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Errata for Advanced Modern Algebra, Chapters 8 to 11

June 3, 2003

This list of errors will be corrected in the next printing of the book. If you have found
any other mistakes – typos, errors in a proof, false statements, unclear exposition, important
omission – please write me at

rotman@math.uiuc.edu

Page 523, line 4 Should read:∫
∞

0
| f (x)|dx = lim

t→∞

∫ t

0
| f (x)|dx <∞.

Page 523, line 22 Change “a+ b ∈ S” to “ a− b ∈ S”

Page 524, line 4 Change “ab+ (ad+ bc)i ” to “ ac+ (ad+ bc)i ”

Page 528, line 8 Should read: “σ : R→ EndZ(M).”

Page 528, line−8 Change “8.37” to “8.8”

Page 529, lines 16 and 18 Change “µ′ ” to “µop”

Page 529, line 21 Change “becauseR” to “becauseM”

Page 531 Remove (ii) of Exercise 8.3, and change the wording of (i) because the term
left artinianhas not yet been introduced.

(i) For every sequence of left idealsL1 ⊇ L2 ⊇ L3 ⊇ · · · , there existsN so thatL i = L i+1
for all i ≥ N.

Page 532, line−4 Change hint to read:

Hint . Define R = Endk(V), where V is a vector space over a fieldk with basis
{vn : n ≥ 1}, and definea ∈ R by a(vn) = vn+1.

Page 532, line−1 Change formula in hint to read “u+ an(1− au)”

Page 537, line 14 Should read “v j /∈ 〈v j+1, . . . , vn〉”

Page 538, line 15 Change “the restriction map” to “the mapψ 7→ fψ f −1”

Page 541, line 8 Change “Endk(V) =” to “End1(V) =”

Page 542 Rewrite Example 8.27(ii) as follows.

(ii) Every ring R is aZ-algebra, and every ring homomorphism is aZ-algebra map. This
example shows why, in the definition ofR-algebra, we do not demand thatk be isomorphic
to a subring ofR.
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Page 545, lines 15-17 Should read

⇒ (i) If x(R/I ) = {0}, then x(1 + I ) = x + I = I ; that is, x ∈ I . Therefore, if
x(R/I ) = {0} for every maximal left idealI , thenx ∈

⋂
I I = J(R).

Page 546, line 11 Rewrite as follows:

Recall thatAm is the set of all sums of the forma1 · · ·am, wherea j ∈ A; that is,
Am
= {

∑
i ai 1 · · ·aim : ai j ∈ A}.

Page 546, line -2 Change “1− b” to “1 − x”

Page 549 Replace Exercise 8.34, as follows.

8.34. If R is a ring andM is a left R-module, prove that HomR(R,M) is a left R-
module, and prove that it is isomorphic toM .
Hint. If f : R→ M andr ′ ∈ R, definer ′ f : r 7→ rr ′. Compare Exercise 7.5 on page
440.

Page 551, line 19 Should read: ϕτ(x) = σ(x)ϕ

Page 552, lines 13, 14, 15 Rewrite:

SinceR is left semisimple, it is a direct sum of minimal left ideals:R =
∑

i L i . Let
1 =

∑
i ei , whereei ∈ L i . If r =

∑
i r i ∈

∑
i L i , thenr = 1r and sor i = ei r i . Hence, if

ei = 0, thenL i = {0}. We conclude that there are only finitely many nonzeroL i ; that is,
R= L1⊕ · · · ⊕ Ln. Now the series

Page 553, line 12 Change “Corollary 7.17” to “Corollary 7.18”

Page 554, line 2 Change “Corollary 7.17” to “Corollary 7.18”

Page 555Change the first paragraph of proof of Theorem 8.46

Proof. It suffices to prove thatR, regarded as a left module over itself, has a composition
series, for then Proposition 8.17 applies at once to show thatR is left noetherian as a
module over itself; that is,R has the ACC on left ideals.

Page 557, lines−7 to−5 Change as follows.

If E is a left R-module, then Proposition 7.64 says thatE is injective if every exact
sequence 0→ E → B → C → 0 splits. By hypothesis,B is a semisimple module, and
so Proposition 8.42 implies that the sequence splits; thus,E is injective.

Page 560, line -6 Change “J(R) = {0}” to “ L2
6= {0}”

Page 560, line -2 Change “bb′ 6= {0}” to “ bb′ 6= 0”

Page 561, line 4 Change “(andJ(R) = {0})” to “and L2
6= {0}”
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Page 561 Replace lines 5 through 8 as follows.

Assume now thatL2
6= {0}, so there arex, y ∈ L with xy 6= 0. If g : L → L ′ is an

isomorphism, then 06= g(xy) = xg(y) ∈ LL ′, and soLL ′ 6= {0}. •

Note that if J(R) = {0}, then L2
6= {0}. Otherwise,L is a nilpotent left ideal and

Corollary 8.33 givesL ⊆ J(R) = {0}, a contradiction.

Page 561, line 11 Change “Exercise 7.5 on page 440” to “Exercise 8.34 on page
549”

Page 561, line 12 Change “S∼= L j ” to “HomR(L j , S) 6= {0}”

Page 564, line -14 Change “Matn(1)” to “Matn(1
op)”

Page 565 lines 12 - 14 should read:

Recall, for eachi , that Bi is a direct sum of left idealsL isomorphic toL i . If L ∼= L i

andL ′ ∼= L j , then Lemma 8.53 applies to giveLL ′ = {0} if j 6= i . Hence, if j 6= i ,

Page 566 Add the following at end of line 10.

Write R = BI ⊕ BJ , where BI =
∑

i Bi with Bi ⊆ D and BJ =
∑

j B j with
B j 6⊆ D. By Corollary 7.18 (which holds for modules over noncommutative rings),D =
BI ⊕(D∩BJ). But D∩BJ = {0}; otherwise, it would contain a minimal left idealL ∼= L j

for some j ∈ J and, as above, this would forceB j ⊆ D. Therefore,D = BI .

Page 566 Add following to Corollary 8.62(i).

Moreover, if L is a minimal left ideal in A, then1op ∼= EndA(L).

Page 566 Add following paragraph to proof.

We may now assume thatA = Matn(1) and thatL = Col(1), the minimal left ideal
consisting of all then× n matrices whose lastn− 1 columns are 0 (see Proposition 8.49).
Defineϕ : 1 → EndA(L) as follows: ifd ∈ 1 and` ∈ L, thenϕd : ` 7→ `d. Note that
ϕd is an A-map: it is additive and, ifa ∈ A and` ∈ L, thenϕd(a`) = (a`)d = a(`d) =
aϕd(`). Next,ϕ is a ring antihomomorphism:ϕ1 = 1L , it is additive, andϕdd′ = ϕd′ϕd:
if ` ∈ L, thenϕd′ϕd(`) = ϕd(`d′) = `d′d = ϕdd′(`); that is,ϕ is a ring homomorphism
1op
→ EndA(L). To see thatϕ is injective, note that each̀∈ L ⊆ Matn(1) is a matrix

with entries in1; hence,̀ d = 0 implies` = 0. Finally, we show thatϕ is surjective.
Let f ∈ EndA(L). Now L = AE11, whereE11 is the matrix unit (every simple module
is generated by any nonzero element in it). Ifui ∈ 1, let [u1, . . . ,un] denote then × n
matrix in L whose first column is(u1, . . . ,un)

t and whose other entries are all 0. Write
f (E11) = [d1, . . . ,dn]. If ` ∈ L, then` has the form [u1, . . . ,un], and using only the
definition of matrix multiplication, it is easy to see that [u1, . . . ,un] = [u1, . . . ,un]E11.
Since f is anA-map,

f ([u1, . . . ,un]) = f ([u1, . . . ,un]E11)

= [u1, . . . ,un] f (E11)

= [u1, . . . ,un][d1, . . . ,dn]

= [u1, . . . ,un]d1 = ϕd1([u1, . . . ,un]).
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Therefore,f = ϕd1 ∈ imϕ, as desired. •

Page 567 Rewrite the last paragraph of the proof of Theorem 8.64

Dropping subscripts, it remains to prove that ifB = Matn(1) ∼= Matn′(1′) = B′, then
n = n′ and1 ∼= 1′. In Proposition 8.49, we proved that Col(`), consisting of the matrices
with j th columns 0 for allj 6= `, is a minimal left ideal inB, so that Col(`) is a simple
B-module. Therefore,

{0} ⊆ Col(1) ⊆ Col(1)⊕ Col(2) ⊆ · · · ⊆ Col(1)⊕ · · · ⊕ Col(n) = B

is a composition series ofB as a module over itself. By the Jordan-Hölder theorem (Theo-
rem 8.18),n and the factor modules Col(`) are invariants ofB. Now Col(`) ∼= Col(1) for
all `, by Corollary 8.63, and so it suffices to prove that1 can be recaptured from Col(1).
But this has been done in Corollary 8.63(i):1 ∼= EndB(Col(1))op.

