Errata for Advanced Modern Algebra, Chapters 8to 11
June 3, 2003
This list of errors will be corrected in the next printing of the book. If you have found

any other mistakes —typos, errors in a proof, false statements, unclear exposition, important
omission — please write me at

rotman@math.uiuc.edu

Page 523line 4 Should read:

00 t
/ [f(X)|dx = lim / [ f(X)|dX < oo.
0 t—>oo 0

Page 523line 22 Change 44+beS to "a—-beS

Page 524line4 Change db+ (ad+bc)i” to “ac+ (ad+ bo)i”
Page 528line 8 Shouldread: ¢: R — Endz;(M).”

Page 528line—8 Change “8.37" to “8.8"

Page 529lines 16 and 18 Change u"" to “u°”

Page 529line 21 Change “becaud® to ‘“becauseM”

Page 531 Remove (ii) of Exercise 8.3, and change the wording of (i) because the term
left artinian has not yet been introduced.

(i) For every sequence of leftidedls 2 Lo 2 L3 D -- -, there existiN sothatl; = L1
foralli > N.

Page 532line —4 Change hint to read:

Hint. Define R = End(V), whereV is a vector space over a fielkd with basis
{vn 1 n > 1}, and definea € Rby a(vy) = vpt1-

Page 532line —1 Change formula in hint to read u4a"(1 — au)”

Page 537line 14 Should read o ¢ (vj11,...,vn)"

Page 538line 15 Change “the restriction map” to “the mep— fyf—1”
Page 541line 8 Change “EndV) =" to “Enda(V) ="

Page 542 Rewrite Example 8.27(ii) as follows.

(i) Every ring R is aZ-algebra, and every ring homomorphism i€-algebra map. This
example shows why, in the definition Bfalgebra, we do not demand thabe isomorphic
to a subring ofRk.
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Page 545lines 15-17 Should read

= () If x(R/I) = {0}, thenx(1+ 1) = x+ | = I; thatis,x € I. Therefore, if
X(R/1) = {0} for every maximal left ideal , thenx € (), | = J(R).

Page 546line 11 Rewrite as follows:

Recall thatA™ is the set of all sums of the form; - - -am, wherea; € A; that s,
A™={>" a1---aim : &j € A}

Page 546line-2 Change “Eb” to “1—Xx"
Page 549 Replace Exercise 8.34, as follows.

8.34. If Ris aring andM is a left R-module, prove that Hog(R, M) is a left R-
module, and prove that it is isomorphic kb.
Hint. If f: R— M andr’ € R, definer’f:r — rr’. Compare Exercise 7.5 on page
440.

Page 551line 19 Should read: ¢t(X) = o (X)¢
Page 552lines 13, 14,15 Rewrite:

SinceR is left semisimple, it is a direct sum of minimal left ideaB:= ); L. Let
1=>,&a,whereg € L. Ifr =) ;ri € > ; Lj, thenr = 1r and sarj = gr;. Hence, if
g = 0, thenL; = {0}. We conclude that there are only finitely many nonzeypthat is,
R=L1®---® L, Now the series

Page 553line 12 Change *“Corollary 7.17” to “Corollary 7.18”
Page 554line 2 Change “Corollary 7.17" to “Corollary 7.18"
Page 555Change the first paragraph of proof of Theorem 8.46

Proof. It suffices to prove thaR, regarded as a left module over itself, has a composition
series, for then Proposition 8.17 applies at once to show Rhist left noetherian as a
module over itself; that iSR has the ACC on left ideals.

Page 557lines—7 to—5 Change as follows.

If E is a left R-module, then Proposition 7.64 says tlats injective if every exact
sequence > E —- B — C — 0 splits. By hypothesisB is a semisimple module, and
so Proposition 8.42 implies that the sequence splits; tBus,injective.

Page 560line -6 Change 3J(R)={0}" to “LZ2+# {0}
Page 560line -2 Change Bb' # {0}” to “bb #£0”
Page 561line 4 Change “(and(R)={0})" to “andL? # {0}



Page 561 Replace lines 5 through 8 as follows.

Assume now that.? # {0}, so there are,y € L with xy # 0. Ifg: L — L’ is an
isomorphism, then & g(xy) = xg(y) € LL’, and soLL’ # {0}. .

Note that if J(R) = {0}, thenL? # {0}. Otherwise,L is a nilpotent left ideal and
Corollary 8.33 gives. € J(R) = {0}, a contradiction.

Page 561line 11 Change “Exercise 7.5 on page 440" to “Exercise 8.34 on page
549"

Page 561line 12 Change S=L;” to “Homgr(Lj, S # {0}"
Page 564line -14 Change “Mat(A)” to “Matn(A°P)”
Page 565 lines 12 - 14 should read:

Recall, for each, thatB; is a direct sum of left idealk isomorphic toL;. If L = L;
andL’ = Lj, then Lemma 8.53 applies to givd." = {0} if j #i. Hence, ifj #1,

Page 566 Add the following at end of line 10.

Write R = B; @ Bj, whereB; = ), B with B € D andB; = Zj Bj with
Bj ¢ D. By Corollary 7.18 (which holds for modules over noncommutative rinBs}
B (DN B;). ButDN By = {0}; otherwise, it would contain a minimal left idelal= L ;
for somej e J and, as above, this would for& < D. ThereforeD = B;.

Page 566 Add following to Corollary 8.62(i).
Moreover, if L is a minimal left ideal in A, then® = Enda(L).
Page 566 Add following paragraph to proof.

We may now assume th#&t = Mat,(A) and thatL = Col(1), the minimal left ideal
consisting of all than x n matrices whose last — 1 columns are 0 (see Proposition 8.49).
Definep: A — Enda(L) as follows: ifd € A and?¢ € L, thengq: ¢ — ¢£d. Note that
@d is an A-map: it is additive and, i& € Aand¢ € L, thengg(al) = (af)d = a(¢d) =
apq(£). Next, ¢ is a ring antihomomorphismp; = 1, , it is additive, andpqqy = ¢g ¢d:
if £ €L, thenpgpq(l) = pq(td’) = ¢d'd = @pqq (£); that is,¢ is a ring homomorphism
A°P — Enda(L). To see thap is injective, note that eache L € Mat,(A) is a matrix
with entries inA; hence,td = 0 implies¢ = 0. Finally, we show thap is surjective.
Let f € Enda(L). Now L = AEj1, whereEj1 is the matrix unit (every simple module

is generated by any nonzero element in it)ujife A, let [ug, ..., uy] denote then x n
matrix in L whose first column iguq, ..., up)t and whose other entries are all 0. Write
f(E11) = [dq,...,dn]. If £ € L, thent has the form{y, ..., uy], and using only the
definition of matrix multiplication, it is easy to see thak[...,un] = [ug, ..., Un]E11.

