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Advanced Modern Algebra; Revised Printing

Errata: August 8, 2005

All the errata that were found in the first printing were, in fact, corrected in the revised
(second printing), published in August, 2003. Alas, more errata have since been found,
including one that arose when I foolishly changed a proof (on page 355) that was correct
in the first printing! Here is the list, with the hope that the number of undiscovered errors is
very close to zero. I thank Vincenzo Acciaro, Dan Grayson, Frank Grosshans, Jerry Janusz,
Nick Loehr, Marko Moisio, Mark Shimozono, Tyler Smith, Carol Wood, and Mirroslav
Yotov for telling me about errors they had found.

Page 13 line−1. Add part (ii) of Exercise 1.26.

(ii) Give an example in which [a,b, c](a,b, c) 6= abc.

Page 21. Interchange Proposition 1.38 and Corollary 1.39; rename Corollary 1.39 as
Proposition 1.38 and rename Proposition 1.38 as Proposition 1.39.

Page 42 line 4. Should read

The right side is the value of the compositeβγ δ, where

Page 42 line 13. Change “composite” to “composition”

Page 43 line 6. Change “contradicts” to “contradict”

Page 79 line -3 Change “Corollary 2.62(i)” to “Proposition 2.62(i)”

Page 85 line 19. Change “choice” to “choices”

Page 86 line−5.

We point out that any infinite cyclic group is isomorphic ...

Page 93 line 7. Add

wherep1, . . . , pt are distinct primes,

Page 94 line−5. Add

This theorem may be false ifG is not abelian. The groupQ of quaternions is a non-
abelian group of order 8 having exactly one (cyclic) subgroup of order 2.

Page 104 line -6 Change “G” to “ G 6= {1}”

Page 105 line 18.

= (ai ,ai+1, . . . ,ap−1,a0,a1, . . . ,ai−1).

Page 105 line 20.

ai ai+1 · · ·ap−1a0a1 · · ·ai−1 = (a0a1 · · ·ai−1)
−1(a0a1 · · ·ap−1)(a0a1 · · ·ai−1).
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Page 106 line 16.

A groupG is calledsimpleif G 6= {1} and it has no ...

Page 109 line 1 Change “Let G act” to “ Let G be a finite group acting”

Page 118 line 15. Add

wherena= a+ · · · + a is the sum ofa with itself n times

Page 122 line 6 Change “a commutative” to “a nonzero commutative”

Page 142 Exercise 3.34 Assume that 1+ 1 6= 0 in k.

Page 149 Add a first part to Exercise 3.43.

(i) Let R and S be commutative rings, and letϕ : R → S be a ring homomorphism. If
s ∈ S, prove that there exists a unique ring homomorphismϕ̃ : R[x] → S with ϕ̃(r ) =
ϕ(r ) for all r ∈ R and withϕ̃(x) = s.

Page 206 line−4. Delete “thenk(u)”

Page 207 Delete lines 11 through 17. Replace by following.

For every fieldk and everym≥ 1, we show that the polynomialf (x) = xm
− 1 ∈ k[x]

is solvable by radicals. Recall that the set0m of all mth roots of unity in a splitting field
E/k of f (x) is a cyclic group, say, with generatorζ . Note that|0m| = m unlessk has
characteristicp > 0 andp | m, in which case|0m| = m′, wherem = pem′ and p - m′.
Now E = k(ζ ), so thatE is a pure extension ofk, and henceE/k is a radical extension.
Therefore,f (x) = xm

− 1 is solvable by radicals.

Page 217 Exercise 4.4. Assume thatf (x) is monic.

Page 218 Exercise 4.11 Should read “E/k is a splitting field of f (x).”

(ii) Let E/k be a finite extension. Prove thatE/k is a splitting field of some polynomial
in k[x] if and only if every irreducible polynomialp(x) ∈ k[x] having a root inE splits
in E[x]. (Compare with Theorem 4.34 which uses a separability hypothesis.)

Page 224 line 18 Should read “... containingk and the elementary”

Pages 247, 248 Exercise 4.23. Rewrite without parts.

4.23. Let E/k be a Galois extension with [E : k] = n and with cyclic Galois group
G = Gal(E/k), say,G = 〈σ 〉. Defineτ = σ − 1E, and prove that kerτ = kerT , where
T : E→ E is the trace. Conclude, in this case, that theTrace Theoremis true:

kerT = {a ∈ E : a = σ(u)− u for some u ∈ E}.

Hint . Show that kerτ = k, so that dim(im τ) = n− 1= dim(kerT).

Page 254 line 13 Should begin “so that ifG = Zn, then|G/2G| = 2n.”