Page 567 Rewrite the proof of Corollary 8.65

Proof. By Maschke’s theorem,kG is a semisimple ring, and its simple components are
isomorphic to matrix rings of the form Matn(1), where1 arises as EndkG(L)op for some
minimal left idealL in kG. Therefore, it suffices to show that EndkG(L)op

= 1 = k.
Now EndkG(L)op

⊆ Endk(L)op, which is finite-dimensional overk becauseL is; hence,
1 = EndkG(L)op is finite-dimensional overk. Each f ∈ EndkG(L) is a kG-map and,
hence, ak-map; that is, f (au) = a f (u) for all a ∈ k andu ∈ L. Therefore, the map
ϕa : L → L, given byu 7→ au, commutes withf ; that is,k (identified with allϕa) is
contained inZ(1), the center of1. If δ ∈ 1, thenδ commutes with every element ink,
and sok(δ), the subdivision ring generated byk andδ, is a (commutative) field. As1 is
finite-dimensional overk, so isk(δ); that is,k(δ) is a finite extension of the fieldk, and so
δ is algebraic overk, by Proposition 3.117. Butk is algebraically closed, so thatδ ∈ k and
1 = k. •

Page 570, line−7 Add a phrase:

ThenU is abelian and there are positive integersmi with

Page 572, line 12 Change “has is of” to “has”

Page 573, line 9 Replace Exercise 8.36 with:

8.36 Let A be ann-dimensionalk-algebra over a fieldk. Prove thatA can be imbedded
as ak-subalgebra of Matn(k).

Hint . If a ∈ A, defineLa : A→ A by La : x 7→ ax.

Page 575, line 12 Should read:

tensor product of the homology groups of the factorsX andY.

Pages 582-583 Replace the proof of Proposition 8.84 through line−10 on page 583 by
the following.
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Proof. Define atriadditive function f : A× B × C → G, whereG is an abelian group,
to be a function that is additive in each of the three variables (when we fix the other two),

f (ar,b, c) = f (a, rb, c), and f (a,bs, c) = f (a,b, sc),

for all r ∈ R ands ∈ S. Consider the univeral mapping problem described by the diagram

A× B× C
h //

f
%%JJJJJJJJJJ T(A, B,C),

f̃yy
G

whereG is an abelian group,f is triadditive, andf̃ is aZ-homomorphism. As for biaddi-
tive functions and tensor products of two modules, defineT(A, B,C) = F/N, whereF is
the free abelian group on all ordered triples(a,b, c) ∈ A× B × C, andN is the obvious
subgroup of relations. Defineh : A× B× C→ T(A, B,C) by

h : (a,b, c) 7→ (a,b, c)+ N

(denote(a,b, c)+N by a⊗b⊗c). A routine check shows that this construction does give
a solution to the universal mapping problem for triadditive functions.

We now show thatA⊗R (B⊗SC) is another solution to this universal problem. Define
a triadditive functionη : A× B×C→ A⊗R (B⊗SC) by η : (a,b, c) 7→ a⊗ (b⊗c). For
eacha ∈ A, the S-biadditive function fa : B × C → G, defined by(b, c) 7→ f (a,b, c),
gives a unique homomorphism̃fa : B⊗SC→ G takingb⊗ c 7→ f (a,b, c). If a,a′ ∈ A,
then f̃a+a′(b⊗ c) = f (a+ a′,b, c) = f (a,b, c)+ f (a′,b, c) = f̃a(b⊗ c)+ f̃a′(b⊗ c).
It follows that the functionϕ : A× (B⊗SC)→ G, defined byϕ(a,b⊗ c) = f̃a(b⊗ c), is
additive in both variables. It isR-biadditive, for ifr ∈ R, thenϕ(ar,b⊗c) = f̃ar (b⊗c) =
f (ar,b, c) = f (a, rb, c) = f̃a(rb ⊗ c) = ϕ(a, r (b⊗ c)). Therefore, there is a unique
homomorphism̃ϕ : A⊗R (B⊗S C)→ G with a⊗ (b⊗ c) 7→ ϕ(a,b⊗ c) = f (a,b, c).
Uniqueness of solutions to universal mapping problems shows that there is an isomorphism
T(A, B,C)→ A⊗R (B⊗S C) with a⊗ b⊗ c 7→ a⊗ (b⊗ c). Similarly, T(A, B,C) ∼=
(A⊗R B)⊗S C via a⊗ b⊗ c 7→ (a⊗ b)⊗ c, and soA⊗R (B⊗S C) ∼= (A⊗R B)⊗S C
via a⊗ (b⊗ c) 7→ (a⊗ b)⊗ c. •

Remark. That the elementsa⊗b⊗c ∈ T(A, B,C) have no parentheses will be exploited
in the next chapter when we construct tensor algebras.J

We now present properties of tensor products that will help us compute them. First, we
give a result about Hom, and then we give the analogous result for tensor.

Recall Exercise 8.34 on page 549: For any leftR-moduleM , for any f ∈ HomR(R,M),
and for anyr, s ∈ R, define

r f : s 7→ f (sr).

Using the fact that a ringR is an(R, R)-bimodule, we can check thatr f is anR-map and
that HomR(R,M) is a left R-module. We incorporate this into the next result.
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Page 585, line 16 Change dim(V ⊗k K ) to “dim(V ⊗k W)”

Page 587, line -6 Should read

1⊗ p :
∑

ai ⊗ bi 7→
∑

ai ⊗ pbi =
∑

ai ⊗ b′′i .

Page 589, line 2 Change “m⊗ b 7→ mb” to “ m⊗ b 7→ nmb”

Page 591, line 12 Should read

0= (1M ⊗ i )u =
n∑

j=1

x j ⊗ iy j .

Page 591, line−12 Change “
∑

k(x j , y j )” to “
∑

k(x j , iy j )”

Page 592 Change bottom 4 lines

CS is a module, then it is easy to see that HomS(B,C) is a rightR-module, where( f r )(b) =
f (rb); thus HomR(A,HomS(B,C))makes sense, for it consists ofR-maps between right
R-modules. Finally, ifF ∈ HomR(A,HomS(B,C)), we denote its value ona ∈ A by Fa,
so thatFa : B→ C, defined byFa : b 7→ F(a)(b), is a one-parameter family of functions.

Page 593 restate the theorem.

Theorem 8.99 (Adjoint Isomorphism ) Given modules AR, RBS, and CS, where
R and S are rings, there is an isomorphism

τA,B,C : HomS(A⊗R B,C)→ HomR(A,HomS(B,C));

namely, if f: A⊗R B→ C and a∈ A and b∈ B, then

τA,B,C : f 7→ f ∗, where f∗a : b 7→ f (a⊗ b).

Indeed, fixing any two of A, B,C, the mapsτA,B,C constitute natural equivalences

HomS( ⊗RB,C)→ HomR( ,HomS(B,C)),

HomS(A⊗R ,C)→ HomR(A,HomS( ,C)),

and

HomS(A⊗R B, )→ HomR(A,HomS(B, )).

Page 594, line -6 Change “A⊗R Mi ” to “ A⊗R Bi ”
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Page 594, lines -3, -2, -1 Should read

each pairi, j ∈ I with i � j in the partially ordered index setI , defineBi j to be a module
isomorphic toBi by a mapbi 7→ bi j , wherebi ∈ Bi , and defineσ :

∑
i j Bi j →

∑
i Bi by

σ : bi 7→ λ jϕ
i
j bi − λi bi ,

Page 595, line 14 Should read

σ̃ : a⊗ bi j 7→ (1⊗ λ j )(a⊗ ϕ
i
j bi )− (1⊗ λi )(a

′
⊗ bi ).

Page 597, line 10 Change “= r j (m) ∈ D;” to = j (rm) ∈ D;

Page 598, lines -13, -12 Should read

For the converse, it suffices to prove that kerα = imβ without assuming eitherα∗

surjective orβ∗ injective.