Sincef is anA-map,
f([u17 ceey Un]) = f ([ula ey un] Ell)
=[ug,...,un] f(E11)
=[ug,...,up][d,...,dn]
=[ug, ..., un]d1 = @q, ([Ug, ..., un]).
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Therefore,f = ¢q, € img, as desired. o
Page 567 Rewrite the last paragraph of the proof of Theorem 8.64

Dropping subscripts, it remains to prove thaBif= Mat,(A) = Maty (A’) = B/, then
n=n’andA = A’. In Proposition 8.49, we proved that 6|, consisting of the matrices
with jth columns O for allj # ¢, is a minimal left ideal inB, so that Cal¢) is a simple
B-module. Therefore,

{0} C Col(1) C Col(1) ® Col(2) C --- C Col(1) @ - -- @ Col(n) = B

is a composition series d& as a module over itself. By the JordardHer theorem (Theo-
rem 8.18),n and the factor modules Q@) are invariants oB. Now Col(¢) = Col(1) for
all ¢, by Corollary 8.63, and so it suffices to prove tiatan be recaptured from Ga).
But this has been done in Corollary 8.63(@:= Endg (Col(1))°P.

Page 567 Rewrite the proof of Corollary 8.65

Proof. By Maschke’s theorenk G is a semisimple ring, and its simple components are
isomorphic to matrix rings of the form MatA), whereA arises as Engs(L)°P for some
minimal left idealL in kG. Therefore, it suffices to show that Barg(L)°P = A = k.

Now Endig(L)°P € End(L)°P, which is finite-dimensional ovédrbecausé. is; hence,
A = Endg(L)®P is finite-dimensional ovek. Eachf € Endg(L) is akG-map and,
hence, &-map; that is,f (au) = af(u) for alla € k andu € L. Therefore, the map
pa: L — L, given byu — au, commutes withf; that is, k (identified with all¢,) is
contained inZ(A), the center ofA. If § € A, thens commutes with every element iq
and sok(8), the subdivision ring generated kyands, is a (commutative) field. A4 is
finite-dimensional ovek, so isk(8); that is,k(d) is a finite extension of the fielkl, and so
3 is algebraic ovek, by Proposition 3.117. Bk is algebraically closed, so théte k and
A=Kk e

Page 570line —7 Add a phrase:

ThenU is abelian and there are positive integesswith
Page 572line 12 Change ‘“hasisof” to “has”
Page 573line 9 Replace Exercise 8.36 with:

8.36 Let A be ann-dimensionak-algebra over a field. Prove thatA can be imbedded
as ak-subalgebra of Matk).

Hint. If a € A, defineLy: A— AbyLa: X — ax.
Page 575line 12 Should read:
tensor product of the homology groups of the factérandY.

Pages 582-583 Replace the proof of Proposition 8.84 through ling0 on page 583 by
the following.
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Proof. Define atriadditive function f: A x B x C — G, whereG is an abelian group,
to be a function that is additive in each of the three variables (when we fix the other two),

f(ar,b,c) = f(a,rb,c), and f(a,bsc)= f(a, b,so,
forallr € Rands € S. Consider the univeral mapping problem described by the diagram

AxBxC——" - T(A B,OC),

2z

G

whereG is an abelian groupf is triadditive, andf is aZ-homomorphism. As for biaddi-
tive functions and tensor products of two modules, defing, B, C) = F/N, whereF is
the free abelian group on all ordered tripl@sb, c) € A x B x C, andN is the obvious
subgroup of relations. Defitee Ax B x C — T(A, B,C) by

h: (a,b,c)—~ (a,b,c) + N

(denote(a, b, ¢) + N bya® b® ¢). A routine check shows that this construction does give
a solution to the universal mapping problem for triadditive functions.

We now show thaA ®r (B ®s C) is another solution to this universal problem. Define
a triadditive functiom: Ax BxC - A®r(B®sC) byn: (a,b,c) — a® (b®c). For
eacha € A, the S-biadditive fugctionfa: B x C — G, defined by(b,¢c) — f(a,b,c),
givesNa unique homomorphisify: B®sC — G takingb® ¢ — L(a, b, ©). Ifg, a e A,
thenfy, g (b®c)= f(a+a,b,c)= f(a,b,c)+ f(@,b,c) = falb®c) + fa(b® o).
It follows that the functiorp: A x (B®sC) — G, defined byp(a,b®c) = ﬂ(b@c), is
additive in both variables. It iR-biadditive, for ifr € R, theng(ar,b®c) = far (b®c) =
f(ar,b,c) = f(a,rb,c) = fatb®c) = ¢(a,r(b ® ¢)). Therefore, there is a unique
homomorphisny: AQr (B®sC) - Gwitha® (b®c) — ¢(a,b®c) = f(a, b, c).
Uniqueness of solutions to universal mapping problems shows that there is an isomorphism
T(A,B,C) > AQr(B®sC)witha®b®cr— a® (b® c). Similarly, T(A, B,C) =
(A®rB)®sCviaa®b®c— (a®b)®c,and s)A®Rr (B®sC) = (A®RrB) ®sC
viaa® (b®c)— (a®b)y®c. e

Remark. Thatthe elemens®b®c € T (A, B, C) have no parentheses will be exploited
in the next chapter when we construct tensor algebras.

We now present properties of tensor products that will help us compute them. First, we
give a result about Hom, and then we give the analogous result for tensor.
Recall Exercise 8.34 on page 549: For any RitnoduleM, for any f € Homgr(R, M),
and for anyr, s € R, define
rf:se f(sr).

Using the fact that a rindR is an(R, R)-bimodule, we can check that is anR-map and
that Homr(R, M) is a left R-module. We incorporate this into the next result.
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Page 585line 16 Change difV ®k K) to “dim(V ®x W)”
Page 587line -6 Should read

1@p:) a®br ) a®ph=) acb.
Page 589line2 Change mM®b+— mb to “m®br nmb
Page 591line 12 Should read
n
0=(1y®iu= ij ®iyj.
j=1
Page 591line —12 Change ¥ ,(Xj,y))" to “>  (Xj.iyj)”
Page 592 Change bottom 4 lines

Csisamodule, thenitis easy to see that HgiB, C) is a rightR-module, wheré fr)(b) =
f (rb); thus Honk(A, Homs(B, C)) makes sense, for it consists Rfmaps between right
R-modules. Finally, iff € Homgr(A, Homg(B, C)), we denote its value oa € A by F5,
sothatF;: B — C, defined byF5: b — F(a)(b), is a one-parameter family of functions.

Page 593 restate the theorem.

Theorem 899 (Adjoint Isomorphism) Given modules A, rBs, and GCs, where
R and S are rings, there is an isomorphism

7a.B.c. Homs(A®Rr B, C) - Homgr(A, Homg(B, C));
namely, if . AQr B — C and ae A and be B, then
aBc: f = f* where §:b— f(a®h).
Indeed, fixing any two of AB, C, the mapsa g.c constitute natural equivalences
Homs( ®rB, C) — Homg( , Homg(B, C)),

Homs(A®R , C) - Homg(A, Homg(, C)),

and
Homs(A®R B, ) > Homg(A, Homg(B, )).

Page 594line -6 Change A®rM;” to “AQ®RrB”



Page 594lines -3, -2, -1 Should read
each paii, j € | withi =< j inthe partially ordered index séf defineB;; to be a module
isomorphic toB;j by a mapbj — bjj, whereb; € Bj, and definer : Zij Bij — > i Bi by
o b — )»jgoijbi — Aibi,
Page 595line 14 Should read
Fra®bj—> 1®r)@®eb) - (1er)@ ab).
Page 597line 10 Change =rj(m)e D;” to = j(rm) e D;
Page 598lines -13, -12 Should read

For the converse, it suffices to prove that ke im 8 without assuming eithex™*
surjective org* injective.