Page 255 line−9 Should end “claim that the mapg : A→ Z
n is an”



3

Page 267 line−7 Add: “For a cyclic groupG = 〈a〉 of orderm and ...”

Page 296 line -6 Change “primep” to “prime p dividing |SL(2,F5)|”

Page 300 line 5 Add following footnote.

An alternative method of constructing a free group on a setX uses thevan der Waerden
trick: let � be the set of all the reduced words onX and show that a certain subgroup of
the symmetric groupS� is free with basisX (see Rotman,An Introduction to the Theory
of Groups, pages 344–345).

Page 322 line−12 . Replace “Theorem 6.101” by “Theorem 6.102”

Page 325 Exercise 6.10(ii). Replace “IfI = (2),” by “If I = (2) = J,”

Page 338 In proof of Theorem 6.34, changeZ to R, Fp to R/(p), where(p) is a nonzero
prime ideal, andQ to Frac(R).

Page 343 Replace the first three lines of the proof of the Hilbert basis theorem with
following.

Assume thatI is an ideal inR[x] which is not finitely generated; of course,I 6= {0}.
Define f0(x) to be a polynomial inI of minimal degree and define, inductively,fn+1(x)
to be a polynomial of minimal degree inI − ( f0, . . . , fn). Note that fn(x) exists for all
n ≥ 0; if I − ( f0, . . . , fn) were empty, thenI would be finitely generated. It is clear that

Page 353 line−14 Replace “Corollary 3.90 on page 170” by “Proposition 6.54(ii)”

Page 355 Change lines 17 through 22, as follows.

It turns out thatK is algebraically closed, but a proof is tricky [see I. M. Isaacs “Roots
of Polynomials in Algebraic Extensions of Fields,”American Mathematical Monthly87
(1980), 543–544]. We avoid this proof by the following construction. Definek1 = K and
iterate: Constructkn+1 from kn in the same wayK is constructed fromk. There is a tower
of fields

k = k0 ⊆ k1 ⊆ · · · ⊆ kn ⊆ kn+1 ⊆ · · ·

with each extensionkn+1/kn algebraic and with every nonconstant polynomial inkn[x]
having a root inkn+1. By Lemma 6.56(ii),� =

⋃
n kn is an algebraic extension ofk.

We claim that� is algebraically closed. Ifg(x) =
∑m

i=0ωi xi
∈ �[x] is a nonconstant

polynomial, then it has only finitely many coefficientsω0, . . . , ωm, and so there is somekq

that contains them all. It follows thatg(x) ∈ kq[x] and sog(x) has a root inkq+1 ⊆ �, as
desired. Therefore,� is an algebraic closure ofk. •

Page 359 Replace lines−15 to−1 by:

Each coefficientβ` ∈ B ⊆ k(x) is a rational function, say,β` = g`(x)/h`(x),
whereg`(x), h`(x) ∈ k[x]; we may assume that eachg`/h` is in lowest terms; that is,
(g`, h`) = 1. Denote lcm{h0, . . . , hn−1} by f (x). Thus, there areu`(x) ∈ k[x], for all `,
with f (x) = u`(x)h`(x); moreover, gcd{u0, . . . ,un−1} = 1. We claim that

i (x, y) = f (x) irr(x, B) = f (x)yn
+ un−1gn−1yn−1

+ · · · + u0g0 ∈ k[x][ y]
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is a primitive polynomial (of course,k[x][ y] = k[x, y], but we wish to view it as polyno-
mials in y with coefficients ink[x]). If i (x, y) is not primitive, then there is an irreducible
p(x) ∈ k[x] dividing f (x) and eachu`g`. Now f = u`h` for every`. If p - u` for some
`, thenp | h`, by Euclid’s lemma ink[x]. It follows that p - g`, because(g`, h`) = 1.But
p | u`g`, the`th coefficient ofi (x, y), so that Euclid’s lemma givesp | u`, a contradic-
tion. We conclude thatp | u` for all `, which contradicts gcd{un−1, . . . ,u0} = 1. By
Lemma 6.24(i),f (x)−1 is the content of irr(x, B).

If we denote the highest exponent ofy occurring in a polynomiala(x, y) by degy(a),

thenn = degy(i ); let m = degx(i ). Sincei (x, y) = f (x)yn
+
∑n−1
`=0 f (x)β`y`, we have

m = max̀ {deg( f ),deg( fβ`)}. Now h`(x) | f (x) for all `, so that deg(h`) ≤ deg( f ) ≤
m [becausef (x) is one of the coefficients ofi (x, y)]. Also, deg(g`) ≤ deg(u`g`) =
deg( fβ`) ≤ m, for fβ` = lcm{h0, . . . , hn−1}g`/h` = (lcm{h0, . . . , hn−1}/h`)g` ∈ k[x].
We conclude that deg(g`) ≤ m and deg(h`) ≤ m.