Page 599, line 7 After “Theorem 8.104,” add the phrase

with B playing the role ofR (so that flatness implies that the mapA′ ⊗R B→ A⊗R B is
injective)

Page 599 Restate Lemma 8.109

Lemma 8.109.Given modules(RX,R YS, ZS), where R and S are rings, there is a natural
transformation in X,Y , and Z

τX,Y,Z : HomS(Y, Z)⊗R X→ HomS(HomR(X,Y), Z).

Moreover,τX,Y,Z an isomorphism whenever X is a finitely generated free left R-module.

Page 600, line 4 Should read:

Theorem 8.110. A finitely presented right R-module B is flat if ...

Page 600, line 7 Change “finitely related” to “finitely presented”

Page 600, line−4 Change “finitely related” to “finitely presented”

Page 601, line 4 Change “finitely related” to “finitely presented”

Page 601, lines 11-14 Change all occurences of “A” to “ P”

Page 601, Change all occurences of “SMod” to “ ModS”

Page 601, line -2 Change “Corollary 8.80” to “Exercise 8.45(ii) on page 603”

Page 602, line -1 Change “Matn(R)Mod” to “ ModMatn(R)”
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Page 603, line−4 Change Exercise 8.45,

8.45This exercise generalizes Corollary 8.81.

(i) Given a bimoduleRAS, prove that HomR(A, ) : RMod → SMod is a functor, where
HomR(A, B) is the leftS-module defined bys f : a 7→ f (as).

(ii) Given a bimoduleRAS, prove that HomS(A, ) : ModS→ ModR is a functor, where
HomS(A, B) is the rightR-module defined byf r : a 7→ f (ra).

(iii) Given a bimoduleSBR, prove that HomR( , B) : ModR→ SMod is a functor, where
HomR(A, B) is the leftS-module defined bys f : a 7→ s[ f (a)].

(iv) Given a bimoduleSBR, prove that HomS(A, ) : SMod → ModR is a functor, where
HomS(A, B) is the rightR-module defined byf r : a 7→ f (a)r .

Page 604. In Exercise 8.46, change “vi ⊗ wk” to “ vi ⊗ w j ” and change the bottom
row of the matrix to

am1B am2B · · · ammB

Page 607, line−10 Add “direct”

... completely reducibleif it is a direct sum of irreducible

Page 608, line 4 Should read

whereBi ∼= EndC(L i ) for all i ; we will usually abbreviate EndC(L i ) to End(L i ). In

Page 608 Change the first paragraph as follows.

Recall the proof of the Wedderburn–Artin theorem: There are pairwise nonisomorphic
minimal left idealsL1, . . . , Lr in CG andCG = B1 ⊕ · · · ⊕ Br , whereBi is generated
by all minimal left ideals isomorphic toL i . Now Bi ∼= Matni (C), by Corollary 8.65.
But all minimal left ideals in Matni (C) are isomorphic, by Lemma 8.61(ii), so thatL i ∼=

COL(1) ∼= Cni (see Example 8.30). Therefore,

Bi ∼= End(L i ),

where we have abbreviated EndC(L i ) to End(L i ).

Page 608, lines 13− 16 Should read

(ii) The representationλi extends to aC-algebra map̃λi : CG→ CG if we define

λ̃i (g)u j =

{
gui i f j = i (2)

0 i f j 6= i

for g ∈ G and uj ∈ B j .

Page 609Add two more parts to Corollary 8.120.

(ii) Every irreducible representation of a finite abelian group is linear.
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(iii) If σ : G → GL(V) is a representation of a finite group G, thenσ(g) is similar to a
diagonal matrix for each g∈ G.

Here are the proofs of these parts.

(ii) Since G is abelian,CG =
∑

i Bi is commutative, and so allni = 1. But ni =

degree(λi ).

(ii) If σ ′ = σ |〈g〉, thenσ ′(g) = σ(g). Now σ ′ is a representation of the abelian group
〈g〉, and so part (ii) implies that the moduleV 〈g〉 is a direct sum of one-dimensional sub-
modules. IfV 〈g〉 = 〈v1〉 ⊕ · · · ⊕ 〈vm〉, then the matrix ofσ(g) with respect to the basis
v1, . . . , vm is diagonal. •

Page 621, line -2. After “τ(g) = ω I ,” add “by Corollary 8.20(iii)”

Page 622, lines 6 - 8 Should read as follows.

If g ∈ kerθ , thenθ(g) = θ(1). Suppose thatχ j ′(g) 6= χ j ′(1) for some j ′. Sinceχ j ′(g)
is a sum of roots of unity, Proposition 1.42 applies to force|χ j ′(g)| < χ j ′(1), and so
θ(g) =

∑
j m jχ j (g) 6= θ(1). Therefore,g ∈

⋂
j kerχ j . For the reverse inclusion, if

Page 626, line 10 Should read h−1(t−1
i gti )h

Page 626, line−5 Change “by substituting” to “by collecting terms involvinggi s”

Page 630, line 9 Change “χ3(1) = 3” to “χ4(1) = 3”

Page 636, line−3 Change “= h jχi (g)” to “= h jχi (g j )”

Page 641, line 13

Change “Exercise 2.88 on page 113” to “Exercise 2.99 on page 114”

Page 642, line−10 Change “ψ∗ = ϕ|G + χ1” to “ψ∗ = ϕ|G + dχ1”

Page 644, line−14 Change “χρ(h) =
∑

i ni ” to “χρ(h) =
∑

i niψi (h)”

Page 645, line 11 Change “
(⋃

g∈G(A
G
∩ N)

)
” to “

(⋃
g∈G(A

g
∩ N)

)
”

Page 647, line 14 Change “m,m′ ∈ M” to “ m,m′ ∈ t M”

Page 648 Rewrite the first paragraph as follows.

(ii)If ϕ : M → M ′ is an isomorphism, thenϕ(t M) ⊆ t M ′, for if rm = 0 with r 6= 0, then
rϕ(m) = ϕ(rm) = 0 (this is true for anyR-homomorphism); hence,ϕ|t M : t M → t M ′ is
an isomorphism (with inverseϕ−1

|t M ′). For the second statement, the mapϕ : M/t M →
M ′/t M ′, defined byϕ : m+ t M 7→ ϕ(m)+ t M ′, is easily seen to be an isomorphism.•

Page 648, line−1 Change “imf ” to “im ϕ”

Page 649, line 8 Change “f.g.” to “finitely generated”

Page 652, line 17 Add phrase: with the finiteness hypothesis eliminated.

Page 652, line 19 Change “finite” to “torsion”
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Page 652, line 21 Delete “finitely generated”

Page 652, line−3 Change “s1, . . . , sn ∈ R” to “ s1, . . . , sn ∈ Z”

Page 653, line 17 Rewrite the proof without the finiteness hypothesis. In particular,
change the reference to Proposition 5.4 to Exercise 7.79 on page 519.

Page 655, lines 14 Delete “invariant factorsc1, . . . , ct and”

Page 655, lines 16, 17 Should read
Definition. If M is a finitely generated torsionR-module, whereR is a PID, then the
order of M is the principal ideal generated by the product of its elementary divisors,

namely,
(∏

i j p
ei j
i

)
.

Page 659, line 11 Should read: “{complexpth power roots of unity}”

Page 662, line 16 Change “Q→ Q/Z” to “Q→ T”

Page 663, Change the first two parts of Exercise 9.1:

(i) Prove thattG =
∑

p〈ap〉.

(ii) Prove thatG/tG is a vector space overQ.
Hint . Show thatG/tG is torsion-free and divisible.

Page 666, line 8 Should read: “of copies ofZ(p∞i )”

Page 666, line−10 Change “Corollary 3 .95” to “ Corollary 3 .101”

Page 667, line 16 Remove parentheses in last term in display. Should read:

. . . =

m∑
i=0

ci Ai v.

Page 668, line−7 Change “L is the companion matrix of(g(x) = c0)/x” to “ L =
x I − C((g(x) = c0)/x)”

Page 672, line−12 Change “deg(g) = s− 1.” to “deg(g) = s.”

Page 683, line 9 Change “Proposition 3.98 on page 175” to “Corollary 3.101 on
page 176”

Page 683 Restate Proposition 9.54

If R is a commutative ring, then finite presentations of(finitely presented) R-modules
M and M′ give exact sequences

Rt λ
→ Rn π

→ M → 0 and Rt ′ λ
′

→ Rn′ π
′

→ M ′→ 0,

and choices of bases Y,Y′ of Rt and Z, Z′ of Rn give matrices0 = Z [λ]Y and0′ =
Z′ [λ]Y′ . If t ′ = t , n′ = n, and0 and0′ are R-equivalent, then M∼= M ′.