Page 599line 7 After “Theorem 8.104,” add the phrase

with B playing the role ofR (so that flatness implies that the mAp®r B — A®Rr B is
injective)

Page 599 Restate Lemma 8.109

Lemma 8109 Given module$grX,Rr Ys, Zs), where R and S are rings, there is a natural
transformation in XY, and Z

tx.v,z: Homs(Y, Z) ®r X - Homs(HOMgr(X, Y), Z).

Moreover,tx v,z an isomorphism whenever X is a finitely generated free left R-module.
Page 600line 4 Should read:
Theorem 8110. A finitely presented right R-module B is flat if ...
Page 600line 7 Change “finitely related” to “finitely presented”
Page 600line —4 Change “finitely related” to “finitely presented”
Page 601line 4 Change “finitely related” to “finitely presented”

Page 601lines 11-14 Change all occurences of to “P”
Page 601 Change all occurences of sMod” to “Modg”
Page 601line -2 Change “Corollary 8.80" to “Exercise 8.45(ii) on page 603"

Page 602line -1 Change Wat,(ryMod” to “Modmat,(r)”
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Page 603line —4 Change Exercise 8.45,
8.45This exercise generalizes Corollary 8.81.

(i) Given a bimoduleg As, prove that Hom(A, ): rRMod — sMod is a functor, where
Homg(A, B) is the leftS-module defined bgf: a — f(as).

(ii) Given a bimoduler As, prove that Horg(A, ): Mods — Modr is a functor, where
Homs(A, B) is the rightR-module defined byfr: a — f(ra).

(i) Given a bimodulesBR, prove that Hom( , B): Modr — sMod is a functor, where
Homg(A, B) is the leftS-module defined bgf: a — s[ f (a)].

(iv) Given a bimodulesBR, prove that Horg(A, ): sMod — Modr is a functor, where
Homs(A, B) is the rightR-module defined byfr: a +— f(a)r.

Page 604 In Exercise 8.46, change v*® wx” to “vj ® w;j” and change the bottom
row of the matrix to

amB amB -+ ammB
Page 607line —10 Add “direct”
... completely reducibléf it is a direct sum of irreducible
Page 608line 4 Should read
whereB; = Endc (L) for all i; we will usually abbreviate End L) to EndL;). In
Page 608 Change the first paragraph as follows.

Recall the proof of the Wedderburn—Artin theorem: There are pairwise nonisomorphic
minimal left idealsL4,...,L; in CG andCG = B; & --- @ By, whereB; is generated
by all minimal left ideals isomorphic t&;. Now Bj = Maty, (C), by Corollary 8.65.
But all minimal left ideals in Ma; (C) are isomorphic, by Lemma 8.61(ii), so that =
coL(1l) = C" (see Example 8.30). Therefore,

B = End(L;),

where we have abbreviated Ernd.i) to EndL;).

Page 608lines 13— 16 Should read

(i) The representation; extends to &-algebra mapx~i : CG — CG if we define
~ Ui if j=i 2
uy =% =t @

0 ifj#£i
forge G and y € Bj.
Page 609Add two more parts to Corollary 8.120.

(ii) Every irreducible representation of a finite abelian group is linear
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(i) If o: G — GL(V) is a representation of a finite group G, thetig) is similar to a
diagonal matrix for each @ G.
Here are the proofs of these parts.

(i) Since G is abelian,CG = }_; B; is commutative, and so afli = 1. Butn;, =
degre€i;).

(i) If o/ = o|(g), theno’(g) = o(g). Now ¢’ is a representation of the abelian group
(g), and so part (i) implies that the modw&? is a direct sum of one-dimensional sub-
modules. I1fV(9 = (v1) @ --- @ (vm), then the matrix ofr(g) with respect to the basis
V1, ..., Upis diagonal. e

Page 621line -2. After “c(g) = wl,” add “by Corollary 8.20(iii)”
Page 622lines 6 -8 Should read as follows.

If g € keré, thend(g) = 6(1). Suppose thagj (g) # x;j (1) for somej’. Sincey; (g)
is a sum of roots of unity, Proposition 1.42 applies to forge(g)| < xj-(1), and so
0(g) = Zj m;j xj (@) # 0(1). Thereforeg € ﬂj kerxj. For the reverse inclusion, if

Page 626line 10 Should read h=1(t gt )h
Page 626line —5 Change “by substituting” to “by collecting terms involviggs”
Page 630line9 Change jx3(1)=3" to “xa(1)=3"
Page 636line —3 Change = hjxi(g)" to “=hjx(gj)”
Page 641line 13

Change “Exercise 2.88 on page 113" to “Exercise 2.99 on page 114"
Page 642line —10 Change #* =¢|®+ x1” to “y* =¢|® +dy”
Page 644line—14 Change %,(hy=>n" to “x,(h)=>niyi(h)”
Page 645line 11 Change (Uyc(A°SNN))" to “(Ugeg(AINN))”
Page 647line 14 Change th,m e M” to “m,m etM”
Page 648 Rewrite the first paragraph as follows.

(i)If ¢: M — M’is an isomorphism, thep(tM) C tM’, for if rm = O withr # 0, then
ro(m) = ¢(rm) = 0 (this is true for anyR-homomorphism); hence|tM: tM — tM’ is
an isomorphism (with inversg—1|tM’). For the second statement, the ngapM /tM —
M’/tM’, defined byp: m+tM — @(m) +tM’, is easily seen to be an isomorphism

Page 648line—1 Change “imf” to “im ¢”

Page 649line 8 Change “f.g.” to “finitely generated”

Page 652line 17 Add phrase: with the finiteness hypothesis eliminated.
Page 652line 19 Change “finite” to “torsion”
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Page 652line 21 Delete “finitely generated”
Page 652line—3 Change &,...,s55¢€ R" to “sp,...,$h€2"

Page 653 line 17 Rewrite the proof without the finiteness hypothesis. In particular,
change the reference to Proposition 5.4 to Exercise 7.79 on page 519.

Page 655lines 14 Delete “invariant factoxs, ..., ¢ and”

Page 655lines 16, 17 Should read
Definition. If M is a finitely generated torsioR-module, whereR is a PID, then the

order of M is the principal ideal generated by the product of its elementary divisors,
namely,(]_[ij p?j).
Page 659line 11 Should read: {€omplexpth power roots of unity’
Page 662line 16 Change Q@ —» Q/Z" to “Q—>T"
Page 663 Change the first two parts of Exercise 9.1:
(i) Prove that G = Zp(ap).

(i) Prove thatG/tG is a vector space ové).
Hint. Show thaiG/tG is torsion-free and divisible.

Page 666line 8 Should read: *“of copies @& (p™)”
Page 666line —10 Change Corollary 3.95" to “Corollary 3.10T

Page 667line 16 Remove parentheses in last term in display. Should read:

m .
...=ZCiA'U.
i=0

Page 668line —7 Change L isthe companion matrix afg(x) = cp)/x" to “L =
X1 —C((g(x) = co)/X)"

Page 672line —12 Change “de@) =s—1" to “deg(g) =s.”