Page 375 Exercise 6.55(i) is false. Give a counterexample.

Pages 385-386 Interchange Theorems 6.101 and 6.102, and change the proof of (the
present) 6.101 as follows:

Proof. By Theorem 6.101, Id(Var(M)) =
√

M = M , becauseM is a maximal, hence
prime, ideal. SinceM is a proper ideal, we have Var(M) 6= ∅, by Theorem 6.100; that is,
there isa = (a1, . . . ,an) ∈ kn with f (a) = 0 for all f ∈ M . Hence,{a} ⊆ Var(M) =
{b ∈ kn : f (b) = 0 for all f ∈ M}, and Proposition 6.92 givesM = Id(Var(M)) ⊆
Id({a}). Since Id({a}) does not contain any nonzero constant, it is a proper ideal, and so
maximality of M gives M = Id({a}) = { f (X) ∈ k[X] : f (a) = 0}. For eachi , define
fi (X) = xi−ai . Now fi (a) = 0, so that( f1, . . . , fn) ⊆ Id({a}). But(x1−a1, . . . , xn−an)

is a maximal ideal, by Exercise 6.6(i), so that( f1, . . . , fn) = (x1 − a1, . . . , xn − an) =

Id({a}) = M . •

Page 390 line 6. Should be: “Ifk is algebraically closed, then every radical ideal ...”

Page 408 line−12. Should read:

select smallesti with LT(gi ) | cβXβ for β maximal such that

Pages 411, 412 Change the first paragraph of the proof of Proposition 6.129 as follows.

Proof. Assume there is some permutationσ ∈ Sm and somef (X) =
∑
α cαXα ∈ I

whose remainder modGσ is not 0. Arrange the multidegrees of its terms in descending
order,α1 � · · · � αp, and, as in the proof of Lemma 6.123, define multiword( f ) =
α1 · · ·αp ∈ W+(N n). Among all such polynomialsf , choose one minimal in the well-
ordered setW+(N n). Since{g1, . . . , gm} is a Gr̈obner basis, LT(gi ) | LT( f ) for somei .
Apply the division algorithm to obtain a new polynomial, say,h, and note thath ∈ I .
Since multidegree(h) ≺ multidegree( f ), by Proposition 6.126,h reduces to 0 modGσ .
Therefore,f also reduces to 0, which is a contradiction.

Page 428 line 11. Assume thatR is a commutative ring.

Page 444 line 4. Replace “κx
y ” by “ {κx

y }”
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Page 446 line 1. Delete last part of sentence; should read:

for which pi = 1S.

Page 451 line−7. Replace “m=
∑

i∈I αi (a),” by “ m=
∑

i∈I αi (ai ),”

Page 451 line−8. Replace “αi (a)” by “αi (ai )”

Page 452 lines 3 and 5 and first diagram: replace “
⊔

i∈I Ai ” by “ C”

Page 452 line 7. Should read:

Should it exist, a coproduct is denoted by
⊔

i∈I Ai , and it is unique to equivalence.

Page 452 line−13. Replace “αi (a)” by “αi (ai )’

Page 453 lines 6 and 8 and first diagram: Replace “⊔i∈I Ai ” by “ C”

Page 453 line 10. Add sentence:

Should it exist, a product is denoted by⊔i∈I Ai , and it is unique to equivalence.

Page 453 line 19. Should read “piψ(x) = fi (x)”

Page 460 The hint for Exercise 7.32(ii) should read:

Remark. In Sets, (gi , g2) = (g1 u g2)1X , where1X : X → X × X is the diagonal
x 7→ (x, x).

Page 462 lines−12 to−10. Change “1A : A→ A” to “1 B : B→ B” and change
“1 A” to “1 B” several times.

Page 463 lines 12,13. Should read:

(v) If C = Groups, define theforgetful functor U : Groups → Setsas follows: U (G)
is the “underlying” set of a groupG andU ( f ) is a homomorphismf regarded as a mere
function.

Page 471 line−3. Make the statement necessary and sufficient

Proposition 7.49. Let F be an R-module generated by a subset B. Then F is(isomorphic
to) a free R-module with basis B if and only if, for every R-module M and every function
γ : B→ M, there exists a unique R-map g: F → M with g(b) = γ (b) for all b ∈ B.

Page 472 New proof of Proposition 7.49.

