “6: F - M"
Page 472line -4 Change #1,...,vy" to “{vj:i el}”
Page 472line -3 Change ¢(v1),...,o(wn)" to “{p):iel}’
Page 474line7 Change §:F - B” to “g:F —> A”
Page 476 Replacé in diagram byj
Page 476line -2 Change Z-module” to ‘Tg-module”
Page 483line-5 Change £ go((r — f)b)” to “= go((r —r’)b)”

Page 486line -2 Exercise 7.42 occurs prematurely, for inverse limits have not yet been
defined. Move this Exercise to page 519, and call it Exercise 7.78.

Page 486(new) 7.42 Prove that a grous € obj(Groups) is a projective object if and
only if G is a free group. (Itis proved, in Exercise 10.3 on page 793, that the only injective
object inGroups is {1}.)

Page 488Replace Exercise 7.54 as follows.

7.54 Prove that arR-module E is injective if and only if, for every ideal in R, every
short exact sequence® E - B — | — 0 splits.
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Page 489 Redo the whole page, as follows.
Definition. A categoryC is ax-category if there is a commutative and associative binary
operationx: obj(C) x obj(C) — obj(C); that is,
() if AZ A andB = B, whereA, A, B, B’ € obj(C), thenAx B = A’ x B’;
(i) thereis an equivalencAx B = B x Aforall A, B € obj(C);
(iii) there is an equivalencé = (B« C) = (Ax B) x C for all A, B, C € obj(C).

Any category having finite products or finite coproducts isaategory.

Definition. If C is ax-category, defingobj(C)| to be the class of all isomorphism classes
|A| of objects inC, where| Al = {B € obj(C) : B = A}. If F(C) is the free abelian group
with basig® |obj(C)| andR is the subgroup af (C) generated by all elements of the form

|Ax B| —|Al —|B| whereA, B € obj(C),
then theGrothendieck groupKo(C) is the abelian group
Ko(C) = F(C)/R.

(A characterization oKo(C) as a solution to a universal mapping problem is given in
Exercise 7.58 on page 498.) For any objadh C, we denote the cosef| + R by [A].

We remark that the Grothendieck groip(C) can be defined more preciselyshould
be asymmetric monoidal categofgee Mac LaneCategories for the Working Mathemati-
cian, pages 157-161).

Proposition 7.77 LetC be ax-category
(i) If x € Ko(C), then x=[A] — [B] for A, B € obj(C).

@iy If A, B e objC),then[A] = [B]in Ko(C) if and only if there exists G= obj(C)
with AxC = B« C.

Proof. (i) SinceKo(C) is generated byobj(C)|, we may write
r S
x= [A]- D [Bjl.
i=1 j=1
(we allow objectsA; andB; to be repeated). If we now defide= Ay - - - x A, then

[A1=[A1*~-~*Ar1=_2[m.

Similarly, defineB = By - - - x Bs. It is now clear thak = [A] — [B].

15 There is a minor set-theoretic problem here, for a basis of a free abelian group must be
a set and not a proper class. This problem is usually avoided by assumidgstregmall
category that is, the class olff) is a set.
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Page 490line 16 Delete “andpA+C] =[Bx C].”

Page 491line -3 Change “category with product” to x-tategory”

Page 492line4 Change 1: Ko(R) — Z" to “r:objPr(R) — Z”

Page 492line 14 Change Ko()" to “K’(C)”

Page 494line 16 Should read:
in a category of modules is called aomposition series

Page 496line4 Change C”@®jh(B)" to “C” @ jh(By)"

Page 498n Exercise 7.58, assume also tHgtA) = f (B) wheneverA = B

Page 500n Example(vi), state that/ is a partially ordered set under reverse inclusion

Page 500line —7 Change f; wij " to * 1//ij fj”

Page 501lines 7 and 10 Change f‘j‘gbij " to wij fj”

Page 502lines -5,-4 Change mi<n” to “m=>n"

Page 509n defintion, change d;: I|_>m Mi — M;” to “aj: Mj — I|_>m M;”

Page 506line7 Change & :mi—m +S to “aji:m+— Aj(m)+ S

Page 507line7 Change “x3and2<3" to “l=<2and1x 3"

Page 511line 10, Add “whereC(U) is an abelian group under pointwise multiplication.”

Page 513line —7 Replace “then their module categories are equivalent.” with
“then equivalence of their module categories impkes S.”

Page 515line5 Change (F,G)" to “(G, F)"

Page 517 Add a sentence just before Exercises.

There is a necessary and sufficient condition, callectheint functor theorem that a
functor be half of an adjoint pair; see Mac Lar&gtegories for the Working Mathemati-
cian, page 117.

Page 518line 15 Add a phrase:
form a set; that is{ andD are small categories. We
Page 519 Add new exercises.

7.78 Prove that ifT : RMod — Ab is an additive left exact functor preserving products,
thenT preserves inverse limits.

7.79 Generalize Proposition 7.19 to allow infinitely many summands. {Bet i € |}
be a family of submodules of aR-module M, whereR is a commutative ring. IM =
(Uier S). then the following conditions are equivalent.

i M=>,,S.
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(i) Everya e M has a unique expression of the foae= 5, +- - -+5,,, wheres; € §;.
(iii) Foreachi €I,

S m<Usj>={0}.

j#