Page 683 line 9 Change “Proposition 3.98 on page 175" to “Corollary 3.101 on
page 176"

Page 683 Restate Proposition 9.54

If R is a commutative ring, then finite presentationgfiritely presented R-modules
M and M give exact sequences

RARZEZM->0 and R 5 RS M -0,

and choices of bases, Y’ of R and Z Z’ of R" give matricesI" = z[A]y andT"’ =
z[AM]y. Ift/ =t,n =n, andl’ andI"’ are R-equivalent, then M= M’.
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Page 683 bottom: should read

P determines arR-isomorphismg: Rt — R, and Q determine anR-isomorphism
f: R"— R".
A

R R" M 0
| b
N
RE—=> R"——> M’ 0
s T

Page 684 line 2 Change #(u) = n; setv(m) = /¢~ 1(U)” to “zm(u) = m; set
v(m) = 7'6(u)”

Page 685 Restate part (ii) of Theorem 9.56

If Ais an nx n matrix over k, then the matrik given by this presentation ¢k")”
(relative to the standard basis E e, ..., e, of KM isT" = x| — A..

Page 686 Replace the first 6 lines.

Foranyi > 1, we are going to rewrite thi¢h summand' v; — T'v; of u as a telescoping
sum, each of whose terms lies in imthis will suffice to prove that ker C im A.

i1 i—1
Z)»(Xi_l_j-rjvi) — Z (Xi_jiji _ Xi—l—j-l-j+1vi)
j=0 j=0
= (v = X)) + Ty — X 2T 20+
"'+(XTi_1Ui —Tivi)
= lei —+ I:Z(_XI_]TJvi +X|—JT]vi)] _ TIUi
j=1
:Xivi —Tivi.

Page 683lines -8,-7 Change r” to “p”
Page 688lines -5, -4, -3 Should read

We claim thato; divides every entry ofA’. Leta be an entry not imr1's row or column;
schematically, we hav{i1 abl> whereb = uojp andc = voy. Replacerow(l) by
ROW(1)+(1— u)ROW(2) = (a+ (1 —u)c o1). As abovepi | a+ (1 — u)c. Sinceo | C,
we haveo | a.

Page 689line 1 Change #;;” to “nqj”

Page 690line —13 Change “not constant” to “not units”



12

Page 690line —5 Change
“MZ=R/(0s) ®---®R/(0g),” to “M=R"M@®R/(0s) @ ® R/(0q),”
Page 692line —8 Change “not constants.” to “not units.”

Page 693 In third matrix display, change the 22 entry in both matrices fodm- 4 to
X% —4x+1; in the 2x 2 matrix just below, change the 11 entry froth— 4 tox? — 4x + 1.

Page 693 The rational canonical form fof is ((1) 8 15).
01 O

Page 697 Replace (ii) of the Proposition by

(i) If BLAC = B'A'C for all column vectors B and C, then-A A'.

Page 697 Replace the proofs of (ii) and (iii) by

(i) If b =), bjg andc = }; ¢ig, then we have seen théib, c) = BYAC, whereB
andC are the column vectors of the coordinatebafndc with respect tce. In particular,
if b =g andc = e, thenf (g, gj) = &;j is theij entry of A,

(iii) Let the coordinates ob andc with respect to the basig’ be B’ and C’, respec-
tively, so thatf’(b, c) = (B)' AC’, whereA’ = [f(€.€)]. If Pisthe transition matrix
e[1]e, thenB = PB andC = PC'. Hence,f(b,c) = B'AC = (PB)'A(PC) =
(B (P'AP)C’. By part (i), we must havé®' AP = A’
For the converse, the given matrix equatién= P! AP yields equations:
[f'(e,e)]=A
= P'AP
=[>_ pi f(er. &) pg))]

£q
= [f(z Pei €, Z Paj€q)]
Y q

=[f (€, e)l.
Hence,f'(¢, €}) = f (¢, e/j) foralli, j, from which it follows thatf’(b, c) = f (b, c) for
allb,c e V. Therefore,f = ' .
Page 698 Modify the definition of discriminant:
Thediscriminant of a bilinear formf is either 0 or
det A) (k)2 e k*/(k*)?,
whereA is an inner product matrix of .

Pages 698-699 Replace text from line-6 on page 698 through line 8 on page 699 by
following.
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Definition. If (V, f) is an inner product space ald C V is a subspace df, then the
left orthogonal complemenof W is

WAt =(beV: f(b,w)=0forallw e W};
theright orthogonal complemenbf W is
WIR={ceV: f(w,c)=0forallw e W}.

It is easy to see that boWW-- andW-R are subspaces ®. Moreover, W+t = WLR
if f is either symmetric or alternating, in which case we wyité .

Let(V, f) be aninner product space, andAebe the inner product matrix df relative
to a basisey, ..., & of V. We claim thatb € VLl if and only if b is a solution of the
homogeneous systeli'x = 0. If b € VL. then f(b,ej) = 0 for all j. Writing
b= )b, weseethatG= f(b,e) = f(zi bie,e) = Zj bi f (&, €j). In matrix
terms,b = (by, ..., byt andB'A = 0; transposingb is a solution of the homogeneous
systemA!x = 0. The proof of the converse is left to the reader. A similar argument shows
thatc € VLR if and only if ¢ is a solution of the homogeneous systém = 0.

Proposition 9.72. If (V, f) is an inner product space, then f is nondegenerate if and only
if VAL = {0} = VLR thatis, if f(b,c) =O0forallc € V, thenb= 0, and if f(b,c) =0
forallb € V, then c=0.

Proof. Our remarks above show thiate V. if and only if b is a solution of the ho-
mogeneous systelA'x = 0. Therefore VLt = {0} if and only if there is a nontrivial
solutionb, and this holds if and only if deA') = 0. Since detAl) = det(A), we havef
degenerate. A similar argument shows tatR = {0} if and only if there is a nontrivial
solution toAx=0. e

Page 701lines 10, 11. Should read

We have just seen that every two-dimensional alternating spacé) in which f is

not identically zero has an inner product matfix= [ % 3].

Page 706line 6 Change “are congrent” to “have congruent inner product matrices”
Page 707line3 Change E[T]g” to “gl¢]g”
Page 708line 9 Change ¢” to “g;”
Pages 710-711 Replace line -8 on page 710 through line 21 on page 711 by

The next question is whether Isg¥ f) depends on the choice of nondegenerate
alternating bilinear formf. Observe that G{V) acts onkY*V, the set of all functions
VxV—->kIf f:VxV — kandp € GL(V), then definepf = f¥, where

f(b,c) = f(p~ b, o~ c).
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This formula does yield an action: fe GL(V), then(p0) f = f#?, where

(0) f(b,c) = £ (b, ©)
= f((p9) b, (p8) 1)
= f© o tb, 6 1o 10).
On the other handy(6f) is defined by

(1%, c) = (¢, ¢ 10)
= f(0 Yo, 6719 o),

so that(ef) f = ¢(6f).

Definition. Let V andW be finite-dimensional vector spaces over a fikjdand let
f:VxV - kandg: W x W — k be bilinear forms. Therf andg areequivalent
if there is an isometry: V. — W.