Proof. Every elementv ∈ F has a unique expression of the form

v =
∑
b∈B

rbb,

whererb ∈ R and almost allrb = 0. Defineg : F → M by g(v) =
∑

b∈B rbγ (b).
Conversely, if we defineAb = Rb, the freeR-module with basis{b}, then the condition

says thatF is a coproduct of{Ab : b ∈ B}. In more detail, define injectionsαb mappingrbb
to the “vector” havingrbb in thebth coordinate and 0’s elsewhere. As for any coproduct,
there is a unique mapθ : F → M with θαb(b) = γ (b). The mapsθ andg agree on each
element of the basisB, so thatθ = g. By Proposition 7.30,F ∼=

∑
b∈B Ab =

∑
b∈B Rb,

and soF is isomorphic to a freeR-module with basisB. •
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Page 486 line 8. Change “By the Proposition” to “By Corollary 7.73”

Page 488 Add an extra part to Exercise 7.54.

If R is a domain, prove that torsion-free divisibleR-modules are injective.

Page 492 line 9. Change “F(C)|” to “F(C)”

Page 492 line 10. Change “|obj(C)” to “ |obj(C)|”

Page 496 line−1. Delete “a contradiction.”

Page 502 line−5. Should read

satisfies the conditionan + JnM = ψm
n (am+ JmM) = am+ JnM for all m≥ n, so that

Page 503 line 3. Change “and conversely.” to

using subsequences, we can see that the converse is essentially true.

Page 514 lines−15,−3 . Change “underlying” to “forgetful”

Page 528 line−6. Change “Proposition 7.24” to “Proposition 7.23”

Page 529 line 1. Should read:

Definition. A ring R is an ordered triple(R, α, µ), whereα : R × R → R is addition
andµ : R× R→ R is multiplication, satisfying certain axioms. Two rings(R, α, µ) and
(R′, α′, µ′) areequal if R= R′, α = α′, andµ = µ′. Define theopposite ring

Page 533 Exercise 8.19(ii). Change “r ∈ R” to “ r ∈ 1”

Page 546 line 11. Should read:

Recall thatAm is the set of all sums of products of the form ...

Page 546 line 11. The proof of Corollary 8.35(i) in the text is correct, but the following
proof is nicer.

If x ∈ J(R), thenx M = {0} for every simple leftR-moduleM , by Proposition 8.31.
But M ∼= R/I for some maximal left idealI ; that is, x ∈ ann(R/I ). Thus, x ∈⋂

I=maximal
left ideal

ann(R/I ).

For the reverse inclusion, ifx ∈
⋂

I=maximal
left ideal

ann(R/I ), thenx M = {0} for every left

R-module of the formR/I for some maximal left idealI . But every simple leftR-module
M has this form. Therefore,x ∈ J(R).

Page 549 Exercise 8.27(iii) Change “every semisimple ring” to “every ring which
is a direct sum of minimal left ideals”

Page 549 Exercise 8.34; hint: definer ′ f : r 7→ f (rr ′)

Page 563-564 line 8. Replace the proof of Proposition 8.59.
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Proof. (Janusz) SinceR is left artinian, it contains a minimal left ideal, say,L; of course,
L is a simple leftR-module. For eacha ∈ R, the function fa : L → R, defined by
fa(x) = xa, is a map of leftR-modules: ifr ∈ R, then

fa(r x) = (r x)a = r (xa) = r fa(x).

Now im fa = La, while L being a simple module forces kerfa = L or ker fa = {0}. In
the first case, we haveLa = {0}; in the second case, we haveL ∼= La. Thus,La is either
{0} or a simple module.

Consider the sumI =
〈⋃

a∈R La
〉
⊆ R. Plainly, I is a left ideal; it is a right ideal as well,

for if b ∈ R andLa ⊆ I , then(La)b = L(ab) ⊆ I . SinceR is a simple ring, the nonzero
two-sided idealI must equalR. We claim thatR is a sum of only finitely manyLa’s. As
any element ofR, the unit 1 lies in some finite sum ofLa’s; say, 1∈ Le1 + · · · + Len. If
b ∈ R, thenb = b1 ∈ b(Le1+ · · · + Len) ⊆ Le1+ · · · + Len (becauseLe1+ · · · + Len

is a left ideal). Hence,R= Le1+ · · · + Len.
To prove thatR is semisimple, it remains to show that it is adirect sumof simple

submodules. Choosen minimal such thatR = Le1 + · · · + Len; we claim thatR =
Le1⊕ · · · ⊕ Len. By Proposition 7.19, it suffices to show that

Lei ∩
(∑

j 6=i

Lej
)
= {0}

for all i . If this intersection is not{0}, then simplicity ofLei says thatLei ∩ (
∑

j 6=i Lej ) =

Lei ; that is,Lei ⊆
∑

j 6=i Lej , and this contradicts the minimal choice ofn. Therefore,R
is a semisimple ring. •

Page 566 line−9. Change “dim1(M)” to “dim1(M)/n”

Page 566 line−7. Change “dim1(M) = d = dim1(N)” to “dim1(M) = nd =
dim1(N)”

Page 608 lines−6 to−1. Replace with the following, which I hope is clearer.