11

Page 683 bottom: should read

P determines anR-isomorphismϕ : Rt
→ Rt , and Q determine anR-isomorphism

θ : Rn
→ Rn.

Rt

φ

��

λ // Rn

θ

��

π // M //

ν

��

0

Rt
λ′

// Rn
π ′

// M ′ // 0

Page 684, line 2 Change “π(u) = n; setν(m) = π ′ϕ−1(u)” to “π(u) = m; set
ν(m) = π ′θ(u)”

Page 685 Restate part (ii) of Theorem 9.56

If A is an n× n matrix over k, then the matrix0 given by this presentation of(kn)A

(relative to the standard basis E= e1, . . . ,en of kn) is 0 = x I − A..

Page 686 Replace the first 6 lines.

For anyi ≥ 1, we are going to rewrite thei th summandxi vi −T i vi of u as a telescoping
sum, each of whose terms lies in imλ; this will suffice to prove that kerπ ⊆ im λ.

i−1∑
j=0

λ(xi−1− j T j vi ) =

i−1∑
j=0

(
xi− j T j vi − xi−1− j T j+1vi

)
= (xi vi − xi−1Tvi )+ (x

i−1Tvi − xi−2T2vi )+

· · · + (xTi−1vi − T i vi )

= xi vi +

[ i−1∑
j=1

(−xi− j T j vi + xi− j T j vi )
]
− T i vi

= xi vi − T i vi .

Page 683, lines -8, -7 Change “r ” to “ ρ”

Page 688, lines -5, -4, -3 Should read

We claim thatσ1 divides every entry of1′. Let a be an entry not inσ1’s row or column;

schematically, we have

(
a b
c σ1

)
, whereb = uσ1 and c = vσ1. ReplaceROW(1) by

ROW(1)+(1− u)ROW(2) = (a+ (1− u)c σ1). As above,σ1 | a+ (1− u)c. Sinceσ1 | c,
we haveσ1 | a.

Page 689, line 1 Change “ηi j ” to “ η1 j ”

Page 690, line−13 Change “not constant” to “not units”
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Page 690, line−5 Change

“ M ∼= R/(σs)⊕ · · · ⊕ R/(σq),” to “ M ∼= Rn−q
⊕ R/(σs)⊕ · · · ⊕ R/(σq),”

Page 692, line−8 Change “not constants.” to “not units.”

Page 693 In third matrix display, change the 22 entry in both matrices fromx2
− 4 to

x2
−4x+1; in the 2×2 matrix just below, change the 11 entry fromx2

−4 to x2
−4x+1.

Page 693 The rational canonical form forA is

0 0 −4
1 0 15
0 1 0

.

Page 697 Replace (ii) of the Proposition by

(ii) If Bt AC = Bt A′C for all column vectors B and C, then A= A′.

Page 697 Replace the proofs of (ii) and (iii) by

(ii) If b =
∑

i bi ei andc =
∑

i ci ei , then we have seen thatf (b, c) = Bt AC, whereB
andC are the column vectors of the coordinates ofb andc with respect toE. In particular,
if b = ei andc = ej , then f (ei ,ej ) = ai j is thei j entry of A.

(iii) Let the coordinates ofb and c with respect to the basisE′ be B′ and C′, respec-
tively, so that f ′(b, c) = (B′)t A′C′, whereA′ = [ f (e′i ,e

′

j )]. If P is the transition matrix

E[1]E′ , then B = P B′ andC = PC′. Hence, f (b, c) = Bt AC = (P B′)t A(PC′) =
(B′)t (Pt AP)C′. By part (ii), we must havePt AP = A′.

For the converse, the given matrix equationA′ = Pt AP yields equations:

[ f ′(e′i ,e
′

j )] = A′

= Pt AP

=
[∑
`q

p`i f (è ,eq)pq j )
]

=
[

f
(∑
`

p`i è ,
∑

q

pq j eq
)]

= [ f (e′i ,e
′

j )].

Hence, f ′(e′i ,e
′

j ) = f (e′i ,e
′

j ) for all i, j , from which it follows that f ′(b, c) = f (b, c) for
all b, c ∈ V . Therefore,f = f ′ •.

Page 698 Modify the definition of discriminant:

Thediscriminant of a bilinear form f is either 0 or

det(A)(k×)2 ∈ k×/(k×)2,

whereA is an inner product matrix off .

Pages 698-699 Replace text from line−6 on page 698 through line 8 on page 699 by
following.
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Definition. If (V, f ) is an inner product space andW ⊆ V is a subspace ofV , then the
left orthogonal complementof W is

W⊥L
= {b ∈ V : f (b, w) = 0 for allw ∈ W};

theright orthogonal complementof W is

W⊥R
= {c ∈ V : f (w, c) = 0 for allw ∈ W}.

It is easy to see that bothW⊥L andW⊥R are subspaces ofV . Moreover,W⊥L
= W⊥R

if f is either symmetric or alternating, in which case we writeW⊥.
Let (V, f ) be an inner product space, and letA be the inner product matrix off relative

to a basise1, . . . ,en of V . We claim thatb ∈ V⊥L if and only if b is a solution of the
homogeneous systemAt x = 0. If b ∈ V⊥L . then f (b,ej ) = 0 for all j . Writing
b =

∑
i bi ei , we see that 0= f (b,ej ) = f

(∑
i bi ei ,ej ) =

∑
j bi f (ei ,ej ). In matrix

terms,b = (b1, . . . ,bn)
t and Bt A = 0; transposing,b is a solution of the homogeneous

systemAt x = 0. The proof of the converse is left to the reader. A similar argument shows
thatc ∈ V⊥R if and only if c is a solution of the homogeneous systemAx = 0.

Proposition 9.72. If (V, f ) is an inner product space, then f is nondegenerate if and only
if V⊥L

= {0} = V⊥R
; that is, if f(b, c) = 0 for all c ∈ V , then b= 0, and if f(b, c) = 0

for all b ∈ V , then c= 0.

Proof. Our remarks above show thatb ∈ V⊥L if and only if b is a solution of the ho-
mogeneous systemAt x = 0. Therefore,V⊥L

6= {0} if and only if there is a nontrivial
solutionb, and this holds if and only if det(At ) = 0. Since det(At ) = det(A), we havef
degenerate. A similar argument shows thatV⊥R

6= {0} if and only if there is a nontrivial
solution toAx = 0. •

Page 701, lines 10, 11. Should read

We have just seen that every two-dimensional alternating space(V, f ) in which f is
not identically zero has an inner product matrixA =

[
0 1
−1 0

]
.

Page 706, line 6 Change “are congrent” to “have congruent inner product matrices”

Page 707, line 3 Change “E[T ]E” to “ E[ϕ]E”

Page 708, line 9 Change “ϕ” to “ϕ j ”

Pages 710-711 Replace line -8 on page 710 through line 21 on page 711 by

The next question is whether Isom(V, f ) depends on the choice of nondegenerate
alternating bilinear formf . Observe that GL(V) acts onkV×V , the set of all functions
V × V → k: If f : V × V → k andϕ ∈ GL(V), then defineϕ f = f ϕ , where

f ϕ(b, c) = f (ϕ−1b, ϕ−1c).
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This formula does yield an action: Ifθ ∈ GL(V), then(ϕθ) f = f ϕθ , where

(ϕθ) f (b, c) = f ϕθ (b, c)

= f ((ϕθ)−1b, (ϕθ)−1c)

= f (θ−1ϕ−1b, θ−1ϕ−1c).

On the other hand,ϕ(θ f ) is defined by

( f θ )ϕ(b, c) = f θ (ϕ−1b, ϕ−1c)

= f (θ−1ϕ−1b, θ−1ϕ−1c),

so that(ϕθ) f = ϕ(θ f ).

Definition. Let V and W be finite-dimensional vector spaces over a fieldk, and let
f : V × V → k andg : W × W → k be bilinear forms. Thenf andg areequivalent
if there is an isometryϕ : V → W.

Theorem 9.91. If V is a finite-dimensional vector space over a field k and if
f, g : V × V → k are bilinear forms, then the following statements are equivalent.

(i) f and g are equivalent.

(ii) If E = e1, . . . ,en is a basis of V , then the inner product matrices of f and g with
respect to E are congruent.

(iii) There isϕ ∈ GL(V) with g= f ϕ .