Theorem 991 If V is a finite-dimensional vector space over a field k and if
f,g: V x V — k are bilinear forms, then the following statements are equivalent

(i) f and g are equivalent

(i) If E = ey,..., e, is abasis of V, then the inner product matrices of f and g with
respect to E are congruent

(i) There isp € GL(V) withg= f¥.

Proof. (i) = (i) If ¢: V — V is an isometry, themy(¢(b), ¢(c)) = f(b, c) for all
bceV.IfE=e,..., 6 isabasisolV, thenE' = ¢(e1), ..., @(en) is also a basis,
becausey is an isomorphism. HenceY = [g(¢(&), ¢(€j))] = [f(a,e))] = Afor all

i, j; thatis, the inner product matri&’ of g with respect tcE’ is equal to the inner product
matrix A of f with respect tcE. By Proposition 9.70(iii), the inner product matiX’ of

g with respect tce is congruent toA.

(i) = (i) If A=[f(e,e)]and A" = [g(a, €j)], then there exists a nonsingular
matrix Q = [qij] with A" = Q'AQ. Defined: V — V to be the linear transformation

with 6(e)) = ¥, aje,. Finally,g = 07"
[g@.ep] = A =QAQ=[f(D aie. ) aje)]
v A
=[f(6(@). 0] =" (a.e)].
(iii) = (i) It is obvious from the definition that~*: (V, g) — (V, f) is an isometry:
g(b,0) = f¥(b,c) = f(p~'b, ¢ ')

Thereforeg is equivalent tof . e
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Page 711line-7 Replace f(P~tu, P~1v).” by “f(P~tu, P~1v)= f(u,v)”
Page 717line 7 Replace “Mj x---x Mp]” by “Mjx .- x My

Page 717line -9 Replace ‘Mg x ---x Mp]” by “Mzpx---x Mp”

Page 717line -7 Delete h”

Page 718 Replace Proposition 9.98.

Proposition 9.98 (Generalized Associativity Let R be a commutative ring and let
Mg, ..., Mp be R-modules. If M®r --- ®r Mp is an iterated tensor product in some
association, then there is an R-isomorphisfiM{, ..., Mp] — M1 ®R- - - ®r Mp taking
himg, ..., mp) > M ®--- ®mp.

Remark. We are tempted to quote Theorem 2.20: Associativity for three factors implies
associativity for many factors, for we have proved the associative law for three factors in
Proposition 8.84. However, we did not prove equalf®r (BRQRrC) = (AQr B) ®rC;

we only constructed an isomorphism. There is an extra condition, due, independently, to
Mac Lane and Stasheff: If the associative law holds up to isomorphism and if a certain
“pentagonal” diagram commutes, then generalized associativity holds up to isomorphism
(see Mac LaneCategories for the Working Mathematicigmages 157-161). «

Proof. The proof is by induction orp > 2. The base step is true, faf[M1, M2] =
M1 ®r M2. For the inductive step, let us assume that

M1®R---®@rMp=U[Mg1,..., Mi] @R U[Mj41, ..., Mp].
We have indicated the final factors in the association; for example,
(M1 ®Rr M2) ®r M3) ®r (M4 ®r Ms) = U[M1, M2, M3] ®r U[Mg4, Ms].

By induction, there are multilinear functiohs: My x --- x M; - M1 ®Rr---®gr M; and
h”: Mjy1 x -+ X Mp = Mit1 ®R - Qr Mp with hmg,....m)=mM®- ---Qm
associated as iM; ®r --- ®r M;j, and withh”"(mj11,...,mp) = M1 @ --- ® Mp
associated as iNlj 1 1Qr- - -@rMp. Induction gives isomorphisms : U[My, ..., Mj] —
M1 ®Rr --- ®r Mi and¢”: U[Mjy1,..., Mp] = Mit1 ®r -+ ®r Mp with ¢'h’" =
h|(Mg x -+ x Mj) andg”h” = h|(Mj11 x --- x Mp). By Corollary 8.78¢' ® ¢” is an
isomorphismMU[My, ..., Mi] @R U[Mit1, ..., Mp] = M1 ®r--- ®r Mp.
We now show thatl[Mg, ..., Mi] ®r U[Mj11, ..., Mp] is a solution to the universal

problem for multilinear functions. Consider the diagram

Mpx - xMp——" S U[Mg, ..., Mi] @R U[Mi 1, ..., Mp]

P

N
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wheren(mg, ..., mp) = h'(Mg, ..., M) ® h”(Nmi+1, ..., mp), N is anR-module, andf
is multilinear. We must find a homomorphisfnmaking the diagram commute.

If (mg,...,mj) € My x --- x Mj, the functionfm, . my: Miz1 x--- x Mp = N,
defined by(mj;q, ..., mp) — f(~m1, oo, mi, W (migq, ..., mp)), is multilinear; hence,
there is a unigue homomorphisfay, .. m): U[Mjt1, ..., Mp] = N with

fng,.omy A (Mige, ..., mp) = f(my, ..., mp).

Ifre Rand 1< j <i,then

fzml ..... rmj,..., mi)(h”(mi-}-la---,mp)):f(ml,-n,rmj,---,mp)
=rf(mg,....,mj,....,mp)
=1 fm,,.. mi)(h”(mwl, ..., Mp)).

Similarly, if mj, m| € Mj, where 1< j <1, then

~

f(ml,...,m;+m/j,.‘.,mi) = fmy,ompom + fmy my,...,mi)-

The function ofi + 1 var~iablesM1 x oo x Mj x U[Mjq1,..., Mp] — N, defined

by (mg,....mi,u”") — fm,...m)U"), is multilinear, and so it gives a bilinear func-
tion U[My, ..., Mi] x U[Miy1,..., Mp] — N, namely, (U, u”) — (b)), h"U")).

Thus, there is a unigue homomorphiSmU[Mq, ..., Mi]~®R U[Miy1,...,Mp] = N

which takesh’'(mg, ..., mi) ® h(miye,....,mp) = fmy, . m)(W(Miyq, ..., mp))

= f(my,...,mp); thatis, fn = f. ThereforeU[My, ..., Mi] ®r U[Mi41, ..., My]

is a solution to the universal mapping problem. By uniqueness of such solutions, there
is an isomorphisn®: U[My, ..., Mp] — U[My, ..., Mi] ®r U[Mj11, ..., Mp] with
oh(mg,...,mp) = h'(mg,...,m) @ h"(Mi11,...,mp) = n(my, ..., mp). Finally,

(¢’ ® ¢")0 is the desired isomorphisth[My, ..., Mp] = M1 ®r--- Qr Mp. e

Page 720line -12 Change to read:

If R and S are k-algebras, where k is a commutative ring, then eéWr$)-bimodule
M is a left R@k SPP-module, where

Page 720line -10 Add at beginning of Proof:

The functionR xk S x M — M, given by(r, s, m) — rmes, is k-trilinear, and this
can be used to prove that® s) = rmsis well-defined.

Page 720 Restate first line of Corollary 9.102 so it tre®®y S, wherek is a commutative
ring, instead oR ®7 S.

Page 722 Replace Proposition 9.106 by following.

If Ris a commutative ring ané and B are R-modules, define aord on A and B to
be anR-module of the form

W(A, B) =T%(A) QrT(B)®r--- ®r T¥(A) @r T " (B),
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where allg, f; are integerse; > 0, f, > 0, and all the other exponents are positive. We
say thatwW(A, B) haslength pif Y ; (6 + fi) = p.