The algebraCG = B1 ⊕ · · · ⊕ Br , where eachBi is not only a 2-sided ideal inR, it
is “almost” a subring ofR (its unit is different from the unit inCG). Define aC-linear
transformationF : CG→ CG by

F : (b1, . . . ,br ) 7→ (λ̃1(b1), . . . , λ̃r (br ).

To see thatF is aC-algebra map, it suffices to prove that it preserves multiplication. It has
already been shown that

F(bi b
′

i ) = λ̃i (bi b
′

i ) = λ̃i (bi )λ̃i (b
′

i ) = F(bi )F(b
′

i )

wheneverbi ,b′i ∈ Bi . But if bi ∈ Bi andb j ∈ B j for i 6= j , thenbi b j = 0 (because the
Bs are ideals andCG is their direct sum). On the other hand,F(bi ) ∈ Bi andF(b j ) ∈ B j ,
so thatF(bi )F(b j ) = 0, too. That is,F(bi b j ) = 0= F(bi )F(b j ), and soF is an algebra
map.
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Page 609 lines−15,−14. Change “V 〈g〉” to “ V 〈σ
′
〉”

Page 613 line 13. Change “every class function is a class sum” to “every class
sum is a class function”

Page 614 lines 12–14 . The proof of (3) is correct, but we have already proved it another
way, in Lemma 8.126, by observing thatχi (1) is the trace of theni × ni identity matrix.

Page 621 line−5. Change “|θ(g)| = tr(I ) = θ(1)” to “ θ(g) = tr(I ) = θ(1)”

Page 621 line−4. Change “
∣∣∣∑ d

j=1 ε j

∣∣∣ = d” to “
∑ d

j=1 ε j = d”

Page 622 line 8. Change “θ(g) =
∑

j m jχ j (g) 6= θ(1).” to

“ |θ(g| ≤
∑

j

m j |χ j (g)| <
∑

j

χ j (1) = 1,

which implies thatθ(g) 6= θ(1), a contradiction.”

Page 622 line 12. Change “By part (iii)” to “By part (ii).”

Page 623 line 1. Change “CG-module” to “C(G/H)-module”

Page 648 line−9. Now D ∼= S is finitely generated, forS is a direct summand, hence an
image, ofM .

Page 659 line−3. Should read “
(
ϕ
(
ea2π imp/pnp ))

”

Page 677 line 1. Should read

It follows that Jordan blocks also correspond to polynomials (just as companion matri-
ces do); in

Page 680 line 8. Delete “the coefficient of”

Page 681 Exercise 9.38 Add the remark that ifk is a perfect field, then the Jordan
decomposition of a matrix is unique.

Page 683 line 9. Change “Proposition 3.101” to “Corollary 3.101”

Page 688 line−6. Change “every entry of1′ ” to “every entry of1 ”

Page 698 line−4. Change “=
∑

j bi f (ej ,ei ). In matrix” to “=
∑

i bi f (ej ,ei ).
In matrix”

Page 698 line−3. Change “Bt A = 0” to “bt A = 0”

Page 700 line−13. Change V = W⊕W⊥ to V = W⊕W⊥R
= W⊕W⊥L

Page 700 line −1. Change “Every symmetric matrix A” to “ Every nonsingular
symmetric matrix A”

Page 726 line 1. Delete “identity” at the end of line
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Page 731 lines 16, 26, 28. Change “Matnr (A)” to “Matnr (k)”

Page 737 line 4. Change “Matr (1)” to “Mat r (1
op)”

Page 738 line 2. Change “is central simple” to “ is a central simple k-algebra”

Page 755 Exercise 9.91. The right side should be(U/U ′) ⊗ (V/V ′); change the hint
accordingly.

Page 788 line 17. Note that we are not assuming that the kernelK is abelian.

Page 794 Exercise 10.12. Change the conclusion of part (ii) to read:

prove thatϕ : G → G, given byϕ : a 7→ (sp+ 2)g, are the only automorphisms with
ϕ(pg) = 2pg.

Page 804 line−5. Change “computational lemma” to “computational result”

Page 807 lines−3,2. Should read:

thatϕ is conjugation bya0 ∈ K says thatϕ(a+ `x) =

Page 807 line−2. Change every occurrence of “b” to “ a0”

Page 818 line 14. Change “0” to “{0}”

Page 827 Exercise 10.24. Change “m≤ n” to “ n ≤ m”

Page 829 line 1. line should end “lim
−→

Ci
• exists inRComp.”