Proof. (i) ⇒ (ii) If ϕ : V → V is an isometry, theng(ϕ(b), ϕ(c)) = f (b, c) for all
b, c ∈ V . If E = e1, . . . ,en is a basis ofV , thenE′ = ϕ(e1), . . . , ϕ(en) is also a basis,
becauseϕ is an isomorphism. Hence,A′ = [g(ϕ(ei ), ϕ(ej ))] = [ f (ei ,ej )] = A for all
i, j ; that is, the inner product matrixA′ of g with respect toE′ is equal to the inner product
matrix A of f with respect toE. By Proposition 9.70(iii), the inner product matrixA′′ of
g with respect toE is congruent toA.

(ii) ⇒ (iii) If A = [ f (ei ,ej )] and A′ = [g(ei ,ej )], then there exists a nonsingular
matrix Q = [qi j ] with A′ = Qt AQ. Defineθ : V → V to be the linear transformation

with θ(ej ) =
∑
ν qν j eν . Finally, g = f θ

−1
:

[g(ei ,ej )] = A′ = Qt AQ=
[

f
(∑
ν

qνi eν,
∑
λ

qλ j eλ
)]

= [ f (θ(ei ), θ(ej ))] = [ f θ
−1
(ei ,ej )].

(iii) ⇒ (i) It is obvious from the definition thatϕ−1 : (V, g)→ (V, f ) is an isometry:

g(b, c) = f ϕ(b, c) = f (ϕ−1b, ϕ−1c).

Therefore,g is equivalent tof . •
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Page 711, line -7 Replace “f (P−1u, P−1v).” by “ f (P−1u, P−1v) = f (u, v).”

Page 717, line 7 Replace “[M ′1× · · · × M ′p]” by “ M ′1× · · · × M ′p”

Page 717, line -9 Replace “[M1× · · · × Mp]” by “ M1× · · · × Mp”

Page 717, line -7 Delete “h”

Page 718 Replace Proposition 9.98.

Proposition 9.98 (Generalized Associativity) Let R be a commutative ring and let
M1, . . . ,Mp be R-modules. If M1 ⊗R · · · ⊗R Mp is an iterated tensor product in some
association, then there is an R-isomorphism U[M1, . . . ,Mp] → M1⊗R · · ·⊗R Mp taking
h(m1, . . . ,mp) 7→ m1⊗ · · · ⊗mp.

Remark. We are tempted to quote Theorem 2.20: Associativity for three factors implies
associativity for many factors, for we have proved the associative law for three factors in
Proposition 8.84. However, we did not prove equality,A⊗R (B⊗R C) = (A⊗R B)⊗R C;
we only constructed an isomorphism. There is an extra condition, due, independently, to
Mac Lane and Stasheff: If the associative law holds up to isomorphism and if a certain
“pentagonal” diagram commutes, then generalized associativity holds up to isomorphism
(see Mac Lane,Categories for the Working Mathematician, pages 157–161).J

Proof. The proof is by induction onp ≥ 2. The base step is true, forU [M1,M2] =
M1⊗R M2. For the inductive step, let us assume that

M1⊗R · · · ⊗R Mp = U [M1, . . . ,Mi ] ⊗R U [Mi+1, . . . ,Mp].

We have indicated the final factors in the association; for example,

((M1⊗R M2)⊗R M3)⊗R (M4⊗R M5) = U [M1,M2,M3] ⊗R U [M4,M5].

By induction, there are multilinear functionsh′ : M1× · · ·×Mi → M1⊗R · · · ⊗R Mi and
h′′ : Mi+1 × · · · × Mp → Mi+1 ⊗R · · · ⊗R Mp with h′(m1, . . . ,mi ) = m1 ⊗ · · · ⊗ mi

associated as inM1 ⊗R · · · ⊗R Mi , and withh′′(mi+1, . . . ,mp) = mi+1 ⊗ · · · ⊗ mp

associated as inMi+1⊗R· · ·⊗RMp. Induction gives isomorphismsϕ′ : U [M1, . . . ,Mi ] →
M1 ⊗R · · · ⊗R Mi andϕ′′ : U [Mi+1, . . . ,Mp] → Mi+1 ⊗R · · · ⊗R Mp with ϕ′h′ =
h|(M1 × · · · × Mi ) andϕ′′h′′ = h|(Mi+1 × · · · × Mp). By Corollary 8.78,ϕ′ ⊗ ϕ′′ is an
isomorphismU [M1, . . . ,Mi ] ⊗R U [Mi+1, . . . ,Mp] → M1⊗R · · · ⊗R Mp.

We now show thatU [M1, . . . ,Mi ] ⊗R U [Mi+1, . . . ,Mp] is a solution to the universal
problem for multilinear functions. Consider the diagram

M1× · · · × Mp
η //

f
&&MMMMMMMMMMM

U [M1, . . . ,Mi ] ⊗R U [Mi+1, . . . ,Mp]

f̃
tt

N
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whereη(m1, . . . ,mp) = h′(m1, . . . ,mi )⊗ h′′(mi+1, . . . ,mp), N is anR-module, andf
is multilinear. We must find a homomorphism̃f making the diagram commute.

If (m1, . . . ,mi ) ∈ M1 × · · · × Mi , the function f(m1,...,mi ) : Mi+1 × · · · × Mp → N,
defined by(mi+1, . . . ,mp) 7→ f (m1, . . . ,mi , h′′(mi+1, . . . ,mp)), is multilinear; hence,
there is a unique homomorphism̃f(m1,...,mi ) : U [Mi+1, . . . ,Mp] → N with

f̃(m1,...,mi ) : h′′(mi+1, . . . ,mp) 7→ f (m1, . . . ,mp).

If r ∈ R and 1≤ j ≤ i , then

f̃(m1,...,rm j ,...,mi )(h
′′(mi+1, . . . ,mp)) = f (m1, . . . , rm j , . . . ,mp)

= r f (m1, . . . ,m j , . . . ,mi )

= r f̃(m1,...,mi )(h
′′(mi+1, . . . ,mp)).

Similarly, if m j ,m′j ∈ M j , where 1≤ j ≤ i , then

f̃(m1,...,m j+m′j ,...,mi )
= f̃(m1,...,m j ,...,mi ) + f̃(m1,...,m′j ,...,mi )

.

The function ofi + 1 variablesM1 × · · · × Mi × U [Mi+1, . . . ,Mp] → N, defined
by (m1, . . . ,mi ,u′′) 7→ f̃(m1,...,mi )(u

′′), is multilinear, and so it gives a bilinear func-
tion U [M1, . . . ,Mi ] × U [Mi+1, . . . ,Mp] → N, namely,(u′,u′′) 7→ (h′(u′), h′′(u′′)).
Thus, there is a unique homomorphism̃f : U [M1, . . . ,Mi ] ⊗R U [Mi+1, . . . ,Mp] → N
which takesh′(m1, . . . ,mi ) ⊗ h′′(mi+1, . . . ,mp) 7→ f̃(m1,...,mi )(h

′′(mi+1, . . . ,mp))

= f (m1, . . . ,mp); that is, f̃ η = f . Therefore,U [M1, . . . ,Mi ] ⊗R U [Mi+1, . . . ,Mp]
is a solution to the universal mapping problem. By uniqueness of such solutions, there
is an isomorphismθ : U [M1, . . . ,Mp] → U [M1, . . . ,Mi ] ⊗R U [Mi+1, . . . ,Mp] with
θh(m1, . . . ,mp) = h′(m1, . . . ,mi ) ⊗ h′′(mi+1, . . . ,mp) = η(m1, . . . ,mp). Finally,
(ϕ′ ⊗ ϕ′′)θ is the desired isomorphismU [M1, . . . ,Mp] ∼= M1⊗R · · · ⊗R Mp. •

Page 720, line -12 Change to read:

If R and S are k-algebras, where k is a commutative ring, then every(R, S)-bimodule
M is a left R⊗k Sop-module, where

Page 720, line -10 Add at beginning of Proof:

The functionR×k Sop
× M → M , given by(r, s,m) 7→ rms, is k-trilinear, and this

can be used to prove that(r ⊗ s) = rms is well-defined.

Page 720 Restate first line of Corollary 9.102 so it treatsR⊗kS, wherek is a commutative
ring, instead ofR⊗Z S.

Page 722 Replace Proposition 9.106 by following.

If R is a commutative ring andA and B are R-modules, define aword on A and B to
be anR-module of the form

W(A, B) = Te1(A)⊗R T f1(B)⊗R · · · ⊗R Ter (A)⊗R T fr (B),
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where allei , fi are integers,e1 ≥ 0, fr ≥ 0, and all the other exponents are positive. We
say thatW(A, B) haslength p if

∑
i (ei + fi ) = p.