Proposition 9.106. If A and B are R-modules, then for allp 0,

p
TP(A®B) =) W(A, B); @ W(A, B)p_j,
j=0

where WA, B)j, W(A, B)p—j range over all words of length j and - j, respectively

Proof. The proof is by induction op > 0. For the base step,
TO(A® B) = R= R®r R= TO(A) ®r TO(B).
For the inductive step,

TP A®B) =TP(A®B)®r (A® B)

= (TP(A® B)®r A) @ (TP(A® B) ®r B)
p
= "W(A, B); @k W'(A, B)p_j ®r X,
j=0

whereX = Aor X = B. This completes the proof, for every word of length- j + 1 has
the formW’'(A, B) @r X. e

Page 725line 12 Replace R=T(V)/I1” by “R= (Zpr(V))/I . [Thisis only
to make it easier to recognize, two lines below, thatV) denotes the terms ifi(V) of
degree 1.]

Page 725line 22 Shouldread ¢: k(X) — A,
Page 730 Should read

. i 0 0 i
1®|+—>[0 _i] and 1®k»—>|:i 0]

Page 731line 20 Redo first paragraph of proof.

Proof. Associativity of the multiplication inA shows thatA can be viewed as B, A)-
bimodule. As such, it is a leftB ®x A°P)-module, wherdb ® a)x = bxafor all x € A;
we denote this module bj*. But B @k A°P is a simplek-algebra, by Theorem 9.112,
so that Corollary 8.63 giveB ®x A°P = Mats(A) for some integes and some division
algebraa overk; in fact, B®y A°P has a unique (to isomorphism) minimal left idéaland
A°P = Endgg, acr(L). Therefore, agB @ A°")-modules, Corollary 8.44 give&* = L,
the direct sum of copies ofL, and so Endg, aor(A*) = Mat (A).

Page 732line3 Change “s?[L:K]" to “=s’[A: k]
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Page 733line -1 Should read:
[fA: Al =[A:A]l =[gA: Al

Page 734line 13 Change ¢§" to “v”
Page 735line —16 Replace the sentence beginningx4f> 0" by

If X2 > 0, then there is € R with x2 = t2. Now 0= (x+1)(x—t), so thatx = £t € R,

and this contradicts-i = xix~1.

Page 737lines 9 — 16 Change the proof of (iv).

Define f: A x A°° — End(A) by f(a,c) = Az o pc, Wwherery: X — ax and
Pc: X > X itis routine to check that, and pc arek-maps (so their composite is also
ak-map), and thaf is k-biadditive. Hence, there iskemap f: A®k A% — End((A)
with fA(a ® C) = Az o pc. Now associativitya(xc) = (ax)c in A says thatig o pc =
pc o Aa,from which it easily follows thaf is ak-algebra map. AA ®x A% is a simplek-
algebra and kef is a proper two-sided ideal, we ha‘?einjective. Now dimk(Endk(A)) =
dime(Home(A, A)) = n2, wheren = [A : k]. Since dimk(im f) = dimc(A®k A%) = n?,
it follows that f is ak-algebra isomorphismA ®k AP = Endc(A).

Page 737ine —4 Change “to be the abelian group” to “to be the set”
Page 747 The correct spelling is Grassmann.

Page 750ine 10 Change Moreover; to “Thus)

Page 751 Rewrite Theorem 9.143 as follows:

Theorem 9143 For all p > 0and all k-modules A and B, where k is a commutative ring,

Ahos =y (ANwea A\ ®).

i=0

Sketch of proofLet A be the category of all alternating anticommutative gradetbebras
R=>,0oRP (r? = 0forallr € Rof odd degree ands = (—1)Pdsrif r ¢ RP and
s € §%); by Theorem 9.136, the exterior algebfgA) € obj(A) for everyk-module A.

If R, S € obj(A), then one verifies thaR @k S= 3", (2o R ® SP') € obj(A);

using anticommutativity, a modest generalization of Proposition 9.101 showslthas
coproducts.

We claim that(/\, D) is an adjoint pair of functors, whei& : ytMod — A sendsA —
A(A),andD: A — (Mod sendsy . RP — R!, the terms of degree 1. R = > RP,
then there is a mapr: A(RY) — R; definera r: Hom4(A(A), R) — Homy(A, RY)
by ¢ — mr(p|A). It follows from Theorem 7.105 thah\ preserves coproducts; that is,

N(A® B) = A(A) & A(B), and so\P(A® B) = 3P (/\‘(A) ®k N\ (B)). .
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Here is an explicit formula for an isomorphism.,ﬂf(AéB B), we have

(@+b)A@+b)A(@+)=anrapraz+arAbprAag
+biArapAaz+biAbyAaz+a; Aax Abg
+ai AbpAbz+brAaxAbs+ by AbyAbs.

By anticommutativity, this can be rewritten so that eagirecedes all thb’s:

(@+b)A(@+b)A(@+b)=anrapraz—arrnazAb
+aAazAbi+azAbiAby+a; AaxAbs
+ai AbpAbz—axAby Abs+ by Aby A bs.

An i-shuffle is a partition of{1, 2, ..., p} into two disjoint subsetg; < ... < uj and
V1 < ... < vp_j, it gives the permutationr € S, with o(j) = uj for j < i and
o(i+¢) =veforj=i+¢>i.Each“mixed”termina; + b1) A (a2 + b2) A (az + b3)

gives a shuffle, with tha’s giving the and theb'’s giving thev; for exampleay A by A a3
is a 2-shuffle anth; Aax Abz is a 1-shuffle. Now sgi) counts the total number of leftward
moves ofa’s so that they precede all thés, and the reader may check that the signs in the

rewritten expansion are sgn). Definef: AP(A® B) — P, (/\i (A) & AP (B))
by

p
f(a1+b1,...,ap+bp)=2( Z Sgno)ay,, A--- Aay, ®bvl/\«-«/\bvpi>.

i=0 \i-shuffleso
Page 758line 9: Should end: duA dv A dw.”
Page 761 Change the proof of Proposition 9.155 as follows:
Proof. If A =[a;j], write the complete expansion of d&) more compactly:
detA) = ) sgro) [ ar.i-
oeS i

For any permutation € S,, we hava = t(j) foralli, and so
H%mMJT%mmm»
[ j
for this merely rearranges the factors in the product. Choasiagr —1 gives
rthMDZH%fWT
j j
Therefore,

det A) = Z sgn(o) Hajﬁ_l(]).
oeS j
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Now sgnio) = sgnoc ) [if ¢ = 71---17q, Where ther are transpositions, then
ol = Tq - - - T1]; Moreover, agr varies overs,, so doesr —1. Hence, writingg 1 = p
gives

detA) = Y sgn(p) [ .-
PES j

Now write A' = [bij ], wherebi; = a;i. Then

det(A) = > sgn(p) [ [ boci.j = D sano) [ [aj.oj) = det(A). o
PES j PES i

Page 772 Exercise 9.97(ii) Change D, =F," to “Dp= Fp1"
Page 775lines7and 9 Change 4[[b,c]]” to “[b,][a,c]]”
Page 779line 13 Should read: “binary operatigh« B, where”
Page 779line 14 Shouldread: Ax B = %(AB + BA)”
Page 780ine —6 Should read:
(ii) If L is nilpotent and_ # {0}, prove thatZ(L) # {0}.
Chapter 10 Change “0” to 90}” in many places.
Page 788 Replace (iii) in Proposition 10.5.