Page 829 Exercise 10.34. Assume thatk is a PID.

Page 832 line−7. Change “exists a chain map̌f : PA→ P′A′ ” to “ exists a chain

map f̌ : P•→ P′•”

Page 833 lines−8 to−4. Replace by

hn − f̌n = d′n+1sn + sn−1dn.

Let us now begin the induction. First, definěf−1 = f = h−1. If we defines−1 = 0= s−2,
then

h−1− f̌−1 = f − f = 0= d′0s−1+ s−2d−1

for any choice ofd′0 andd−1; defined′0 = ε
′ andd−1 = 0.

Page 835 lines 10,11. Should read:

Fill in a chain map f̌ over f , deleteA and A′, applyT to this diagram, and then take
the map induced byT f̌ in homology.

Page 835 line 14. Should read µr : a 7→ ra

Page 836 line−8. Change “TorR” to “Tor R
n ”

Page 837 line−3. Change “1T P̃A
.” to “1TPA”
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Page 838 lines 10 and 12. Change “P̃A” to “ Q̃B”

Page 840 line 2. Change “(x, x′′)” to “ (x′, x′′)”

Page 840 line 9. Add

andε is surjective by the Five Lemma, Exercise 8.52 on page 604.

Page 841 line 6. Change “seqeunces” to “sequences”

Page 841 line 9. Change “LnT A
(T i)∗
−→ ” to “ LnT A

(T j)∗
−→ ”

Page 841 line 13. Change

LnT A
τ−1

A (T i)∗
−→ LnT A

τA(T q)∗
−→ to LnT A

τ−1
A (T j)∗
−→ LnT A

(T q)∗τA
−→

Page 841 lines 16− 22. Should be

It remains to show thatτ−1
A (T j)∗ = LnT(i ) = T( j )∗ (remember thatj = ǐ , a chain

map overi ) and(T q)∗τA = LnT(p). Now τ−1
A = (Tκ)∗, whereκ : P̃A → PA is a chain

map over 1A, and so

τ−1
A (T j)∗ = (Tκ)∗(T j)∗ = (TκT j)∗ =

(
T(κ j )

)
∗
.

Both κ j and j are chain maps̃PA → PA over 1A, so they are homotopic, by the com-
parison theorem. Hence,T(κ j ) andT j are homotopic, and so they induce the same map
in homology: (T(κ j ))∗ = (T j)∗ = LnT(i ). Therefore,τ−1

A (T j)∗ = LnT(i ). We prove
(T q)∗τA = LnT(p) in the same way. •

Page 841 line−1. Should read:

If A→ B→ C→ 0 is exact, thenL0A→ L0B→ L0C→ 0 is exact. •

Page 842 lines 10− 13. Should read:

L0T A= cokerT(d1).

But right exactness ofT gives an exact sequence

T P1
T d1
−→ T P0

Tε
−→ T A→ 0.

Now Tε induces an isomorphismσA : cokerT(d1)→ T A, by the first isomorphism

Page 843 line 12. Change “Theorem 10.44” to “Lemma 10.53”

Page 844 last two lines of Step 3. Change targets ofη andτ from B to C

Pages 845, 846 Change Step 5 as follows

Step 5. It remains to chooseγ so that the square with verticesP, Q,C, andA commutes;
that is, we wantgε = ηF . Evaluating each side leads to the equation

giε′x′ + gσ x′′ = jη′F ′x′ + jη′γ x′′ + τ F ′′x′′.
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Now giε′ = j f ε′ = jη′F ′ (becauseF ′ is the 0th term in the chain map̌f over f ), and so
it suffices to findγ so that

jη′γ = gσ − τ F ′′.

Consider the diagram with exact row:

P′′

gσ−τ F ′′

��
Q′

jη′ // C
q // C′′

Now im(gσ − τ F ′′) ⊆ im jη′ = kerq, for

qgσ − qτ F ′′ = hpσ − η′′F ′′ = hε′′ − η′′F ′′ = 0.

SinceP′′ is projective, there exists a mapγ : P′′→ Q′ making the diagram commute.

Page 846 line 6. Delete an unnecessary “the”

Pages 845, 846 16 line−7 Change “→ Hom(B, E′n) to “→ Hom(B, En+1)

Page 849 line−15. Change “HomR(P′n,C)” to “HomR(Pn−1,C)”

Page 853 diagram in middle of page, second row.

Change “
∏

Ext1(
∑

Pk, B)” to “
∏

Ext1(Pk, B)”

Page 854 line−8 to−1. Should read:

Proposition 10.83.