Proposition 9.106. If A and B are R-modules, then for all p≥ 0,

T p(A⊕ B) ∼=
p∑

j=0

W(A, B) j ⊗R W′(A, B)p− j ,

where W(A, B) j , W′(A, B)p− j range over all words of length j and p− j , respectively.

Proof. The proof is by induction onp ≥ 0. For the base step,

T0(A⊕ B) = R∼= R⊗R R∼= T0(A)⊗R T0(B).

For the inductive step,

T p+1(A⊕ B) = T p(A⊕ B)⊗R (A⊕ B)
∼=
(
T p(A⊕ B)⊗R A

)
⊕
(
T p(A⊕ B)⊗R B

)
∼=

p∑
j=0

W(A, B) j ⊗R W′(A, B)p− j ⊗R X,

whereX ∼= A or X ∼= B. This completes the proof, for every word of lengthp− j +1 has
the formW′(A, B)⊗R X. •

Page 725, line 12 Replace “R= T(V)/I ” by “ R= (
∑

p T p(V))/I . [This is only

to make it easier to recognize, two lines below, thatT1(V) denotes the terms inT(V) of
degree 1.]

Page 725, line 22 Should read ϕ̃ : k〈X〉 → A,

Page 730, Should read

1⊗ i 7→

[
i 0
0 −i

]
and 1⊗ k 7→

[
0 i
i 0

]
Page 731, line 20 Redo first paragraph of proof.

Proof. Associativity of the multiplication inA shows thatA can be viewed as a(B, A)-
bimodule. As such, it is a left(B ⊗k Aop)-module, where(b⊗ a)x = bxa for all x ∈ A;
we denote this module byA∗. But B ⊗k Aop is a simplek-algebra, by Theorem 9.112,
so that Corollary 8.63 givesB ⊗k Aop ∼= Mats(1) for some integers and some division
algebra1 overk; in fact, B⊗k Aop has a unique (to isomorphism) minimal left idealL, and
1op ∼= EndB⊗k Aop(L). Therefore, as(B⊗k Aop)-modules, Corollary 8.44 givesA∗ ∼= Lr ,
the direct sum ofr copies ofL, and so EndB⊗k Aop(A∗) ∼= Matr (1).
Page 732, line 3 Change “= s2[L : k]” to “= s2[1 : k]”
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Page 733, line -1 Should read:

[ f A : 1] = [ A : 1] = [gA : 1],

Page 734, line 13 Change “g” to “ψ”

Page 735, line−16 Replace the sentence beginning “Ifx2 > 0” by

If x2 > 0, then there ist ∈ Rwith x2
= t2. Now 0= (x+t)(x−t), so thatx = ±t ∈ R,

and this contradicts−i = xix−1.

Page 737, lines 9 – 16 Change the proof of (iv).

Define f : A × Aop
→ Endk(A) by f (a, c) = λa ◦ ρc, whereλa : x 7→ ax and

ρc : x 7→ xc; it is routine to check thatλa andρc arek-maps (so their composite is also
a k-map), and thatf is k-biadditive. Hence, there is ak-map f̂ : A⊗k Aop

→ Endk(A)
with f̂ (a ⊗ c) = λa ◦ ρc. Now associativitya(xc) = (ax)c in A says thatλa ◦ ρc =

ρc ◦ λa,from which it easily follows that̂f is ak-algebra map. AsA⊗k Aop is a simplek-
algebra and ker̂f is a proper two-sided ideal, we havêf injective. Now dimk(Endk(A)) =
dimk(Homk(A, A)) = n2, wheren = [ A : k]. Since dimk(im f̂ ) = dimk(A⊗k Aop) = n2,
it follows that f̂ is ak-algebra isomorphism:A⊗k Aop ∼= Endk(A).

Page 737line−4 Change “to be the abelian group” to “to be the set”

Page 747 The correct spelling is Grassmann.

Page 750line 10 Change “Moreover,” to “ Thus,”

Page 751: Rewrite Theorem 9.143 as follows:

Theorem 9.143. For all p ≥ 0 and all k-modules A and B, where k is a commutative ring,

∧p
(A⊕ B) ∼=

p∑
i=0

(∧i
(A)⊗k

∧p−i
(B)

)
.

Sketch of proof.LetA be the category of all alternating anticommutative gradedk-algebras
R =

∑
p≥0 Rp (r 2

= 0 for all r ∈ R of odd degree andrs = (−1)pqsr if r ∈ Rp and
s ∈ Sq); by Theorem 9.136, the exterior algebra

∧
(A) ∈ obj(A) for everyk-moduleA.

If R, S ∈ obj(A), then one verifies thatR⊗k S=
∑

p≥0

(∑p
i=0 Ri

⊗k Sp−i
)
∈ obj(A);

using anticommutativity, a modest generalization of Proposition 9.101 shows thatA has
coproducts.

We claim that(
∧
, D) is an adjoint pair of functors, where

∧
: kMod → A sendsA 7→∧

(A), andD : A→ kMod sends
∑

p≥0 Rp
7→ R1, the terms of degree 1. IfR=

∑
p Rp,

then there is a mapπR :
∧
(R1) → R; defineτA,R : HomA(

∧
(A), R) → Homk(A, R1)

by ϕ 7→ πR(ϕ|A). It follows from Theorem 7.105 that
∧

preserves coproducts; that is,∧
(A⊕ B) ∼=

∧
(A)⊗k

∧
(B), and so

∧p
(A⊕ B) ∼=

∑p
i=0

(∧i
(A)⊗k

∧p−i
(B)

)
. •
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Here is an explicit formula for an isomorphism. In
∧3
(A⊕ B), we have

(a1+ b1) ∧ (a2+ b2) ∧ (a3+ b3) = a1 ∧ a2 ∧ a3+ a1 ∧ b2 ∧ a3

+ b1 ∧ a2 ∧ a3+ b1 ∧ b2 ∧ a3+ a1 ∧ a2 ∧ b3

+ a1 ∧ b2 ∧ b3+ b1 ∧ a2 ∧ b3+ b1 ∧ b2 ∧ b3.

By anticommutativity, this can be rewritten so that eacha precedes all theb’s:

(a1+ b1) ∧ (a2+ b2) ∧ (a3+ b3) = a1 ∧ a2 ∧ a3− a1 ∧ a3 ∧ b2

+ a2 ∧ a3 ∧ b1+ a3 ∧ b1 ∧ b2+ a1 ∧ a2 ∧ b3

+ a1 ∧ b2 ∧ b3− a2 ∧ b1 ∧ b3+ b1 ∧ b2 ∧ b3.

An i -shuffle is a partition of{1,2, . . . , p} into two disjoint subsetsµ1 < . . . < µi and
ν1 < . . . < νp−i ; it gives the permutationσ ∈ Sp with σ( j ) = µ j for j ≤ i and
σ(i + `) = ν` for j = i + ` > i . Each “mixed” term in(a1+ b1)∧ (a2+ b2)∧ (a3+ b3)

gives a shuffle, with thea’s giving theµ and theb’s giving theν; for example,a1∧b2∧a3
is a 2-shuffle andb1∧a2∧b3 is a 1-shuffle. Now sgn(σ ) counts the total number of leftward
moves ofa’s so that they precede all theb’s, and the reader may check that the signs in the

rewritten expansion are sgn(σ ). Define f :
∧p

(A⊕ B)→
∑p

i=0

(∧i
(A)⊗k

∧p−i
(B)

)
by

f (a1+ b1, . . . ,ap + bp) =

p∑
i=0

( ∑
i -shufflesσ

sgn(σ )aµ1 ∧ · · · ∧ aµi ⊗ bν1 ∧ · · · ∧ bνp−i

)
.

Page 758, line 9: Should end: “du∧ dv ∧ dw.”

Page 761 Change the proof of Proposition 9.155 as follows:

Proof. If A = [ai j ], write the complete expansion of det(A) more compactly:

det(A) =
∑
σ∈Sn

sgn(σ )
∏

i

aσ(i ),i .

For any permutationτ ∈ Sn, we havei = τ( j ) for all i , and so∏
i

aσ(i ),i =
∏

j

aσ(τ( j )),τ ( j ),

for this merely rearranges the factors in the product. Choosingτ = σ−1 gives∏
j

aσ(τ( j )),τ ( j ) =
∏

j

a j,σ−1( j ).