(iii) Let K and Q be subgroups of a group G with<G. Then G is a semidirect product
of K by Q if and only if KN Q = {0}, K + Q = G, and each ge G has a unique
expression g= a + X, where ac K and xe Q.

Page 789 Add the following to the proof ofiii).

Conversely, each € G has a unique factorizatiam= ax for a € K andx € Q; define
p: G — Q by p(ax) = x. Itis easy to check tha is a surjective homomorphism with
kerp = K.

Page 788line -4 Change pi(x)=0" to “pi(a) =0"
Page 78dine —1 Change ‘keN =U(2,C)” to “ker N = SU(2, C)”
Page 793Change Exercise 10.1(i) to read:
Prove that SI2, Fs) is an extension af; by As which is not a semidirect product.
Page 793n Exercise 1.2, assume thidtis a normal subgroup of orden.
Page 802ine 1 Change i“(a)=2g9" to “i’(a) =2pg"
Page 807line —11,—12 Should read:

... inner stabilizing automorphism by sorage K if and only if
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Page 807line —5 Change “xay" to +Xag

Page 810line 15 Equation should begin

= X(y[Z] = [yZ +[yD

Page 810line 15 The subscripts in the displayed and in the diagram below should be
d}, d;, d; instead ofd}, d, d}

Page 812 Rewrite first line of Exercise 10.15: Change “Recall thgeaeralized to
“Recall Example 5.79 on page 307ganeralized

Page 812 Delete part (iii) of Exercise 10.15.
Page 816line —10 Should read “Introducing”

Page 823 In definition of the connecting homomaorphism, bathshould bez; (not just
one of them).

Page 824line -12 Replace d¢’pud’c”™ to “d’pu=d’c”

Page 827Exercise 10.24. Change “whenever<n” to “wheneverm <n”
Change “isafunctor” to “isa contravariant functor”

Page 867line —9 Replace V/E” by “V/A’

Page 874line 1 Delete seconHip(G, ZG).

Page 881lines 9,10 Change provethat to “therf

Page 886line—1 Change Hh to “n+41"

Page 889line 9 Change &,t,0winG:” to “o,7,w€ G

Page 891line 13 Change “throught” to “through”

Page 892line 6 Change “some(x) e k” to “someze k*”

Page 893line 8 Shouldread: R={ael:v(@ <1}

Page 904lines 11, 12 Replace the sentence beginning “The classification” with:

A. G. Kurosh classified torsion-free abelian grodpf finite rankn with invariants
n = rank(G), dim(F, ® G) for all primesp, and an equivalence class of sequen®ég),
whereM, is ann x n nonsingular matrix over thp-adic number€), (this theorem is not
easy to use, for it is almost impossible to determine whether two groups have equivalent
matrix sequences).

Page 907line 16 Change definition d¥:
S ={s1,..., S} U{nonzero coefficients of alfj (X)}

Page 912line -1 Replace é{l” by “sz_lmz” (two times)
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Page 914line 3 Add: “(see Exercise 6.67 on page 398).”
Page 929line 10 Replace the sentence beginning “By Lemma 11.50 " by

If S= R—p, thenS~1R* is an extension OR; (since localization is an exact functor,
R contained inR* implies R, contained inS~1R*); by Lemma 11.50S 1R* is integral
overRy.

Page 934line 14 Change R/I1” to “R/q”
Page 936 Replace lines -8 through -1 as follows:

ideals. Thusyu is algebraic over, and henceu is algebraic ovelR. Since R[uU] is a
G-domain, Proposition 11.58 says tHats aG-domain. NowR is a Jacobson ring, and so
Ris afield, by Exercise 11.34 on page 938. BuRiis a field, so isR[u], for u is algebraic
over R. Therefore,R[u] = R[x]/q is a field, so that] is a maximal ideal, andR[x] is a
Jacobsonring. e

Page 973line 3 Change “im)” to “cokern”

Page 973line4 Change “imi" ! to “cokerd" 1

Page 980line —4 Change “Hom(R/cR, A)” to “Homg(R/cR, A*)”
Page 984line —6 Change “Hom(k/ck, A)" to “Homyg(k/ck, A*)”

Page 989 Restate Lemma 11.160 and insert two lines at beginning of proof.

Lemma 11160. Let a and b be nonzero elements in a domain R. If there existsRe
such that c8 € (b) implies cae (b), then the seriega, b) 2 (a) 2 (a%) and (a2, b) >
(@2, ab) 2 (a?) have isomorphic factor modulés

Proof. Now (a, b)/(a) = (a2, ab)/(a?), for multiplication bya sendg(a, b) onto (a2, ab)
and(a) onto (a?).

Page 990line 6 Rewrite the sentence beginning “But Lemma 11.160" as follows:
But Lemma 11.160 implies that both, b) and its submoduléa?, b) have lengtty.

Page 995line -5 Change “Lemma11.171” to “Lemma 11.170”

Page 996line —13 Change pd(A) <n” to “pd(A) =n"

Page 997line 13 Change “Lemma11.164” to “Lemma1l1.16”

Pages 997-998 Replace everything under line 14 by the following.

Let R be a noetherian ring, I&¥l be a finitely generateB-module, and let be an ideal
such thattM # M. By Exercise 11.82 on page 11bcontains a longestl-sequence
(such sequences are usually calfedximal M-sequencesn 1). We are going to prove,
given an ideal and a finitely generateR-moduleM, that all maximalM-sequences ih
have the same length.
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Definition. If R is a commutative ring, then aamssociated prime ideabf a nonzero
R-moduleB is a prime ideal of the form argh) for some nonzerb € B.

Lemma 11777 Let B be a nonzero finitely generated module over a noetherian ring R

() The maximal elementsiF(B) = {annb) : b € Bandb # 0} are associated
prime ideals of B
(ii) There are finitely many associated prime ideals o&&, p1, .. ., ps, such that

Z(B) =p1U---Ups,

where ZB) = {r € R:rb = 0 for some nonzerb € B}.

Proof. (i) The set of idealsF(B) has maximal elements, becauRkds noetherian. Let
annb) be such a maximal element. Suppose tisat annb), wherer,s € Randr ¢
ann(b). Now anr(b) € ann(rb), for if ub = 0, thenu(rb) = 0; by maximality, anib) =
annrb). Hences € annrb) impliess € ann(b), and so an¢b) is a prime ideal.

(i) For eachr € Z(B), there is a nonzerb € B with rb = 0; that is, Z(B) =
Uamb)eﬂs) annb). If we denote the set of maximal elementsAi(B) by 9%, then
Z(B) = Upesm p, for every anitb) € F(B) is contained in a maximal element.