(i) ExtnR(A, B) is a Z(R)-module. In particular, ifR is a commutative ring, then
ExtnR(A, B) is anR-module.

(ii) If A andB are leftR-modules andr ∈ Z(R) is a central element, then the induced
mapµ∗r : ExtnR(A, B)→ ExtnR(A, B), whereµr : B→ B is multiplication byr , is
also multiplication byr . A similar statement is true in the other variable.

Proof. (i) By Example 10.47,µr is an R-map, and so it induces a homomorphism on
ExtnR(A, B). It is straightforward to check thatx 7→ µ∗r (x) defines a scalar multiplication
Z(R)× ExtnR(A, B)→ ExtnR(A, B).

(ii) This follows from part (i), for we define scalar multiplication byr to beµ∗r . •

Page 856 first line of proof of Corollary 10.86.

Change “Corollary 10.52” to “Corollary 10.75”

Page 857 lines 13, 14. Should read

is a well-defined function. Note that ifξ is a split extension, thenψ([ξ ]) = 0. In order to
prove thatψ is a bijection, we first analyze the diagram containing the mapα.
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Page 857 Statement of Lemma 10.87, first line.

Change “X1
i
−→ X0” to “ X1

j
−→ X0”

Page 858 line 2. Should begin:

i : a 7→ (a,0)+ S, β : x0 7→ (0, x0)+ S,

Page 858 line 16. Should begin (changei to i ′):

square givesεx0 = η
′β ′x0 = −η

′i ′a = 0.

Page 858 line 18. Should start:

a = −αx1. Replacingx1 by y1 = −x1, we have

Page 860 lines 6 to 9. Should read

We begin by showing thatθ is independent of the choice of cocycleα. If ζ is another
representative of the cosetα + im d∗1 , then there is a maps: P0 → A with ζ = α + sd1.
But it is easy to see that the following diagram commutes:

Page 861 lines 3 to 5. Should read:

Proof. If every extension is split, then|e(C, A)| = 1, so that|Ext1R(C, A)| = 1, by
Theorem 10.89; hence, Ext1

R(C, A) = {0}. Conversely, if Ext1R(C, A) = {0}, then Propo-
sition 10.85 says that every extension is split.•

Page 864 line 5. Change “TorRn (A,M)” to “Tor R
n (F,M)”

Page 874 line−8. Change “kerθ ⊆ G′” to “ G′ ⊆ kerθ”

Page 877 line 10. Should read: d1 : [x] 7→ x[ ] − [ ] ;

Page 880 lines 7,8. Should read:

dn have the same formula as the maps in the bar resolution except that all symbols [x1| · · · |xn]
now occur as [x1| · · · |xn]∗; in particular, [x1| · · · |xn]∗ = 0 if somexi = 1.

Page 881 line 8. Insert the following proof.

Proof. For f ∈ HomG(Bn, A), defineg : Bn−1→ A by

g(x1| · · · |xn−1) =
∑
y∈G

f (x1| · · · |xn−1|y).

As in the proof of Theorem 10.21, sum the cocycle formula to obtain, for allxn+1 = y
in G,

(d f )(x1| · · · |xn|xn+1) = x1 f (x2| · · · |xn+1)+

n−2∑
i=1

(−1)i f (x1| · · · |xi xi+1| · · · |xn+1)

+ (−1)n−1 f (x1| · · · |xnxn+1)+ (−1)n f (x1| · · · |xn).
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In the next to last term, asxn+1 varies overG, so doesxnxn+1. Therefore, if f is a cocycle,
thend f = 0 and

0= x1g(x2| · · · |xn−1)+

n−2∑
i=1

(−i )i g(x1| · · · |xi xi+1| · · · |xn)

+ (−1)n−1g(x1| · · · |xn−1)+m(−1)n f (x1| · · · |xn)

(the last term is independent ofxn+1). Hence,

0= dg+ (−1)nm f,

andm f is a coboundary. •

Page 883 line 10. Should read:

it suffices, by Proposition 7.49, to show that the

Page 883 line−15. Should be (a, g) ∈ A× G

Page 883 line−4. Add Finally,d is a derivation becauseL is a homomorphism.

Page 884 Example 10.123(ii); add following

(ii) Suppose thatG is an infinite cyclic group. Since every subgroupS ⊆ G is cyclic,
Theorem 10.122 givesd(G) ≤ 1. If d(G) = 0, thenH1(S, A) = {0} for all subgroups
S and all modulesA. In particular, if S ∼= Z and A 6= {0} is a trivial module, then
H1(S, A) = Der(S, A)/PDer(S, A) ∼= Hom(Z, A) 6= {0}. Hence,d(G) = 1.

Page 885 Add new corollary

Corollary 10.127. A group G= {1} if and only if cd(G) = 0.