Therefore,
det(A) =

∑
σ∈Sn

sgn(σ )
∏

j

a j,σ−1( j ).
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Now sgn(σ ) = sgn(σ−1) [if σ = τ1 · · · τq, where theτ are transpositions, then
σ−1
= τq · · · τ1]; moreover, asσ varies overSn, so doesσ−1. Hence, writingσ−1

= ρ

gives

det(A) =
∑
ρ∈Sn

sgn(ρ)
∏

j

a j,ρ( j ).

Now write At
= [bi j ], wherebi j = a j i . Then

det(At ) =
∑
ρ∈Sn

sgn(ρ)
∏

j

bρ( j ), j =
∑
ρ∈Sn

sgn(ρ)
∏

j

a j,ρ( j ) = det(A). •

Page 772 Exercise 9.97(ii) Change “Dn = Fn” to “ Dn = Fn+1”

Page 775, lines 7 and 9 Change “[a, [b, c]]” to “[ b, [a, c]]”

Page 779, line 13 Should read: “binary operationA ∗ B, where”

Page 779, line 14 Should read: “A ∗ B = 1
2(AB+ B A)”

Page 780line−6 Should read:

(iii) If L is nilpotent andL 6= {0}, prove thatZ(L) 6= {0}.

Chapter 10, Change “0” to “{0}” in many places.

Page 788 Replace (iii) in Proposition 10.5.

(iii) Let K and Q be subgroups of a group G with K� G. Then G is a semidirect product
of K by Q if and only if K∩ Q = {0}, K + Q = G, and each g∈ G has a unique
expression g= a+ x, where a∈ K and x∈ Q.

Page 789 Add the following to the proof of̃(iii).

Conversely, eachg ∈ G has a unique factorizationg = ax for a ∈ K andx ∈ Q; define
p : G → Q by p(ax) = x. It is easy to check thatp is a surjective homomorphism with
ker p = K .

Page 788, line -4 Change “pi(x) = 0” to “ pi(a) = 0”

Page 789line−1 Change “kerN ∼= U (2,C)” to “ker N ∼= SU(2,C)”

Page 793Change Exercise 10.1(i) to read:

Prove that SL(2,F5) is an extension ofI2 by A5 which is not a semidirect product.

Page 793In Exercise 1.2, assume thatK is a normal subgroup of orderm.

Page 802line 1 Change “i ′(a) = 2g” to “ i ′(a) = 2pg”

Page 807, line−11,−12 Should read:

... inner stabilizing automorphism by somea0 ∈ K if and only if
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Page 807, line−5 Change “−xa0” to “+xa0”

Page 810, line 15 Equation should begin

= x(y[z] − [yz] + [y])

Page 810, line 15 The subscripts in the displayed and in the diagram below should be
d∗3,d

∗

2,d
∗

1 instead ofd∗2,d
∗

1,d
∗

0

Page 812. Rewrite first line of Exercise 10.15: Change “Recall that ageneralized” to
“Recall Example 5.79 on page 307: ageneralized”

Page 812. Delete part (iii) of Exercise 10.15.

Page 816, line−10 Should read “Introducing”

Page 823 In definition of the connecting homomorphism, bothzn should bez′′n (not just
one of them).

Page 824, line -12 Replace “d′′pu′d′′c′′” to “ d′′pu= d′′c′′”

Page 827, Exercise 10.24. Change “wheneverm< n” to “wheneverm≤ n”
Change “is a functor” to “is a contravariant functor”

Page 867, line−9 Replace “V/E” by “ V/A”

Page 874, line 1 Delete secondH0(G,ZG).

Page 881, lines 9, 10 Change “prove that” to “ then”

Page 886, line−1 Change “n” to “ n+ 1”

Page 889, line 9 Change “σ, τ, ωinG:” to “ σ, τ, ω ∈ G:”

Page 891, line 13 Change “throught” to “through”

Page 892, line 6 Change “someϕ(x) ∈ k” to “somez ∈ k×”

Page 893, line 8 Should read: “R= {a ∈ L : v(a) ≤ 1}”

Page 904, lines 11, 12 Replace the sentence beginning “The classification” with:

A. G. Kurosh classified torsion-free abelian groupsG of finite rankn with invariants
n = rank(G), dim(Fp⊗G) for all primesp, and an equivalence class of sequences(Mp),
whereMp is ann× n nonsingular matrix over thep-adic numbersQp (this theorem is not
easy to use, for it is almost impossible to determine whether two groups have equivalent
matrix sequences).

Page 907, line 16 Change definition ofS0:

S0 = {s1, . . . , sn} ∪ {nonzero coefficients of allfi (X)}

Page 912, line -1 Replace “s−1
2 ” by “ s−1

2 m2” (two times)
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Page 914, line 3 Add: “(see Exercise 6.67 on page 398).”

Page 929, line 10 Replace the sentence beginning “By Lemma 11.50 ” by

If S= R− p, thenS−1R∗ is an extension ofRp (since localization is an exact functor,
R contained inR∗ implies Rp contained inS−1R∗); by Lemma 11.50,S−1R∗ is integral
over Rp.

Page 934, line 14 Change “R/I ” to “ R/q”

Page 936. Replace lines -8 through -1 as follows:

ideals. Thus,u is algebraic overF , and henceu is algebraic overR. SinceR[u] is a
G-domain, Proposition 11.58 says thatR is aG-domain. NowR is a Jacobson ring, and so
R is a field, by Exercise 11.34 on page 938. But ifR is a field, so isR[u], for u is algebraic
over R. Therefore,R[u] = R[x]/q is a field, so thatq is a maximal ideal, andR[x] is a
Jacobson ring. •

Page 973, line 3 Change “imη” to “cokerη”

Page 973, line 4 Change “imdn−1” to “cokerdn−1”

Page 980, line−4 Change “HomR(R/cR, A)” to “HomR(R/cR, A∗)”

Page 984, line−6 Change “Homk(k/ck, A)” to “Homk(k/ck, A∗)”

Page 989. Restate Lemma 11.160 and insert two lines at beginning of proof.

Lemma 11.160. Let a and b be nonzero elements in a domain R. If there exists c∈ R
such that ca2 ∈ (b) implies ca∈ (b), then the series(a,b) ⊇ (a) ⊇ (a2) and (a2,b) ⊇
(a2,ab) ⊇ (a2) have isomorphic factor modules.7

Proof. Now (a,b)/(a) ∼= (a2,ab)/(a2), for multiplication bya sends(a,b) onto(a2,ab)
and(a) onto(a2).

Page 990, line 6 Rewrite the sentence beginning “But Lemma 11.160” as follows:

But Lemma 11.160 implies that both(a,b) and its submodule(a2,b) have length̀ .

Page 995, line−5 Change “Lemma 11.171” to “Lemma 11.170”

Page 996, line−13 Change “pd(A) ≤ n” to “ pd(A) = n”

Page 997, line 13 Change “Lemma 11.164” to “Lemma 11.16”

Pages 997–998 Replace everything under line 14 by the following.

Let R be a noetherian ring, letM be a finitely generatedR-module, and letI be an ideal
such thatI M 6= M . By Exercise 11.82 on page 115,I contains a longestM-sequence
(such sequences are usually calledmaximal M-sequencesin I ). We are going to prove,
given an idealI and a finitely generatedR-moduleM , that all maximalM-sequences inI
have the same length.
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Definition. If R is a commutative ring, then anassociated prime idealof a nonzero
R-moduleB is a prime ideal of the form ann(b) for some nonzerob ∈ B.

Lemma 11.777. Let B be a nonzero finitely generated module over a noetherian ring R.

(i) The maximal elements inF(B) = {ann(b) : b ∈ B andb 6= 0} are associated
prime ideals of B.
(ii) There are finitely many associated prime ideals of B, say, p1, . . . , ps, such that

Z(B) = p1 ∪ · · · ∪ ps,

where Z(B) = {r ∈ R : rb = 0 for some nonzerob ∈ B}.

Proof. (i) The set of idealsF(B) has maximal elements, becauseR is noetherian. Let
ann(b) be such a maximal element. Suppose thatrs ∈ ann(b), wherer, s ∈ R andr /∈

ann(b). Now ann(b) ⊆ ann(rb), for if ub= 0, thenu(rb) = 0; by maximality, ann(b) =
ann(rb). Hence,s ∈ ann(rb) impliess ∈ ann(b), and so ann(b) is a prime ideal.

(ii) For eachr ∈ Z(B), there is a nonzerob ∈ B with rb = 0; that is, Z(B) =⋃
ann(b)∈F(B) ann(b). If we denote the set of maximal elements inF(B) by M, then

Z(B) =
⋃

p∈M p, for every ann(b) ∈ F(B) is contained in a maximal element.