It suffices to prove that is finite. DefineB’ = (b : ann(b) € M). Now B’ is finitely
generated, foR noetherian implies that every submodule of a finitely generRteabdule
is itself finitely generated; leB’ = (bg, ..., b,), and denote arb;) by p;. Suppose there
isq = annbg) € M with by # b fori = 1,...,n. Asby € B/, there arg; € R with
bo = Y ribi. It follows that ifr € (), pi, thenrbg = 0; that is,(); pi < annbg) = q.
Sinceq is a prime ideal, Proposition 6.13 gives € q for somei. As p; is a maximal
element inF(B), we haveg = pj, as desired. e

Remark. The set As6B) of all associated primes of aR-module B is important in
deeper studiet may be a proper subset of A&)]. For example, it is related to primary
decompositions (see Matsumu@ommutative Ring Theorpages 39-42). «

The next lemma is a generalization of the observation that Hown I,) = {0} if
(m,n) =1.

Lemma 11178 Let R be a commutative ring, and let A and B be R-modules

() If ann(A) contains a B-regular element, thétomg(A, B) = {0}.

(i) Let R be noetherian and let A and B be finitely generatetiothr(A, B) = {0},
thenann(A) contains a B-regular element.

Proof. If r € ann(A), thenra = 0 for alla € A. Hence, for allf € Homg(A, B), we
have 0= f(ra) = rf (a). On the other hand, if is B-regular, therr f (a) = 0 implies
f(a) =0, and sof = 0.

Page 998 Replace lines 1 - 3 by the following.
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(i) Assume, on the contrary, that af®) contains ndB-regular elements; that is, af) C
Z(B). By Lemma 11.177, there are finitely many associated prime ideaB, cfay,
p1,...,Ps, Such that anpd) € Z(B) = p1 U --- U ps, and so Proposition 6.14 says
that there is somg = p; with ann(A) C p.

Page 998 Rewrite the proof of Lemma 11.178 as follows.

Proof. The proof is by induction om > 0. We definel = {0} in casen = 0, and so
the base step holds. Assume now tkagt. . ., Xp11 IS a B-sequence in af@), thatl =

(X1, ..., Xnt1), and thatd = (xq, ..., Xn). Observe first that there is an exact sequence
0—- B— B — B/x1B — 0, forx; is a regular element oB. Consider the portion of
the long exact sequence, wheggis multiplication byxs:

ExtL(A. B) — ExtL(A, B/x1B) —> ExtX (A, B) =2 ExtLti(A, B).

Sincex; € ann(A), the induced mapy, is the zero map, and sbis surjective. By in-

duction, Honk(A, B/J B) = Exti(A, B). Multiplication by x,4+1: B/JB — B/JBis

an injection, because,+1 is (B/J B)-regular, and left exactness of Hat, ) shows

that (Xn1-1)« IS an injection Homg(A, B/JB) — Homg(A, B/JB). On the other hand,

(Xn+1)x IS the zero map, fox,.1 € ann(A). Hence, Hom(A, B/JB) = {0}, and

Exty(A, B) = {0}. Thereforep: Ext}(A, B/x1B) — Ext?;“l(A, B) is an isomorphism.
By induction, if B’ = B/x1B, then

HOmR(A, B'/(Xa. ..., Xn41)B) = ExtY(A, B') = Ext(A, B/x;B) = ExtitL(A, B).
BUt B'/(Xz, . .., Xns1)B' = (B/x1B)/(1B/x1B) = B/IB, so that Hong(A, B/1B) =
Ext: (A, B), as desired. o

Pages 998—-999Relabel “Proposition 11.179” as “Proposition 11.180". Delete Corollary
11.180 and make its statement a new exercise.

Page 1000line 13 Change “Theorem 11.128” to “Theorem 11.134"
Page 1000lines—5 and—4 Delete (ii) and (iii); replace by

(i) If, in addition, both A and B are free R-modules, thieinjective implies that f is
a (split) injection.
Page 1001 Delete lines 5 through 13. Replace by:
(i) Assume thatf § injective. Letxq,..., xt_be a basis ofA, and leth; = f(x;) for
i =1,...,t. Sincef is injective, the elements = bj + mB are linearly independent in
B/mB, and so they extend to a basis: Therea@te..,cs € Bwithby,...,b;,C1,...,Cs
a basis ofB/mB. An application of Nakayama’s lemma, as in the proof of Proposi-

tion 11.23, shows thdby, ..., b, c1, ..., Cs is a basis ofB. If we defineh: B — A
by h(bi) = x; andh(cj) = 0, then we see thd&tf = 1, and sof is injective. e

Page 1002line 15 Change “inducted” to “induced”
Page 1007line 15 Add following before Clearly.
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We may assume that ¢ Rx. If a = ajx anda; ¢ RX, then replacea by a;, for
Rya = Ryay. If a1 = apx anday ¢ RX, then replacey by ap, for Rya; = Ryap. If this
process does not stop, there are equatigns: am1X for allm > 1, which give rise to an
ascending sequend®y C Ra C ---. SinceR is noetherianRay, = Ran1 for some
m. Hencean+1 = ram for somer € R, anday, = an1X = ramX. SinceRis a domain,
1 = rx; thus,x is a unit, contradictindk x being a prime (hence, proper) ideal.

Page A-3lines 3-5 Change the statement of (iv).

Let X be a partially ordered set in which every two elements are comparable. Assuming
the axiom of choice, if every strictly decreasing sequence in X is finite, then X is well-
ordered

Page A-3line 14 Change this line as follows:

Choosesy € S; sincesy is not smallest, it is not true thag < sfor all s € S. Thus, either
there exists; € Swith s > 5 or there iss € Swith 59 ands not comparable; the latter
cannot occur, by hypothesis.

Page A-5lines 7—-10 Change the proof of Lemma A.5.

Proof. Necessity is obvious, for every subset of a well-ordered set is well-ordered. Con-
versely, letS be a nonempty subset of. Of course, ifSis a singleton, then it contains

a smallest element, and so we may assume $haintains at least two elements, sdy,
andc. SinceX is a chain, we may assume tlat< c. Hence, Se@) N S # &; as every
nonempty subset of a well-ordered set is well-ordered, there is a smallest element, say,
in Segc) N S. Now z is the smallest element i§, for if there iss' € Swith s’ < z, then

s’ € Seqgc) N S, contradictingz being the smallest element in SegN S. Therefore X is
well-ordered. o

Page A-7line-5 Change “Choose € X" to “Definecy= g(@)”
Page A-8 Change the first paragraph.

If C andD areg-sets, we claim that eith€ < D or D < C. DefineW to be the union
of all those subsetB with B << C andB < D. We claim thaWw < C andW < D; that is,
W is closed inC and inD. Takew € W; this element got int&V because it lies in some
B, whereB < C andB < D. If ¢ € C andc < w, thenc € B (becauseB is closed inC).
Hencec € B € W (for W is, by definition, the union of all such subs&}y Therefore W
is closed inC. Similarly, W is closed inD. If eitherW = C or W = D, then the claim is
true. Hence, we may assume tN#tg C [so thatW = C N Segc’) for somec’ € C — W],
andW < D [so thatW = D N Segd’) for somed’ € D — W]. SinceC andD areg-sets,
¢ = g(C N Segc)) = g(W) andd’ = g(D n Segd’)) = g(W). Thereforec = d'.
But nowW U {c'} = W U {c'} is closed inC and inD, for it is a closed interval. Thus,
WU {c'} € W, contradictingc’ ¢ W. Therefore, eitheW = C or W = D; that is, either
C < DorD <C, as claimed.