Proof. If G = {1}, then cd(G) = 0, by Example 10.123(i). Conversely, if cd(G) = 0,
then cd(S) = 0 for every cyclic subgroupS of G. By Example 10.122(ii) and 10.122(iii),
we have allS= {1}, and soG = {1}. •

Page 886 Delete present Corollary 10.127.

Page 889 lines 4, 5, 6 should be:

To have the associative law, we must haveuσ (uτuω) = (uσuτ )uω; expanding this equa-
tion, the coefficient of eachuβ is∑

α

gσ,τα gα,ωβ =

∑
γ

gτ,ωγ gσ,γβ .

(The Einstein summation convention that suppresses6 when one adds over a repeated
index may clarify this equation.)
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Pages 890, 891. Replace the paragraph beginning “We now show”

We now show thatA is simple. Observe first that eachuσ is invertible, for its inverse is
f (σ−1, σ )−1uσ−1 (remember that imf ⊆ E×, so that its values are nonzero). LetI be a
nonzero two-sided ideal inA, and choose a nonzeroy =

∑
σ cσuσ ∈ I of shortest length;

that is, y has the smallest number of nonzero coefficients. Multiplying by(cσuσ )−1 if
necessary, we may assume thaty = u1 + cτuτ + · · · . Suppose thatcτ 6= 0. Since
τ 6= 1E, there isa ∈ E with aτ 6= a. Now I containsay− ya = bτuτ + · · · , where
bτ = cτ (a− aτ ) 6= 0. Hence,I containsy− cτb−1

τ (ay− ya), which is shorter thany (it
involvesu1 but notuτ ). We conclude thaty must have length 1; that is,y = cσuσ . But y
is invertible, so thatI = A. Therefore,A is simple.

Page 893 lines 3–4. Should read

A discrete valuationon a fieldL is a functionν : L → 0 ∪ {0}, where0 is a multi-
plicative infinite cyclic group, such that, for alla,b ∈ L,

Page 893 After the definition of discrete valuation, say:

There is an equivalent definition of discrete valuation (in Exercise 11.15(ii) on page
921) in which0 is an additive infinite cyclic group.

Page 893 line 19. Change “results where” to “results were”

Page 905 bottom diagram Change “̂ϕ0” to “ϕ0”

Page 907 line−3. Assume 0/∈ S

Page 908 line 8. Assume 0/∈ S

Page 911 line−9. Change “µS: S−1m→ S−1M” to “µS: S−1M → S−1M”

Page 912 line−1. Change “in M for some” to “= 0 in M for some”

Page 913 line−10. Change “f (a) ∈ kerhM ” to “ f (a) ∈ kerhB”

Page 913 line−9. Change “0= τ f a = f (τa)” to “0 = τ f (a) = f (τa)”

Page 919 Exercise 11.2. The exercise is false, Give a counterexample.

Page 921 Exercise 11.17(ii). Should read:

If Z(A) is the set of all zero divisors on anR-moduleA, prove that the complement of
Z(A) is a saturated subset ofR.

Page 926 line 17. Delete the last “not”

Page 928 line−12. Change “un ” to “ un−1 ”

Page 940 line −2. Change “N(u) = a2
− db2” to “ N(u) = a2

− db2
= uu,

whereu = a− b
√

d.”
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Page 948 line 8. Change definition.

Definition. If α1, . . . , αn is an integral basis ofOE, the ring of integers in an algebraic
number fieldE, then thediscriminant is

1(OE) = det[tr(αiα j )]

(one can prove that this definition does not depend on the choice of integral basis).

Page 950 line−10. Should end: then it is easy to

Page 950 line−6. Should end: IfI is a nonzero fractional ideal, then

Page 953 After the statement of Theorem 11.95, remark that the converse is also true.

Page 958 Exercise 11.46. Change “a ∈ J” to “ a ∈ I ”

Page 958 Exercise 11.53(i). Change “Prove thatZ× Z is not a principal ideal ring.”
to “Prove thatZ× Z is a principal ideal ring.”

Page 960 line 1. Add hypothesis:Let R be a domain.

Page 963 line−2. Change “{m ∈ M :” to “ {m ∈ T :”

Page 967 line 1. Change “I1⊕ · · · In” to “ I1⊕ · · · ⊕ In”

Page 967 line 2. Change “I ′1⊕ · · · I
′n” to “ I ′1⊕ · · · ⊕ I ′n”

Page 978 line -3. Add: From this point on, we will consider only commutative rings.

Page 993 line−12. Add a footnote, saying that there is actually equality
ht(p/(x))+ 1= ht(p).

Page A-8. Delete the bottom three lines of text.