It suffices to prove thatM is finite. DefineB′ = 〈b : ann(b) ∈M〉. Now B′ is finitely
generated, forR noetherian implies that every submodule of a finitely generatedR-module
is itself finitely generated; letB′ = 〈b1, . . . ,bn〉, and denote ann(bi ) by pi . Suppose there
is q = ann(b0) ∈ M with b0 6= bi for i = 1, . . . ,n. As b0 ∈ B′, there arer i ∈ R with
b0 =

∑
i r i bi . It follows that if r ∈

⋂
i pi , thenrb0 = 0; that is,

⋂
i pi ⊆ ann(b0) = q.

Sinceq is a prime ideal, Proposition 6.13 givespi ⊆ q for somei . As pi is a maximal
element inF(B), we haveq = pi , as desired. •

Remark. The set Ass(B) of all associated primes of anR-module B is important in
deeper studies [M may be a proper subset of Ass(B)]. For example, it is related to primary
decompositions (see Matsumura,Commutative Ring Theory, pages 39–42). J

The next lemma is a generalization of the observation that HomZ(Im, In) = {0} if
(m,n) = 1.

Lemma 11.178. Let R be a commutative ring, and let A and B be R-modules.

(i) If ann(A) contains a B-regular element, thenHomR(A, B) = {0}.

(ii) Let R be noetherian and let A and B be finitely generated. IfHomR(A, B) = {0},
thenann(A) contains a B-regular element.

Proof. If r ∈ ann(A), thenra = 0 for all a ∈ A. Hence, for all f ∈ HomR(A, B), we
have 0= f (ra) = r f (a). On the other hand, ifr is B-regular, thenr f (a) = 0 implies
f (a) = 0, and sof = 0.

Page 998. Replace lines 1 - 3 by the following.
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(ii) Assume, on the contrary, that ann(A) contains noB-regular elements; that is, ann(A) ⊆
Z(B). By Lemma 11.177, there are finitely many associated prime ideals ofB, say,
p1, . . . , ps, such that ann(A) ⊆ Z(B) = p1 ∪ · · · ∪ ps, and so Proposition 6.14 says
that there is somep = pi with ann(A) ⊆ p.

Page 998. Rewrite the proof of Lemma 11.178 as follows.

Proof. The proof is by induction onn ≥ 0. We defineI = {0} in casen = 0, and so
the base step holds. Assume now thatx1, . . . , xn+1 is a B-sequence in ann(A), that I =
(x1, . . . , xn+1), and thatJ = (x1, . . . , xn). Observe first that there is an exact sequence
0→ B → B → B/x1B → 0, for x1 is a regular element onB. Consider the portion of
the long exact sequence, wherex1 is multiplication byx1:

ExtnR(A, B)→ ExtnR(A, B/x1B)
∂
−→ Extn+1

R (A, B)
x1∗
−→ Extn+1

R (A, B).

Sincex1 ∈ ann(A), the induced mapx1∗ is the zero map, and so∂ is surjective. By in-
duction, HomR(A, B/J B) ∼= ExtnR(A, B). Multiplication by xn+1 : B/J B → B/J B is
an injection, becausexn+1 is (B/J B)-regular, and left exactness of HomR(A, ) shows
that (xn+1)∗ is an injection HomR(A, B/J B) → HomR(A, B/J B). On the other hand,
(xn+1)∗ is the zero map, forxn+1 ∈ ann(A). Hence, HomR(A, B/J B) = {0}, and
ExtnR(A, B) = {0}. Therefore,∂ : ExtnR(A, B/x1B)→ Extn+1

R (A, B) is an isomorphism.
By induction, if B′ = B/x1B, then

HomR(A, B′/(x2, . . . , xn+1)B
′) ∼= ExtnR(A, B′) = ExtnR(A, B/x1B) ∼= Extn+1

R (A, B).

But B′/(x2, . . . , xn+1)B′ ∼= (B/x1B)/(I B/x1B) ∼= B/I B, so that HomR(A, B/I B) ∼=
Extn+1

R (A, B), as desired. •

Pages 998–999. Relabel “Proposition 11.179” as “Proposition 11.180”. Delete Corollary
11.180 and make its statement a new exercise.

Page 1000, line 13 Change “Theorem 11.128” to “Theorem 11.134”

Page 1000, lines−5 and−4 Delete (ii) and (iii); replace by

(ii) If, in addition, both A and B are free R-modules, thenf injective implies that f is
a (split) injection.

Page 1001. Delete lines 5 through 13. Replace by:

(ii) Assume that f is injective. Letx1, . . . , xt be a basis ofA, and letbi = f (xi ) for
i = 1, . . . , t . Since f is injective, the elementsbi = bi + mB are linearly independent in
B/mB, and so they extend to a basis: There arec1, . . . , cs ∈ B with b1, . . . ,bt , c1, . . . , cs

a basis ofB/mB. An application of Nakayama’s lemma, as in the proof of Proposi-
tion 11.23, shows thatb1, . . . ,bt , c1, . . . , cs is a basis ofB. If we defineh : B → A
by h(bi ) = xi andh(c j ) = 0, then we see thath f = 1A, and sof is injective. •

Page 1002, line 15 Change “inducted” to “induced”

Page 1007, line 15 Add following before Clearly.
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We may assume thata /∈ Rx. If a = a1x anda1 /∈ Rx, then replacea by a1, for
Rxa = Rxa1. If a1 = a2x anda2 /∈ Rx, then replacea1 by a2, for Rxa1 = Rxa2. If this
process does not stop, there are equationsam = am+1x for all m≥ 1, which give rise to an
ascending sequenceRa1 ⊆ Ra2 ⊆ · · · . SinceR is noetherian,Ram = Ram+1 for some
m. Hence,am+1 = ram for somer ∈ R, andam = am+1x = ramx. SinceR is a domain,
1= r x ; thus,x is a unit, contradictingRx being a prime (hence, proper) ideal.

Page A-3, lines 3 - 5 Change the statement of (iv).

Let X be a partially ordered set in which every two elements are comparable. Assuming
the axiom of choice, if every strictly decreasing sequence in X is finite, then X is well-
ordered.

Page A-3, line 14 Change this line as follows:

Chooses0 ∈ S; sinces0 is not smallest, it is not true thats0 � s for all s ∈ S. Thus, either
there existss1 ∈ S with s0 � s1 or there iss ∈ S with s0 ands not comparable; the latter
cannot occur, by hypothesis.

Page A-5, lines 7 – 10 Change the proof of Lemma A.5.

Proof. Necessity is obvious, for every subset of a well-ordered set is well-ordered. Con-
versely, letS be a nonempty subset ofX. Of course, ifS is a singleton, then it contains
a smallest element, and so we may assume thatS contains at least two elements, say,c′

andc. SinceX is a chain, we may assume thatc′ ≺ c. Hence, Seg(c) ∩ S 6= ∅; as every
nonempty subset of a well-ordered set is well-ordered, there is a smallest element, say,z,
in Seg(c) ∩ S. Now z is the smallest element inS, for if there iss′ ∈ S with s′ ≺ z, then
s′ ∈ Seg(c) ∩ S, contradictingz being the smallest element in Seg(c) ∩ S. Therefore,X is
well-ordered. •

Page A-7, line -5 Change “Choosec0 ∈ X” to “Define c0 = g(∅)”

Page A-8 Change the first paragraph.

If C andD areg-sets, we claim that eitherC E D or D E C. DefineW to be the union
of all those subsetsB with B E C andB E D. We claim thatW E C andW E D; that is,
W is closed inC and inD. Takew ∈ W; this element got intoW because it lies in some
B, whereB E C andB E D. If c ∈ C andc � w, thenc ∈ B (becauseB is closed inC).
Hence,c ∈ B ⊆ W (for W is, by definition, the union of all such subsetsB). Therefore,W
is closed inC. Similarly, W is closed inD. If either W = C or W = D, then the claim is
true. Hence, we may assume thatW � C [so thatW = C∩Seg(c′) for somec′ ∈ C−W],
andW � D [so thatW = D ∩ Seg(d′) for somed′ ∈ D −W]. SinceC andD areg-sets,
c′ = g(C ∩ Seg(c′)) = g(W) andd′ = g(D ∩ Seg(d′)) = g(W). Therefore,c′ = d′.
But now W ∪ {c′} = W ∪ {c′} is closed inC and in D, for it is a closed interval. Thus,
W ∪ {c′} ⊆ W, contradictingc′ /∈ W. Therefore, eitherW = C or W = D; that is, either
C E D or D E C, as claimed.


